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Abstract. In this paper, based on the oriented distance function of Hiriart-Urruty, we investigate a set
scalarization function of sup-inf type. Some properties of the set scalarization function allow us to define
the Dini directional derivatives for set-valued mappings, which is an extension of the classical Dini
derivatives for scalar functions. We also obtain some properties of the Dini directional derivatives for
set-valued mappings. As applications, we derive some necessary and sufficient optimality conditions for
set optimization problems.
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1. INTRODUCTION

Set optimization problems are a very rich class of decision-making problems. Because set-
valued mappings appear naturally in many practical problems, set optimization problems will
remain an important and active research topic in both the near and foreseeable future [1]. As
pointed out by Kim et al. [2], studying set optimization problems is at the core of most re-
cent developments in multiobjective optimization and practical applications. In recent years,
set optimization problems have received an increasing attention due to extensive applications
in many areas, such as optimal control problems, vector variational inequalities, vector opti-
mization problems, fuzzy optimization problems, viability theory, image processing problems,
mathematical economics and differential inclusions. For a detailed introduction to set optimiza-
tion and its applications, we refer to [1], and for the applications in finance, we refer to [3]. For
some related topics, we refer to [4, 5, 6, 7] and the references therein.

The theory and the methods of scalarization have always been of the utmost importance in
vecter optimization problems [8, 9, 10, 11] and in set optimization problems [12, 13, 14, 15, 16,
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17] from theoretical as well as computational points of view. The linear scalarization is histori-
cally the first method proposed and the most widely known and used. There are two important
types of nonlinear scalarization functions. The first one is Gerstewitz’s function [18], which has
some nice properties, especially monotonicity properties and nonconvex separation properties
[8, 10, 19, 20, 21]. It provides an important tool in the study of many fundamental mathematical
problems, such as, the vector optimization and the vector equilibrium problems. The second one
is the oriented distance function of Hiriart-Urruty, which was introduced in [22, 23] to analyze
the geometry of nonsmooth optimization problems and obtain necessary optimality conditions.
It has been applied to establish the nonlinear scalarization results, Lagrange multiplier rules and
the well-posedness results for vector optimization problems [24, 25, 26, 27, 28]. The oriented
distance function of Hiriart-Urruty has also been employed to the study of set optimization
problems. For example, Chen, Ansari, and Yao [29] obtained some characterizations of various
set order relations by using the oriented distance function, and then derived necessary and suf-
ficient conditions for four types of optimal solutions of constrained set optimization problem
with respect to the set order relations. Ansari, Kobis, and Sharma [30] gave some characteri-
zations of set relations with respect to variable domination structures by defining scalarization
functions in terms of the oriented distance function and derived the characterization of minimal
elements of a family of sets and the properties of sets of minimal elements. Ha [31] introduced
a set scalarization function of sup-inf type, which is an extension of the oriented distance func-
tion of Hiriart-Urruty. By employing the set scalarization function, the author of [31] defined
a generalized Hausdorft-type distance and a directional derivative for set-valued mappings, and
derived necessary and/or sufficient conditions for various minimizers and maximizers of set-
valued mappings. Jiménez, Novo, and Vilchez [32, 33] obtained several interesting properties
of the set scalarization function of sup-inf type introduced by Ha [31] and applied them to char-
acterize several concepts of minimal solution to a set optimization problem. Jiménez, Novo,
and Vilchez [34] investigated six set scalarization functions, which are extensions of the ori-
ented distance of Hiriart-Urruty. They also derived several necessary and sufficient minimality
conditions for set optimization problems by using the six set scalarization functions.

It is worth noting that the set scalarization function introduced by Ha [31] may be negative.
However, the authors in [31, 32, 33, 34] only discussed some properties of the set scalarization
function with nonnegative values. What happens to the set scalarization function if it is neg-
ative? The first aim of this paper is to derive some properties of the set scalarization function
with negative values. On the other hand, it is well known that the derivative and directional
derivatives play a critical role for establishing optimality conditions in optimization theory.
Very recently, Han [35] introduced the Clarke generalized directional derivative for set-valued
mappings by using the nonlinear scalarizing function introduced by Herndndez and Rodriguez-
Marin [14], and obtained some properties of the Clarke generalized directional derivative. As
applications, the author of [35] presented necessary and sufficient optimality conditions for set
optimization problems. We note that some properties of the set scalarization function allow us
to define the Dini directional derivatives for set-valued mappings, which is an extension of the
classical Dini derivatives for scalar functions [36]. Thus, one natural question is: can we em-
ploy the Dini directional derivatives for set-valued mappings to capture optimality conditions
for set optimization problems? The second aim of this paper is to obtain some properties of the
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Dini directional derivatives for set-valued mappings and apply them to derive some necessary
and sufficient optimality conditions for set optimization problems.

The rest of the paper is organized as follows. The next section presents some necessary nota-
tions and lemmas. In Section 3, we investigate a set scalarization function via oriented distance
function introduced by Ha [31]. Before summarizing this paper in Section 5, we study the Dini
directional derivatives for set-valued mappings and employ them to obtain some necessary and
sufficient optimality conditions for set optimization problems in Section 4.

2. PRELIMINARIES

Throughout this paper, let X and Y be two normed vector spaces. We denote by By and
B(} the closed unit ball and the open unit ball in Y, respectively. Let s (Y) be the family of all
nonempty subsets of Y. Assume that K C Y is a convex, closed and pointed cone with nonempty
interior. The cone K induces a partial order on Y as follows: fora,b €Y,

a<b & b—a€eKk.

Let Y* be the topological dual space of Y, and let K* be the topological dual cone of K, defined
by

K*={feY*:f(y)>0,VyeK}.
Let By = {f €K*:|f|| =1}, and, for A € g (Y) and f € Y*, let S(f,A) = sup,c4 f (a) be
the support function of A at f. Let A,B € g (Y). The lower relation ”<!” and the weak lower
relation ”<!, respectively, are defined by

A<!B&BCA+K and A<'B< BCA+intK.

Denote A ~! B iff ASIB and BSZA. We denote by intA, clA, dA, coA, and A€ the topological
interior, the topological closure, the topological boundary, the convex hull, and the comple-
mentary set of A, respectively. It is said that a nonempty set A C Y is K-proper if A+ K # Y,
K-convex if A+ K is a convex set, K-closed if A + K is a closed set, K-bounded if for each
neighborhood U of zero in Y there is some positive number ¢ such that A C tU + K, and K-
compact if any cover of A of the form {Uy + K : Uy are open} admits a finite subcover. The
family of the neighborhoods of 0 € Y is denoted by N (0).

Remark 2.1. Clearly, if there exists B > 0 such that BBy is K-closed, then 6By is K-closed for
any 6 > 0.

LetA € ¢ (Y) and a € A. We say that a is a minimal point of A with respect to K, denoted by
a € Min(A), if (A—a)N(—K) = {0}. We say that a is a weak minimal point of A with respect
to K and we write a € WMin (A), if (A —a) N (—intK) = 0.
Remark 2.2. Obviously, Min(A) C WMin (A). Moreover, if A is nonempty and K-compact,
then Min (A) # 0 (see [10]).

Let F : X =2 Y be a set-valued mapping, and let D be a nonempty subset of X. We consider
the following set optimization problem:

(SOP) minF (x) subjectto x€D.

Definition 2.1. An element xy € D is said to be
(i) I-minimal solution of (SOP) if, for x € D, F (x) <'F (xy) implies that F (xo) <'F (x);
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(ii) weak /-minimal solution of (SOP) if, for x € D, F (x) <'F (xo) implies that F (xo) <'F (x).

Let E; (F,D) and W, (F, D) denote the /-minimal solution set and the weak /-minimal solution
set of (SOP), respectively.

Definition 2.2. [37] Let D be a nonempty convex subset of X. A set-valued mapping®: X =2 Y
is said to be K-convex on D if, for any x;,x, € D and for any ¢ € [0, 1],

tCID(xl)—i—(l—t)CI)(xz) QCID(txl +(1—I)X2)—|—K.

Definition 2.3. [38] Let (X,d) be a metric space, and let A and B be two nonempty subsets of
X. The Hausdorff distance between A and B is defined by

H(A,B) = max{e(A,B) e (B,A)},

where

e(A,B) :==supd(a,B), d(a,B):=infd(a,b).
acA beB

Definition 2.4. [22] For a set A C Y, let the oriented distance function A4 : ¥ — RU {£eo} be
defined as

Ax(y) =da(y) —dpa ()
with dp (y) = +oo, where d4 (y) = infyeq ||y — x|

Next, we collect the basic properties of the oriented distance function.

Lemma 2.1. [1, 17, 28] IfA C Y is nonempty and A # Y, then
(i) Ag is real valued;
(ii) A4 is 1-Lipschitzian,
(iii) As(y) <0<y €intA;
(iv) As(y) =0< y € dA;
(v) Ag(y) >0 <y € intAS;
(vi) if A is closed, then it holds that A ={y €Y : A4 (y) <0},
(vii) Ay is positively homogeneous providing A is a cone;
(viii) Aa is convex providing A is convex;
(ix) if A is a closed and convex cone, then Ay is nonincreasing with respect to the ordering
relation induced on Y , i.e., for any y;,y, €Y,

Yi—=2 €A = As(y1) <Ax(2);
if A has a nonempty interior, then for any y1,y» €Y,
yi—y2 €intA = Ag(y1) <Aa(y2).
It is easy to have the following lemma.
Lemma 2.2. Let 8 > 0. Thendy (y) > 6 < (y+6B)) NA =0.

Lemma 2.3. Let 6 > 0. Then the following statements are true:

(i) if y € OBy + A, thendy (y) < 6;
(ii) if 0By + A is closed and dy (y) < 0, then'y € By + A.
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Proof. (1). The conclusion is trivial.
(ii). For any n € N, it follows from d4 (y) < § that da (y) < 8 < §+ 1. Then there exists
an € A such that ||y —a,|| < 8 + 1. Consequently,

1 1
yE (5+—>By+an - (5+—)By+A, Vn € N.
n n
Thus, there exists b, € By such that y + %bn € 0By +A. Since y+ %bn — yand 0By +A is
closed, we have y € 0By +A. O
From Remark 2.1 and Lemma 2.3, we can obtain the following corollary.

Corollary 2.1. If A is a cone and By + A is closed, then, for any § >0, dy(y) < d =y €
OBy +A.

Lemma 2.4. [f 6 >0 and A is K-bounded, then A ¢ A +(\gesp, (B +intK).
Proof. Suppose that

ACA+ () (B+intK). 2.1)
ﬁE(SBy
Then, for any given x| € A, it follows from (2.1) that there exists x, € A such that
xi—x € [ (B+intkK). (2.2)
BedBy

For any 8 € 0By, itis clear that — 3 € dBy. This together with (2.2) implies that x; —x, € — +
intK and so x| —x + 8 € intK. By the arbitrariness of B € 8By, we have x; —x; + 0By C intK.
By the similar arguments, for x,, € A, there exists x,.1 € A such that x, — x,. | + 6By C intK.
This shows that x| —x,, | +n0By C intK and so

X| —Xptr1+n6By + K CintK + K C intK. (2.3)

Since A is K-bounded, there exists & > 0 such that A C EBy + K. It is clear that there exists ng
large enough such that nod > ||x; || +&. Noting that x,,+1 € A C EBy + K, there exist by € By
and ko € K such that x,,, 1 = by + ko. Due to —x; + by € nodBy, ko € K and (2.3), we have

0 = x1 —Xpg1+ (—x1 +bo) + ko € x1 —Xpy41 +190By + K C intK,
which is a contradiction. 0

From Lemma 2.6 of [14] and Remark 2.2, we can obtain the following lemma.

Lemma 2.5. If xo € D and F (xy) is nonempty and K-compact, then xo € W (F,D) if and only
if there does not exist y € D satisfying F (y) <'F (x).

3. A SET SCALARIZATION FUNCTION VIA ORIENTED DISTANCE FUNCTION

In this section, we study the set scalarization function of sup-inf type introduced by Ha [31],
which is an extension of the oriented distance function of Hiriart-Urruty.
Let A and B be nonempty subsets of Y. Ha [31] introduced the following scalarization func-
tion:
hg (A,B) =supinf A_g (a—b).
beB €A

Lemma 3.1. [31] Let A and B be nonempty subsets of Y .
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(i) If A is K-bounded, then hx (A,B) > —oo.
(ii) If B is K-bounded, then hg (A,B) < H-oo.

Lemma 3.2. [31] Let A and B be nonempty subsets of Y andy €Y.
(i) If A is K-compact, then there exists ag € A such that

A_g(ap—y)=infA_g(a—y).
acA
(ii) If A is K-bounded and B is K-compact, then there exists by € B such that
hK (A,B) = ian,K (a — b()) .
acA

From Theorem 5.1 of [32], we can obtain the following proposition.

Proposition 3.1. Let 6 > 0. The following statements are true:
(i) if BC A+ K+ OBy, then hg (A,B) < 0;
(ii) if A+ K + OBy is closed and hg (A,B) < 8, then BC A+ K + 8By.

From Proposition 3.1, we can obtain the following corollary.

Corollary 3.1. [33] The following statements are true:
(i) if A<'B, then hx (A,B) <0;
(ii) if A is K-closed and hx (A,B) < 0, then A<'B.

Remark 3.1. Corollary 3.1 improves Lemma 3.3 of [31].

Proposition 3.2. Let 6 > 0. Then the following statements are true:
(i) if hg (A,B) < 8, then BC A+ K +3BY;
(ii) if A is K-bounded, B is K-compact and B C A+ K + 8BY), then hx (A,B) < §.

Proof. (i). For any b € B, it follows from &g (A,B) < 8 that inf,cq A_g (a —b) < 8. Then there
exists ag € A such that A_g (ag — b) < 0. There are two cases to be considered.

Case l.ap—bc —K. Thenb € a0+K§A+K§A+K+SB(}.

Case 2. ap—b ¢ —K. Thus, A_g (ap—b) =d_g (ap—b) < 8. Due to Lemma 2.2, we have
ag—b € —K+8BY),andsob € ap+K+5B) CA+K+5BY).

By the arbitrariness of b € B, we have BC A+ K + 8Bg.

(i1). In view of Lemma 3.2 (i1), there exists by € B such that

hic (A,B) = inf A_ (a— bo). 3.1)

Due to B C A+ K + 8BY, there exists ag € A such that by — ag € K + 8BY, and so ag — by €
—K+ 539. By Lemma 2.2, we have A_g (ap —bg) < d_g (ap—bg) < 8. It follows from (3.1)
that

hg (A,B) = 2IEI£A_K (a—by) <A_g(ap—by) < 9.

This completes the proof. 0J

Proposition 3.3. Let 8 > 0. Then the following statements are true:
(i) fBCA+ () (B+K), then hg (A,B) < —0;
BesBY
(ii) if A is K-compact and hg (A,B) < —8,then BCA+ () (B+K).
BeSB)
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Proof. (i). For any b € B, due to BC A+ ﬂﬁeSB‘} (B+K), there exists @ € A such that b —
aec ﬂ,BeSB(} (B +K). This means that for any 8 € §BY, we have b —a € B+ K, and so d —

b+ € —K. By the arbitrariness of 3 € 8B, we have @ — b+ 8B) € —K. Consequently,
(@—b+68BY)N(Y\ (—K)) = 0. It follows from Lemma 2.2 that dy\ (_g) (@ —b) > 8. Itis clear
that @ — b € —K. Thus,

A_g (d—b) = _dY\(—K) (d—b) < -9,

and so
inffA_g(a—b)<A_g(a—b)<-6, VbeB.

acA
By the arbitrariness of b € B, we have

hg (A,B) =supinf A_g (a—b) < —9.
beBAcA

(ii). For any given b € B, it follows from Ak (A,B) < —§ that in£ A_g(a—b) < —4. Since A
ac
is K-compact, by Lemma 3.2 (i), there exists ag € A such that

A g (ao—b) :cizlelfo_K (a—b) <-6<0.

Then ap—b € —K and A_g (ag —b) = —dy\ (_x) (a0 —b) < —6, and so
dY\(—K) (a() - b) Z 0.
Due to Lemma 2.2, we have (ag — b+ 8B})) N (Y\ (—K)) = 0, which means that ag— b+ 6B €

—K. Consequently, for any B € 8BY, we have ag —b+ B € —K, and so b —ag € B+ K. Due to
the arbitrariness of B € §BY, we have b —ag € ﬂﬁeéB‘} (B+K). Hence,

beay+ [ B+K)CA+ () (B+K).
BESBY BeSBY)

It follows from the arbitrariness of b € B that BC A+ ﬂﬁeng (B+K). O

Proposition 3.4. Let 6 > 0. Then the following statements are true:

(i) if hx (A,B) < =6, then BC A+(\gesp, (B +intK);
(it) ifA is K-bounded, B is K-compact, Y is finite dimensional and BC A+(\gesp, (B +intK),
then hg (A,B) < —90.

Proof. (i). For any b € B, it follows from &g (A,B) < —§ that inf,cs A_g (a —b) < —6. Then
there exists ag € A such that A_g (ag —b) < —& < 0. This means that

A_k(ao—b) = —dy\(—x) (ap —b) < —6.
Thus, dy\(_k) (a0 — b) > 8. Thus, there exists 1 € R such that
dy\(-k) (a0 —b) >n > 6.
By Lemma 2.3 (i), we have
(a0 —b+nBy)N(Y\(-K)) =0,
which implies that
apy—b+nBy =ap—b+ 6By +(n—06)By C —K.
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It follows that ag — b+ 6By C —intK. For any B € 0By, we have ag — b+ B € —intK, and so
b—ap € B +intK. Due to the arbitrariness of § € 6By, we have b —ag € (gcsp, (B +intK).
Consequently,
beag+ () (B+intk) CA+ (] (B+intK),
BeSBy BedBy
By the arbitrariness of b € B, we have B C A +(g¢sp, (B +intK).
(i1). It follows from Lemma 3.2 (ii) that there exists by € B such that

hK (A,B) = ian_K (a—b()). (32)
acA
Due to B C A +(gesp, (B +intK), there exists ap € A such that
bo—ape () (B+intK).
BG(SBY
This means that by — ag + 6By C intK, and so ag — by + 0By C —intK. Since Y is finite
dimensional, we obtain that ag — by -+ 0By is compact. Then there exists & > 0 such that
ap—bo+ (6 + &) By C —K, which implies that
(a0 —bo+ (8 +&)By) N(Y\ (-K)) =0.
In view of Lemma 2.2, we have dy\ (_x) (@0 —bo) > 6 +& > 3. Consequently,
A g (ao - bo) = —dy\(_K) (ao - bo) < —90.
This together with (3.2) implies that
hg (A,B) = inﬁA,K (a — b()) <A_g (a() — b()) < —0.
ac

This completes the proof. 0J

Theorem 3.1. Assume that A and B are K-bounded.
(i) If hg (A,B) > 0O, then hg (A,B) =inf{t >0: BC A+ K+1By}.
HUHMMﬂ%dMMMmMﬂ%ﬂM%<mB§AHMdﬂ&w+Kﬁ.

Proof. (i). Since B is K-bounded, in view of Lemma 3.1 (ii), we have hg (A,B) < +oo. Then
there exists ¢ > 0 such that hg (A, B) < ¢. It follows from Proposition 3.2 (i) that

BCA+K+@B) CA+K+ By,

which means that {t >0: BCA+K+tBy} #0. Let n =inf{r >0: B C A+ K+1tBy}. For
any € > 0, there exists t > 0 such that BC A+ K 4By and t < 1 + €. Due to Proposition 3.1
(i), we have hg (A,B) <t < 1 + €. By the arbitrariness of € > 0, we have hg (A,B) < 7.

On the other hand, suppose that ix (A, B) < 1. Then there exists € R such that

hi (A,B) < B <. (3.3)
It follows from Proposition 3.2 (i) that B C A+ K + BB} C A+ K + BBy. This implies that
n < B, which contradicts (3.3). Therefore, hx (A,B) > 7.

(ii). Due to hg (A, B) < 0, there exists € R such that hg (A,B) < 6 < 0. Applying Proposi-
tion 3.4 (i), we have

BCA+ (] (B+intK)CA+ (] (B+K),
Be(-6)By Be(—8)By
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which means that {t <0:BCA+Npe(—ns, (B +K)} # (. Suppose that

infdr<0:BCA+ (] (B+K)p=—co. (3.4)
Be(—1)By

Noting that A is K-bounded, by Lemma 3.1 (i), we have hg (A,B) > —oo. Then there exists
& < 0 such that

hg (A,B) > &. (3.5)
It follows from (3.4) that inf{t <0:BCA+Nge(—ns, (B +K)} < &. Consequently, there
exists o < 0 with 7y < & such that
BCA+ () (B+K)CA+ () (B+K).
BE(—t0)By Be(—10)BY)

In view of Proposition 3.3 (i), we have hg (A, B) < to < &, which contradicts (3.5). Therefore,

n:=inf¢r<0:BCA+ [\ (B+K) > —co.
Be(—1)By
For any € > 0, there exists t < 0 with ¢t < 1 + € such that
BCA+ ()| (B+K)CA+ (] (B+K).
Be(—1)By Be(—1)BY

Applying Proposition 3.3 (i), we have hg (A,B) <t < 1+ €. Due to the arbitrariness of € > 0,
we have hg (A,B) < 1. Suppose that hg (A,B) < 1. Then there exists ¢ € R such that

hi (A,B) < ¢ <1. (3.6)
We conclude from (3.6) and Proposition 3.4 (i) that
BCA+ () (B+inK)CA+ () (B+K).
Be(—9)By BE(—9)By
This means that n < ¢, which contradicts (3.6). Therefore, we have hg (A,B) > 1. O

Lemma 3.3. The following statements are true:
(i) IfE > 0and & > 0, then

N B+K)=&| () B+K) |, () B+intk)=&| () (B+intk)

BeESBy BeSBy BeESBy BeoBy
(ii) If 8y > 0 and &, > 0, then
N B+K)+ () B+K)C () (B+K).
Bed By Bed,By B<(61+6,)By
(iii) If & > 61 > 0, then

N (B+K)+&By +KC (8 —8)By +K.
Bed By
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(iv) If 0 < &, < 0y, then
N B+K)+&By+KC () (B+K).

1365IBY ﬁE(élfaz)By

Proof. (i). The conclusion is trivial.
(ii). Let z; € Ngeszy (B+K),i=1,2. Then for any f3; € 5;By, we have

ZEB+K, i=1,2. (3.7)

For any u € (8; + 02) By, it is clear that 616T182” € 8By and %u € &By. It follows from

(3.7) that z; € Bliszu—f—K and 7p € %M—FI(, and so z; + 22 € u+ K. By the arbitrariness of

uEe (51 + 62)By, we have 71+ 2o € ﬂ36(51+52)3), (ﬁ +K).
(iii). Let z € Nges,py (B +K), u € 6By and kg € K. Then

z€B+K, VBE S By. (3.8)

Due to %u € 0By and (3.8), we have z € %u + K. Consequently,

0 — 01
&

)
ZHu+ko € —u+K+utkyC

5 u+K§(82—61)By—|—K,

which means that

N (B+K)+8By +K C (8 —8)By +K.
Bed By

(iv). Let z € Npes,p, (B+K), u € By and k € K. For any ¢ € (8; — &) By, it is clear that
—u+ @ € O;By. It follows from (3.8) that z € —u+ ¢ + K. Thus,

ztutk€—ut+o+K+u+kCo+K.
Due to the arbitrariness of ¢ € (8; — &) By, we have z+u+k € Ne(s,—5,)8, (B +K). O
Theorem 3.2. Assume that A|, Ay, B| and B, are K-bounded. Then
hg (A1 +A2,B1 +By) < hg (A1,B1) + hk (A2,B2).

Proof. Tt follows from Lemma 3.1 that hg (A1, B), hx (A2,B;) and hg (A1+A2, B + By) are
finite. There are three cases to be considered.

Case 1. hg (A1,B1) > 0 and hg (Az,B;) > 0. For any € > 0, we conclude from Theorem 3.1
(i) that there exists hg (A;, B;) <t; < hg (A;,B;) + € such that B; C A; + K +t;By, i = 1,2. Then

Bi+B, CA +Ay+K+K+tBy+tBy CA+A,+ K+ (t) +1) By.
Thanks to Proposition 3.1 (i), we have
hx (A1+A2,B1 +By) <t +1ty < hg (A1,B1) + hg (A2, B2) +2€.

By the arbitrariness of € > 0, we know that hg (A| + Az, B + B;) < hx (A1,B1) + hg (A2,B3) .
Case 2. hg(A1,B;) <0 and hg (A3,By) < 0. For any € > 0 with hg(A;,B;)+€ <0
and hg (A2, By) + € < 0, it follows from Theorem 3.1 (ii) that there exists hg (4;,B;) < t; <
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hk (Ai,B;) + € such that B; C A; + (\ge(—,)p, (B +K), i = 1,2. This together with Lemma 3.3
(i1) implies that
Bi+By C Ai+A+ (] B+K)+ (] (B+K)
Be(—t)By Be(~1)By
C Ai+A+ (] (B+K)
Be(—t1—1)By
C Ai+A+ () (B+K).
Be(—t1—12)BY
Due to Proposition 3.3 (i), one has
hg (A1+A2,Bl —{—Bz) <tH+t<hg (Al,Bl) + hg (AQ,BQ) + 2€.

By the arbitrariness of € > 0, we have hg (A] +Az,B1 +By) < hg (A1,B1) + hg (A2,B>) .
Case 3. hg (A1,B1) < 0 and hg (A2,By) > 0. For any € > 0 with hg (A,B1) + € <0, due to
Theorem 3.1 (ii), there exists hg (A}, B1) < t; < hg (A1,B1) + € such that

BiCAi+ (] (B+K).

Be(—1)By
It follows from Theorem 3.1 (i) that there exists hg (A2,B) <t < hg (A2,B2) + € such that
B, CAy+K-+1By. Then

Bi+ByCA +A+ () (B+K)+n0By+K. (3.9)

Be(—t1)By
If hg (Al,Bl) +hg (AQ,BQ) >0,thent; +1 > hg (Al,Bl) + hg (AQ,BQ) >0,andsot, > —t; > 0.
Applying Lemma 3.3 (iii), one has

(1 (B+K)+uBy+KC (1 +6)By +K.
Be(—t1)By

This together with (3.9) implies that Bj + By C A + A, + (11 +12) By + K. By Proposition 3.1
(1), we know that hg (A1—|-A2,Bl —l—Bz) <t +1.

If hg (A1, B1) + hg (A2, B2) < 0, without loss of generality, we assume that 7] +1, < 0, and so
—t1 > tp > 0. Thanks to Lemma 3.3 (iv), we have

N B+K)+nBy+kKC () (B+K).
Be(—t1)By Be(—t1—12)By

It follows from (3.9) that

Bi+ByCAi+4+ () (B+K)CAi+4+ (]  (B+K).
Be(—ti—t2)By Be(—11—12)BY

In view of Proposition 3.3 (i), we have hg (A1+A2,B1 + By) < t] + ;. Therefore,
hx (A1+A2,B1 +By) <t +1t2 < hx (A1,B1) + hg (A2,B2) +2¢.
By the arbitrariness of € > 0, we have
hg (A1 +A2,B1 +By) < hg (A1,B1) +hg (A2,B2) .
This completes the proof. U
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Theorem 3.3. Assume that A, B and D are K-bounded. Then
(i) hk (COA7COB) < hg (AuB);
(ii) hg (A+D,B+ D) < hg (A,B).

Proof. (i). Let n = hg (A, B). There are two cases to be considered.

Case 1. n > 0. For any € > 0, it follows from Theorem 3.1 (i) that there exists N <f < n+¢€
such that BC A+ K +tBy C coA + K +¢By. Noting that coA + K + 7By is convex, we have
coB C coA+ K +1By. By Proposition 3.1 (i), we have hg (coA,coB) <f<n+&=hg (A,B)+€.

Case 2. n < 0. For any € > 0, we conclude from Theorem 3.1 (ii) that there exists f5 < 0
such that 1 <ty <M+ &€ and

BCA+ () (B+K)CcoA+ () (B+K).
Be(—t0)By Be(—t0)By
Since coA + (Nge(—sy)p, (B +K) is convex, we have coB C coA + g (—q)8y (B +K). This
together with Proposition 3.3 (i) implies that

hi (coA,coB) <typ <N +¢€=hg(A,B)+e.

Hence, it follows from the arbitrariness of € > 0 that hg (coA,coB) < hg (A,B).
(i1). Similar to the proof of (i), we can prove that (ii) holds. O

4. DINI DIRECTIONAL DERIVATIVES WITH APPLICATIONS IN SET OPTIMIZATION
PROBLEMS

In this section, we investigate the Dini directional derivatives for set-valued mappings and
apply them to derive some necessary and sufficient optimality conditions for set optimization
problems.

Based on the results obtained in Section 3, we have the basic ingredients to define the upper
and lower Dini directional derivatives for set-valued mappings. Thus, we can give the following
definition.

Definition 4.1. Let F : X 2 Y be a set-valued mapping and x,u € X. The upper and lower Dini
directional derivative of F at x in direction u are, respectively, defined by

1 1
F1 (x,u) = limsup —hg (F (x+1u) ,F (x)) = inf sup —hg (F (x+1u),F (x)),
tlo 1 0<so<s<s I
and

1 1
FY¥ (x,u) = liminf —hg (F (x+tu) ,F (x)) = sup_inf —hg (F (x+1u),F (x)).
tJ0 t 0<s 0<t<st

If both derivatives coincide, then F’ (x,u) = F (x,u) = F* (x, u) is the Dini directional derivative
of F at x in direction u.

Clearly, F' (x,u) > F*+(x,u). Thus, we know that F’ (x,u) exists if and only if FT (x,u) <
FY (x,u).

Theorem 4.1. Assume that F is K-convex on X with nonempty and K-bounded values. Then
(i) the Dini derivative of F at x € X exists for all u € X and

F'(x,u) = F' (x,u) = F* (x,u) = inflhK(F()H—su),F(x));

0<s §
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(ii) for any given x,u € X, F' (x,Eu) = EF' (x,u) for all & > 0;
(iii) for any given x € X, F' (x,-) is a convex function, i.e., for any uj,u; € X and A € [0,1],
F O, Aup + (1= A up) <AF (xyup) +(1—A) F' (x,u2).

Proof. (1). We first prove that, for any #,r € R with 0 <t <,
%hK(F(x—i—tu),F(x)) < %h,( (F (x4 ), F (x)). @.1)
As F is K-convex on X, one has
r—;tF (x) + ;F (x+ru) C F (x+1u) + K. 4.2)

Let 1 := hg (F (x+ru),F (x)). There are two cases to be considered.
Case 1. 1 > 0. For any € > 0, there exists 0 € R such that 1 < § < 1 +¢&. Thanks to
Proposition 3.2 (i) and hg (F (x+ru) ,F (x)) =1 < d, we have
F(x) CF (x4ru)+K+8B) C F(x+ru)+ K+ SBy. (4.3)
For any y € F (x), it follows from (4.3) that there exist z, € F (x+ru), ko € K and by € By such
that y = z, + ko + 8bg. In view of (4.2), there exist z; € F (x+tu) and k € K satisfying
r—t
—y+ “u=au+tk (4.4)
Applying (4.4) and y = z, + ko + 0bg, one has
r—t t r—t
y = —oytoy=——y+ zr+ ko+ 5b0

= z,+k+;ko+;6b0 € F(x+tu)+K+;5By.

By the arbitrariness of y € F (x), we know that F (x) C F (x+tu) 4+ K + L6By. This together
with Proposition 3.1 (i) implies that

hg (F (x+1tu),F (x)) < 5< (n—|—8)

Due to the arbitrariness of € > 0, we have hg (F (x+tu) ,F (x)) < Ln and so (4.1) holds.
Case 2. 1 < 0. For any € > 0 with n + & < 0, there exists § > O such thatn < —6 <1+ €.
It follows from Proposition 3.4 (i) that

F(x)CF(x+ru)+ () (B+intK). (4.5)
ﬁEsBY
For any y € F (x), due to (4.5), there exist z, € F (x+ru) and vo € Ngesp, (B +intK) satisfying
y =2z +vo. By (4.2), there exist z; € F (x+ tu) and ko € K such that
r—t
- +1 Jar=u+tko. (4.6)
It follows from (4.6), y = z, 4+ vo and Lemma 3 3 (i) that

r—t
y = —+ z,+ vo—zt+k0+ VOEF(x+tu)+K+ (N (B+intK)

BEEBY
C Fx+m)+ () (B+intK).
ﬁ€§5By
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By the arbitrariness of y € F (x), we have

F(x)CF(x+m)+ () (B+intk).
BeléBy

This together with Proposition 3.3 (i) implies that
t !
I (F (v4+-0), F (x)) < 2(=8) < - (n +e).

By the arbitrariness of € > 0, we have hg (F (x+1u),F (x)) < £n, and so (4.1) holds.
We conclude from (4.1) that, for any s > 0,

1 1
sup —hg (F (x+1u),F (x)) = —hg (F (x+su),F (x))
0<t<s S
and so {
F' (x,u) = inf —hg (F (x+su) ,F (x)).
0<s §
We claim that, for any s > 0,
1 1
inf —hg (F (x+1tu),F (x)) =inf —hg (F (x+ru) ,F (x)). 4.7)
O<t<st o<rr

It is clear that

inf lh]( (F (x+1tu),F (x)) > inf lh]( (F(x+ru),F (x)).

0<t<s t o<rr

Suppose that there exists { € R such that

inf lhK (F (x+1tu),F(x)) > > ér<1fr%h1< (F (x+ru),F (x)).

O<t<s t

Then there exists ry > 0 such that

i (F (x-ro) F () < & “8)

If 0 < rg <s, then

1 1

—hg (F F > inf —hg(F tu) , F

” k (F (x+rou) , F (x)) > onf = k (F(x+1u),F(x)) >,
which contradicts (4.8). Thus, rg > s. It follows from (4.1) that

1 1 1
—hg (F (x+rou),F (x)) > —hg (F (x+su),F (x)) > inf —hg (F (x+1tu),F (x)) >,
ro S O<t<st
which contradicts (4.8). Therefore, we know that (4.7) holds and so
1 1
F¥(x,u) =sup inf ~hg (F (x+tu),F (x)) = inf ~hg (F (x+ru) , F (x)).
0<s 0<t<s t O<rr
(ii). For any & > 0, one has
1
F' (x,Eu) = (i)nf—hK (F (x+s€u),F (x)). (4.9)
<5 S

Let r = s&. Then % = % and s > 0 < r > 0. In view of (4.9), we have

F' (x,Eu) :(i)nféhK (F(x+ru),F(x) = é(i)nflhK (F (x+ru),F (x))=EF' (x,u).

<rr
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(iii). Let u,up € X and A € (0,1). For any € > 0, noting that
1
F' (x,u;) = inf —hg (F (x+su;) ,F (x)), i=1,2,
0<s §

there exist s; > 0 and s, > 0 such that

sl,-hK (F (x+siu;) , F (x)) < F' (x,u;) +€, i=1,2. (4.10)
Let so = min{sy,s2} > 0. In view of (4.1) and (4.10), we can find J;, & € R satisfying
%hK(F (x-+s0u1) , F (x)) < ih,{ (F(etsim),F(x)) < 8 < F' () +e  (411)
and
%h,( (F (x+souz) ,F (x)) < éh[( (F (x+s0u2) ,F (x)) < & < F' (x,up) + €. (4.12)

Noting that F is K-convex on X and
A(x+soup)+ (1 —=2A) (x+souz) =x+so (Aug + (1 —A)uy),
we have
AF (x+soup)+ (1 —A)F (x+souz) CF (x+so(Au; + (1 —A)up)) + K. (4.13)
There are three cases to be considered.
Case 1. F' (x,u;) > 0and F’ (x,up) > 0. It follows from (4.11), (4.12) and Proposition 3.2 (i)
that
F(x) CF (x+sou;) + K +s508B%, i=1,2.
This together with (4.13) implies that
F(x) C AF(x)+(1—A)F (x) CAF (x+sou;)+AK + Aso;BY
+(1—=A)F (x+souz) + (1 — 1)K+ (1— 1) 55,8
C F(x+soAup+(1—A)u)) +K+s0 (A8 +(1—1)8)BY.
We conclude from Proposition 3.1 (i) that
hg (F (x+s0(Aug + (1 =A)up)),F(x)) <so(Ad+(1—2) ). (4.14)
Applying (4.11), (4.12) and (4.14), one has

F (A + (1= A uy) < %hK(F(x—kso(?Lul—i—(l—l)uz)),F(x))
< A8 +(1-2)8

< AF' (x,u1)+ (1 —=2A)F' (x,up) + €. (4.15)
By the arbitrariness of € > 0, it follows from (4.15) that
F O, Aug + (1= A up) <AF (xyup) +(1—A) F' (x,u2). (4.16)

Case 2. F'(x,u;) <0 and F'(x,u) < 0. Without loss of generality, we can assume that
Oy < F'(x,u1)+€ <0and & < F' (x,up) +€ < 0. By (4.11), (4.12) and Proposition 3.4 (i), we
obtain

F(x)CF(x+soui)+ () (B+intK), i=1,2.
Beso(—8;)By
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This together with (4.13) and Lemma 3.3 (i) implies that
F(x) € AF(x)+(1—A)F(x) CAF (x+sou1)+A (] (B+intK)
BéEso(—81)By
+(1=A)F(x+sou)+(1=4) () (B+intk)
BéEso(—62)By
C F(x+so(Aur+(1—-2)w))+K+ N (B +intK)
Beso(A(~81)+(1-A)(~8))By
C F(x+so(Aui +(1—2)up)) + N (B +intK)
BeEso(A(=61)+(1-2)(—62))By
In view of Proposition 3.3 (i), one has
hg (F (x+so(Aur+(1—=A)up)),F(x)) <so(Ad1+(1—21) ).

Thus, it is easy to see that (4.16) holds.
Case 3. F'(x,u;) > 0 and F'(x,uy) < 0. Without loss of generality, we can assume that
& < F'(x,uz)+€ < 0. Due to (4.11) and Proposition 3.2 (i), one has

F (x) CF (x+soup) —l—K—{—S()S]Bg C F (x+sou;) + K + 590, By. 4.17)
We conclude from (4.12) and Proposition 3.4 (i) that
F(x) CF(x+sowx)+ () (B+intK) CF(x+souw)+ [  (B+K). (4.18)
BéEso(—62)By BéEso(—62)By
Applying (4.13), (4.17), (4.18) and Lemma 3.3 (i), we obtain
F(x) € AF(x)+(1—=A)F (x) CAF (x+sou1)+AK+ Asod By
+(1=2A)F (x+sou)+(1=1) () (B+K)
BéEso(—62)By
C F(x+so(Aui+(1—=2A)up)) + K+ Asob By
+ M (B+K). 4.19)
Beso(1-2)(=82)By
If Asod; > (1—A)s9(—82) > 0, then it follows from (4.19) and Lemma 3.3 (iii) that
F(x) CF (x+so(Aui+(1—=A)up))+ K+ (Asod; + (1 — 1) 5002) By
This together with Proposition 3.1 (i) implies that
hg (F (x+s0 (lul + (1 — ;L)uz)) I (x)) <50 (181 -+ (1 — l) 52) .
If 0 < A5001 < (1 —A)s9(—5), we conclude from (4.19) and Lemma 3.3 (iv) that
F(x) CF (x+so(Aus+(1—A)u2)) +K + N (B+K).
BEAso(—81)+(1—2)s0(—62))By
In view of Proposition 3.3 (i), we have
hg (F (x+so(Aur+(1=A)up)),F(x)) <so(Ad1+(1—-21) ).

Therefore, we can see that (4.15) holds. By the arbitrariness of € > 0, it follows from (4.15)
that
F (x,dup + (1= A)up) < AF (x,up) + (1= A) F' (x,u2).
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This completes the proof. U

Remark 4.1. It is worth mentioning that Theorem 4.1 is different from Theorems 4.1 and 4.2
of [35]. Moreover, when we study the nonlinear scalarizing function Ak (-,-), it is hard to avoid
considering the case that Ak (-, ) is negative, which makes the research work more difficult. In
fact, dealing with hg (-, -) is more difficult than dealing with the nonlinear scalarizing function
G, (-,-) introduced by Hernandez and Rodriguez-Marin [14].

Theorem 4.2. Assume that D is convex and F is K-convex on D with nonempty and K-bounded
values. For any given xo € D, if F' (xo,u) > 0 for all u € X with xo+u € D and u # 0, then
xo € E; (F,D).

Proof. For any y € D with y # xo, by the assumption, we have F’ (xo,y —x¢) > 0. It follows
from Theorem 4.1 (i) that
|
0 < F'(x0,y—x0) = (1)r<1£§h1( (F(xo+s(y—x0)),F (x0)) < hg (F(y),F (x0)).

In view of Corollary 3.1 (i), we obtain that F (y) le (x0) for all y € D with y # x¢. This means
that xo € E; (F,D). O

Theorem 4.3. Assume that D is convex and F is K-convex on D with nonempty and K-bounded
values. Let xy € D such that F (xo) is K-compact. Then, xo € W, (F,D) if and only if F' (xo,u) >0
forall u € X with xo+u € D.

Proof. We first prove the sufficiency. For any y € D, it follows that F/ (xp,y —xo) > 0. Due to
Theorem 4.1 (i), we have

0.< F' (v0,y—x0) = Inf i (F (305 v =) F (30)) < b (F ). F (x0)).

By employing Theorem 4.11 of [33], we know that, for any y € D, F (y) <'F (xg) is not true
and so xo € W; (F,D).

Next, we show the necessity. Suppose that xo € W, (F, D). Then it follows from Lemma 2.5
that there does not exist y € D satisfying F (y) <'F (xo). This together with Theorem 4.11 of
[33] implies that

hi (F (y),F (x0)) 20, VyeD. (4.20)
For any u € X with xo +u € D and forany A € (0, 1] the convexity of D implies that xy+Au € D.
By (4.20), we have hK( (xo+Au),F (x0)) >0 and so

) 1
0<Hllil IhK (F (xo+ Au),F (x9)) > 0. 4.21)

Applying (4.7), (4.21) and Theorem 4.1 (i), we have
1 1
F' = inf —hg (F F = inf —h Au),F > 0.
(xo,u) = inf —hx (F (xo + ru) , F (x0)) oot o k (F (xo+Au) , F (x0)) =
This completes the proof. U

Remark 4.2. The proofs of Theorems 4.2 and 4.3 are similar to the proof of Theorem 4.3 in
[35]. However, it is worth pointing out that Theorems 4.2 and 4.3 are under weaker condi-
tions. In fact, Theorems 4.2 and 4.3 do not need to assume that F (-) is locally K-Lipschitz
C-continuous with respect to e € —intC at xg € D.
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5. CONCLUSIONS

The paper dealt with the set scalarization function and the Dini directional derivatives for
set-valued mappings with applications to set optimization problems. The main contributions
are as follows: (1) we employed the properties of the (oriented) distance function to show some
properties of the set scalarization function with negative values; (ii) we investigated the Dini
directional derivatives for set-valued mappings by using the set scalarization function; (iii) we
applied the Dini directional derivatives to derive some necessary and sufficient optimality con-
ditions for set optimization problems.

It is well known that the study of the connectedness, the well-posedness, and the stability of
the solution sets is of great interest in set optimization problems. However, to the best of our
knowledge, the connectedness, the well-posedness, and the stability of the solution sets for set
optimization problems via the set scalarization function introduced by Ha [31] have not been
explored until now. Thus, several interesting issues may deserve further research. It may be
interesting to explore the connectedness, the well-posedness, and the stability of the solution
sets for set optimization problems by using the set scalarization function. We leave these as our
future work.
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