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Abstract. In this paper, based on the oriented distance function of Hiriart-Urruty, we investigate a set
scalarization function of sup-inf type. Some properties of the set scalarization function allow us to define
the Dini directional derivatives for set-valued mappings, which is an extension of the classical Dini
derivatives for scalar functions. We also obtain some properties of the Dini directional derivatives for
set-valued mappings. As applications, we derive some necessary and sufficient optimality conditions for
set optimization problems.
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1. INTRODUCTION

Set optimization problems are a very rich class of decision-making problems. Because set-
valued mappings appear naturally in many practical problems, set optimization problems will
remain an important and active research topic in both the near and foreseeable future [1]. As
pointed out by Kim et al. [2], studying set optimization problems is at the core of most re-
cent developments in multiobjective optimization and practical applications. In recent years,
set optimization problems have received an increasing attention due to extensive applications
in many areas, such as optimal control problems, vector variational inequalities, vector opti-
mization problems, fuzzy optimization problems, viability theory, image processing problems,
mathematical economics and differential inclusions. For a detailed introduction to set optimiza-
tion and its applications, we refer to [1], and for the applications in finance, we refer to [3]. For
some related topics, we refer to [4, 5, 6, 7] and the references therein.

The theory and the methods of scalarization have always been of the utmost importance in
vecter optimization problems [8, 9, 10, 11] and in set optimization problems [12, 13, 14, 15, 16,
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17] from theoretical as well as computational points of view. The linear scalarization is histori-
cally the first method proposed and the most widely known and used. There are two important
types of nonlinear scalarization functions. The first one is Gerstewitz’s function [18], which has
some nice properties, especially monotonicity properties and nonconvex separation properties
[8, 10, 19, 20, 21]. It provides an important tool in the study of many fundamental mathematical
problems, such as, the vector optimization and the vector equilibrium problems. The second one
is the oriented distance function of Hiriart-Urruty, which was introduced in [22, 23] to analyze
the geometry of nonsmooth optimization problems and obtain necessary optimality conditions.
It has been applied to establish the nonlinear scalarization results, Lagrange multiplier rules and
the well-posedness results for vector optimization problems [24, 25, 26, 27, 28]. The oriented
distance function of Hiriart-Urruty has also been employed to the study of set optimization
problems. For example, Chen, Ansari, and Yao [29] obtained some characterizations of various
set order relations by using the oriented distance function, and then derived necessary and suf-
ficient conditions for four types of optimal solutions of constrained set optimization problem
with respect to the set order relations. Ansari, Köbis, and Sharma [30] gave some characteri-
zations of set relations with respect to variable domination structures by defining scalarization
functions in terms of the oriented distance function and derived the characterization of minimal
elements of a family of sets and the properties of sets of minimal elements. Ha [31] introduced
a set scalarization function of sup-inf type, which is an extension of the oriented distance func-
tion of Hiriart-Urruty. By employing the set scalarization function, the author of [31] defined
a generalized Hausdorff-type distance and a directional derivative for set-valued mappings, and
derived necessary and/or sufficient conditions for various minimizers and maximizers of set-
valued mappings. Jiménez, Novo, and Vı́lchez [32, 33] obtained several interesting properties
of the set scalarization function of sup-inf type introduced by Ha [31] and applied them to char-
acterize several concepts of minimal solution to a set optimization problem. Jiménez, Novo,
and Vı́lchez [34] investigated six set scalarization functions, which are extensions of the ori-
ented distance of Hiriart-Urruty. They also derived several necessary and sufficient minimality
conditions for set optimization problems by using the six set scalarization functions.

It is worth noting that the set scalarization function introduced by Ha [31] may be negative.
However, the authors in [31, 32, 33, 34] only discussed some properties of the set scalarization
function with nonnegative values. What happens to the set scalarization function if it is neg-
ative? The first aim of this paper is to derive some properties of the set scalarization function
with negative values. On the other hand, it is well known that the derivative and directional
derivatives play a critical role for establishing optimality conditions in optimization theory.
Very recently, Han [35] introduced the Clarke generalized directional derivative for set-valued
mappings by using the nonlinear scalarizing function introduced by Hernández and Rodrı́guez-
Marı́n [14], and obtained some properties of the Clarke generalized directional derivative. As
applications, the author of [35] presented necessary and sufficient optimality conditions for set
optimization problems. We note that some properties of the set scalarization function allow us
to define the Dini directional derivatives for set-valued mappings, which is an extension of the
classical Dini derivatives for scalar functions [36]. Thus, one natural question is: can we em-
ploy the Dini directional derivatives for set-valued mappings to capture optimality conditions
for set optimization problems? The second aim of this paper is to obtain some properties of the
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Dini directional derivatives for set-valued mappings and apply them to derive some necessary
and sufficient optimality conditions for set optimization problems.

The rest of the paper is organized as follows. The next section presents some necessary nota-
tions and lemmas. In Section 3, we investigate a set scalarization function via oriented distance
function introduced by Ha [31]. Before summarizing this paper in Section 5, we study the Dini
directional derivatives for set-valued mappings and employ them to obtain some necessary and
sufficient optimality conditions for set optimization problems in Section 4.

2. PRELIMINARIES

Throughout this paper, let X and Y be two normed vector spaces. We denote by BY and
B0

Y the closed unit ball and the open unit ball in Y , respectively. Let ℘0 (Y ) be the family of all
nonempty subsets of Y. Assume that K ⊆Y is a convex, closed and pointed cone with nonempty
interior. The cone K induces a partial order on Y as follows: for a,b ∈ Y ,

a≤ b :⇔ b−a ∈ K.

Let Y ∗ be the topological dual space of Y , and let K∗ be the topological dual cone of K, defined
by

K∗ = { f ∈ Y ∗ : f (y)≥ 0,∀y ∈ K} .
Let B∗K = { f ∈ K∗ : ‖ f‖= 1}, and, for A ∈℘0 (Y ) and f ∈ Y ∗, let S ( f ,A) = supa∈A f (a) be
the support function of A at f . Let A,B ∈℘0 (Y ). The lower relation ”≤l” and the weak lower
relation ”�l”, respectively, are defined by

A≤lB⇔ B⊆ A+K and A�lB⇔ B⊆ A+ intK.

Denote A ∼l B iff A≤lB and B≤lA. We denote by intA, clA, ∂A, coA, and Ac the topological
interior, the topological closure, the topological boundary, the convex hull, and the comple-
mentary set of A, respectively. It is said that a nonempty set A ⊆ Y is K-proper if A+K 6= Y ,
K-convex if A+K is a convex set, K-closed if A+K is a closed set, K-bounded if for each
neighborhood U of zero in Y there is some positive number t such that A ⊆ tU +K, and K-
compact if any cover of A of the form {Uα +K : Uα are open} admits a finite subcover. The
family of the neighborhoods of 0 ∈ Y is denoted by N (0).

Remark 2.1. Clearly, if there exists β > 0 such that βBY is K-closed, then δBY is K-closed for
any δ > 0.

Let A∈℘0 (Y ) and a∈ A. We say that a is a minimal point of A with respect to K, denoted by
a ∈Min(A), if (A−a)∩ (−K) = {0}. We say that a is a weak minimal point of A with respect
to K and we write a ∈WMin(A), if (A−a)∩ (−intK) = /0.

Remark 2.2. Obviously, Min(A) ⊆WMin(A). Moreover, if A is nonempty and K-compact,
then Min(A) 6= /0 (see [10]).

Let F : X ⇒ Y be a set-valued mapping, and let D be a nonempty subset of X . We consider
the following set optimization problem:

(SOP) minF (x) subject to x ∈ D.

Definition 2.1. An element x0 ∈ D is said to be
(i) l-minimal solution of (SOP) if, for x ∈ D, F (x)≤lF (x0) implies that F (x0)≤lF (x);
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(ii) weak l-minimal solution of (SOP) if, for x∈D, F (x)�lF (x0) implies that F (x0)�lF (x).

Let El (F,D) and Wl (F,D) denote the l-minimal solution set and the weak l-minimal solution
set of (SOP), respectively.

Definition 2.2. [37] Let D be a nonempty convex subset of X . A set-valued mapping Φ : X ⇒Y
is said to be K-convex on D if, for any x1,x2 ∈ D and for any t ∈ [0,1],

tΦ(x1)+(1− t)Φ(x2)⊆Φ(tx1 +(1− t)x2)+K.

Definition 2.3. [38] Let (X ,d) be a metric space, and let A and B be two nonempty subsets of
X . The Hausdorff distance between A and B is defined by

H (A,B) := max{e(A,B) ,e(B,A)} ,

where
e(A,B) := sup

a∈A
d (a,B) , d (a,B) := inf

b∈B
d (a,b) .

Definition 2.4. [22] For a set A ⊆ Y , let the oriented distance function ∆A : Y → R∪{±∞} be
defined as

∆A (y) = dA (y)−dY\A (y)

with d /0 (y) = +∞, where dA (y) = infx∈A ‖y− x‖.

Next, we collect the basic properties of the oriented distance function.

Lemma 2.1. [1, 17, 28] If A⊆ Y is nonempty and A 6= Y , then

(i) ∆A is real valued;
(ii) ∆A is 1-Lipschitzian;

(iii) ∆A (y)< 0⇔ y ∈ intA;
(iv) ∆A (y) = 0⇔ y ∈ ∂A;
(v) ∆A (y)> 0⇔ y ∈ intAc;

(vi) if A is closed, then it holds that A = {y ∈ Y : ∆A (y)≤ 0};
(vii) ∆A is positively homogeneous providing A is a cone;

(viii) ∆A is convex providing A is convex;
(ix) if A is a closed and convex cone, then ∆A is nonincreasing with respect to the ordering

relation induced on Y , i.e., for any y1,y2 ∈ Y ,

y1− y2 ∈ A ⇒ ∆A (y1)≤ ∆A (y2) ;

if A has a nonempty interior, then for any y1,y2 ∈ Y ,

y1− y2 ∈ intA ⇒ ∆A (y1)< ∆A (y2) .

It is easy to have the following lemma.

Lemma 2.2. Let δ > 0. Then dA (y)≥ δ ⇔
(
y+δB0

Y
)
∩A = /0.

Lemma 2.3. Let δ ≥ 0. Then the following statements are true:

(i) if y ∈ δBY +A, then dA (y)≤ δ ;
(ii) if δBY +A is closed and dA (y)≤ δ , then y ∈ δBY +A.
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Proof. (i). The conclusion is trivial.
(ii). For any n ∈ N, it follows from dA (y) ≤ δ that dA (y) ≤ δ < δ + 1

n . Then there exists
an ∈ A such that ‖y−an‖< δ + 1

n . Consequently,

y ∈
(

δ +
1
n

)
BY +an ⊆

(
δ +

1
n

)
BY +A, ∀n ∈ N.

Thus, there exists bn ∈ BY such that y+ 1
nbn ∈ δBY +A. Since y+ 1

nbn → y and δBY +A is
closed, we have y ∈ δBY +A. �

From Remark 2.1 and Lemma 2.3, we can obtain the following corollary.

Corollary 2.1. If A is a cone and BY +A is closed, then, for any δ > 0, dA (y) ≤ δ ⇒ y ∈
δBY +A.

Lemma 2.4. If δ > 0 and A is K-bounded, then A 6⊂ A+
⋂

β∈δBY
(β + intK).

Proof. Suppose that
A⊆ A+

⋂
β∈δBY

(β + intK). (2.1)

Then, for any given x1 ∈ A, it follows from (2.1) that there exists x2 ∈ A such that

x1− x2 ∈
⋂

β∈δBY

(β + intK). (2.2)

For any β ∈ δBY , it is clear that−β ∈ δBY . This together with (2.2) implies that x1−x2 ∈−β +
intK and so x1−x2+β ∈ intK. By the arbitrariness of β ∈ δBY , we have x1−x2+δBY ⊆ intK.
By the similar arguments, for xn ∈ A, there exists xn+1 ∈ A such that xn− xn+1 + δBY ⊆ intK.
This shows that x1− xn+1 +nδBY ⊆ intK and so

x1− xn+1 +nδBY +K ⊆ intK +K ⊆ intK. (2.3)

Since A is K-bounded, there exists ξ > 0 such that A⊆ ξ BY +K. It is clear that there exists n0
large enough such that n0δ > ‖x1‖+ξ . Noting that xn0+1 ∈ A⊆ ξ BY +K, there exist b0 ∈ ξ BY
and k0 ∈ K such that xn0+1 = b0 + k0. Due to −x1 +b0 ∈ n0δBY , k0 ∈ K and (2.3), we have

0 = x1− xn0+1 +(−x1 +b0)+ k0 ∈ x1− xn0+1 +n0δBY +K ⊆ intK,

which is a contradiction. �

From Lemma 2.6 of [14] and Remark 2.2, we can obtain the following lemma.

Lemma 2.5. If x0 ∈ D and F (x0) is nonempty and K-compact, then x0 ∈Wl (F,D) if and only
if there does not exist y ∈ D satisfying F (y)�lF (x0).

3. A SET SCALARIZATION FUNCTION VIA ORIENTED DISTANCE FUNCTION

In this section, we study the set scalarization function of sup-inf type introduced by Ha [31],
which is an extension of the oriented distance function of Hiriart-Urruty.

Let A and B be nonempty subsets of Y . Ha [31] introduced the following scalarization func-
tion:

hK (A,B) = sup
b∈B

inf
a∈A

∆−K (a−b) .

Lemma 3.1. [31] Let A and B be nonempty subsets of Y .
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(i) If A is K-bounded, then hK (A,B)>−∞.
(ii) If B is K-bounded, then hK (A,B)<+∞.

Lemma 3.2. [31] Let A and B be nonempty subsets of Y and y ∈ Y .
(i) If A is K-compact, then there exists a0 ∈ A such that

∆−K (a0− y) = inf
a∈A

∆−K (a− y) .

(ii) If A is K-bounded and B is K-compact, then there exists b0 ∈ B such that

hK (A,B) = inf
a∈A

∆−K (a−b0) .

From Theorem 5.1 of [32], we can obtain the following proposition.

Proposition 3.1. Let δ ≥ 0. The following statements are true:
(i) if B⊆ A+K +δBY , then hK (A,B)≤ δ ;

(ii) if A+K +δBY is closed and hK (A,B)≤ δ , then B⊆ A+K +δBY .

From Proposition 3.1, we can obtain the following corollary.

Corollary 3.1. [33] The following statements are true:
(i) if A≤lB, then hK (A,B)≤ 0;

(ii) if A is K-closed and hK (A,B)≤ 0, then A≤lB.

Remark 3.1. Corollary 3.1 improves Lemma 3.3 of [31].

Proposition 3.2. Let δ ≥ 0. Then the following statements are true:
(i) if hK (A,B)< δ , then B⊆ A+K +δB0

Y ;
(ii) if A is K-bounded, B is K-compact and B⊆ A+K +δB0

Y , then hK (A,B)< δ .

Proof. (i). For any b ∈ B, it follows from hK (A,B)< δ that infa∈A ∆−K (a−b)< δ . Then there
exists a0 ∈ A such that ∆−K (a0−b)< δ . There are two cases to be considered.

Case 1. a0−b ∈ −K. Then b ∈ a0 +K ⊆ A+K ⊆ A+K +δB0
Y .

Case 2. a0−b /∈ −K. Thus, ∆−K (a0−b) = d−K (a0−b) < δ . Due to Lemma 2.2, we have
a0−b ∈ −K +δB0

Y , and so b ∈ a0 +K +δB0
Y ⊆ A+K +δB0

Y .
By the arbitrariness of b ∈ B, we have B⊆ A+K +δB0

Y .
(ii). In view of Lemma 3.2 (ii), there exists b0 ∈ B such that

hK (A,B) = inf
a∈A

∆−K (a−b0) . (3.1)

Due to B ⊆ A+K + δB0
Y , there exists a0 ∈ A such that b0− a0 ∈ K + δB0

Y , and so a0− b0 ∈
−K +δB0

Y . By Lemma 2.2, we have ∆−K (a0−b0)≤ d−K (a0−b0)< δ . It follows from (3.1)
that

hK (A,B) = inf
a∈A

∆−K (a−b0)≤ ∆−K (a0−b0)< δ .

This completes the proof. �

Proposition 3.3. Let δ > 0. Then the following statements are true:
(i) if B⊆ A+

⋂
β∈δB0

Y

(β +K), then hK (A,B)≤−δ ;

(ii) if A is K-compact and hK (A,B)≤−δ , then B⊆ A+
⋂

β∈δB0
Y

(β +K).
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Proof. (i). For any b ∈ B, due to B ⊆ A+
⋂

β∈δB0
Y
(β +K), there exists ā ∈ A such that b−

ā ∈
⋂

β∈δB0
Y
(β +K). This means that for any β ∈ δB0

Y , we have b− ā ∈ β +K, and so ā−
b+ β ∈ −K. By the arbitrariness of β ∈ δB0

Y , we have ā− b+ δB0
Y ∈ −K. Consequently,(

ā−b+δB0
Y
)
∩(Y\(−K)) = /0. It follows from Lemma 2.2 that dY\(−K) (ā−b)≥ δ . It is clear

that ā−b ∈ −K. Thus,

∆−K (ā−b) =−dY\(−K) (ā−b)≤−δ ,

and so
inf
a∈A

∆−K (a−b)≤ ∆−K (ā−b)≤−δ , ∀b ∈ B.

By the arbitrariness of b ∈ B, we have

hK (A,B) = sup
b∈B

inf
a∈A

∆−K (a−b)≤−δ .

(ii). For any given b ∈ B, it follows from hK (A,B)≤−δ that inf
a∈A

∆−K (a−b)≤−δ . Since A

is K-compact, by Lemma 3.2 (i), there exists a0 ∈ A such that

∆−K (a0−b) = inf
a∈A

∆−K (a−b)≤−δ < 0.

Then a0−b ∈ −K and ∆−K (a0−b) =−dY\(−K) (a0−b)≤−δ , and so

dY\(−K) (a0−b)≥ δ .

Due to Lemma 2.2, we have
(
a0−b+δB0

Y
)
∩(Y\(−K)) = /0, which means that a0−b+δB0

Y ∈
−K. Consequently, for any β ∈ δB0

Y , we have a0−b+β ∈ −K, and so b−a0 ∈ β +K. Due to
the arbitrariness of β ∈ δB0

Y , we have b−a0 ∈
⋂

β∈δB0
Y
(β +K). Hence,

b ∈ a0 +
⋂

β∈δB0
Y

(β +K)⊆ A+
⋂

β∈δB0
Y

(β +K).

It follows from the arbitrariness of b ∈ B that B⊆ A+
⋂

β∈δB0
Y
(β +K). �

Proposition 3.4. Let δ > 0. Then the following statements are true:
(i) if hK (A,B)<−δ , then B⊆ A+

⋂
β∈δBY

(β + intK);
(ii) if A is K-bounded, B is K-compact, Y is finite dimensional and B⊆A+

⋂
β∈δBY

(β + intK),
then hK (A,B)<−δ .

Proof. (i). For any b ∈ B, it follows from hK (A,B) < −δ that infa∈A ∆−K (a−b) < −δ . Then
there exists a0 ∈ A such that ∆−K (a0−b)<−δ < 0. This means that

∆−K (a0−b) =−dY\(−K) (a0−b)<−δ .

Thus, dY\(−K) (a0−b)> δ . Thus, there exists η ∈ R such that

dY\(−K) (a0−b)> η > δ .

By Lemma 2.3 (i), we have

(a0−b+ηBY )∩ (Y\(−K)) = /0,

which implies that

a0−b+ηBY = a0−b+δBY +(η−δ )BY ⊆−K.
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It follows that a0− b+ δBY ⊆ −intK. For any β ∈ δBY , we have a0− b+β ∈ −intK, and so
b− a0 ∈ β + intK. Due to the arbitrariness of β ∈ δBY , we have b− a0 ∈

⋂
β∈δBY

(β + intK).
Consequently,

b ∈ a0 +
⋂

β∈δBY

(β + intK)⊆ A+
⋂

β∈δBY

(β + intK),

By the arbitrariness of b ∈ B, we have B⊆ A+
⋂

β∈δBY
(β + intK).

(ii). It follows from Lemma 3.2 (ii) that there exists b0 ∈ B such that

hK (A,B) = inf
a∈A

∆−K (a−b0) . (3.2)

Due to B⊆ A+
⋂

β∈δBY
(β + intK), there exists a0 ∈ A such that

b0−a0 ∈
⋂

β∈δBY

(β + intK).

This means that b0 − a0 + δBY ⊆ intK, and so a0 − b0 + δBY ⊆ −intK. Since Y is finite
dimensional, we obtain that a0−b0 +δBY is compact. Then there exists ξ > 0 such that
a0−b0 +(δ +ξ )BY ⊆−K, which implies that(

a0−b0 +(δ +ξ )B0
Y
)
∩ (Y\(−K)) = /0.

In view of Lemma 2.2, we have dY\(−K) (a0−b0)≥ δ +ξ > δ . Consequently,

∆−K (a0−b0) =−dY\(−K) (a0−b0)<−δ .

This together with (3.2) implies that

hK (A,B) = inf
a∈A

∆−K (a−b0)≤ ∆−K (a0−b0)<−δ .

This completes the proof. �

Theorem 3.1. Assume that A and B are K-bounded.
(i) If hK (A,B)≥ 0, then hK (A,B) = inf{t ≥ 0 : B⊆ A+K + tBY} .

(ii) If hK (A,B)< 0, then hK (A,B) = inf
{

t < 0 : B⊆ A+
⋂

β∈(−t)BY
(β +K)

}
.

Proof. (i). Since B is K-bounded, in view of Lemma 3.1 (ii), we have hK (A,B) < +∞. Then
there exists ϕ > 0 such that hK (A,B)< ϕ . It follows from Proposition 3.2 (i) that

B⊆ A+K +ϕB0
Y ⊆ A+K +ϕBY ,

which means that {t ≥ 0 : B⊆ A+K + tBY} 6= /0. Let η = inf{t ≥ 0 : B⊆ A+K + tBY}. For
any ε > 0, there exists t ≥ 0 such that B ⊆ A+K + tBY and t < η + ε . Due to Proposition 3.1
(i), we have hK (A,B)≤ t < η + ε . By the arbitrariness of ε > 0, we have hK (A,B)≤ η .

On the other hand, suppose that hK (A,B)< η . Then there exists β ∈ R such that

hK (A,B)< β < η . (3.3)

It follows from Proposition 3.2 (i) that B ⊆ A+K + βB0
Y ⊆ A+K + βBY . This implies that

η ≤ β , which contradicts (3.3). Therefore, hK (A,B)≥ η .
(ii). Due to hK (A,B)< 0, there exists δ ∈ R such that hK (A,B)< δ < 0. Applying Proposi-

tion 3.4 (i), we have

B⊆ A+
⋂

β∈(−δ )BY

(β + intK)⊆ A+
⋂

β∈(−δ )BY

(β +K),
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which means that
{

t < 0 : B⊆ A+
⋂

β∈(−t)BY
(β +K)

}
6= /0. Suppose that

inf

t < 0 : B⊆ A+
⋂

β∈(−t)BY

(β +K)

=−∞. (3.4)

Noting that A is K-bounded, by Lemma 3.1 (i), we have hK (A,B) > −∞. Then there exists
ξ < 0 such that

hK (A,B)> ξ . (3.5)

It follows from (3.4) that inf
{

t < 0 : B⊆ A+
⋂

β∈(−t)BY
(β +K)

}
< ξ . Consequently, there

exists t0 < 0 with t0 < ξ such that

B⊆ A+
⋂

β∈(−t0)BY

(β +K)⊆ A+
⋂

β∈(−t0)B0
Y

(β +K).

In view of Proposition 3.3 (i), we have hK (A,B)≤ t0 < ξ , which contradicts (3.5). Therefore,

η := inf

t < 0 : B⊆ A+
⋂

β∈(−t)BY

(β +K)

>−∞.

For any ε > 0, there exists t < 0 with t < η + ε such that

B⊆ A+
⋂

β∈(−t)BY

(β +K)⊆ A+
⋂

β∈(−t)B0
Y

(β +K).

Applying Proposition 3.3 (i), we have hK (A,B)≤ t < η + ε . Due to the arbitrariness of ε > 0,
we have hK (A,B)≤ η . Suppose that hK (A,B)< η . Then there exists φ ∈ R such that

hK (A,B)< φ < η . (3.6)

We conclude from (3.6) and Proposition 3.4 (i) that

B⊆ A+
⋂

β∈(−φ)BY

(β + intK)⊆ A+
⋂

β∈(−φ)BY

(β +K).

This means that η ≤ φ , which contradicts (3.6). Therefore, we have hK (A,B)≥ η . �

Lemma 3.3. The following statements are true:
(i) If ξ > 0 and δ > 0, then

⋂
β∈ξ δBY

(β +K) = ξ

 ⋂
β∈δBY

(β +K)

 ,
⋂

β∈ξ δBY

(β + intK) = ξ

 ⋂
β∈δBY

(β + intK)

 .

(ii) If δ1 > 0 and δ2 > 0, then⋂
β∈δ1BY

(β +K)+
⋂

β∈δ2BY

(β +K)⊆
⋂

β∈(δ1+δ2)BY

(β +K).

(iii) If δ2 ≥ δ1 > 0, then⋂
β∈δ1BY

(β +K)+δ2BY +K ⊆ (δ2−δ1)BY +K.
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(iv) If 0≤ δ2 < δ1, then⋂
β∈δ1BY

(β +K)+δ2BY +K ⊆
⋂

β∈(δ1−δ2)BY

(β +K).

Proof. (i). The conclusion is trivial.
(ii). Let zi ∈

⋂
β∈δiBY

(β +K), i = 1,2. Then for any βi ∈ δiBY , we have

zi ∈ βi +K, i = 1,2. (3.7)

For any u ∈ (δ1 +δ2)BY , it is clear that δ1
δ1+δ2

u ∈ δ1BY and δ2
δ1+δ2

u ∈ δ2BY . It follows from

(3.7) that z1 ∈ δ1
δ1+δ2

u+K and z2 ∈ δ2
δ1+δ2

u+K, and so z1 + z2 ∈ u+K. By the arbitrariness of
u ∈ (δ1 +δ2)BY , we have z1 + z2 ∈

⋂
β∈(δ1+δ2)BY

(β +K).
(iii). Let z ∈

⋂
β∈δ1BY

(β +K), u ∈ δ2BY and k0 ∈ K. Then

z ∈ β +K, ∀β ∈ δ1BY . (3.8)

Due to −δ1
δ2

u ∈ δ1BY and (3.8), we have z ∈ −δ1
δ2

u+K. Consequently,

z+u+ k0 ∈
−δ1

δ2
u+K +u+ k0 ⊆

δ2−δ1

δ2
u+K ⊆ (δ2−δ1)BY +K,

which means that ⋂
β∈δ1BY

(β +K)+δ2BY +K ⊆ (δ2−δ1)BY +K.

(iv). Let z ∈
⋂

β∈δ1BY
(β +K), u ∈ δ2BY and k̄ ∈ K. For any ϕ ∈ (δ1−δ2)BY , it is clear that

−u+ϕ ∈ δ1BY . It follows from (3.8) that z ∈ −u+ϕ +K. Thus,

z+u+ k̄ ∈ −u+ϕ +K +u+ k̄ ⊆ ϕ +K.

Due to the arbitrariness of ϕ ∈ (δ1−δ2)BY , we have z+u+ k̄ ∈
⋂

β∈(δ1−δ2)BY
(β +K). �

Theorem 3.2. Assume that A1, A2, B1 and B2 are K-bounded. Then

hK (A1 +A2,B1 +B2)≤ hK (A1,B1)+hK (A2,B2) .

Proof. It follows from Lemma 3.1 that hK (A1,B1), hK (A2,B2) and hK (A1+A2,B1 +B2) are
finite. There are three cases to be considered.

Case 1. hK (A1,B1)≥ 0 and hK (A2,B2)≥ 0. For any ε > 0, we conclude from Theorem 3.1
(i) that there exists hK (Ai,Bi)≤ ti < hK (Ai,Bi)+ ε such that Bi ⊆ Ai +K + tiBY , i = 1,2. Then

B1 +B2 ⊆ A1 +A2 +K +K + t1BY+t2BY ⊆ A1 +A2 +K +(t1 + t2)BY .

Thanks to Proposition 3.1 (i), we have

hK (A1+A2,B1 +B2)≤ t1 + t2 < hK (A1,B1)+hK (A2,B2)+2ε.

By the arbitrariness of ε > 0, we know that hK (A1 +A2,B1 +B2)≤ hK (A1,B1)+hK (A2,B2) .
Case 2. hK (A1,B1) < 0 and hK (A2,B2) < 0. For any ε > 0 with hK (A1,B1) + ε < 0

and hK (A2,B2) + ε < 0, it follows from Theorem 3.1 (ii) that there exists hK (Ai,Bi) ≤ ti <
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hK (Ai,Bi)+ ε such that Bi ⊆ Ai +
⋂

β∈(−ti)BY
(β +K), i = 1,2. This together with Lemma 3.3

(ii) implies that

B1 +B2 ⊆ A1 +A2 +
⋂

β∈(−t1)BY

(β +K)+
⋂

β∈(−t2)BY

(β +K)

⊆ A1 +A2 +
⋂

β∈(−t1−t2)BY

(β +K)

⊆ A1 +A2 +
⋂

β∈(−t1−t2)B0
Y

(β +K).

Due to Proposition 3.3 (i), one has

hK (A1+A2,B1 +B2)≤ t1 + t2 < hK (A1,B1)+hK (A2,B2)+2ε.

By the arbitrariness of ε > 0, we have hK (A1 +A2,B1 +B2)≤ hK (A1,B1)+hK (A2,B2) .
Case 3. hK (A1,B1)< 0 and hK (A2,B2)≥ 0. For any ε > 0 with hK (A1,B1)+ ε < 0, due to

Theorem 3.1 (ii), there exists hK (A1,B1)≤ t1 < hK (A1,B1)+ ε such that

B1 ⊆ A1 +
⋂

β∈(−t1)BY

(β +K).

It follows from Theorem 3.1 (i) that there exists hK (A2,B2) ≤ t2 < hK (A2,B2)+ ε such that
B2 ⊆ A2 +K + t2BY . Then

B1 +B2 ⊆ A1 +A2 +
⋂

β∈(−t1)BY

(β +K)+ t2BY +K. (3.9)

If hK (A1,B1)+hK (A2,B2)≥ 0, then t1+t2≥ hK (A1,B1)+hK (A2,B2)≥ 0, and so t2≥−t1 > 0.
Applying Lemma 3.3 (iii), one has⋂

β∈(−t1)BY

(β +K)+ t2BY +K ⊆ (t1 + t2)BY +K.

This together with (3.9) implies that B1 +B2 ⊆ A1 +A2 +(t1 + t2)BY +K. By Proposition 3.1
(i), we know that hK (A1+A2,B1 +B2)≤ t1 + t2.

If hK (A1,B1)+hK (A2,B2)< 0, without loss of generality, we assume that t1+ t2 < 0, and so
−t1 > t2 ≥ 0. Thanks to Lemma 3.3 (iv), we have⋂

β∈(−t1)BY

(β +K)+ t2BY +K ⊆
⋂

β∈(−t1−t2)BY

(β +K).

It follows from (3.9) that

B1 +B2 ⊆ A1 +A2 +
⋂

β∈(−t1−t2)BY

(β +K)⊆ A1 +A2 +
⋂

β∈(−t1−t2)B0
Y

(β +K).

In view of Proposition 3.3 (i), we have hK (A1+A2,B1 +B2)≤ t1 + t2. Therefore,

hK (A1+A2,B1 +B2)≤ t1 + t2 < hK (A1,B1)+hK (A2,B2)+2ε.

By the arbitrariness of ε > 0, we have

hK (A1 +A2,B1 +B2)≤ hK (A1,B1)+hK (A2,B2) .

This completes the proof. �
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Theorem 3.3. Assume that A, B and D are K-bounded. Then
(i) hK (coA,coB)≤ hK (A,B);

(ii) hK (A+D,B+D)≤ hK (A,B).

Proof. (i). Let η = hK (A,B). There are two cases to be considered.
Case 1. η ≥ 0. For any ε > 0, it follows from Theorem 3.1 (i) that there exists η ≤ t̄ < η +ε

such that B ⊆ A+K + t̄BY ⊆ coA+K + t̄BY . Noting that coA+K + t̄BY is convex, we have
coB⊆ coA+K+ t̄BY . By Proposition 3.1 (i), we have hK (coA,coB)≤ t̄ <η+ε = hK (A,B)+ε .

Case 2. η < 0. For any ε > 0, we conclude from Theorem 3.1 (ii) that there exists t0 < 0
such that η ≤ t0 < η + ε and

B⊆ A+
⋂

β∈(−t0)BY

(β +K)⊆ coA+
⋂

β∈(−t0)BY

(β +K).

Since coA +
⋂

β∈(−t0)BY
(β +K) is convex, we have coB ⊆ coA +

⋂
β∈(−t0)BY

(β +K). This
together with Proposition 3.3 (i) implies that

hK (coA,coB)≤ t0 < η + ε = hK (A,B)+ ε.

Hence, it follows from the arbitrariness of ε > 0 that hK (coA,coB)≤ hK (A,B).
(ii). Similar to the proof of (i), we can prove that (ii) holds. �

4. DINI DIRECTIONAL DERIVATIVES WITH APPLICATIONS IN SET OPTIMIZATION

PROBLEMS

In this section, we investigate the Dini directional derivatives for set-valued mappings and
apply them to derive some necessary and sufficient optimality conditions for set optimization
problems.

Based on the results obtained in Section 3, we have the basic ingredients to define the upper
and lower Dini directional derivatives for set-valued mappings. Thus, we can give the following
definition.

Definition 4.1. Let F : X ⇒Y be a set-valued mapping and x,u ∈ X . The upper and lower Dini
directional derivative of F at x in direction u are, respectively, defined by

F↑ (x,u) = limsup
t↓0

1
t

hK (F (x+ tu) ,F (x)) = inf
0<s

sup
0<t≤s

1
t

hK (F (x+ tu) ,F (x)) ,

and
F↓ (x,u) = liminf

t↓0

1
t

hK (F (x+ tu) ,F (x)) = sup
0<s

inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x)) .

If both derivatives coincide, then F ′ (x,u)=F↑ (x,u)=F↓ (x,u) is the Dini directional derivative
of F at x in direction u.

Clearly, F↑ (x,u) ≥ F↓ (x,u). Thus, we know that F ′ (x,u) exists if and only if F↑ (x,u) ≤
F↓ (x,u).

Theorem 4.1. Assume that F is K-convex on X with nonempty and K-bounded values. Then
(i) the Dini derivative of F at x ∈ X exists for all u ∈ X and

F ′ (x,u) = F↑ (x,u) = F↓ (x,u) = inf
0<s

1
s

hK (F (x+ su) ,F (x)) ;
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(ii) for any given x,u ∈ X, F ′ (x,ξ u) = ξ F ′ (x,u) for all ξ > 0;
(iii) for any given x ∈ X, F ′ (x, ·) is a convex function, i.e., for any u1,u2 ∈ X and λ ∈ [0,1],

F ′ (x,λu1 +(1−λ )u2)≤ λF ′ (x,u1)+(1−λ )F ′ (x,u2) .

Proof. (i). We first prove that, for any t,r ∈ R with 0 < t ≤ r,
1
t

hK (F (x+ tu) ,F (x))≤ 1
r

hK (F (x+ ru) ,F (x)) . (4.1)

As F is K-convex on X , one has
r− t

r
F (x)+

t
r

F (x+ ru)⊆ F (x+ tu)+K. (4.2)

Let η := hK (F (x+ ru) ,F (x)). There are two cases to be considered.
Case 1. η ≥ 0. For any ε > 0, there exists δ ∈ R such that η < δ ≤ η + ε . Thanks to

Proposition 3.2 (i) and hK (F (x+ ru) ,F (x)) = η < δ , we have

F (x)⊆ F (x+ ru)+K +δB0
Y ⊆ F (x+ ru)+K +δBY . (4.3)

For any y ∈ F (x), it follows from (4.3) that there exist zr ∈ F (x+ ru), k0 ∈ K and b0 ∈ BY such
that y = zr + k0 +δb0. In view of (4.2), there exist zt ∈ F (x+ tu) and k̄ ∈ K satisfying

r− t
r

y+
t
r

zr = zt + k̄. (4.4)

Applying (4.4) and y = zr + k0 +δb0, one has

y =
r− t

r
y+

t
r

y =
r− t

r
y+

t
r

zr +
t
r

k0 +
t
r

δb0

= zt + k̄+
t
r

k0 +
t
r

δb0 ∈ F (x+ tu)+K +
t
r

δBY .

By the arbitrariness of y ∈ F (x), we know that F (x) ⊆ F (x+ tu)+K + t
r δBY . This together

with Proposition 3.1 (i) implies that

hK (F (x+ tu) ,F (x))≤ t
r

δ ≤ t
r
(η + ε) .

Due to the arbitrariness of ε > 0, we have hK (F (x+ tu) ,F (x))≤ t
r η and so (4.1) holds.

Case 2. η < 0. For any ε > 0 with η + ε < 0, there exists δ > 0 such that η <−δ ≤ η + ε .
It follows from Proposition 3.4 (i) that

F (x)⊆ F (x+ ru)+
⋂

β∈δBY

(β + intK). (4.5)

For any y ∈ F (x), due to (4.5), there exist zr ∈ F (x+ ru) and v0 ∈
⋂

β∈δBY
(β + intK) satisfying

y = zr + v0. By (4.2), there exist zt ∈ F (x+ tu) and k0 ∈ K such that
r− t

r
y+

t
r

zr = zt + k0. (4.6)

It follows from (4.6), y = zr + v0 and Lemma 3.3 (i) that

y =
r− t

r
y+

t
r

zr +
t
r

v0 = zt + k0 +
t
r

v0 ∈ F (x+ tu)+K +
t
r

⋂
β∈δBY

(β + intK)

⊆ F (x+ tu)+
⋂

β∈ t
r δBY

(β + intK).
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By the arbitrariness of y ∈ F (x), we have

F (x)⊆ F (x+ tu)+
⋂

β∈ t
r δBY

(β + intK).

This together with Proposition 3.3 (i) implies that

hK (F (x+ tu) ,F (x))≤ t
r
(−δ )≤ t

r
(η + ε) .

By the arbitrariness of ε > 0, we have hK (F (x+ tu) ,F (x))≤ t
r η , and so (4.1) holds.

We conclude from (4.1) that, for any s > 0,

sup
0<t≤s

1
t

hK (F (x+ tu) ,F (x)) =
1
s

hK (F (x+ su) ,F (x))

and so
F↑ (x,u) = inf

0<s

1
s

hK (F (x+ su) ,F (x)) .

We claim that, for any s > 0,

inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x)) = inf
0<r

1
r

hK (F (x+ ru) ,F (x)) . (4.7)

It is clear that

inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x))≥ inf
0<r

1
r

hK (F (x+ ru) ,F (x)) .

Suppose that there exists ζ ∈ R such that

inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x))> ζ > inf
0<r

1
r

hK (F (x+ ru) ,F (x)) .

Then there exists r0 > 0 such that
1
r0

hK (F (x+ r0u) ,F (x))< ζ . (4.8)

If 0 < r0 ≤ s, then
1
r0

hK (F (x+ r0u) ,F (x))≥ inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x))> ζ ,

which contradicts (4.8). Thus, r0 > s. It follows from (4.1) that
1
r0

hK (F (x+ r0u) ,F (x))≥ 1
s

hK (F (x+ su) ,F (x))≥ inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x))> ζ ,

which contradicts (4.8). Therefore, we know that (4.7) holds and so

F↓ (x,u) = sup
0<s

inf
0<t≤s

1
t

hK (F (x+ tu) ,F (x)) = inf
0<r

1
r

hK (F (x+ ru) ,F (x)) .

(ii). For any ξ > 0, one has

F ′ (x,ξ u) = inf
0<s

1
s

hK (F (x+ sξ u) ,F (x)) . (4.9)

Let r = sξ . Then 1
s =

ξ

r and s > 0⇔ r > 0. In view of (4.9), we have

F ′ (x,ξ u) = inf
0<r

ξ

r
hK (F (x+ ru) ,F (x)) = ξ inf

0<r

1
r

hK (F (x+ ru) ,F (x)) = ξ F ′ (x,u) .
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(iii). Let u1,u2 ∈ X and λ ∈ (0,1). For any ε > 0, noting that

F ′ (x,ui) = inf
0<s

1
s

hK (F (x+ sui) ,F (x)) , i = 1,2,

there exist s1 > 0 and s2 > 0 such that
1
si

hK (F (x+ siui) ,F (x))< F ′ (x,ui)+ ε, i = 1,2. (4.10)

Let s0 = min{s1,s2}> 0. In view of (4.1) and (4.10), we can find δ1,δ2 ∈ R satisfying
1
s0

hK (F (x+ s0u1) ,F (x))≤ 1
s1

hK (F (x+ s1u1) ,F (x))< δ1 < F ′ (x,u1)+ ε (4.11)

and
1
s0

hK (F (x+ s0u2) ,F (x))≤ 1
s2

hK (F (x+ s2u2) ,F (x))< δ2 < F ′ (x,u2)+ ε. (4.12)

Noting that F is K-convex on X and

λ (x+ s0u1)+(1−λ )(x+ s0u2) = x+ s0 (λu1 +(1−λ )u2) ,

we have

λF (x+ s0u1)+(1−λ )F (x+ s0u2)⊆ F (x+ s0 (λu1 +(1−λ )u2))+K. (4.13)

There are three cases to be considered.
Case 1. F ′ (x,u1)≥ 0 and F ′ (x,u2)≥ 0. It follows from (4.11), (4.12) and Proposition 3.2 (i)

that
F (x)⊆ F (x+ s0ui)+K + s0δiB0

Y , i = 1,2.
This together with (4.13) implies that

F (x) ⊆ λF (x)+(1−λ )F (x)⊆ λF (x+ s0u1)+λK +λ s0δ1B0
Y

+(1−λ )F (x+ s0u2)+(1−λ )K +(1−λ )s0δ2B0
Y

⊆ F (x+ s0 (λu1 +(1−λ )u2))+K + s0 (λδ1 +(1−λ )δ2)B0
Y .

We conclude from Proposition 3.1 (i) that

hK (F (x+ s0 (λu1 +(1−λ )u2)) ,F (x))≤ s0 (λδ1 +(1−λ )δ2) . (4.14)

Applying (4.11), (4.12) and (4.14), one has

F ′ (x,λu1 +(1−λ )u2) ≤
1
s0

hK (F (x+ s0 (λu1 +(1−λ )u2)) ,F (x))

≤ λδ1 +(1−λ )δ2

< λF ′ (x,u1)+(1−λ )F ′ (x,u2)+ ε. (4.15)

By the arbitrariness of ε > 0, it follows from (4.15) that

F ′ (x,λu1 +(1−λ )u2)≤ λF ′ (x,u1)+(1−λ )F ′ (x,u2) . (4.16)

Case 2. F ′ (x,u1) < 0 and F ′ (x,u2) < 0. Without loss of generality, we can assume that
δ1 < F ′ (x,u1)+ε < 0 and δ2 < F ′ (x,u2)+ε < 0. By (4.11), (4.12) and Proposition 3.4 (i), we
obtain

F (x)⊆ F (x+ s0ui)+
⋂

β∈s0(−δi)BY

(β + intK), i = 1,2.
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This together with (4.13) and Lemma 3.3 (i) implies that

F (x) ⊆ λF (x)+(1−λ )F (x)⊆ λF (x+ s0u1)+λ
⋂

β∈s0(−δ1)BY

(β + intK)

+(1−λ )F (x+ s0u2)+(1−λ )
⋂

β∈s0(−δ2)BY

(β + intK)

⊆ F (x+ s0 (λu1 +(1−λ )u2))+K +
⋂

β∈s0(λ (−δ1)+(1−λ )(−δ2))BY

(β + intK)

⊆ F (x+ s0 (λu1 +(1−λ )u2))+
⋂

β∈s0(λ (−δ1)+(1−λ )(−δ2))BY

(β + intK)

In view of Proposition 3.3 (i), one has

hK (F (x+ s0 (λu1 +(1−λ )u2)) ,F (x))≤ s0 (λδ1 +(1−λ )δ2) .

Thus, it is easy to see that (4.16) holds.
Case 3. F ′ (x,u1) ≥ 0 and F ′ (x,u2) < 0. Without loss of generality, we can assume that

δ2 < F ′ (x,u2)+ε < 0. Due to (4.11) and Proposition 3.2 (i), one has

F (x)⊆ F (x+ s0u1)+K + s0δ1B0
Y ⊆ F (x+ s0u1)+K + s0δ1BY . (4.17)

We conclude from (4.12) and Proposition 3.4 (i) that

F (x)⊆ F (x+ s0u2)+
⋂

β∈s0(−δ2)BY

(β + intK)⊆ F (x+ s0u2)+
⋂

β∈s0(−δ2)BY

(β +K). (4.18)

Applying (4.13), (4.17), (4.18) and Lemma 3.3 (i), we obtain

F (x) ⊆ λF (x)+(1−λ )F (x)⊆ λF (x+ s0u1)+λK +λ s0δ1BY

+(1−λ )F (x+ s0u2)+(1−λ )
⋂

β∈s0(−δ2)BY

(β +K)

⊆ F (x+ s0 (λu1 +(1−λ )u2))+K +λ s0δ1BY

+
⋂

β∈s0(1−λ )(−δ2)BY

(β +K). (4.19)

If λ s0δ1 ≥ (1−λ )s0 (−δ2)> 0, then it follows from (4.19) and Lemma 3.3 (iii) that

F (x)⊆ F (x+ s0 (λu1 +(1−λ )u2))+K +(λ s0δ1 +(1−λ )s0δ2)BY .

This together with Proposition 3.1 (i) implies that

hK (F (x+ s0 (λu1 +(1−λ )u2)) ,F (x))≤ s0 (λδ1 +(1−λ )δ2) .

If 0 < λ s0δ1 < (1−λ )s0 (−δ2), we conclude from (4.19) and Lemma 3.3 (iv) that

F (x)⊆ F (x+ s0 (λu1 +(1−λ )u2))+K +
⋂

β∈(λ s0(−δ1)+(1−λ )s0(−δ2))BY

(β +K).

In view of Proposition 3.3 (i), we have

hK (F (x+ s0 (λu1 +(1−λ )u2)) ,F (x))≤ s0 (λδ1 +(1−λ )δ2) .

Therefore, we can see that (4.15) holds. By the arbitrariness of ε > 0, it follows from (4.15)
that

F ′ (x,λu1 +(1−λ )u2)≤ λF ′ (x,u1)+(1−λ )F ′ (x,u2) .
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This completes the proof. �

Remark 4.1. It is worth mentioning that Theorem 4.1 is different from Theorems 4.1 and 4.2
of [35]. Moreover, when we study the nonlinear scalarizing function hK (·, ·), it is hard to avoid
considering the case that hK (·, ·) is negative, which makes the research work more difficult. In
fact, dealing with hK (·, ·) is more difficult than dealing with the nonlinear scalarizing function
Ge (·, ·) introduced by Hernández and Rodrı́guez-Marı́n [14].

Theorem 4.2. Assume that D is convex and F is K-convex on D with nonempty and K-bounded
values. For any given x0 ∈ D, if F ′ (x0,u) > 0 for all u ∈ X with x0 + u ∈ D and u 6= 0, then
x0 ∈ El (F,D).

Proof. For any y ∈ D with y 6= x0, by the assumption, we have F ′ (x0,y− x0) > 0. It follows
from Theorem 4.1 (i) that

0 < F ′ (x0,y− x0) = inf
0<s

1
s

hK (F (x0 + s(y− x0)) ,F (x0))≤ hK (F (y) ,F (x0)) .

In view of Corollary 3.1 (i), we obtain that F (y)�lF (x0) for all y ∈D with y 6= x0. This means
that x0 ∈ El (F,D). �

Theorem 4.3. Assume that D is convex and F is K-convex on D with nonempty and K-bounded
values. Let x0 ∈D such that F (x0) is K-compact. Then, x0 ∈Wl (F,D) if and only if F ′ (x0,u)≥ 0
for all u ∈ X with x0 +u ∈ D.

Proof. We first prove the sufficiency. For any y ∈ D, it follows that F ′ (x0,y− x0) ≥ 0. Due to
Theorem 4.1 (i), we have

0≤ F ′ (x0,y− x0) = inf
0<s

1
s

hK (F (x0 + s(y− x0)) ,F (x0))≤ hK (F (y) ,F (x0)) .

By employing Theorem 4.11 of [33], we know that, for any y ∈ D, F (y)�lF (x0) is not true
and so x0 ∈Wl (F,D).

Next, we show the necessity. Suppose that x0 ∈Wl (F,D). Then it follows from Lemma 2.5
that there does not exist y ∈ D satisfying F (y)�lF (x0). This together with Theorem 4.11 of
[33] implies that

hK (F (y) ,F (x0))≥ 0, ∀y ∈ D. (4.20)
For any u∈X with x0+u∈D and for any λ ∈ (0,1], the convexity of D implies that x0+λu∈D.
By (4.20), we have 1

λ
hK (F (x0 +λu) ,F (x0))≥ 0 and so

inf
0<λ≤1

1
λ

hK (F (x0 +λu) ,F (x0))≥ 0. (4.21)

Applying (4.7), (4.21) and Theorem 4.1 (i), we have

F ′ (x0,u) = inf
0<r

1
r

hK (F (x0 + ru) ,F (x0)) = inf
0<λ≤1

1
λ

hK (F (x0 +λu) ,F (x0))≥ 0.

This completes the proof. �

Remark 4.2. The proofs of Theorems 4.2 and 4.3 are similar to the proof of Theorem 4.3 in
[35]. However, it is worth pointing out that Theorems 4.2 and 4.3 are under weaker condi-
tions. In fact, Theorems 4.2 and 4.3 do not need to assume that F (·) is locally K-Lipschitz
C-continuous with respect to e ∈ −intC at x0 ∈ D.
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5. CONCLUSIONS

The paper dealt with the set scalarization function and the Dini directional derivatives for
set-valued mappings with applications to set optimization problems. The main contributions
are as follows: (i) we employed the properties of the (oriented) distance function to show some
properties of the set scalarization function with negative values; (ii) we investigated the Dini
directional derivatives for set-valued mappings by using the set scalarization function; (iii) we
applied the Dini directional derivatives to derive some necessary and sufficient optimality con-
ditions for set optimization problems.

It is well known that the study of the connectedness, the well-posedness, and the stability of
the solution sets is of great interest in set optimization problems. However, to the best of our
knowledge, the connectedness, the well-posedness, and the stability of the solution sets for set
optimization problems via the set scalarization function introduced by Ha [31] have not been
explored until now. Thus, several interesting issues may deserve further research. It may be
interesting to explore the connectedness, the well-posedness, and the stability of the solution
sets for set optimization problems by using the set scalarization function. We leave these as our
future work.
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[4] E. Köbis, C. Tammer, J.C. Yao, Optimality conditions for set-valued optimization problems based on set

approach and applications in uncertain optimization. J. Nonlinear Convex Anal. 18 (2017), 1001–1014.
[5] C.L. Zhang, N.J. Huang, On the stability of minimal solutions for parametric set optimization problems,

Appl. Anal. 100 (2021), 1533-1543.
[6] C.L. Zhang, N.J. Huang, Well-posedness and stability in set optimization with applications, Positivity 25

(2021), 1153-1173.
[7] C.L. Zhang, L.W. Zhou, N.J. Huang, Stability of minimal solution mappings for parametric set optimization

problems with pre-order relations, Pacific J. Optim. 15 (2019), 491-504.
[8] C. Gerth (Tammer), P. Weidner, Nonconvex separation theorems and some applications in vector optimiza-

tion, J. Optim. Theory Appl. 67 (1990), 297-320.
[9] J. Jahn, Vector optimization. Theory, Applications, and Extensions, 2nd ed. Springer, Berlin, 2011.

[10] D.T. Luc, Theory of Vector Optimization, Lecture Notes in Economics and Mathematical Systems, vol. 319,
Springer, Berlin 1989.

[11] E. Miglierina, E. Molho, Scalarization and stability in vector optimization, J. Optim. Theory Appl. 114
(2002), 657-670.

[12] Y. Han, N.J. Huang, Continuity and convexity of a nonlinear scalarizing function in set optimization problems
with applications, J. Optim. Theory Appl. 177 (2018), 679-695.

[13] Y. Han, Nonlinear scalarizing functions in set optimization problems, Optimization 68 (2019), 1685-1718.



A SET SCALARIZATION FUNCTION 927

[14] E. Hernández, L. Rodrı́guez-Marı́n, Nonconvex scalarization in set optimization with set-valued maps, J.
Math. Anal. Appl. 325 (2007), 1-18.

[15] Khushboo, C.S. Lalitha, Scalarizations for a set optimization problem using generalized oriented distance
function, Positivity 23 (2019), 1195-1213.

[16] S.Y. Cho, A monotone Bregan projection algorithm for fixed point and equilibrium problems in a reflexive
Banach space, Filomat, 34 (2020), 1487–1497.

[17] Y.D. Xu, S.J. Li, A new nonlinear scalarization function and applications. Optimization 65 (2016), 207-231.
[18] C. Gerstewitz(Tammer), Nichtkonvexe Dualität in der Vektoroptimierung, Wissenschaftliche Zeitschrift der

TH Leuna-Merseburg, 25 (1983), 357-364.
[19] G.Y. Chen, X.Q. Yang, H. Yu, A nonlinear scalarization function and generalized quasi-vector equilibrium

problems, J. Glob. Optim. 32 (2005), 451-466.
[20] C. Gerstewitz (Tammer), E. Iwanow, Dualität für nichtkonvexe Vektoroptimierungsprobleme, Wiss. Z. Tech.

Hochsch. Ilmenau, 2 (1985), 61-81.
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