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A HIERARCHICAL VARIATIONAL INEQUALITY PROBLEM FOR
GENERALIZED DEMIMETRIC MAPPINGS WITH APPLICATIONS
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Abstract. In this paper, we study a hierarchical variational inequality problem for two finite families
of generalized demimetric mappings. We present a new and efficient iterative method for solving this
problem and establish its strong convergence. As applications, we use our algorithm to solve the gen-
eralized multiple-set split feasibility problem, the triple hierarchical variational inequality problem, and
the triple-hierarchical constrained optimization problem.
Keywords. Hierarchical variational inequality; Inverse-strongly monotone mappings; Generalized demi-
metric mappings; Split feasibility problem.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Hilbert space H , and let F : H →H
be an operator. The classical variational inequality problem (VIP) is formulated as follows:

Find x? ∈C such that 〈Fx?,y− x?〉 ≥ 0, ∀y ∈C. (1.1)

The set of solutions of this problem is denoted by V I(C,F). The theory of variational in-
equalities has emerged as an important tool to study a wide class of problems from science,
engineering, social sciences, and management. It is a powerful unified methodology to study
partial differential equations, optimization problems, optimal control problems, mathematical
programming problems, financial management problems, equilibrium problems and so on; see,
e.g., [1, 2, 3, 4, 5] and the references therein.

Let T : H →H be a nonlinear mapping with nonempty fixed point set Fix(T ). The hierar-
chical variational inequality problem (in short, HVIP) is to find x∗ ∈ Fix(T ) such that

〈F(x∗),y− x∗〉 ≥ 0, ∀y ∈ Fix(T ).

Many important application problems, such as signal recovery, power-control, bandwidth allo-
cation, optimal control, and beamforming are special cases of hierarchical variational inequality
problem; see, e.g., [6, 7, 8, 9] and the references therein.

Recently, Yamada [6] considered the following hybrid steepest-decent iterative method for
solving the hierarchical variational inequality:

xn+1 = (I−µαnF)T xn,

∗Corresponding author.
E-mail address: eslamian@mazust.ac.ir.
Received April 14, 2021; Accepted May 10, 2021.

c©2021 Journal of Nonlinear and Variational Analysis

965



966 MOHAMMAD ESLAMIAN

where F is a Lipschitzian continuous and strongly monotone mapping and T is a nonexpansive
mapping. Yamada [6] also considered the hierarchical variational inequality problem defined
over the set of common fixed points of a finite family of nonexpansive mappings. The hybrid
steepest-descent method has received great attention recent from many authors; see e.g., [10, 11]
and the references therein.

In 2018, Kawasaki and Takahashi [12] introduced a new general class of mappings, called
generalized demimetric mappings as follows.

Definition 1.1. Let ζ be a real number with ζ 6= 0. A mapping T : H →H with Fix(T ) 6= /0
is said to be generalized demimetric if ζ 〈x− x?,x−T x〉 ≥ ‖x−T x‖2, for all x ∈H and x? ∈
Fix(T ). This mapping T is called the ζ -generalized demimetric.

This class of mappings is fundamental because it includes many types of nonlinear mappings
arising in applied mathematics and optimization (see [12, 13] for details).

Now, let us mention inertial-type algorithms. Based on the heavy ball methods of the two-
order time dynamical system, Polyak [14] firstly proposed an inertial extrapolation as an ac-
celeration process to solve the smooth convex minimization problem. The inertial algorithm is
a two-step iterative method and the next iterate is defined by making use of the previous two
iterates. Recently, a lot of researchers constructed fast iterative algorithms by using the inertial
extrapolation; see, e.g., [15, 16, 17, 18, 19] and the references therein.

The purpose of this paper is to introduce an iterative algorithm, which combines the iner-
tial acceleration method and the hybrid steepest-descent method for solving the hierarchical
variational inequality problem with two finite families of generalized demimetric mappings.
We obtain the strong convergence of the sequences generated by our iterative algorithm under
certain weak conditions in Hilbert spaces. As applications, we use our algorithm to solve the
generalized multiple-set split feasibility problem, the triple hierarchical variational inequality
problem, and the triple-hierarchical constrained optimization problem.

2. PRELIMINARIES

We use the following notations in the sequel:
•⇀ for weak convergence and→ for strong convergence.

Given a nonempty closed convex set C ⊂H , the mapping that assigns every point x ∈H ,
to its unique nearest point in C is called the metric projection onto C and is denoted by PC, i.e.,
PC(x) ∈ C and ‖x−PC(x)‖ = infy∈C ‖x− y‖. The metric projection PC is characterized by the
fact that PC(x) ∈ C and 〈y−PC(x),x−PC(x)〉 ≤ 0, ∀x ∈H ,y ∈ C. We refer to [20] for more
properties of the metric projection.

Definition 2.1. A mapping F : H →H is said to be
• Lipschitz continuous with constant L > 0 if ‖F(x)−F(y)‖ ≤ L‖x− y‖, ∀x,y ∈H , further, if
L = 1, then F is said to be nonexpansive;
• monotone if 〈F(x)−F(y),x− y〉 ≥ 0, ∀x,y ∈H ;
• strongly monotone with constant β > 0 if

〈F(x)−F(y),x− y〉 ≥ β‖x− y‖2, ∀x,y ∈H ;

• inverse-strongly monotone with constant β > 0, (β -ism) if

〈F(x)−F(y),x− y〉 ≥ β‖F(x)−F(y)‖2, ∀x,y ∈H ;
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• strictly pseudo-contractive if there exists a constant β ∈ [0,1) such that

‖Fx−Fy‖2 ≤ ‖x− y‖2 +β‖(x−Fx)− (y−Fy)‖2, ∀x,y ∈H .

Definition 2.2. Assume that T : H →H is a nonlinear mapping with Fix(T ) 6= /0. Then I−T
is said to be demiclosed at zero if, for any {xn} in H , the following implication holds:

xn ⇀ x and (I−T )xn→ 0⇒ x ∈ Fix(T ).

Lemma 2.1. Let H be a real Hilbert space. Then, for all x,y ∈H , ‖x+y‖2 ≤ ‖x‖2 +2〈y,x+
y〉.

Lemma 2.2. [12] Let H be a real Hilbert space and let θ be a real number with θ 6= 0. Let
T : H →H be a θ -generalized demimetric mapping. Then the fixed point set Fix(T ) of T is
closed and convex.

Lemma 2.3. [20] Let C be a nonempty closed and convex subset of real Hilbert space H .
Let F : C→H be a strongly monotone and Lipschitz continuous mapping. Then V IP(C,F)
consists only one point.

Lemma 2.4. [6] Let the operator F : H →H be l-Lipschitz continuous and δ -strongly mono-
tone with constants l > 0 and δ > 0. Assume that γ ∈ (0, 2δ

l2 ). For α ∈ (0,1), define Tα = I−
αγF. Then, for all x,y∈H , ‖Tαx−Tαy‖≤ (1−αη)‖x−y‖, where η = 1−

√
1− γ(2δ − γl2)

∈ (0,1).

Lemma 2.5. [21] Assume that {sn} is a sequence of nonnegative real numbers such that{
sn+1 ≤ (1−ηn)sn +ηnδn, n≥ 0,
sn+1 ≤ sn−ρn +ζn, n≥ 0,

where {ηn} is a sequence in (0,1), {ρn} is a sequence of nonnegative real numbers, and {δn}
and {ζn} are two sequences in R such that

(i) ∑
∞
n=1 ηn = ∞,

(ii) limn→∞ ζn = 0
(iii) limk→∞ ρnk = 0, implies limsupk→∞ δnk ≤ 0 for any subsequence {nk} ⊂ {n}.

Then limn→∞ sn = 0.

Lemma 2.6. [22] Let F be a β -inverse-strongly monotone mapping with domain dom(F) for
some β > 0. Let C be a closed and convex subset of dom(F). Suppose that Γ = F−1(0)∩C 6= /0,
where F−1(0) denotes the set of zero points of F. Then V I(C,F) = Γ.

3. THE ALGORITHM AND ITS CONVERGENCE ANALYSIS

In this section, we present our algorithm for solving the hierarchical variational inequality
problem.

Theorem 3.1. Let H be a Hilbert space. Let, for each i∈ {1,2, ...,m}, ζ (i) 6= 0 and T (i) : H →
H be a ζ (i)-generalized demimetric mapping such that I−T (i) is demiclosed at 0. Let, for each
j ∈ {1,2, ...,k}, ϑ ( j) 6= 0 and S( j) : H →H be a ϑ ( j)-generalized demimetric mapping such
that I−S( j) is demiclosed at 0. Suppose that Ω =

⋂m
i=1 Fix(T (i))∩

⋂k
j=1 Fix(S( j)) 6= /0. Let the
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operator F : H →H be l-Lipschitz continuous and δ -strongly monotone with constants l > 0
and δ > 0. Assume that γ ∈ (0, 2δ

l2 ) and α∗ > 0. Let {xn} be a sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = wn +∑
m
i=1 a(i)l(i)θ (i)

n (T (i)wn−wn),

zn = yn +∑
k
j=1 b( j)r( j)δ

( j)
n (S( j)yn− yn),

xn+1 = (I− γβnF)zn, n≥ 1,

(3.1)

where l(i) = ζ (i)

|ζ (i)| , r( j) = ϑ ( j)

|ϑ ( j)| , and 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{εn},{a(i)},{b( j)},{θ (i)
n }, and {δ ( j)

n } satisfy the following conditions:

(i) {βn} ⊂ (0,1), limn→∞ βn = 0, and ∑
∞
n=0 βn = ∞;

(ii) a(i),b( j) ∈ (0,1] and ∑
m
i=1 a(i) = ∑

k
j=1 b( j) = 1;

(iii) 0 < c(i) ≤ θ
(i)
n < 2 l(i)

ζ (i) , for i ∈ {1,2, ...,m};

(iv) 0 < d( j) ≤ δ
( j)
n < 2 r( j)

ϑ ( j) for j ∈ {1,2, ...,k};
(v) εn > 0 and limn→∞

εn
βn

= 0.

Then, {xn} converges strongly to the unique solution x? ∈V I(Ω,F).

Proof. From Lemma 2.2, we know that Fix(T (i)) and Fix(S( j)) are closed and convex. There-
fore Ω=

⋂m
i=1 Fix(T (i))

⋂⋂k
j=1 Fix(S( j)) is closed and convex. Since Ω is nonempty, closed and

convex, we have from Lemma 2.3 that V I(Ω,F) has a unique solution. We denote by x? ∈H
the unique solution of V I(Ω,F). Since ‖.‖2 is convex and, for each i= 1,2, ..,m, T (i) : H →H
is a ζ (i)-generalized demimetric mapping, we obtain that

‖yn− x?‖2 ≤
m

∑
i=1

a(i) ‖wn + l(i)θ (i)
n (T (i)wn−wn)− x?‖2

=
m

∑
i=1

a(i) [‖wn− x?‖2 +2〈wn− x?, l(i)θ (i)
n (T (i)wn−wn)〉

+‖l(i)θ (i)
n (T (i)wn−wn)‖2]

≤
m

∑
i=1

a(i) [‖wn− x?‖2−2(l(i)θ (i)
n )(

1
ζ (i)

)‖T (i)wn−wn‖2

+(θ
(i)
n )2‖T (i)wn−wn‖2]

= ‖wn− x?‖2−
m

∑
i=1

a(i)θ (i)
n (

2l(i)

ζ (i)
−θ

(i)
n )‖T (i)wn−wn‖2. (3.2)
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For each j = 1,2, ..,k, since S( j) : H →H is a ϑ ( j)- generalized demimetric mapping, we
conclude that

‖zn− x?‖2 = ‖yn +
k

∑
j=1

b( j)r( j)
δ
( j)
n (S( j)yn− yn)− x?‖2

≤ ‖yn− x?‖2−
k

∑
j=1

b( j)
δ
( j)
n (

2r( j)

ϑ ( j)
−δ

( j)
n )‖S( j)yn− yn‖2. (3.3)

From inequalities (3.2) and (3.3), we have

‖zn− x?‖2 ≤ ‖wn− x?‖2−
m

∑
i=1

a(i)θ (i)
n (

2l(i)

ζ (i)
−θ

(i)
n )‖T (i)wn−wn‖2

−
k

∑
j=1

b( j)
δ
( j)
n (

2r( j)

ϑ ( j)
−δ

( j)
n )‖S( j)yn− yn‖2. (3.4)

From condition (iii), condition (iv), and inequality (3.4), we arrive at

‖zn− x?‖ ≤ ‖wn− x?‖. (3.5)

We have α∗n‖xn− xn−1‖ ≤ εn for all n, which together with limn→∞
εn
βn

= 0, implies that

lim
n→∞

α∗n
βn
‖xn− xn−1‖= 0.

It follows that there exists a constant M1 > 0 such that

α∗n
βn
‖xn− xn−1‖ ≤M1.

From the definition of wn, we obtain

‖wn− x?‖ ≤‖xn− x?‖+α∗n‖xn− xn−1‖
≤‖xn− x?‖+βnM1.

(3.6)

From inequality (3.5) and inequality (3.6), we have

‖zn− x?‖ ≤ ‖wn− x?‖ ≤ ‖xn− x?‖+βnM1.

Utilizing Lemma 2.4 and above inequality, we conclude that

‖xn+1− x?‖ =‖(I−βnγF)zn− (I−βnγF)x?−βnγFx?‖
≤‖(I−βnγF)zn− (I−βnγF)x?‖+βnγ‖Fx?‖
≤ (1−βnη)‖zn− x?‖+βnγ‖Fx?‖
≤ (1−βnη)‖xn− x?‖+βnM1 +βnγ‖Fx?‖

≤ (1−βnη)‖xn− x?‖+βnη [M1+γ‖Fx?‖
η

]

≤max{‖xn− x?‖, M1+γ‖Fx?‖
η

},

≤· · · ≤max{‖x1− x?‖, M1+γ‖Fx?‖
η

},
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where η = 1−
√

1− γ(2δ − γl2) ∈ (0,1). This implies that {xn} is bounded. We also obtain
{yn} and {zn} are bounded. It follows that

‖wn− x?‖2 =‖xn +α∗n (xn− xn−1)− x?)‖2

≤‖xn− x?‖2 +(α∗n )
2‖xn− xn−1‖2 +2α∗n 〈xn− x?,xn− xn−1〉

≤‖xn− x?‖2 +(α∗n )
2‖xn− xn−1‖2 +2α∗n‖xn− x?‖‖xn− xn−1‖.

Utilizing Lemma 2.1 and Lemma 2.4, we arrive at

‖xn+1− x?‖2 = ‖(I−βnγF)zn− (I−βnγF)x?−βnγFx?‖2

≤ ‖(I−βnγF)zn− (I−βnγF)x?‖2−2βnγ〈Fx?,xn+1− x?〉
≤ (1−βnη)‖wn− x?‖2 +2βnγ〈Fx?,x?− xn+1〉
≤ (1−βnη)‖xn− x?‖2 +2βnγ〈Fx?,x?− xn+1〉

+(α∗n )
2‖xn− xn−1‖2 +2α∗n‖xn− x?‖‖xn− xn−1‖

≤ (1−βnη)‖xn− x?‖2 +βnη
2γ

η
〈Fx?,x?− xn+1〉

+α∗n‖xn− xn−1‖(α∗n‖xn− xn−1‖+2‖xn− x?‖)

≤ (1−βnη)‖xn− x?‖2 +βnη
2γ

η
〈Fx?,x?− xn+1〉+3α∗n‖xn− xn−1‖M2

= (1−σn)‖xn− x?‖2 +σnϑn,

(3.7)
where

σn = βnη , ϑn =
2γ

η
〈Fx?,x?− xn+1〉+

3α∗n
βn

M2

η
‖xn− xn−1‖,

and M2 = supn∈N{‖xn− x?‖,α∗n‖xn− xn−1‖}. It is easy to see that σn→ 0 and ∑
∞
n=1 σn = ∞.

Since {xn} is bounded, there exists a constant M3 > 0 such that 2γ〈Fx?,x?−xn+1〉 ≤M3. From
algorithm (3.1), Lemma (2.1) and Lemma (2.4), we have

‖xn+1− x?‖2 =‖(I−βnγF)zn− (I−βnγF)x?−βnγFx?‖2

≤‖(I−βnγF)zn− (I−βnγF)x?‖2−2βnγ〈Fx?,xn+1− x?〉
≤ (1−βnη)2‖zn− x?‖2 +2βnγ〈Fx?,x?− xn+1〉
≤‖zn− x?‖2 +βnM3.

(3.8)

From inequality (3.8) and inequality (3.4), we arrive at

‖xn+1− x?‖2 ≤ ‖wn− x?‖2−
m

∑
i=1

a(i)θ (i)
n (

2l(i)

ζ (i)
−θ

(i)
n )‖T (i)wn−wn‖2

−
k

∑
j=1

b( j)
δ
( j)
n (

2r( j)

ϑ ( j)
−δ

( j)
n )‖S( j)yn− yn‖2 +βnM3. (3.9)
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By using inequality (3.6), we obtain

‖wn− x?‖2 ≤ (‖xn− x?‖+βnM1)
2

=‖xn− x?‖+βn(2M1‖xn− x?‖+βnM2
1)

≤‖xn− x?‖2 +βnM4,

(3.10)

for some M4 > 0. From inequality (3.9) and the inequality (3.10), we obtain that

‖xn+1− x?‖2 ≤ ‖xn− x?‖2 +βnM3−
m

∑
i=1

a(i)θ (i)
n (

2l(i)

ζ (i)
−θ

(i)
n )‖T (i)wn−wn‖2

−
k

∑
j=1

b( j)
δ
( j)
n (

2r( j)

ϑ ( j)
−δ

( j)
n )‖S( j)yn− yn‖2 +βnM4. (3.11)

Setting

ξn = ∑
m
i=1 a(i)θ (i)

n (2l(i)

ζ (i) −θ
(i)
n )‖T (i)wn−wn‖2

+∑
k
j=1 b( j)δ

( j)
n (2r( j)

ϑ ( j) −δ
( j)
n )‖S( j)yn− yn‖2,

and
ζn = βn(M3 +M4), sn = ‖xn− x?‖2,

we have that (3.11) can be rewritten in the following form:

sn+1 ≤ sn−ξn +ζn. (3.12)

To use Lemma 2.5, (consider inequalities (3.7) and (3.12)), it suffices to verify that, for all subse-
quences {nk} ⊂ {n}, limk→∞ ξnk = 0 implies limsupk→∞ δnk ≤ 0. We assume that limk→∞ ξnk =
0. From our assumption we obtain

lim
k→∞
‖T (i)wnk−wnk‖= lim

k→∞
‖S( j)ynk− ynk‖= 0. (3.13)

Note that

‖xn−wn‖= α
∗
n‖xn− xn−1‖= βn

α∗n
βn
‖xn− xn−1‖→ 0.

From (3.13), we have

‖ynk−wnk‖= ‖
m

∑
i=1

a(i)l(i)θ (i)
n (T (i)− I)wnk‖→ 0.

This implies that ‖ynk− xnk‖ ≤ ‖ynk−wnk‖+‖wnk− xnk‖→ 0. In view of (3.13), we obtain

‖znk− ynk‖= ‖
k

∑
j=1

b( j)r( j)
δ
( j)
n (S( j)− I)ynk‖→ 0.

Hence ‖znk − xnk‖ ≤ ‖znk − ynk‖+‖ynk − xnk‖ → 0. Since {xnk} is bounded, there exists a sub-
sequence {xnk j

} of {xnk}, which converges weakly to x̂. Without loss of generality, we can
assume that xnk ⇀ x̂. Since limk→∞ ‖ynk − xnk‖ = 0, we have ynk ⇀ x̂. Now from (3.13) and
the demiclosedness of I− T (i), we have x̂ ∈

⋂m
i=1 Fix(T (i)). By similar argument, we obtain

x̂ ∈
⋂k

j=1 Fix(S( j)). Thus x̂ ∈Ω.
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Next, we show that limsupk→∞〈Fx?,x?− xnk〉 ≤ 0. To show this inequality, we choose a
subsequence {xnk j

} of {xnk} such that

lim
j→∞
〈Fx?,x?− xnk j

〉= limsup
k→∞

〈Fx?,x?− xnk〉.

Since x? is the unique solution of V I(Ω,F), x̂ ∈ Ω, and {xnk j
} converges weakly to x̂ ∈ Ω, we

conclude that

limsup
k→∞

〈Fx?,x?− xnk〉= lim
j→∞
〈Fx?,x?− xnk j

〉= 〈Fx?,x?− x̂〉 ≤ 0.

Therefore limsupk→∞ ϑnk ≤ 0. Hence, all conditions of Lemma 2.5 are satisfied. Therefore, we
immediately deduce that limn→∞ sn = limn→∞ ‖xn− x?‖2 = 0, that is, {xn} converges strongly
to x?, which is the unique solution of V I(Ω,F). �

Theorem 3.2. Let H be a Hilbert space. Let, for each i ∈ {1,2, ...,m}, t(i) ∈ [0,1) and T (i) :
H →H be a t(i)-strictly pseudo-contractive mapping. Let, for each j ∈ {1,2, ...,k}, L( j) ∈
(0,∞) and U ( j) : H →H be a L( j)-Lipschitzian mapping. Suppose that Ω =

⋂m
i=1 Fix(T (i))∩⋂k

j=1 Fix(U ( j)

L( j) ) 6= /0. Let the operator F : H →H be l-Lipschitz continuous and δ -strongly

monotone with constants l > 0 and δ > 0. Assume that γ ∈ (0, 2δ

l2 ) and α∗ > 0. Let {xn} be a
sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = wn +∑
m
i=1 a(i)θ (i)

n (T (i)wn−wn)

zn = yn−∑
k
j=1 b( j)δ

( j)
n ((L( j)I−U ( j))yn)

xn+1 = (I− γβnF)zn, ∀n≥ 1,

where 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{a(i)},{b( j)},{θ (i)
n }, and {δ ( j)

n } satisfy the following conditions
(i) {βn} ⊂ (0,1), limn→∞ βn = 0 and ∑

∞
n=0 βn = ∞;

(ii) a(i),b( j) ∈ (0,1] and ∑
m
i=1 a(i) = ∑

k
j=1 b( j) = 1;

(iii) 0 < c(i) ≤ θ
(i)
n < 1− t(i), for i ∈ {1,2, ...,m};

(iv) 0 < d( j) ≤ δ
( j)
n < 2

L( j) for j ∈ {1,2, ...,k};
(v) εn > 0 and limn→∞

εn
βn

= 0.

Then, {xn} converges strongly to the unique solution x? ∈V I(Ω,F).

Proof. Since T (i) is a t(i)-strict pseudo-contraction with Fix(T (i)) 6= /0, we have T (i) is 2
1−t(i)

-

generalized demimetric. Since U ( j) : H →H is L( j)-Lipschitzian and Fix(U ( j)

L( j) ) 6= /0, we have
that S( j) = (L( j)+ 1)I−U ( j) is (−L( j))-generalized demimetric. Furthermore, we know that
I−T ( j) and I−S( j) are demiclosed at 0 (see [13]). Now utilizing Theorem 3.1, we obtain the
desired result. �
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4. APPLICATIONS

4.1. The triple hierarchical variational inequality problem. A variational inequality prob-
lem defined over the set of solutions of hierarchical variational inequality problem is called a
triple hierarchical variational inequality problem (THVIP). Iiduka ([23, 24]) proposed some it-
erative methods for computing the approximate solutions of THVIP. The strong convergence of
the sequences generated by the proposed methods was also studied. Now, as an application of
our main results, we propose a new iterative algorithm for solving a class of triple hierarchical
variational inequality problems with a finite family of generalized demimetric mappings.

Theorem 4.1. Let H be a Hilbert space. Let, for each i ∈ {1,2, ...,m}, ζ (i) 6= 0 and T (i) :
H →H be a ζ (i)-generalized demimetric mapping such that I−T (i) is demiclosed at 0. Let,
for each j∈{1,2, ...,k}, A( j) : H →H be a κ( j)-inverse-strongly monotone mapping. Suppose
that Ω =

⋂m
i=1 Fix(T (i))

⋂⋂k
j=1(A

( j))−1(0) 6= /0. Let the operator F : H →H be l-Lipschitz
continuous and δ -strongly monotone with constants l > 0 and δ > 0. Assume that γ ∈ (0, 2δ

l2 )

and α∗ > 0. Let {xn} be a sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = wn +∑
m
i=1 a(i)l(i)θ (i)

n (T (i)wn−wn)

zn = yn−∑
k
j=1 b( j)δ

( j)
n (A( j))yn,

xn+1 = (I− γβnF)zn, ∀n≥ 1,

where l(i) = ζ (i)

|ζ (i)| and 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{a(i)},{b( j)},{θ (i)
n }, and {δ ( j)

n } satisfy the following conditions
(i) {βn} ⊂ (0,1), limn→∞ βn = 0 and ∑

∞
n=0 βn = ∞;

(ii) a(i),b( j) ∈ (0,1] and ∑
m
i=1 a(i) = ∑

k
j=1 b( j) = 1;

(iii) 0 < c(i) ≤ θ
(i)
n < 2 l(i)

ζ (i) , for i ∈ {1,2, ...,m};

(iv) 0 < d( j) ≤ δ
( j)
n < 2κ( j) for j ∈ {1,2, ...,k};

(v) εn > 0 and limn→∞
εn
βn

= 0.

Then, the {xn} converges strongly to the unique solution x? ∈V I(Ω,F).

Proof. Since, for each j ∈ {1,2, ...,k}, A( j) : H → H is a κ( j)-inverse-strongly monotone
mapping, we know from [13] that S( j) = A( j)+ I is ( −1

κ( j) )-generalized demimetric and I−S( j) is
demiclosed at 0. In view of (A( j))−1(0) = Fix(S( j)), we obtain the desired result immediately
by following the proof of Theorem 3.1. �

Corollary 4.1. Let H be a Hilbert space. Let, for each i ∈ {1,2, ...,m}, T (i) : H →H be a
nonexpansive mapping. Let A : H →H be a κ-inverse-strongly monotone mapping. Suppose
that Ω =

⋂m
i=1 Fix(T (i))

⋂
A−1(0) 6= /0. Let the operator F : H →H be l-Lipschitz continuous
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and δ -strongly monotone with constants l > 0 and δ > 0. Assume that γ ∈ (0, 2δ

l2 ) and α∗ > 0.
Let {xn} be a sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = wn +∑
m
i=1 a(i)l(i)θ (i)

n (T (i)wn−wn)

zn = (I−δnA)yn,

xn+1 = (I− γβnF)zn, n≥ 1,

where 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{a(i)},{θ (i)
n } and {δn} satisfy the following conditions:

(i) {βn} ⊂ (0,1), limn→∞ βn = 0 and ∑
∞
n=0 βn = ∞;

(ii) a(i) ∈ (0,1] and ∑
m
i=1 a(i) = 1;

(iii) 0 < c(i) ≤ θ
(i)
n < 1, for i ∈ {1,2, ...,m};

(iv) 0 < d ≤ δn < 2κ;
(v) εn > 0 and limn→∞

εn
βn

= 0.

Then, the sequence {xn} converges strongly to the unique solution x? ∈V I(V I(
⋂m

i=1 Fix(T (i)),A),
F).

Proof. Since T (i) is a nonexpansive mapping, we have that T (i) is 2-generalized demimetric.
Furthermore,we know that I−T (i) is demiclosed at 0. Now utilizing Lemma 2.6 and Theorem
4.1, we obtain the desired result immediately. �

4.2. The triple-hierarchical constrained optimization problem. A function, f : H → R is
said to be convex if, for any x,y ∈H and for any λ ∈ [0,1], f (λx+(1−λ )y)≤ λ f (x)+(1−
λ ) f (y). In particular, a convex function f : H → R is said to be strongly convex with c > 0
(c-strongly convex) if

f (λx+(1−λ )y)≤ λ f (x)+(1−λ ) f (y)− cλ (1−λ )

2
‖x− y‖2,

for all x,y ∈H and for all λ ∈ [0,1].
Let f : H → R be a Fréchet differentiable function. If f is convex (resp. c-strongly con-

vex), then ∇ f is monotone (resp. c-strongly monotone). If f is convex and ∇ f is L-Lipschitz
continuous, then ∇ f is 1

L -inverse-strongly monotone.
Now we present a new algorithm for the triple-hierarchical constrained optimization problem.

Theorem 4.2. Let H be a Hilbert space. Let, for each i ∈ {1,2, ...,m}, ζ (i) 6= 0 and T (i) :
H →H be a ζ (i)-generalized demimetric mapping such that I−T (i) is demiclosed at 0. Let,
for each j ∈ {1,2, ...,k}, ψ( j) : H → R be a convex and Fréchet differentiable function and
∇ψ( j) is L( j)-Lipschitz continuous. Suppose that Ω =

⋂m
i=1 Fix(T (i))

⋂⋂k
j=1(∇ψ( j))−1(0) 6= /0.
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Let the operator Φ : H → R be a δ -strongly convex and Fréchet differentiable, and ∇Φ is
l-Lipschitz continuous. Assume that γ ∈ (0, 2δ

l2 ) and α∗ > 0. Let {xn} be a sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = wn +∑
m
i=1 a(i)l(i)θ (i)

n (T (i)wn−wn)

zn = yn−∑
k
j=1 b( j)δ

( j)
n (∇ψ( j))yn,

xn+1 = (I− γβn∇Φ)zn, n≥ 0,

where l(i) = ζ (i)

|ζ (i)| and 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{a(i)},{b( j)},{θ (i)
n }, and {δ ( j)

n } satisfy the following conditions

(i) {βn} ⊂ (0,1), limn→∞ βn = 0 and ∑
∞
n=0 βn = ∞;

(ii) a(i),b( j) ∈ (0,1] and ∑
m
i=1 a(i) = ∑

k
j=1 b( j) = 1;

(iii) 0 < c(i) ≤ θ
(i)
n < 2 l(i)

ζ (i) , for i ∈ {1,2, ...,m};

(iv) 0 < d( j) ≤ δ
( j)
n < 2

L( j) for j ∈ {1,2, ...,k};
(v) εn > 0 and limn→∞

εn
βn

= 0.

Then, {xn} converges strongly to the unique solution x? ∈V I(Ω,∇F).

Proof. We note that ∇ψ( j) is 1
L( j) -inverse-strongly monotone and ∇Φ is l-Lipschitz δ -strongly

monotone mapping. Putting A( j) = ∇ψ( j) and F = ∇Φ in Theorem 4.1, we have from Theorem
4.1 the desired result immediately. �

4.3. The hierarchical minimization problem. Suppose that Φ : H →R is δ -strongly convex
and Fréchet differentiable, and ∇Φ : H →H is l-Lipschitz continuous. Let C be a nonempty
closed convex subset of H . Then, V I(C,∇Φ) can be characterized as the set of all minimizers
of Φ over C

V I(C,∇Φ) = argmin
x∈C

Φ(x) := {x∗ ∈C : Φ(x∗) = min
x∈C

Φ(x)}.

Now setting S(i) = I in Theorem 3.1, we obtain the following result.

Theorem 4.3. Let H be a Hilbert space. Let, for each i∈ {1,2, ...,m}, ζ (i) 6= 0 and T (i) : H →
H be a ζ (i)-generalized demimetric mapping such that I−T (i) is demiclosed at 0. Suppose
that Ω =

⋂m
i=1 Fix(T (i)) 6= /0. Let the operator Φ : H → R be a δ -strongly convex and Fréchet

differentiable, and ∇Φ is l-Lipschitz continuous. Assume that γ ∈ (0, 2δ

l2 ) and α∗ > 0. Let {xn}
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be a sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = wn +∑
m
i=1 a(i)l(i)θ (i)

n (T (i)wn−wn)

xn+1 = (I− γβn∇Φ)yn, n≥ 1,

where l(i) = ζ (i)

|ζ (i)| and 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{a(i)}, and {θ (i)
n } satisfy the following conditions

(i) {βn} ⊂ (0,1), limn→∞ βn = 0 and ∑
∞
n=0 βn = ∞;

(ii) a(i) ∈ (0,1] and ∑
m
i=1 a(i) = 1;

(iii) 0 < c(i) ≤ θ
(i)
n < 2 l(i)

ζ (i) , for i ∈ {1,2, ...,m};
(iv) εn > 0 and limn→∞

εn
βn

= 0.

Then, {xn} converges strongly to the unique solution x? ∈ argminFix(T (i)) Φ.

4.4. The generalized multiple-set split feasibility problem. Now we consider the follow-
ing generalized multiple-set split feasibility problem in Hilbert spaces. Let H ,H ( j), j =
1,2, . . . ,k, be real Hilbert spaces and let B( j) : H →H ( j), j = 1,2, . . . ,k, be bounded linear
operators. Let, for each i ∈ {1,2, ...,m}, C(i) be a nonempty closed convex subset of H . Let,
for each j ∈ {1,2, ...,k}, Q( j) be a nonempty closed convex subset of H ( j). Then the general-
ized multiple-set split feasibility problem (GMSSFP) is to find an element x? such that

x? ∈Ω = (
m⋂

i=1

C(i))
⋂
(

k⋂
j=1

(B( j))−1(Q( j))),

that is, x? ∈
⋂m

i=1C(i) and B( j)x? ∈ Q( j) for each j = 1,2, . . . ,k.
The (GMSSFP) with m = k = 1 is known as the split feasibility problem (introduced by

Censor and Elfving (1994) [25]). The (GMSSFP) with H (1) = ... = H (k) and B(1) = ... =
B(k) is known as the multiple-set split feasibility problem (introduced by Censor et al. (2005)
[26]). The (GMSSFP) with m = 1 is known as the split feasibility problem with multiple output
sets (introduced by Reich et al. [27]). These problems are the core of the modeling of many
inverse problems in various areas of mathematics and physical sciences, and has been used to
model significant real-world inverse problems in sensor networks, radiation therapy treatment
planning, and computerized tomography (see, e.g., [26, 28, 29]).

Theorem 4.4. Let H ,H ( j), j = 1,2, . . . ,k, be real Hilbert spaces. Let, for each j∈{1,2, ...,k},
Q( j) be a nonempty closed convex subset of H ( j). Let B( j) : H →H ( j) be a bounded linear
operator and B( j)∗ be the adjoint of B( j). Let, for each i ∈ {1,2, ...,m}, C(i) be a nonempty
closed convex subset of H . Assume that Ω = (

⋂m
i=1C(i))

⋂
(
⋂k

j=1(B
( j))−1(Q( j))) 6= /0. Let the
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operator F : H →H be l-Lipschitz continuous and δ -strongly monotone with constants l > 0
and δ > 0. Assume that γ ∈ (0, 2δ

l2 ) and α∗ > 0. Let {xn} be a sequence defined by

x1,x0 ∈H is chosen arbitrarily,

wn = xn +α∗n (xn− xn−1),

yn = ∑
m
i=1 a(i)PC(i)wn

zn = yn−∑
k
j=1 b( j)δ

( j)
n (B( j)∗(I−PQ( j))B( j))yn,

xn+1 = (I− γβnF)zn, n≥ 1,

where and 0≤ α∗n ≤ αn such that

αn =

{
min{ εn

‖xn−xn−1‖ ,α
∗}, xn 6= xn−1

α∗, otherwise.

Let the sequences {βn},{a(i)},{b( j)}, and {δ ( j)
n } satisfy the following conditions

(i) {βn} ⊂ (0,1), limn→∞ βn = 0 and ∑
∞
n=0 βn = ∞;

(ii) a(i),b( j) ∈ (0,1] and ∑
m
i=1 a(i) = ∑

k
j=1 b( j) = 1;

(iii) 0 < d( j) ≤ δ
( j)
n < 2

‖B( j)‖2 for j ∈ {1,2, ...,k};
(iv) εn > 0 and limn→∞

εn
βn

= 0.

Then, {xn} converges strongly to the unique solution x? ∈V I(Ω,F).

Proof. We note that, for each i∈{1,2, ...,m}, Fix(PC(i))=C(i), PC(i) is 1-generalized demimetric
and I−PC(i) is demiclosed at 0 (see [13]). Put A( j) = B( j)∗(I−PQ( j))B( j) : H →H . We know

that A( j) : H →H is 1
‖B( j)‖2 -inverse-strongly monotone mapping. Putting θ

(i)
n = 1 in Theorem

4.1, we have from Theorem 4.1 the desired result immediately. �

Finally, we provide a numerical experiment and show the performance of our proposed iter-
ative algorithm.

Example 4.1. Let H = R be the real line. Define T on R by T (x) = 3x−1. Clearly, x? = 1
2 is

the only fixed point of T . We have T is (−2)-generalized demimetric. Indeed, for each x ∈ R,
we have

(−2)(x− 1
2
)(1−2x) = ζ 〈x− x?,x−T x〉= ‖x−T x‖2 = (1−2x)2.

(Putting x? = 1
2 and x = 1, we see that T is not strictly pseudo-contractive and is not quasi-

nonexpansive.) Let F = I − x0 and S = I. Then the operator S is nonexpansive and hence
is 2-generalized demimetric. Also the F is 1-strongly monotone and 1-Lipschitz continuous.
Take x0 = 1, γ = 1, θn =

n+1
2n+3 , δn = 1, βn =

1
n+100 , and α∗n = 0. In the following figure, we can

observe that {xn} corresponding to Algorithm 3.1 converges to Fix(T )∩Fix(S) = 1
2 .
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FIGURE 1. The behavior of sequence {xn}
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