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Abstract. In this paper, we consider a projected gradient method for constrained multiobjective opti-
mization problems. Under suitable assumptions, we show that the sequence generated by the method
converges to a Pareto stationary point (or a weak Pareto optimal point) of the problem when the mul-
tiobjective function is quasiconvex (or pseudoconvex). Furthermore, in the case that the multiobjective
function is convex, by using some approximate conditions that are imposed on the gradients of the ob-
jective functions and the search directions, we obtain the linear convergence result for this method.
Keywords. Linear convergence; Multiobjective optimization; Projected gradient method; Pareto opti-
mality.

1. INTRODUCTION

In multiobjective optimization, one needs to minimize or maximize several objective func-
tions at the same time. This formulism recasts numerous problems in various areas, including
engineering, economy, design, statistics, management science and so on; see, e.g., [1, 2, 3, 4,
5, 6, 7]. Since the points that optimize all the given objective functions simultaneously do not
exist necessarily, one usually uses the concept of the Pareto optimality.

In this paper, we center on a numerical algorithm, i.e., the projected gradient method, for
solving multiobjective optimization problems. As a classical and efficient method, the pro-
jected gradient method and its variant were extensively investigated by researchers for solving
scalar optimization problems [8, 9, 10, 11, 12, 13, 14], and they were further extended to the
multiobjective optimization setting successfully; see, e.g., [15, 16, 17, 18] and the references
therein.

In [17], Graña Drummond and Iusem considered a projected gradient method for constrained
vector optimization problems, and showed that every accumulation point (if any) of the se-
quence generated by this method is a stationary point. Afterwards, Fukuda and Graña Drum-
mond established in [19] the full convergence of the sequence to optimal points for convex
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objective functions. Note that, in many real-life applications, such as, microeconomy and lo-
cation theory [20, 21], one often encounters the situations where the objective function is not
convex, e.g. is quasiconvex. Therefore, the study of nonconvex multiobjective optimization
problems is of great theoretical significance and practical application value. For this, in [15],
Bello Cruz et al. studied the projected gradient method of [17] for solving constrained quasi-
convex multiobjective optimization problem. By exploiting the structure of quasiconvexity of
the problem, they obtained the convergence of the sequence generated by the algorithm to a
stationary point, and further to a weak Pareto optimal point when the multiobjective function is
assumed to be pseudoconvex.

Recently, Fazzio and Schuverdt [16] extended this projected gradient method to include a
nonmonotone line search for constrained convex multiobjective optimization problems. They
associated a variable steplength instead of the original fixed parameter to compute the search
direction. For this method, they showed the stationarity of the cluster points (without convexity
assumption) and proved the convergence of the sequence generated by the algorithm to a weak
Pareto optimal point (under the convexity assumption).

Inspired by these works, in this paper, we develop the method presented in [15] to include
variable parameter instead of the fixed one for the constrained quasiconvex multiobjective op-
timization problem. Under suitable assumptions, we show that the sequence produced by our
algorithm converges to a stationary point (or a weak Pareto optimal point) in the case that the
multiobjective function is quasiconvex (or pseudoconvex).

In addition, notice that, in most of the existing works, only the strong convergence prop-
erty of iterative sequences were considered. While, from the perspective of high efficiency in
solving practical problems, it is very necessary to obtain better convergence properties, for ex-
ample the linear convergence property. However, at present, there is not much work on this
topic in multiobjective optimization. In [22], Mahdavi-Amiri and Salehi Sadaghiani proposed a
quasi-Newton method for unconstrained strongly convex multiobjective optimization problems
and obtained the local superlinear rate of convergence for the method. Qu et al. [23] consid-
ered projected gradient methods for convex vector optimization and analyzed the local linear
convergence rate for the proposed methods.

Motivated by these results, in this paper, we aim to establish the full linear convergence re-
sult of the method considered here. Observe that, in the scalar optimization, Zhang and Hager
[9] proposed a nonmonotone gradient algorithm for the unconstrained optimization problems.
Under some appropriate assumptions of the gradients of objective functions and the search di-
rections, they established the linear convergence for their algorithm in the case that the objective
function is strongly convex. In this paper, we extend the techniques that used in [9] to the case
of the multiobjective optimization. Specifically, by making some changes to the assumptions,
we obtain the linear convergence result of the full sequence generated by our method when the
multiobjective function is only convex, which is one of the highlights of this paper.

The paper is organized as follows. In Section 2, we recall some notations and preliminary
results. In Section 3, we give the algorithm and present some related properties that will be used
later. Section 4, the last section, contains the main results, where the convergence analysis of
the algorithm is provided in the case that the mutiobjective function is quasiconvex and convex,
respectively.
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2. PRELIMINARIES

In this section, we recall some necessary notations and results (see, e.g., [4, 24, 25]) that are
used throughout the paper. By 〈·, ·〉, we denote the inner product on Rn, and by ‖ · ‖ we denote
the corresponding norm. The transpose sign is denoted by >. As usual, N denotes the set of
all positive integers, and let N∗ = N∪{0}. Let Rm

+, respectively, Rm
++ denote the nonnegative

orthant, respectively, the positive orthant of Rm. We consider the partial orders � (≺), defined
as u� v (u≺ v) if and only if v−u ∈ Rm

+ (v−u ∈ Rm
++).

Let C ⊆ Rn be a closed and convex set, and let F be a vector-valued function given by
F := ( f1, · · · , fm)

> with each fi being a continuously differentiable real-valued function on
an open superset of C. In this paper, we consider the following constrained multiobjective
optimization problem:

Minimize F(x), subject to x ∈C. (2.1)

We use JF(x∗) := (∇ f1(x∗), · · · ,∇ fm(x∗))> to denote the Jacobian matrix of F at x∗ ∈Rn, where
each ∇ fi(x∗) with i = 1, · · · ,m is the gradient of fi at x∗.

Definition 2.1. A point x∗ ∈C is called
(a) a Pareto stationary point (or Pareto critical point) of problem (2.1) if

JF(x∗)(C− x∗)∩ (−Rm
++) = /0,

(b) a weak Pareto optimal point (or weak Pareto efficient solution) of problem (2.1) if there
does not exist x ∈C such that F(x)≺ F(x∗),

(c) a Pareto optimal point (or Pareto efficient solution) of problem (2.1) if there does not exist
x ∈C such that F(x)� F(x∗) and F(x) 6= F(x∗).

It is well-known that every Pareto optimal point is also a weak Pareto optimal point, and
every weak Pareto optimal point is also a Pareto stationary point. But, in general, the converse
may not be true.

Recall that a real-valued function f : Rn→ R is said to be convex, respectively, quasiconvex
if, for any x,y ∈ Rn and t ∈ [0,1],

f (tx+(1− t)y)≤ t f (x)+(1− t) f (y)

respectively,

f (tx+(1− t)y)≤max{ f (x), f (y)}.

When f is differentiable, f is quasiconvex if and only if, for any x,y ∈ Rn, f (x)≤ f (y) implies
that 〈∇ f (y),x− y〉 ≤ 0; see [26].

A differentiable function f : Rn → R is said to be pseudoconvex if and only if 〈∇ f (y),x−
y〉 ≥ 0 implies that f (x) ≥ f (y). It is known that convex (or pseudoconvex) functions are
quasiconvex.

We say that the multiobjective function F is convex (quasiconvex, or pseudoconvex) if each
component function fi, i = 1, · · · ,m, of F is convex (quasiconvex, or pseudoconvex). In the
case when F is convex (or pseudoconvex), it can be verified by definition (one also can refer to
[15, 17]) that a Pareto stationary point of (2.1) is also a weak Pareto optimal point. However,
usually this result does not hold for quasiconvex functions (see [27]).
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A scalar function f : Rn → R is said to be Lipschitz continuous with Lipschitz constant
L ∈ [0,+∞) if

| f (x)− f (y)| ≤ L‖x− y‖, for all x,y ∈ Rn.

In this paper, we will discuss the linear convergence: a sequence {uk}⊆Rn is said to converge
linearly to its limit u with rate r if r ∈ [0,1) and there is some a≥ 0 such that

‖uk−u‖ ≤ ark for all k ∈ N.

Finally, we present the following quasi-Fejér convergence theorem, which has been applied
extensively by many authors to analyze the convergence of the gradient methods; see, e.g.,
[15, 16, 17, 18, 19] and the references therein. Recall that a sequence {uk} ⊆ Rn is said to be
quasi-Fejér convergent to a nonempty set U ⊆ Rn if, for each u ∈U , there exists a sequence
{εk} ⊆ R+ such that ∑

∞
k=0 εk < ∞ and

‖uk+1−u‖2 ≤ ‖uk−u‖2 + εk for all k ∈ N.

Proposition 2.1. ([28, Theorem 1]) If {uk} ⊆ Rn is quasi-Fejér convergent to a nonempty set
U ⊆ Rn, then {uk} is bounded. Furthermore, if an accumulation point ū of {uk} belongs to U,
then{uk} is convergent to ū.

3. THE ALGORITHM

We describe in this section the algorithm here for constrained multiobjective optimization
problem (2.1).

Algorithm 3.1. Initialization: Choose the parameters σ ∈ (0,1), ν > 1, 0 < βmin < βmax < ∞

and β0 ∈ [βmin,βmax]. Let x0 ∈C be an arbitrary initial iterative point. Set k = 0.
Step 1 Compute the search direction

vk := argminv∈C−xk
ϕk(v),

where ϕk(v) = βk max1≤i≤m〈∇ fi(xk),v〉+ ‖v‖
2

2 .
If vk = 0, then stop. Otherwise,

Step 2 Compute

j(k) := min{ j ∈ N∗ : F(xk +ν
− jvk)� F(xk)+σν

− jJF(xk)vk}. (3.1)

Step 3 Define
xk+1 = xk + γkvk,

where γk = 2− j(k). Set k = k+1 and go back to Step 1.

In the case that the variable parameter βk is a constant and ν = 2, Algorithm 3.1 reduces to
the one proposed by Bello Cruz et al. [15]. In [15], they considered the strong convergence
results for the algorithm therein. While, in this paper, in addition to the strong convergence
property, we will further investigate the linear convergence of Algorithm 3.1.

Note that, for each k, the direction vk can be obtained due to the strong convexity of the func-
tion ϕk. If vk 6= 0, then ϕk(vk)< 0, which implies that JF(xk)vk ≺ 0. Whence, [17, Proposition
1] ensures that the Armijo-like line search rule (3.1) in Step 2 is well-defined and so is the
whole algorithm. From (3.1), we can also obtain that the sequence of objective function values
{F(xk)} is monotone decreasing in the partial order, i.e., F(xk+1)� F(xk) for all k. Besides, the
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feasibility of the sequence {xk} generated by Algorithm 3.1 (i.e., {xk} ⊆C) can be verified by
the definition of the algorithm. We summarize these conclusions as the following proposition.

Proposition 3.1. The sequence {xk} generated by Algorithm 3.1 is feasible, and the sequence
{F(xk)} is monotone decreasing.

By the classical characterization of stationary points in [17, Proposition 3], we have that xk
is a Pareto stationary point for problem (2.1) if Algorithm 3.1 stops at some iteration k with
the stopping criteria in Step 1. From now on, we assume that the sequence {xk} generated by
Algorithm 3.1 is infinite. In the end of this section, we give the following sequence inequality.
Since it can be shown by using the similar argument as that in [15, Lemma 2], we omit the proof
here.

Lemma 3.1. For all x ∈C and k ∈ N, it holds that

‖xk+1− x‖2 ≤ ‖xk− x‖2 +2γkβk

〈
m

∑
j=1

λ
k
j ∇ f j(xk),x− xk

〉
+

2βk

σ

m

∑
j=1

( f j(xk)− f j(xk+1)),

where {λ k
j }m

j=1 ⊆ [0,1] with ∑
m
j=1 λ k

j = 1.

4. CONVERGENCE ANALYSIS

In this section, we discuss the convergence of the sequence {xk} generated by Algorithm 3.1
in different situations. Specifically, in the case that the multiobjective function is quasiconvex,
we show {xk} converges to a stationary point of (2.1). As a natural consequence, the conver-
gence of {xk} to a weak Pareto optimal point of (2.1) can be obtained when the multiobjective
function is pseudoconvex. Then, we consider the case that the multiobjective function is convex
and prove the global linear convergence result for the algorithm.

In this section, we need the following assumption for our convergence analysis.

(A1) The set T := {x ∈C : F(x)� F(xk),∀k ∈ N} is nonempty.

This assumption has been widely used to analyze the convergence of many numerical meth-
ods for vector optimization problems, for example the projected gradient method [15, 17, 18,
19], steepest descent method [28, 29] and the proximal point method [21, 30].

4.1. The quasiconvex case. Let us start with the following result, which only requires the
continuous differentiability of F .

Lemma 4.1. Assume that (A1) holds. Then, every accumulation point, if any, of the sequence
{xk} is a Pareto stationary point of problem (2.1).

Proof. This result can be obtained from [16, Theorem 1] when the nomonotone line search rule
considered therein reduces to the Armijo-like line search rule (3.1). �

Next, we study the convergence property of Algorithm 3.1 when the multiobjective function
F is quasiconvex. The following result is the main result in this subsection, which provides
a sufficient condition for {xk} to converge to a Pareto stationary point of (2.1). The proof for
Theorem 4.1 is similar to that for [15, Theorem 1], but for the sake of completeness, we still
give its proof here.
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Theorem 4.1. Assume that (A1) holds and that the function F is quasiconvex. Then, {xk}
converges to a Pareto stationary point of problem (2.1).

Proof. Take x ∈ T . For each i = 1, · · · ,m and k, one has fi(x) ≤ fi(xk). Thus, by the classical
characterization of the differentiable quasiconvex function (see [26]), we have that 〈∇ fi(xk),x−
xk〉 ≤ 0 for all i = 1, · · · ,m and k. Combining this with Lemma 3.1, one can obtain that

‖xk+1− x‖2 ≤ ‖xk− x‖2 +
2βk

σ

m

∑
j=1

( f j(xk)− f j(xk+1)) for all k.

Denote

εk :=
2βk

σ

m

∑
j=1

( f j(xk)− f j(xk+1)), ∀k ∈ N.

Then, {εk} ⊆ R+, which is due to the monotone decreasing property of {F(xk)} that claimed
in Proposition 3.1.

Next, we show that ∑
∞
k=0 εk < ∞. Indeed, for any fixed N ∈ N, we have

N

∑
k=0

εk =
N

∑
k=0

(
2βk

σ

m

∑
j=1

( f j(xk)− f j(xk+1))

)

≤ 2βmax

σ

m

∑
j=1

(
N

∑
k=0

( f j(xk)− f j(xk+1))

)

=
2βmax

σ

m

∑
j=1

( f j(x0)− f j(xN+1))

≤ 2βmax

σ

m

∑
j=1

( f j(x0)− f j(x)),

where the first inequality is obtained from the boundedness of the parameters {βk}, and the last
inequality is derived from assumption (A1).

Therefore, {xk} is quasi-Fejér convergent to T . With the aid of Proposition 2.1, we conclude
that {xk} is bounded. Let x∗ be an accumulation point of {xk}. Then, it follows from Lemma
4.1 that x∗ is a Pareto stationary point of (2.1). Moreover, the monotone decreasing property of
{F(xk)} implies that x∗ ∈ T . By applying Proposition 2.1 again, the convergence of {xk} to x∗

is followed. The proof is complete. �

As we mentioned in Section 2 that the pseudoconvex functions are also quasiconvex, and that
when F is pseudoconvex, the Pareto stationary point of (2.1) is also the weak Pareto optimal
point. Thus, the following result can be deduced immediately from Theorem 4.1.

Corollary 4.1. Assume that (A1) holds and that the function F is pseudoconvex. Then, {xk}
converges to a weak Pareto optimal point of problem (2.1).

4.2. The convex case. In this subsection, we consider the multiobjective optimization problem
(2.1) with F being convex. We aim to establish the linear convergence result of Algorithm 3.1.
That is, under some approximate assumptions on the gradients of the objective functions and
the search directions, the sequence {F(xk)} converges linearly to the optimal value of problem
(2.1).

We begin with the following lemma, in which a lower bound for the step length {γk} is given.
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Lemma 4.2. For any k, suppose that each ∇ fi, i = 1, · · · ,m, satisfies the following Lipschitz
condition with Lipschitz constant L in the case that γk <

1
ν

:

‖∇ fi(x)−∇ fi(xk)‖ ≤ L‖x− xk‖

for all x on the line segment connecting xk and xk +νγkvk. Then

γk ≥min
{

1
ν
,

1−σ

Lνβmax

}
for all k ∈ N. (4.1)

Proof. Fix k ∈ N. Clearly, (4.1) is natural when γk ≥ 1
ν

. So, in the remainder part of the proof,
we consider the case that γk <

1
ν

. Since j(k) is the smallest integer such that γk = ν− j(k) satisfies
the Armijo-like line search in (3.1), we have

F(xk +νγkvk) = F(xk +ν
−( j(k)−1)vk)� F(xk)+σνγkJF(xk)vk.

So, there exists ik ∈ {1, · · · ,m} such that

fik(xk +νγkvk)> fik(xk)+σνγk〈∇ fik(xk),vk〉. (4.2)

Using the Lipschitz continuity assumption on ∇ fik , we obtain

fik(xk +νγkvk)− fik(xk) = νγk〈∇ fik(xk),vk〉+
∫

νγk

0
〈∇ fik(xk + tvk)−∇ fik(xk),vk〉dt

≤ νγk〈∇ fik(xk),vk〉+
∫

νγk

0
L‖vk‖2tdt

= νγk〈∇ fik(xk),vk〉+
Lν2γ2

k ‖vk‖2

2
.

This, together with (4.2), implies

γk ≥
2(σ −1)〈∇ fik(xk),vk〉

Lν‖vk‖2 . (4.3)

Moreover, note that 0 ∈C− xk, which is due to the feasibility of {xk}. So,

ϕk(vk) = βk max
1≤i≤m

〈∇ fi(xk),vk〉+
‖vk‖2

2
≤ 0 = ϕk(0). (4.4)

From this and the fact that βk ≤ βmax, we have

〈∇ fi(xk),vk〉 ≤ −
‖vk‖2

2βk
≤−‖vk‖2

2βmax
for each i = 1, · · · ,m.

Combining this with (4.3) gives γk ≥ 1−σ

Lνβmax
. This obtains conclusion (4.1) immediately. �

To show our convergence result, the following assumption on the search directions is needed.

(A2) There exists a positive constant c such that

〈∇ fi(xk),vk〉 ≤ −c‖∇ fi(xk)‖, for each i = 1, · · · ,m and k ∈ N.

The main result in this subsection is presented as follows.
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Theorem 4.2. Assume that (A1) and (A2) hold, and each ∇ fi with i = 1, · · · ,m is Lipschitz
continuous on bounded sets. Then, there exits θ ∈ (0,1) such that

F(xk)−F(x∗)� θ
k(F(x0)−F(x∗)) for each k ∈ N, (4.5)

where x∗ := limk→∞ xk is a weak Pareto optimal point of problem (2.1).

Proof. Notice that the convex function is quasiconvex, and the Pareto stationary point of (2.1)
is also a weak Pareto optimal point when F is convex. Then, it follows from Theorem 4.1
that {xk} is convergent (so is bounded) and x∗ = limk→∞ xk is a weak Pareto optimal point of
problem (2.1). Moreover, from (4.4), it can be obtained that, for each i = 1, · · · ,m and k ∈ N,

‖vk‖2 ≤−2βk〈∇ fi(xk),vk〉 ≤ 2βmax‖∇ fi(xk)‖‖vk‖,

and thus

‖vk‖ ≤ 2βmax‖∇ fi(xk)‖. (4.6)

So {vk} is bounded thanks to the boundedness of {xk} and the continuous differentiability of
each fi. Note also that {γk} ⊆ (0,1]. Thus, we may assume that both {xk} and {xk + νγkvk}
are contained in ρB (B denotes the closed unit ball of Rn) for some ρ > 0, and each ∇ fi with
i ∈ {1, · · · ,m} is Lipschitz continuous on ρB with Lipschitz constant L.

Now, we claim that, for each i = 1, · · · ,m and k ∈ N,

fi(xk+1)≤ fi(xk)−a‖∇ fi(xk)‖ (4.7)

where

a = min
{

cσ

ν
,
cσ(1−σ)

Lνβmax

}
.

Indeed, by the line search rule in (3.1), we have that for each i = 1, · · · ,m and k ∈ N,

fi(xk+1)≤ fi(xk)+σγk〈∇ fi(xk),vk〉. (4.8)

Then, (4.7) can be obtained by applying the assumption (A2) and Lemma 4.2 to (4.8).
Let

b :=
1

a+(ρ +‖x∗‖)(1+2Lβmax)
.

In the following, to show the desired conclusion (4.5), we prove equivalently that, for each
i = 1, · · · ,m,

fi(xk+1)− fi(x∗)≤ (1−ab)( fi(xk)− fi(x∗)) ∀ k ∈ N, (4.9)

that is, (4.5) holds with θ = 1−ab.
Fix i ∈ {1, · · · ,m} and k ∈N. We consider two cases: (i) ‖∇ fi(xk)‖ ≥ b( fi(xk)− fi(x∗)), and

(ii) ‖∇ fi(xk)‖< b( fi(xk)− fi(x∗)).
Assume first that (i) holds. Then, by (4.7) and the assumption (i), it is easy to obtain that

fi(xk+1)− fi(x∗)≤ fi(xk)− fi(x∗)−a‖∇ fi(xk)‖
≤ (1−ab)( fi(xk)− fi(x∗)).
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Now we assume that (ii) holds. Since fi is convex, by the gradient inequality of fi and the
fact that {xk} ⊆ ρB, we have

fi(xk+1)− fi(x∗)≤ ∇ fi(xk+1)(xk+1− x∗)

≤ ‖∇ fi(xk+1)‖‖xk+1− x∗‖
≤ (ρ +‖x∗‖)‖∇ fi(xk+1)‖
≤ (ρ +‖x∗‖)(‖∇ fi(xk+1)−∇ fi(xk)‖+‖∇ fi(xk)‖).

(4.10)

By using the Lipschitz continuity assumption on ∇ fi and the fact that γk ≤ 1, one has

‖∇ fi(xk+1)−∇ fi(xk)‖ ≤ L‖xk+1− xk‖= Lγk‖vk‖ ≤ L‖vk‖.

Applying this and (4.6) to (4.10), and taking into account the assumption (ii), we have

fi(xk+1)− fi(x∗)≤ (ρ +‖x∗‖)(1+2Lβmax)‖∇ fi(xk)‖
≤ b(ρ +‖x∗‖)(1+2Lβmax)( fi(xk)− fi(x∗))

= (1−ab)( fi(xk)− fi(x∗)).

Consequently, we have shown (4.9) and the proof is complete. �
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