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Abstract. In this paper, an iterative method with alternated inertial extrapolation step is proposed to solve
the split feasibility problem. The stepsize in the proposed algorithm uses the self adaptive technique,
which does not depend on the prior information of the operator norm. The weak convergence is proved
under suitable conditions. Finally, a numerical example is given to illustrate the effectiveness of our
algorithm.
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1. INTRODUCTION
In this paper, we study the split feasibility problem (shortly, SFP), which consists of
finding x* €C suchthat Ax* € Q, (1.1)

where C and Q are nonempty closed and convex subsets of RV and RM, respectively, and A :
RN — R is a bounded and linear operator.

In 1994, Censor and Elfving [1] first introduced this problem. Nowadays, the SFP not only
plays an important role in phase retrievals, signal processing and other technical fields, but also
can be applied to related medical fields and the systems biology. A large number of methods
have been proposed by some authors to solve the problem of SFP and its variants, see [2, 3, 4,
5,6, 7,8, 9] and the references therein.

Byrne [10, 11] first proposed the so-called CQ algorithm to solve SFP, which generates the
sequence {x*} ey through the following iteration:

K = Po(nf — AT (1 — Pp)AXY), (1.2)

where 4 € (0, W), |A|| is the spectral radius of the operator ATA, and Pc and Py are the

metric projections onto C and Q, respectively. Note that the CQ algorithm is a projection method
(see, e.g., [12]). In the practical calculation of CQ algorithm (1.2), in order to avoid estimating
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the operator norm ||A||, Lépez et al. [13] introduced a dynamic stepsize selection method where
the stepsize A is defined as follows:
(7 = Po)AG) |2
IAT (1 = Po)AGH)|2

M = P

where p; € (0,2).

In general, the calculation of the projections onto the sets C and Q are difficult when they
are general convex sets. To avoid this difficulty, Yang [14] considered the special cases that C
and Q are level sets of two convex functions for which he introduced the relaxed CQ algorithm
by replacing Pc and Py by Fc, and Py, , respectively. Note that C; and Oy are two half-spaces.
Therefore there are explicit expressions for the projections onto Cy and Q.

Recently, inspired and motivated by He [15], Dong and Jiang [3] proposed a projection
method. Let F (x) = (xf — P, (x*)) +A*(1 — Py, )A(xX)). The formula of the projection method
in [3] is given as follows.

Algorithm 1.1. Forany 6 >0, 8 € (0,1) and u € (0, 1), take arbitrarily x* € RV
and let
V=P (F = F (),
where A; = op™k and my, is the smallest nonnegative integer such that
M| F () = FOR)I| < 16 =)

Calculate
At = —yprd (2,55,
and
= Pe(F =y F (31),
where y € (0,2),
d(,5F) == (F =) = (F () = F (1)),
and

Py 1= (=3, a0 ) + A1 — P y* |12 + 11T = Po Ay |1?).
' I (x*, y%) |2

Note that the stepsize A; in Algorithm 1.1 is given by using the line search technique, which
generally costs much since it involves the computation of projections and operations involving
the matrices A and A” .

Recently, to accelerate the iterative algorithms for the SFP, some authors [2, 16] introduced
inertial modifications by utilizing the inertial extrapolation in [17]. Generally speaking, the
inertial extrapolation step loses the monotonicity of {||x* —x*||}ten, Where x* is a solution of
the SFP. To take care of this situation, inspired by the work in [18], Shehu, Dong and Liu [19]
proposed an alternated inertial CQ algorithm with the self-adaptive stepsize to solve the SFP
where the monotonicity of {|[x* —x*||}reny Was shown.

Motivated by the above work, we propose an alternated inertial iterative method with self-
adaptive stepsize to solve SFP. The convergence of the iterative algorithm is shown under some
mild conditions. Moreover, by comparing with the algorithms in [3], the applicability and
efficiency of this method are further illustrated.
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The remainder of the paper is organized as follows: In Section 2, we introduce some basic
definitions and lemmas that will be used in the process of proof. In Section 3, we propose a new
iterative algorithm, followed by the convergence analysis. In Section 4, a numerical experiment
is given to illustrate the efficiency of our proposed algorithm. Finally, we end the paper with a
conclusion in Section 5.

2. PRELIMINARIES

In this section, we review some definitions and lemmas which are used in the main results.
The following identity will be used for the main results (see Corollary 2.15 of [20]):

lox+ByI* = ae(a+ B)Ix1* + B e+ B) Iyl — afllx—y|I*, 2.1
forall o, € R and x,y € RV,

The projection is an important tool for our work in this paper. Let K be a closed convex subset
of RV, Recall that the nearest point or metric projection from R" onto K, which is denoted Py,
is defined as follows: for each x € RY, Pgx is the unique point in K such that

||x — Pxx|| = min{||x—z|| : z € K}.

The following two lemmas are useful characterizations and properties of projections:
Lemma 2.1. For any x € RN and 7 € K, then 7 = Pxx if and only if
(x—z,y—2) <0, VyeKk.
Lemma 2.2. For any x,y € RN and 7 € K, the following assertions hold:

(@) [|Px(x) = Pe()1? < (Pi(x) = P (v),x = y);
(i) (1P (x) = 2] < Jlxe =z = [| P (x) — x|,

B

(iii) ((I—Px)x—(I—Px)y,x—y) > ||(I—Px)x— (I—Px)y|*.

In this paper, we are concerned with the case whenever the involved subsets in the SFP are
composed of level sets. Namely, we consider the case whenever C and Q are defined by

C={xeRV:c(x) <0}, Q={yeR:q(y) <0},

where ¢ : RV — R is a convex function, and ¢ : R¥ — R is a convex function.
For the functions ¢ and ¢, we make the following assumptions:

(i) ¢ and ¢ are subdifferentiable on C and Q. (Note that the convex function is subdiffer-
entiable everywhere in RV.) For any x € R", at least one subgradient & € dc(x) can be
calculated, where dc(x) is defined as follows:

de(x) ={z€ R :c(u) > c(x) + (u—x,z), foralluc RV},
For any y € RM, at least one subgradient 1 € dg(y) can be calculated, where
dq(x) ={weRM:q(v) >q(y)+ (v—y,w), forallveRM},

(i1) ¢ and g are bounded on bounded sets. (Note that this condition is automatically satisfied
if in the finite dimensional spaces.)
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Define the halfspaces Cj and Qy as follows:
Cr = {x € RN s c(wh) + (EF x —wk) < O} :
where & € dc(wk), and
0 = {y € R : g(awh) + (n*.y— k) <0}

where n* € dgq(Aw").
By the definition of the subgradient, it is clear that C C Cy and Q C Q. The projections onto
Cy and Qy are easy to compute since Cy, and Q; are half-spaces (see [21]).

3. MAIN RESULTS

In this section, we propose a new projection method with self-adaptive stepsize and alternated
inertial term, and prove its convergence under mild conditions.
Throughout this paper, we assume that the solution set of the SFP (1.1), denoted by

'={x|xeC and AxeQ},
is nonempty.

Set
F(x*) = (o8 — Po, (X5)) +A* (1 — Pp )A(XY).

Then we give the iterative method:

Algorithm 1 (Alternated Inertial Projection Method with Self-Adaptive Stepsize)

Step 0 Choose the parameters o, satisfying some assumption, u € (0,1) and A; > 0.
Let x,x! € R be given starting points. Set k := 1

Step 1 Compute

X xk, k = even,
v {xk+ak(xk—xk_1), k = odd, 1)
and

Y = Py (W' — F (Wh). (32)

Calculate

: ullw* — 4| ; k k
o= { T TR R e TFOM=FOh %0 (.3
M, otherwise.

If y* = wk, STOP. Otherwise go to Step 2.

Step 2 Compute
ot = wh—yprd (WF, 5%, (3.4)
and
i = Pe(wWt = o (1)), (3.5)

where 7 € (0,2),
d(WE,yF) = (W =) = A (F(Wh) = F (51)),
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and
P (W =y d(w*,5)) + Al (2 = Py |1 + 1 — P, )AYH|)
ld (wk, y4) 2
Set k := k+ 1 and return to Step 1.

Remark 3.1. Here are some explanations for Algorithm 1.
(1) For convenience, we call the projection algorithms which use update forms (3.4) and
(3.5) Algorithm 1 (I) and Algorithm 1 (II), respectively.

(i) The set X in Algorithm 1 can be chosen variously. It can be chosen to be a simple
bounded subset of Hilbert spaces that contains at least one solution of the SFP, it can
also be directly chosen as X = RY. In fact, it can be more generally chosen to be a
dynamically changing set X provided that N7, X; contains a solution of the SFP. This
does not affect the convergence result (see, e.g., [22]).

Assumption 3.1. We assume that the inertial parameter ¢ in Algorithm 1 (I) and Algorithm 1
(IT) satisfies one of the following conditions:
() —l+e<y< 2%’—8,
1) —l14+e< o< —¢,
where € > 0 is a small constant.
From the above assumptions, it is easy to conclude that the inertial parameters oy can be

positive or negative in Algorithm 1 (I), while the inertial parameters og must be negative in
Algorithm 1 (II).

Remark 3.2. Note that by (3.3), 41 < A4, Vk > 1. Also, observe in Algorithm 1 that if
F(wk) # F(y%), then
plw =yl Y
[FwWE) —FORI— (L [[AP)[[we =k T+ |A[J2
which implies that 0 < min{A,, HﬁL—AH?} < A, Vk > 1. This means that lim;_,., A4 exists. Thus,
there exists A > 0 such that limy_,., Ay = A.

Lemma 3.1. Let {x*}cr be generated by Algorithm 1. Then there exit a constant § € (u,1)
and a positive integer Ky such that, for any k > Ky,

W=y ,d(w* ) > (1= 8)|Iwk =M,
and
1-6

, 3.6
Pk21+32 (3.6)

Proof. From (3.3), we have
(W =55, d(WEyR)) =l =1 = (= A (F (WF) = F(5)))
> [l = 3|12 = Aawh = Y IIIF () = F (59 |

A
Z(l—uﬁ)llwk—ykllz-
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By Remark 3.2, we know limy_.., % = 1. Therefore, there exit a constant § € (u,1) and a
positive integer Ky such that, for any k > K, %‘r] < % Thus,
(W =y, d(w*,55)) = (1= 8)w —y*|1%. (3.7)
From Lemma 2.2 (iii), we obtain
=24 (W= F (W) = F (1))
= =22 (W =y, (T = P ) (W) — (T = Pe, ) (1))
=20 {w* =Y A (1 Po, JA(W') —A™(I = P )A(Y))
= 22w =YK, (T = Po ) (Wh) — (1 = P ) 1)) (3.8)
= 2A{Aw* — AYE, (1 — P )A(W) — (I = Pg JA(Y"))
< =2M (1= Po) (W) — (1 = P ) 01 II?
= 22| (1 = Py )A(W") — (1 = Po JAGYY)||* < 0.
Therefore, using (3.3) and (3.8), we have
ld(wk, )| =k — ¥ = A4 (F () — F 6P
= [k = 2+ AZIF (wF) — F M)
=24 (W= F (W) = F (1))

i k2
)W =y,

<(1+ w52

Similarly, we have
la(we, Y17 < (148%) 1w =412, vk > Ko (3.9)
Combining (3.7) and (3.9), we have
W=y d(wWiyh))  1-6
> > Vk > Kp.
R P A B
This completes the proof. H

Lemma 3.2. [3, Lemma 3.5] Let {x*};cn be generated by Algorithm 1. Then
(W —x",d(wF,y0)) = pHld(wWEVR)|P, vat €T
Lemma 3.3. Suppose that the Assumption 3.1 (i) holds. Then the sequence {x*}cxn generated
by Algorithm 1 (1) is bounded.
Proof. Take k as even and pick any point x* in I". Then
b2 =21 =W = x) = o d (W12
= (W — x| = 2pppp (W = d (W) (3.10)

+PpEalldw YD,
Combining Lemma 3.2 and (3.10), we have

b2 =22 < W =P = 2 = )P [ (WP (3.11)
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From the definition of wX and (2.1), we obtain
Wt =12 = (1 o) 0 =) = o (FF =)
=(1+ o) [Py =27 = g o — 22 (3.12)
+ 01 (14 01 g 1 =212
Similar to (3.11), we obtain
bt =P < e =2 = (2= p)pE A (Y6 . (3.13)
Substituting (3.13) into (3.12), we arrive at
L e i R IR Y { e TN
+ 01 (14 01 g 1 =212 .
By (3.1) and (3.4), we have
k1 = 212 =k — yprd ) — 2
=7’ pi[d (Y1)
Combining (3.14) and (3.15), we have
WA =2 <[ =2 = (L a2 = 1) — Yol [ (5, ) |12 (3.16)
Substituting (3.16) into (3.11), we obtain

b2 = 2|2 <[ =P = (14 o) V(2 = 1) = yousal o ld (4, 5) 1P

(3.15)

(3.17)
— Y2 = VP ldWH D2,
From (3.7), we have
la(wWe, )1 = (1= 8) w* —»"l. (3.18)
Combining (3.17), (3.18), and (3.6), we obtain
k2 _ 12 ik — 12 (1=8)*  x &2
[l = X7 <[l = _(1+ak+1)7[(2_'}’)_?’ak+l]m”x =yl
(1- 5) (3.19)
(2 — — k+1 k412 > Ko,
By Assumption 3.1 (i), we obtain from (3.19) that
I = x| < [l = x|, Yk > Ko (3.20)

This implies that {x** —x*};cn and {x*} ;¢ are bounded. Furthermore, klim || x%* — x*|| exists.
—>00
By (3.13), we have
et — x| < [l = x|, VK > Ko. (3.21)
Therefore, {x?**1};cy is bounded. Thus, {x*};cy is bounded. O

Lemma 3.4. Suppose that the Assumption 3.1 (i) holds. Let the sequence {xk tken be generated
by Algorithm 1 (I). Then
Jim [|wk —x*|| =0, (3.22)
k—ro0
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and
: k k
131_>n°1°]|Aw — Py, (Aw")|| = 0. (3.23)
Proof. Take any point x* in I'. From (3.17) and the existence of klim [|x%F — x*||, we obtain
—>00
lim 3| (x*,y*)|* =0, (3.24)
k—yoo
and
lim p [ld(w? > ]2 =0. (3.25)
—o0
Combining (3.15) and (3.24), we have
lim || — x| = 0. (3.26)
k—roo

2kl _ 2kt | =

From the definition of wX, we have ||w 0p 41|51 — x|, which together with

(3.26) yields

2k+1 _x12k+1 H —0. (3.27)

lim ||w
k—ro0

Using w?* = x?* and (3.27), we obtain (3.22). On the other hand, from (3.24), (3.25) and the
definition of w*, we have

lim pg[|d(w*,y*)[|* = 0. (3.28)
k—yo0
From the definition of py, (3.7) and Lemma 3.1, we have
PRI, )P = pic [0 = 3,0, 349) + A1 = ey P+ 11 = P )AGH) )]

> pi [ (1= 8)lIw¥ = 341+ A1 = Pe W1 + 117~ PoJAGH)IP)]

1-96
= 1+ 82 [(1 — &)W = 1P+ eIy = Pe, 611 + 14 —PQk(Ayk)Hz)] ,
which together with (3.28) and Remark 3.2 yields
lim [|w* —y*|| =0, (3.29)
k—roo
lim [y —Pe, ()] =0, (3.30)
k—boo
and
Jim [|Ay* — Po, (4y")]| =0. (3.31)

In view of the nonexpansive property of Pp,, we obtain
1Aw* — P, (AWF)[| < [|Aw" — AVH|| + || Ay* — Po, (AYF) || + || P, (AWF) — Po, (A4Y1)]]
< 2| Aw" — Ay || + [|Ay* — Po, (4Y")]|.
From (3.29) and (3.31), we obtain (3.23) immediately. L]

Theorem 3.1. Suppose that the Assumption 3.1 (1) holds. Then the sequence {xk} xeN generated
by Algorithm 1 (1) converges to a point in L.
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Proof. Since {x*};cn is bounded, there is a cluster point £ of {x*};cy with a subsequence
{xk1},cn converging to £. From (3.22), it follows that {w* },cx also converges to £.
Next, we show that X € I'. In fact, since Pck] ykl € Cy,, by the definition of Cy,, we have

c(wh) + (ﬁk’,PCklyk’ —wh) <0,
where £X € dc(wk). By the assumption that £X is bounded, (3.29), and (3.30), we have
c(wh) < —(E4, R Y —wh) < €8 Wk — P ) =0, 1= e,
which implies ¢(£) <0, i.e., £ € C. Since Ple (Awk’) € Qk,, we have
g(AW") + (0", Pg, (AWh) — Awf) <0,
where N € dg(Aw"). From the boundedness of {n%} and (3.23), one has
q(Aw') < " [[[|aw" — Py, (AW)|| =0, 1,

which implies g(A%£) <0, i.e., AX € Q. Therefore, £ € T".
Next, we show l}im [|x% — £|| = 0 via the following two possible cases.
—>00

Case 1 Assume that {x* },cy contains an even subsequence of {x*};cn. By replacing x* with
£1in (3.20), we obtain that {||x* — £|| } rery converges and therefore its limit is zero. From (3.21),
it follows lim |[x* — £|| = 0.

k—>oo

Case 2 Assume that {x*},cry contains an odd subsequence of {x*};cn. From (3.26), it con-
cludes that {x*};cn has an even subsequence, which converges to £. By using Case 1, we have
l}imek—)?H =0. O

—> 00

Theorem 3.2. Suppose that the Assumption 3.1 (ii) holds, Then the sequence {xk tren generated

by Algorithm 1 (1) converges to a point in I.

Proof. Take k as even and pick any point x* in I'. Following the line of the proof of Theorem
3.2in [3], we have

e = x> < W =22 =y = Y AW YDIP = P = (3.32)
Similar to (3.12), we have

W =22 = (1 o) ™ =2 = g [ = 2|2

+ 01 (1 o) g™ — )12, (339
Using similar arguments in obtaining (3.32), we obtain
b =217 < =212 = (2 = )Rl K IP = g =R (3.34)
Combining (3.33) and (3.34), we have
WA =2 = =12 = (14 o) Y2 = VP A (59 |12 (3.35)

— (T e )T =1 + o (1 o) [ — )12
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Substituting (3.35) into (3.32), we arrive at
g™ =217 <[l =2 = (1 + on ) ¥(2 = 7)pi A () |12
Y2 DR AT P~ (o) [ TP (336)
— 2 =2 + 0t (14 Q) [y — 212
Using Lemma 3.1 and (3.36), we obtain

1-68)*
sl AP

k+1 _ k4112
=y

552 — 2|2 <[k — x| = (14 oy 1) Y2 — 7)

1-6)*
12D

k+1 k 2 2 k+2112
— (T o) [ =P = g2 = x|
+opr (14 o)™ =217, k> Ko
By Assumption 3.1 (i1), we obtain from (3.37) that

b =[] < [l =2l

(3.37)

Following the lines of the proof of Lemma 3.4 and Theorem 3.1, we can show that {x*};cx
converges to a solution of the SFP (1.1). This completes the proof. UJ

4. NUMERICAL EXPERIMENTS

In this section, we present a numerical example to compare Algorithm 1 with the Algorithm
3.1in [3]. All codes were written in MATLAB R2016a and performed on a PC Desktop Intel(R)
Pentium(R) CPU N3540 @ 2.16GHz 2.16 GHz, RAM 4.00 GB.

For convenience, we denote the vector with all elements O by ep and the vector with all
elements 1 by e; in what follows. In the numerical results listed in the following table, ‘Iter.’
and ‘CPU time’ denote the number of iterations and the cpu time in seconds, respectively.

Example 4.1. [23] Consider the SFP, where A = (a;j)mxn € RM*N and g; ;€ (0,1) generated
randomly and

C={xcRVc(x) <0} where c(x)=—x;+x3+--+x%,

and

0= {yeRY|g(y) <0} where g(x)=yi+20y3+--+20y3 — 1.
Note that C is the set above the function x| = x% + - +x]2v and Q is the set below the function
y1 = —20y5 — -+~ — 20y3, + 1. The initial point x° € (0,100e;) is randomly chosen. In the
numerical experiment, we took the objective function value p(x*) = 1{|x* — P, (x%)||2 + 3 || Axk —
Py, (Ax")||* < € as the stopping criterion and € = 1073,

We took 1 = 0.7, y=0.8, oy = 1.45, and A; = 0.01 in Algorithm 1(I), u = 0.05, y= 1.8,
oy = —0.15, and A; = 0.01 in Algorithm 1(II), 6 = 0.85, y=1.9, p = 0.05, and o = 0.02 in
Algorithm 3.1(I) of [3] and 6 = 0.9, y=1.9, p = 0.1, and 6 = 0.02 in Algorithm 3.1(II) of
[3]. Note that the set X of (3.2) and (3.5) in the algorithm can be selected as the dynamic set X,
by Remark 3.1 (ii). Here we select X as a projection onto C. Although we need to calculate
the projection here, its performance is better than other selection results. The statistical data are
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TABLE 1. Computational results of four algorithms for Example 4.1.

Problem size Iter CPU time

m n Alg 1() Alg 1(II) Alg3.1(D)in [3] Alg3.1(D)in[3] Alg 1(I) Alg 1(I) Alg3.1(D)in[3] Alg3.1(II) in [3]

100 100 320 334 398 699 0.4334 0.4954 0.5971 1.0513
150 100 276 308 363 540 0.4953 0.5403 0.6297 0.9521
200 250 742 788 1108 2284 2.0677 2.3518 3.1463 6.4041
300 300 700 957 1684 2306 2.5858 3.9326 6.4978 8.8949
1010 .
Alg 1()
- = = Alg (Il
108 Alg3.1()in[3] | 2
----------- Alg 3.1(1l) in [3]

0 500 1000 1500 2000 2500
k

FIGURE 1. Computational results of four algorithms for Example 4.1 with m =
300,n = 300.

obtained by averaging the number of iterations and CPU costs from 30 independent trials. The
corresponding results reported in Table 1 and Figure 1 illustrate that Algorithm 1(I) performs
better than Algorithm 1(II) and they are both better than Algorithm 3.1 of [3] from the iteration
numbers and CPU time.

5. CONCLUSION

In this paper, we proposed a new iterative algorithm for solving the split feasibility prob-
lem. For our algorithm, there are two main highlights. One is the use of the alternated inertial
method, and the other is the stepsize selection does not need any prior information about the op-
erator norm. The weak convergence of the algorithm was established under suitable conditions.
Numerical examples illustrated the advantages of the proposed algorithm.
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