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ON VARIATIONAL-HEMIVARIATIONAL INEQUALITIES WITH NONCONVEX
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Abstract. In this paper, we consider a nonconvex constrained variational-hemivariational inequality
problem for a star-shaped set. The existence of solutions is shown by an approach based on the equilib-
rium problem theory, and a penalization method. An application to a nonconvex constrained semiperme-
ability model for the stationary heat conduction problem is provided. Our results are new and improve
considerably recent results in literature.
Keywords. Equilibrium Problems; Clarke subgradient; Hemivariational inequality; Maximal monotone
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1. INTRODUCTION

Variational and hemivariational inequalities have been extensively investigated in the last
several decades and are widely used in the study of many nonlinear boundary value problems
with a large number of applications in contact mechanics and engineering; see, e.g., [1, 2, 3, 4]
and the references therein. The theory of variational inequalities was developed in early sixty’s
by using the arguments of monotonicity and convexity, including the properties of the subdif-
ferential of a convex function. Hemivariational inequalities are generalizations of variational
inequalities and their origin is in nonsmooth mechanics. They were introduced and studied first
by Panagiotopoulos in order to model problems in mechanics involving multivalued and non-
monotone constitutive laws and boundary conditions. These multivalued relations are derived
from nonsmooth and nonconvex superpotentials by using the generalized gradient of Clarke.

Variational–hemivariational inequalities represent a special class of inequalities, in which
both convex and nonconvex functions are present. We refer to the book [5] where the existence,
uniqueness, and convergence results for various class of variational-hemivariational inequalities
were studied, as well as the applications of these inequalities in the study of mathematical mod-
els which describe the contact between a deformable body and a foundation. Recently, semico-
ercive variational-hemivariational inequalities were studied via regularization techniques, and
used to model unilateral contact problems with nonmonotone boundary conditions as well as
the delamination of composite structures with a contaminated interface layer; see, e.g., [6, 7]
and the references therein.
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In this paper, we study the existence of solutions of a class of variational-hemivariational
inequalities in which the set of admissible elements is not necessarily convex. We consider the
case where the constrained set is star-shaped with respect to a ball. Hemivariational inequali-
ties with nonconvex constrained set were studied earlier for stationary problems by Naniewicz
[8], Naniewicz and Panagiotopoulos [2, Section 7.4], Goeleven [9], and Goeleven [10] in a
noncoercive framework. Evolutionary constrained problems on star-shaped sets were studied in
[11, 12]. Most of the techniques used in the contributions above ([2, 8, 9, 11, 12]) are based on a
surjectivity theorem for multivalued pseudomonotone operators in reflexive Banach spaces, and
a penalization method, in which the small parameter does not have to tend to zero. Very recently,
Migórski and Fengzhen [13] studied variational-hemivariational inequalities on nonconvex star-
shaped sets by using the method based on the KKM (Knaster-Kuratowski-Mazurkiewicz) the-
ory.

In this paper, we use a new method based on the theory of equilibrium problems. Mathe-
matically, an equilibrium problem (for short, (EP)) [14] can be considered as a generalization
of many mathematical models, such as variational inequality problems, optimization problems,
fixed point problems, complementarity problems, minimax inequalities, and Nash equilibrium
problems; see, e.g., [15, 16, 17, 18, 19] and the references therein. It is well known that a hemi-
variational inequality is no longer a variational inequality due to the absence of the convexity
of the superpotential functional in its expression. The equilibrium problem formulation seems
to be a very powerful tool to study hemivariational inequalities in the sense that the techniques
for solving variational inequalities could be used to study hemivariational inequalities through
an equilibrium formulation. In fact, equilibrium problems lead to a common formulation of
variational and hemivariational inequalities.

In our approach, we use a penalization method in which a small parameter does not have to
tend to zero. The penalized problem is studied by using the recent results in [20] on mixed equi-
librium problems. They were described by the sum of a maximal monotone bifunction in the
sense of Blum-Oettli [14] and pseudomonotone bifunction in the topological sense, that is, in
the sense of Brézis. Regarding the maximal monotonicity, we refer to Blum-Oettli [14] wherein
this condition on bifunctions was firstly introduced as an extension of the corresponding one of
operators; see Hadjisavvas-Khatibzadeh [21] for more developments on this property. The no-
tion of the pseudomonotonicity for bifunctions in topological sense was considered by Gwinner
[22] and it is motivated by the concept of a topological pseudomonotone operator in the sense
of Brézis [23]. Our results are new and considerably improve the results obtained in [13]. We
provide an application to a nonconvex constrained semipermeability model for the stationary
heat conduction problem. By our approach, we considerably relax the assumptions on a similar
problem treated in [13].

2. PRELIMINARIES

Given a reflexive Banach space X with the norm ‖ · ‖X , its topological dual space is denoted
by X∗, and the duality pairing of X and X∗ is denoted by 〈·, ·〉X . For each subset M of X , we
denote by conv(M) the convex hull of M, and by M the closure of M in X . We shall use F (M)
to denote the family of all finite subsets of M. We write ”⇀” to denote the weak convergence
and ”→” to denote the strong convergence in X . By B̄(u0,ρ), we denote the closed ball in X
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with center u0 ∈ X and radius ρ > 0, i.e.,

B̄(u0,ρ) = {u ∈ X : ‖u−u0‖X ≤ ρ}.

Definition 2.1. Let C be a subset of X . We say that C is star-shaped with respect to a ball
B̄(u0,ρ) if

tu+(1− t)v ∈C for all u ∈C, v ∈ B̄(u0,ρ), t ∈ [0,1].

In the sequel, we simply say that a set C is star-shaped if it is star-shaped with respect to a
closed ball.

For the convenience of the reader, we recall the Clarke’s generalized derivative and the gen-
eralized gradient for a locally Lipschitz function.

Definition 2.2. [24] Let X be a Banach space, and g : X → R be a locally Lipschitz function,
that is, for every x ∈ X , there exist a neighbourhood N of x and a constant kx > 0 such that
|g(z)−g(y)| ≤ kx‖z−y‖X for all z,y ∈N . The Clarke’s generalized directional derivative of g
at the point x ∈ X in the direction w ∈ X is defined by

g0(x;w) := limsup
y→x, t↓0

g(y+ tw)−g(y)
t

.

The generalized gradient of f at x ∈ X is defined by

∂g(x) := {x∗ ∈ X∗ : g0(x;w)≥ 〈x∗,w〉, ∀w ∈ X}.

The next two Lemmas give the important properties of the Clarke’s generalized directional
derivative and the generalized gradient.

Proposition 2.1. [24, Proposition 2.1.1] Let g : X → R be a locally Lipschitz functional of
constant kx near the point x ∈ X. Then,

(i) the function w ∈ E 7→ g0(x;w) is finite, positively homogeneous, sub-additive and satis-
fies

|g0(x;w)| ≤ kx‖w‖X ;
(ii) g0(x;w) is upper semicontinuous as a function of (x,w).

Proposition 2.2. [24, Proposition 2.1.2] Let g : X → R be a locally Lipschitz functional of
constant kx near the point x ∈ X. Then,

(i) ∂g(x) is a convex, weak∗ compact subset of X∗ and

‖x∗‖X∗ ≤ kx, for all x∗ ∈ ∂g(x);

(ii) for each w ∈ X, one has

g0(x;w) = max{〈x∗,w〉 : x∗ ∈ ∂g(x)}.

For a nonempty C ⊂ X , by dC : X → R, we denote the distance function of C defined by

dC(u) = inf
v∈C
‖v−u‖X , for all u ∈ X .

The Clarke’s generalized directional derivative d0
C(u;v) is well defined for u,v ∈ X since dC is

Lipschitz continuous.
In the sequel, we shall need the following discontinuity property of the Clarke directional

derivative of the distance function for a star-shaped set; see [25, Lemma 7.2].
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Lemma 2.1. Let X be a reflexive Banach space, and let C ⊂ X be a closed set which is star-
shaped with respect to a ball B̄(u0,ρ) for some u0 ∈C and ρ > 0. Then,

d0
C(u;u0−u)≤−dC(u)−ρ, for all u /∈C,

d0
C(u;u0−u) = 0, for all u ∈C.

Next we recall the definitions and properties of cones in a Banach space X . Let C be a subset
of X and u ∈C. The Bouligand (contingent) cone to C at u is defined by

KC(u) = {v ∈ X : liminf
t↓0

dC(u+ tv)
t

= 0}.

The set KC(u) is a closed cone and it can be equivalently defined as follows

KC(u) = {v ∈ X : ∃{vk} ⊂ X and {tk} ⊂ (0,+∞) s.t. vk→ v, tk→ 0 and u+ tkvk ∈C,∀k ∈ N}.

The Clarke’s tangent cone to C at u is defined by

TC(u) := {v ∈ X : d0
C(u;v) = 0}= {v ∈ X : d0

C(u;v)≤ 0}.

The set TC(u) is a closed cone and we have the following equivalent definition:

TC(u) = {v ∈ X : ∀uk→ u,uk ∈C,∀tk↘ 0,∃vk→ v such that u+ tkvk ∈C,∀k ∈ N}.

Note that TC(u)⊂ KC(u). If TC(u) = KC(u), then we say that C is regular at the point u ∈C. If
C is closed, convex, and u ∈C, then C is regular at u; see [25, Theorem 10.39]. Moreover, if C
is a convex set in X and u ∈C, then KC(u) is convex and C ⊂ u+KC(u); see [25, Proposition
2.9].

We recall also the following concepts, which are useful in the next section.

Definition 2.3. A single-valued mapping A : X → X∗ is said to be

(i) monotone if 〈A(u)−A(v),u− v〉X ≥ 0 for all u,v ∈ X ;
(ii) maximal monotone if A is monotone and 〈v∗−A(u),v− u〉X ≥ 0 for all u ∈ X implies

A(v) = v∗, i.e. T has no proper extension;
(iii) pseudomonotone in the sense of Brézis (for short, B-pseudomonotone) if, for any se-

quence {un}n∈N ⊂ X satisfying un ⇀ u in X and limsup〈A(un),un−u〉 ≤ 0, we have

liminf〈A(un),un− v〉X ≥ 〈A(u),u− v〉X , for all v ∈ X ;

(iv) quasimonotone in the topological sense (for short, T-quasimonotone) if, for any se-
quence {un}n∈N ⊂ X such that un ⇀ u in X , we have

limsup
n→∞

〈A(un),un−u〉X ≥ 0;

(v) demicontinuous if un→ u in X implies A(un)⇀ A(u) in X∗;
(vi) hemicontinuous (respectively, upper hemicontinuous) if, for all u,v,w ∈ X , the func-

tional t 7→ 〈A(u+ tv),w〉X is continuous (respectively, upper semicontinuous) on [0,1];
(vii) bounded if and only if A maps bounded sets into bounded sets.

Remark 2.1. Assume that A : X → X∗ is single-valued.

(i) If A is monotone, then it is T-quasimonotone.
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(ii) If A is B-pseudomonotone, then it is T-quasimonotone, but the inverse is not true in
general. Indeed, consider the operator A : X −→ X∗ defined by

A(x) =
{

0, if ‖x‖< 1,
J(x), if ‖x‖= 1,

where J is the duality mapping. We show that A is a monotone operator. If x,y are
such that ‖x‖ < 1 and ‖y‖ < 1, it is clear that A is monotone. If ‖x‖ = 1 and ‖y‖ <
1, we have 〈A(x)−A(y),x− y〉 = 〈J(x),x− y〉 = ‖x‖2−〈J(x),y〉 ≥ ‖x‖2−‖x‖‖y‖ =
1−‖y‖ > 0. If ‖x‖ = ‖y‖ = 1, then 〈A(x)− A(y),x− y〉 = 〈J(x)− J(y),x− y〉 ≥ 0.
Thus, A is monotone and consequently it is T-quasimonotone. Now, let us show that
A is not B-pseudomonotone. Let u ∈ X such that ‖u‖ = 1 be fixed and consider the
sequence un = n−1

n u, n ≥ 1. Then un → u, therefore un ⇀ u. On the other hand, we
have 〈A(un),un− u〉 = 0. Thus, limsup〈A(un),un− u〉 = 0 ≤ 0. Now, let v = 0. Then
liminf〈A(un),un− v〉= 0. Therefore

0 = liminf〈A(un),un− v〉< 1 = 〈A(u),u− v〉.

Thus A is not B-pseudomonotone.

Now, let us recall some concepts for bifunctions; see, e.g., [14, 20, 22].

Definition 2.4. Let K be a nonempty closed and convex subset of X . A real-valued bifunction
Θ : K×K→ R is said to be

(i) monotone if, for all x,y ∈ K, Θ(x,y)+Θ(y,x)≤ 0;
(ii) pseudomonotone in the sense of Brézis (for short, B-pseudomonotne) if, for any se-

quence (un)n∈N ⊂ K such that un ⇀ u in X and liminf Θ(un,u)≥ 0, we have
limsup Θ(un,v)≤Θ(u,v) for all v ∈ K;

(iii) quasimonotone in the topological sense (for short, T-quasimonotne) if, for any sequence
{un}n∈N ⊂ K such that un ⇀ u in K, we have

liminf
n→∞

Θ(un,u)≤ 0.

(iv) hemicontinuous (resp. upper hemicontinuous) if, for all u,v,w ∈ K the functional t 7→
Θ(tu+(1− t)v,w) is continuous (resp. upper semicontinuous) on [0,1].

Remark 2.2. (a) If the bifunction Θ : X ×X −→ R is weakly upper semicontinuous with
respect to the first argument, then it is B-pseudomonotne.

(b) If A : X −→ X∗ is B-pseudomonotne, then the bifunction Θ : X ×X −→ R defined by
Θ(u,v) = 〈A(u),v−u〉X is B-pseudomonotne.

(c) If Θ1,Θ2 : X ×X −→ R are B-pseudomonotne such that Θ1(u,u)≤ 0 and Θ2(u,u)≤ 0
for all u ∈ X , then, Θ1 +Θ2 is B-pseudomonotne; see [17].

In the following definition, we recall the notion of maximal monotonicity of bifunctions.

Definition 2.5. [14] Let K be a nonempty closed convex subset of X , and let Φ : K×K −→R be
a real-valued bifunction such that Φ(u,u) = 0, for all u ∈ K. Φ is said to be maximal monotone
if and only if, for every u ∈ K and for every convex function ϕ : K −→ R with ϕ(u) = 0,

Φ(v,u)≤ ϕ(v) for all v ∈ K =⇒ 0≤Φ(u,v)+ϕ(v) for all v ∈ K.



898 O. CHADLI, J.-C. YAO

Remark 2.3. The notion of the maximal monotonicity of bifunctions was introduced by Blum
and Oettli [14] as an attempt to extend to bifunctions the notion of the maximal monotonicity of
operators. Another notion of the maximal monotonicity of bifunctions was considered by Had-
jisavvas and Khatibzadeh [21]. For a comparison between these two notions and some related
properties, we refer to [21] and the references therein. For the examples and characterizations
of maximal monotone bifunctions, we refer to [20, 26].

The following results from equilibrium problems theory will be crucial in the proof of our
main theorems.

Theorem 2.1. [20, Theorem 2.3] Let K be a nonempty, closed, and convex subset of a Banach
space X, and let Φ,Ψ : K×K→R be two real-valued bifunctions such that Φ(u,u) =Ψ(u,u) =
0 for all u ∈ K. Let J : X −→ X∗ be the duality mapping. Assume that

(i) Φ is monotone and maximal monotone;
(ii) Φ is weakly lower semicontinuous with respect to the second argument;

(iii) Φ and Ψ are convex with respect to the second argument;
(iv) Ψ is B-pseudomonotone;
(v) for each finite subset A of K and each v in K fixed, the function u 7−→Ψ(u,v) is upper

semicontinuous on conv(A);
(vi) (Coercivity) there exists a nonempty weakly compact subset W, such that for each ε > 0

(small enough), there exists Bε a weakly compact and convex subset of K satisfying the
following: ∀u ∈ K \W, there exists v ∈ Bε such that Ψ(u,v)+ ε〈J(u),v−u〉< Φ(v,u).

Then, there exists u ∈ K such that Φ(u,v)+Ψ(u,v)≥ 0, for all v ∈ K.

Theorem 2.2. [20] Let K be a nonempty, closed, and convex subset of a Banach space X, and
let F,Ψ,Ξ : K×K→R be real-valued bifunctions such that F(u,u) = Ψ(u,u) = Ξ(u,u) = 0 for
all u ∈ K. Let J : X −→ X∗ be the duality mapping. Assume that

(i) Φ is monotone and maximal monotone;
(ii) Φ is weakly lower semicontinuous with respect to the second argument;

(iii) Φ, Ψ and Ξ and are convex with respect to the second argument;
(iv) Ψ is T-quasiomonotone;
(v) for each v in K fixed, the function u 7−→Ψ(u,v) is upper semicontinuous;

(vi) Ξ is B-pseudomonotone;
(vii) for each finite subset N of K and each v in K fixed, the function u 7−→ Ξ(u,v) is upper

semicontinuous on conv(N);
(viii) (coercivity) there exists a nonempty weakly compact subset W, such that, for each ε > 0

(small enough), there exists Bε a weakly compact and convex subset of K satisfying the
following: ∀u ∈ K \W, there exists v ∈ Bε such that Ψ(u,v)+Ξ(u,v)+ε〈J(u),v−u〉<
Φ(v,u).

Then, there exists u ∈ K such that Φ(u,v)+Ψ(u,v)+Ξ(u,v)≥ 0, for all v ∈ K.

Remark 2.4. If K is compact, then the coercivity condition (vi) in Theorem 2.1 and the co-
ercivity condition (viii) in Theorem 2.2 can be dropped. When X is a reflexive Banach space
endowed with the weak topology σ(X ,X∗), theses coercivity conditions are satisfied if we sup-
pose that there exists v0 ∈ K such that Ψε(u,v0)/‖u− v0‖ → −∞, when ‖u− v0‖ → +∞ uni-
formly in ε > 0, where the bifunction Ψε takes respectively the following forms: Ψε(u,v) :=
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Ψ(u,v)+ ε〈J(u),v−u〉 for Theorem 2.1, and Ψε(u,v) := Ψ(u,v)+Ξ(u,v)+ ε〈J(u),v−u〉 for
Theorem 2.2; see [20] for the details of the proof.

3. PROBLEM STATEMENT AND MAIN RESULTS

In this section, we provide the constrained problem under consideration in which the set of
admissible elements is nonconvex. Our objective is to prove the existence of solutions.

Let V be a reflexive Banach space, which is continuously and compactly embedded in a
Hilbert space H. We denote by i : V →H the embedding operator, which is linear and compact.
Let ‖ · ‖V and ‖ · ‖H be the norms in V and H, respectively, the duality pairing between V ∗ and
V is denoted by 〈·, ·〉, and 〈·, ·〉H stands for the inner product in H. Let C0 be a nonempty set,
which is closed and star-shaped with respect to a closed ball B̄(u0,ρ) in H, where u0 ∈ V and
ρ > 0. Let us denote by C and TC(u) for u ∈C the realization of C0 and TC0(u) in V , i.e.,

C :=C0∩V, TC(u) := TC0(u)∩V,

where TC0(u) stands for the Clarke tangent cone of C0 at u.
Let A : V →V ∗ be an operator, ϕ : V →R be a functional and j : H→R be a locally Lipschitz

function. We consider the following problem:{
Find u ∈C such that
〈A(u),v−u〉+ j0(i(u); i(v)− i(u))+ϕ(v)−ϕ(u)≥ 〈 f ,v−u〉 for all v ∈ u+TC(u).

(3.1)
On the data of problem (3.1), we assume the following hypotheses.
[HA] The operator A : V →V ∗ is such that

(i) for each N ∈F (V ) and v ∈V , the function u 7→ 〈A(u),v−u〉 is upper semicontin-
uous on conv(N).

(ii) there exist α,β > 0 such that ‖A(u)‖V ∗ ≤ α +β‖u‖V for all u ∈V ;
(iii) there exist aA > 0, b,c ∈ R such that

〈A(u),u〉 ≥ aA‖u‖2
V +b‖u‖V + c for all u ∈V.

[H j] j : H→ R is a locally Lipschitz function such that

‖∂ j(u)‖ ≤ a0 +a j‖u‖H for all u ∈ H with a0,a j ≥ 0.

[Hϕ ] ϕ : V → R is a convex and lower semicontinuous function.
[HC] C ⊂ V is a closed set, which is star-shaped with respect to a ball B̄(u0,ρ) in H, where

u0 ∈V and ρ > 0.
[H f ] f ∈V ∗.
To study the existence of solutions of problem (3.1), we use a penalty method. Let d : H→R

be the distance function of the set C0 defined by d(u) := dC0(u) = infv∈C0 ‖v− u‖H for u ∈ H.
Let λ > 0 represent a penalty parameter and consider the penalized problem corresponding to
problem (3.1): Find uλ ∈V such that

〈A(uλ )− f ,v−uλ 〉+ j0(i(uλ ); i(v)− i(uλ ))+ϕ(v)−ϕ(uλ )

+
1
λ

d0(uλ ;v−uλ )≥ 0, for all v ∈V.
(3.2)

We have the following existence result for problem (3.1).
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Theorem 3.1. Assume that [HA], [H j], [Hϕ ], [HC], and [H f ] are satisfied, and A : V → V ∗ is
B-pseudomonotone. Furthermore, suppose that the following smallness condition holds

aA−a j‖i‖2 > 0. (3.3)

Then problem (3.1) has at least one solution.

Proof. The proof is divided into the following steps.

Step 1. We verify that, for each λ > 0, penalized problem (3.2) has at least one solution uλ ∈
V . To this aim, we shall apply Theorem 2.1 by considering K = V , and the bifunc-
tions Φ,Ψ : V ×V → R defined by Φ(u,v) = ϕ(v)−ϕ(u)+ 〈 f ,u− v〉 and Ψ(u,v) =
Ψ1(u,v)+Ψ2(u,v)+Ψ3(u,v), for u,v ∈V , where Ψ1(u,v) = 〈A(u),v−u〉, Ψ2(u,v) =
j0(i(u); i(v)− i(u)), and Ψ3(u,v) = 1

λ
d0(u;v−u). One can easily verify that Φ is mono-

tone. From [Hϕ ] and [20, Lemma 2.4], we obtain that Φ is maximal monotone. Hence,
the condition (i) of Theorem 2.1 is satisfied. By using condition [Hϕ ], we deduce that
Φ is weakly lower semicontinuous with respect to the second argument, and hence the
condition (ii) of Theorem 2.1 is satisfied.

On the other hand, by using [Hϕ ], we can easily verify that Φ is convex with respect
to the second argument, and from Proposition 2.1 (i), we deduce that Ψ is convex with
respect to the second argument. Hence, the condition (iii) of Theorem 2.1 is satisfied.

Now, let us verify that Ψ is B-pseudomonotone. As A is B-pseudomonotone, then
Ψ1 is B-pseudomonotone. On the other hand, since i : V → H is linear and compact,
we deduce, thanks to Proposition 2.1 (ii), that Ψ2(·,v) is weakly upper semicontinuous
for each v ∈ V . Hence, from Remark 2.2 (a), we obtain that Ψ2 is B-pseudomonotone.
Similarly, one can verify that Ψ3 is B-pseudomonotone. Therefore, by Remark 2.2 (c),
we deduce that the bifunction Ψ is B-pseudomonotone as being the sum of bifunctions,
which are B-pseudomonotone. Thus, the condition (iv) of Theorem 2.1 is satisfied. For
the condition (v) of Theorem 2.1, we note that [HA] (i) implies that Ψ1(·,v) is upper
semicontinuous on conv(N) for each N ∈F (V ). Moreover, as Ψ2(·,v) and Ψ3(·,v) are
weakly upper semicontinuous on V , it follows that they are upper semicontinuous on
conv(N) for each N ∈F (V ). Therefore, Ψ(·,v) is upper semicontinuous on conv(N)
for each N ∈F (V ) and hence the condition (v) of Theorem 2.1 is satisfied.

Now, let us verify that the coercivity condition (vi) of Theorem 2.1 holds. To this
aim, from Remark 2.4, we need to verify that, for some v0 ∈V ,

Ψε(u,v0)/‖u− v0‖→−∞ uniformly in ε > 0, when ‖u− v0‖→+∞, (3.4)

where Ψε(u,v) := Ψ(u,v)+ ε〈J(u),v−u〉. We take v0 = 0. Then

Ψε(u,0) =−〈A(u),u〉+ j0(i(u);−i(u))+
1
λ

d0(u;−u)− ε‖u‖2

≤−〈A(u),u〉+ j0(i(u);−i(u))+
1
λ

d0(u;−u).
(3.5)

From Proposition 2.2 (ii), we have that

j0(i(u);−i(u)) = max{〈u∗, i(u)〉 : u∗ ∈ ∂ j(i(u))}.
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Thus, by using [H j], we obtain

j0(i(u);−i(u))≤ (a0 +a j‖i(u)‖H)‖i(u)‖H

≤ a0‖i‖‖u‖V +a j‖i‖2‖u‖2
V .

(3.6)

On the other hand, as the function d is Lipschitz continuous with Lipschitz constant
k = 1, we deduce from Proposition 2.2 (i) that

d0(u;−u)≤ ‖u‖H ≤ ‖i‖‖u‖V , for all v ∈V. (3.7)

Hence, by (3.6), (3.7) and [HA](iii), we deduce from (3.5) that

Ψε(u,0)≤−(aA−a j‖i‖2)‖u‖2
V +(

1
λ
‖i‖−b+a0‖i‖)‖u‖V − c.

By the smallness condition (3.3), we derive from the previous inequality that

Ψε(u,0)/‖u‖V →−∞

uniformly in ε > 0 when ‖u‖→+∞. Thus, (3.5) holds and hence the coercivity condi-
tion (vi) of Theorem 2.1 is satisfied. Therefore, from Theorem 2.1, we deduce that, for
each λ > 0, penalized problem (3.2) has a solution uλ ∈V .

Step 2. We verify that there exists M > 0 such that ‖uλ‖V ≤M for all λ > 0. Let us take v = u0
in relation (3.2), where u0 ∈V is the center of the ball B̄(u0,ρ). Then,

〈A(uλ )− f ,u0−uλ 〉+ j0(i(uλ ); i(u0)− i(uλ ))+ϕ(u0)−ϕ(uλ )

+
1
λ

d0(uλ ;u0−uλ )≥ 0.

It follows that
〈A(uλ ),u0〉+ 〈 f ,uλ −u0〉+ j0(i(uλ ); i(u0)− i(uλ ))+ϕ(u0)−ϕ(uλ )

+
1
λ

d0(uλ ;u0−uλ )≥ 〈A(uλ ),uλ 〉
(3.8)

As ϕ is convex and lower semicontinuous, it is bounded from below by an affine func-
tion; see, e.g., [27, Proposition 5.2.25]. Hence, there exist z∗ ∈ V ∗ and τ ∈ R such
that

ϕ(v)≥ 〈z∗,v〉+ τ, for all v ∈V. (3.9)
This implies that

−ϕ(uλ )≤−〈z∗,uλ 〉− τ ≤ ‖z∗‖V ∗‖uλ‖V + |τ|. (3.10)

On the other hand, from Proposition 2.2 (ii) and [H j], we obtain that

j0(i(uλ ); i(u0)− i(uλ ))≤ (a0 +a j‖i(u0)− i(uλ )‖H)‖i(u0)− i(uλ )‖H

≤ a0‖i‖‖u0−uλ‖V +a j‖i‖2‖u0−uλ‖2
V .

(3.11)

Hence, using (3.8), (3.9)-(3.11), and [HA] (ii)-(iii), we obtain the following estimation

m0 +m1‖uλ‖V +
1
λ

d0(uλ ;u0−uλ )≥ (aA−a j‖i‖2)‖uλ‖2
V , (3.12)

where
m0 = [α +‖ f‖V ∗+a0‖i‖+a j‖i‖‖u0‖V ] ‖u0‖V + |ϕ(u0)|+ |τ|+ |c|
m1 = [β +2a j‖i‖2] ‖u0‖V +‖ f‖V ∗+a0‖i‖+‖z∗‖V ∗+ |b|.
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On the other hand, by Lemma 2.1, we obtain that d0(uλ ;u0−uλ ) ≤ 0. Hence, from
(3.12), we deduce that

m0 +m1‖uλ‖V ≥ (aA−a j‖i‖2)‖uλ‖2
V , (3.13)

which implies, thanks to the smallness condition (3.3), that {uλ}λ>0 is bounded. There-
fore, there exists M > 0 such that ‖uλ‖V ≤M, for all λ > 0.

Step 3. Let us verify that the solution uλ ∈V of penalized problem (3.2) belongs to C for λ > 0
sufficiently small. Form Lemma 2.1, we have that d0

C(uλ ;u0− uλ ) ≤ −dC(uλ )−ρ for
uλ /∈C. Hence, by (3.12), we deduce that, for uλ /∈C,

m0 +m1M− 1
λ

ρ ≥ 1
λ

dC(uλ )≥ 0, (3.14)

which implies that λ ≥ ρ

m0+m1M . Let us set λ0 := ρ

m0+m1M . From what precedes, we
conclude that uλ ∈C for all λ ∈ (0,λ0).

Step 4. Let us verify that, for λ ∈ (0,λ0), uλ is a solution of problem (3.1). From Step 3, we
have that uλ ∈C for any λ ∈ (0,λ0). As uλ is a solution of penalized problem (3.2), for
all v ∈V , we have

〈A(uλ )− f ,v−uλ 〉+ j0(i(uλ ); i(v)− i(uλ ))+ϕ(v)−ϕ(uλ )

+
1
λ

d0(uλ ;v−uλ )≥ 0.
(3.15)

Let us take v ∈ uλ +TC(uλ ). It follows that v−uλ ∈ TC(uλ ) and hence d0(uλ ;v−uλ ) =
0. Therefore, we obtain from (3.15) that

〈A(uλ )− f ,v−uλ 〉+ j0(i(uλ ); i(v)− i(uλ ))+ϕ(v)−ϕ(uλ )≥ 0,

∀v ∈ uλ +TC(uλ ).

Thus, for λ ∈ (0,λ0), uλ is a solution of problem (3.1)

�

Theorem 3.2. Assume that [H j], [Hϕ ], [HC], [H f ] hold and A : V → V ∗ is T-quasimonotone
and satisfies [HA](ii)-(iii). Furthermore, suppose that 3.3 holds. Then problem (3.1) has at least
one solution.

Proof. First, we verify that, for each λ > 0, penalized problem (3.2) has at least one solu-
tion uλ ∈ V . To this aim, we shall apply Theorem 2.2 by considering K = V , and the bi-
functions Φ,Ψ,Ξ : V ×V → R defined for u,v ∈ V by Φ(u,v) = ϕ(v)− ϕ(u) + 〈 f ,u− v〉,
Ψ(u,v) = 〈A(u),v−u〉, and Ξ(u,v) = Ψ2(u,v)+Ψ3(u,v), where Ψ2(u,v) = j0(i(u); i(v)− i(u))
and Ψ3(u,v) = 1

λ
d0(u;v−u). We proceed similarly as in Step 1 of the proof of Theorem 3.1 to

show that all the conditions of Theorem 2.2 are satisfied. The rest of the proof is similar to the
one of Theorem 3.1 by proceeding similarly as in Step 2, Step 3, and Step 4. �

Remark 3.1. In comparison with recent studies in literature on the problem considered in this
paper, we can see that by our approach we considerably improve Theorems 1 and 2 in [13].
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4. NONCONVEX SEMIPERMEABILITY PROBLEM

In this section, we give an illustration of the approach developed in this paper to study the
boundary semipermeability problems whose weak formulation leads to a (nonconvex) con-
strained variational-hemivariational inequality. Such problems arise in several situations in
hydraulic, flow problems through porous media and electrostatics; see, e.g., [2, 3].

Semipermeability problems were first studied by Duvaut and Lions [28] in the context of
convexity, i.e., maximal monotone boundary relations. These relations lead to variational in-
equalities associated to the Laplacian operator and arise in heat conduction, electrostatics, and
flow problems through porous media. Semipermeability problems with nonmonotone bound-
ary conditions are met in certain categories of temperature control problems in heat conduction,
or potential control and pressure control in electrostatics and hydraulics, respectively. In such
problems, the nonmonotone and multivalued semipermeability conditions are expressed by the
generalized gradient of Clarke for nonconvex superpotential. These models can not be handled
by mean of variational inequalities and they need a hemivariational inequality approach; see,
e.g., [11, 29, 30].

We consider a semipermeability model for the stationary heat conduction problem which a
particular form has been recently studied by Migórski and Fengzhen [13]. Let Ω be an open
domain in Rd with a Lipschitz continuous boundary Γ := ∂Ω. The boundary Γ is composed of
three sets Γ1, Γ2 and Γ3, with disjoint relatively open sets Γ1, Γ2, and Γ3 such that meas(Γ1)> 0.
We are interested in a mathematical model with a nonconvex constraint set, that describes the
temperature of a body occupying volume Ω. The problem under consideration reads as follows:

Problem (P): Find a temperature u : Ω→ R such that

A(u)+∂ j1(u)+∂g1(u) 3 f1 +g in Ω,
u = 0 on Γ1,

∂u
∂νA

+∂ j2(u) 3 f2 on Γ2,

∂u
∂νA

+∂g2(u) 3 f3 on Γ3,

where A : V →V ∗ is a given mapping, V = {v ∈H1(Ω) : v = 0 on Γ1}, ∂u
∂νA

denotes the outward
conormal derivative with respect to A on Γ and represents the heat flux through a part of the
boundary, f1 is a given heat source per unit volume in Ω, f2 and f3 are the heat flux through Γ2
and Γ3, respectively. Here, the mappings j1 and g1 describe the interior semipermeability phe-
nomena, while j2 and g2 provide the boundary semipermeability relations in the subdifferential
form. Further, g ∈V is a function of the temperature u, introduced in order to incorporate con-
straints to the model. We will assume that u ∈C and −g ∈ NC(u), where C denotes a nonempty
closed subset of V and NC(u) is the Clarke’s normal cone to C at u. Consequently,

〈g,w〉 ≥ 0 for all w ∈ TC(u), (4.1)

where TC(u) is the Clarke’s tangent cone of C at u. The set C, which can be convex or noncon-
vex, can be used to introduce additional constraints for the temperature (or potential control and
pressure control in electrostatic and hydraulic models).

We denote by i : V → L2(Ω) the embedding operator and by γ : V → L2(Γ) the trace operator.
It is well known that both operators are linear and compact.
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The assumptions on the data of the problem (P) are as the following:

[Ha] A : V → V ∗ is an operator such that A(v)(x) = −
d

∑
i=1

∂

∂xi
ai(x,v(x),∇v(x)) where the

coefficients ai : Ω×R×Rd → R, i = 1, ...,d satisfy the following hypotheses:
(i) Carathéodory and Growth Condition: Each ai(x,s,ξ ) satisfies Carathéodory con-

ditions, i.e., is measurable in x ∈Ω for all (s,ξ ) ∈ R×Rd and continuous in (s,ξ )
for a.e. x ∈Ω. A constant m0 > 0 and a function k0 ∈ L2(Ω) exist so that

|ai(x,s,ξ )| ≤ m0 [k0(x)+ |s|+ |ξ |] (4.2)

for a.e. x ∈ Ω and for all (s,ξ ) ∈ R×Rd , with |ξ | denoting the Euclidian norm of
the vector ξ .

(ii) Monotonicity Type Condition: The coefficients ai satisfy a monotonicity condition
with respect to ξ in the form

d

∑
i=1

(ai(x,s,ξ )−ai(x,s,η))(ξi−ηi)≥ 0

for a.e. x ∈Ω, for all s ∈ R, and for all ξ ,η ∈ Rd .
(iii) Coercivity Type Condition:

d

∑
i=1

ai(x,s,ξ )ξi ≥ m1[|s|2 + |ξ |2],

for all (s,ξ ) ∈ R×Rd , a.e. x ∈Ω with some constant m1 > 0.
[H j1] j1 : R→ R is a locally Lipschitz function such that

‖∂ j1(r)‖ ≤ b0 +b1|r| for all r ∈ R with b0,b1 ≥ 0.

[H j2] j2 : R→ R is a locally Lipschitz function such that

‖∂ j2(r)‖ ≤ c0 + c1|r| for all r ∈ R with c0,c1 ≥ 0.

[Hg1] g1 : R→ R is a convex and lower semicontinuous function such that

‖∂g1(r)‖ ≤ α0 +α1|r| for all r ∈ R with α0,α1 ≥ 0.

[Hg2] g2 : R→ R is a convex and lower semicontinuous function such that

‖∂g2(r)‖ ≤ β0 +β1|r| for all r ∈ R with β0,β1 ≥ 0.

[H f ] f1 ∈ L2(Ω), f2 ∈ L2(Γ2), f3 ∈ L2(Γ3).
[H0] Smallness Condition: m1 > b1‖i‖2 + c1‖γ‖2.
[HC] C ⊂ V is a closed set, which is star-shaped with respect to a ball B̄(u0,ρ) with u0 ∈ V

and ρ > 0.
The differential operator A generates a mapping from V to its dual defined by

〈A(v),w〉=
∫

Ω

d

∑
i=1

ai(x,v(x),∇v(x))
∂w
∂xi

dx

for all v,w ∈V . By using [31, Theorem 2.109], we obtain from [Ha](i)-(ii) that [HA] is satisfied.
Under the hypotheses above, by a standard procedure, we obtain the following weak formu-

lation of the problem (P).
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Problem (Pw): Find u ∈V such that

〈A(u)− f ,v−u〉+
∫

Ω

j0
1(i(u); i(v)− i(u))dx+

∫
Γ2

j0
2(γ(u);γ(v)− γ(u))dΓ

+
∫

Ω

[g1(i(v))−g1(i(u))]dx+
∫

Γ3

[g2(γ(v))−g2(γ(u))]dΓ≥ 〈g,v−u〉, for all v ∈V,

where f ∈V ∗ is defined by

〈 f ,v〉=
∫

Ω

f1(x)i(v(x))dx+
∫

Γ2

f2(x)γ(v(x))dx+
∫

Γ3

f3(x)γ(v(x))dx, for all v ∈V.

Under the condition (4.1), problem (Pw) takes the form:
Find u ∈C such that

〈A(u)− f ,v−u〉+
∫

Ω

j0
1(i(u); i(v)− i(u))dx+

∫
Γ2

j0
2(γ(u);γ(v)− γ(u))dΓ

+
∫

Ω

[g1(i(v))−g1(i(u))]dx+
∫

Γ3

[g2(γ(v))−g2(γ(u))]dΓ≥ 0, for all v ∈ u+TC(u).

(4.3)
We consider the functionals J1,J2,ϕ1,ϕ2 : V → R defined for all v ∈V by

J1(v) =
∫

Ω

j1(i(v))dx, J2(v) =
∫

Γ2

j2(γ(v))dΓ,

ϕ1(v) =
∫

Ω

g1(i(v))dx, ϕ2(v) =
∫

Γ2

g2(γ(v))dΓ.

Let us set J = J1 + J2 and ϕ = ϕ1 +ϕ2. From [1, Proposition 3.37 (i)] and [1, Proposition
3.47 (iv)], we obtain that

J0(u;v−u) ≤ J0
1(u;v−u)+ J0

2(u;v−u)

≤
∫

Ω

j0
1(i(u); i(v)− i(u))dx+

∫
Γ2

j0
2(γ(u);γ(v)− γ(u))dΓ.

(4.4)

Therefore, by using the previous inequality, we see that the existence of solutions of problem
(4.3) is obtained by solving the following problem:{

Find u ∈C such that
〈A(u)− f ,v−u〉+ J0(u;v−u)+ϕ(v)−ϕ(u)≥ 0, for all v ∈ u+TC(u).

(4.5)

Applying Theorem 3.1 to problem (4.5), we obtain the following result.

Theorem 4.1. If the hypotheses [Ha], [H j1], [H j2], [Hg1], [Hg2], [H f ], [H0] and [HC] hold, then
problem (4.5) admits at least one solution.

Remark 4.1. By the approach developed in this paper, we considerably improve the study of
the Problem 3 in [13] since we do not need any conditions of the type

(∂ j(r)−∂ j(s))(r− s)≥−k|r− s|2 for all r,s ∈ R with k ≥ 0

on j1 and j2.
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