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Abstract. In this paper, we present the strong and total Lagrange dualities for quasiconvex programming
in real locally convex Hausdorff topological vector spaces. By using the epigraphs, subdifferential and
generators of involved functions, we introduce some new constraint qualifications. Under these new
constraint qualifications, we establish sufficient and necessary conditions to characterize the strong and
total Lagrange dualities for quasiconvex programming.
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1. INTRODUCTION

Consider the following optimization problem:

(P)
inf f (x)

s.t. x ∈C,gi(x)≤ 0, i ∈ I,

where I is an arbitrary set, C is a nonempty convex subset of the locally convex Hausdorff
topological vector space X , and f ,gi, i ∈ I : X → R := R∪ {+∞} are extended real-valued
functions.

It is well known that the dual method is fundamental in mathematical programming and in
other fields, such as, game theory, set containment problems, etc. and has played very im-
portant roles in solving optimization problem (P) which finds a lot of real applications; see,
e.g, [1–4] and the references therein. A main target of the dual method is the establishment of
the so-called strong duality, which means that the values of the primal problem and the dual
problem coincide, and the dual problem has at least an optimal solution. Usually, the weak
duality holds, that is, the value of the primal problem is not less that that of its dual problem.
But, a duality gap may occur. A challenge in mathematical programming has been to give
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constraint qualifications which guarantee the strong duality. Over the last decade, necessary
and sufficient constraint qualifications for duality theorems have been investigated extensively.
For example, necessary and sufficient constraint qualifications for Lagrange duality have been
given in [4–11] where f and gi, i∈ I are convex functions, and in [12–16] where gi, i∈ I are qua-
siconvex functions. In the research of these constraint qualifications, epigraph technique and
subdifferentials’ property play central roles. Recently, based on the property of quasiconvex
function, the notion of generator of a quasiconvex function was defined in [17]. By using the
notion of generator, necessary and sufficient constraint qualifications for Lagrange-type duality
theorems for quasiconvex programming have been investigated (cf. [17–21]).

Motivated by the works mentioned above, we continue to study the optimization problem (P)
with the functions gi, i ∈ I being quasiconvex functions. Our interest in the above optimization
problems in the present paper is focused on two aspects: One is about the strong duality, and the
other is about the total duality, that is, the values of the primal problem and the dual problem
are equal and both problems have optimal solutions. Our main aim is to use the epigraph
technique, properties of the subdifferential and the generator of quasiconvex function to provide
new constraint qualifications, which characterize the strong dualities, the stable strong dualities,
as well as the total dualities between (P) and its Lagrange dual problem. In general, the subset
C is not necessarily closed and the objective function f need not be lower semicontinuous (lsc
in brief).

The paper is organized as follows. The next section contains necessary notations and pre-
liminary results. In Section 3, some new constraint qualifications are introduced and several
relationships among them are given. By using these constraint qualifications, the strong duality
and total Lagrange dualities between (P) and its dual problems are established in Section 4 and
5, respectively.

2. NOTATIONS AND PRELIMINARY RESULTS

The notations used in the present paper are standard (cf. [12] and [14]). In particular, we
assume throughout the whole paper that X is a real locally convex Hausdorff topological vector
space, X∗ denotes the dual space of X , endowed with the w∗-topology w∗(X∗,X). By 〈x∗,x〉,
we shall denote the value of the functional x∗ ∈ X∗ at x ∈ X ; i.e., 〈x∗,x〉 = x∗(x). Let Z be a
nonempty set in X . The interior (resp. closure, convex hull, conical hull) of Z is denoted by
intZ (resp., clZ, coZ, coneZ). By convention, we define cone /0 = {0}. If W ⊆ X∗, then clW
denotes the w∗-closure of W . The indicator function δZ of Z is defined by

δZ(x) :=
{

0, x ∈ Z,
+∞, otherwise.

(2.1)

The normal cone of Z at x0 ∈ Z denoted by NZ(x0) is defined by

NZ(x0) := {x∗ ∈ X∗ : 〈x∗,x− x0〉 ≤ 0 for each x ∈ Z} . (2.2)

Following [9], we use R(T ) to denote the space of real tuples λ = (λt)t∈T with only finitely
many λt different from zero, and let R(T )

+ be the nonnegative cone in R(T ), that is

R(T )
+ := {(λt)t∈T ∈ R(T ) : λt ≥ 0 for each t ∈ T}.

Let f : X → R be a proper function. The effective domain, the Fenchel conjugate function and
the epigraph of f are denoted by dom f , f ∗ and epi f , respectively; they are defined respectively
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by
dom f := {x ∈ X : f (x)<+∞},

f ∗(x∗) := sup{〈x∗,x〉− f (x) : x ∈ X} for each x∗ ∈ X∗, (2.3)

and
epi f := {(x,r) ∈ X×R : f (x)≤ r}. (2.4)

It is well known and easy to verify that epi f ∗ is weak∗-closed. The subdifferential of f at
x ∈ dom f is defined by

∂ f (x) := {x∗ ∈ X∗ : f (x)+ 〈x∗,y− x〉 ≤ f (y) for each y ∈ X}. (2.5)

We also define
dom∂ f := {x ∈ X : ∂ f (x) 6= /0},

and
im∂ f := {x∗ ∈ X∗ : x∗ ∈ ∂ f (x) for some x ∈ X}. (2.6)

By definition of the Fenchel conjugate (2.3), the Young-Fenchel inequality holds:

f (x)+ f ∗(x∗)≥ 〈x,x∗〉 for each (x,x∗) ∈ X×X∗. (2.7)

Moreover, the following Young equality holds:

x∗ ∈ ∂ f (x)⇔ f (x)+ f ∗(x∗) = 〈x∗,x〉 (2.8)

and, by definition, (
x∗,〈x∗,x〉− f (x)

)
∈ epi f ∗ for each x∗ ∈ ∂ f (x). (2.9)

In particular,
NZ(x) = ∂δZ(x) for each x ∈ Z. (2.10)

If f ,h : X → R are proper convex functions satisfying dom f ∩domh 6= /0, then

epi f ∗+ epih∗ ⊆ epi( f +h)∗, (2.11)

and
∂ f (a)+∂h(a)⊆ ∂ ( f +h)(a) for each a ∈ dom f ∩domh. (2.12)

Furthermore, for all p ∈ X∗and a ∈ R, the following facts are clear:

(h+ p+a)∗(x∗) = h∗(x∗− p)−a for each x∗ ∈ X∗. (2.13)

epi(h+ p+a)∗ = epih∗+(p,−a). (2.14)

Recall that a function f : X → R is said to be quasiconvex if, for all x,y ∈ X and α ∈ [0,1],
the following inequality holds:

f
(
αx+(1−α)y

)
≤max{ f (x), f (y)},

or equivalently its sublevel set

L( f ,≤,r) := {x ∈ X : f (x)≤ r}

is a convex set for each r ∈ R. Obviously, each convex function is a quasiconvex function, but
the opposite is not true. The following lemma is taken from [17].
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Lemma 2.1. Let f be a function from X to R. Then f is lsc quasiconvex if and only if
there exists {(ki,wi) : i ∈ I} ⊆ Q× X∗ such that f = supi∈I ki ◦ wi, where Q := {k : R →
R : k is lsc and non-decreasing}.

The following lemma will be used in the sequel (see [12, Theorem 2.8.7]).

Lemma 2.2. Let f ,h : X → R be proper convex functions such that dom f ∩domh 6= /0. If f or
h is continuous at some point of dom f ∩domh, then

epi( f +h)∗ = epi f ∗+ epih∗, (2.15)

∂ ( f +h)(x) = ∂ f (x)+∂h(x) for each x ∈ dom f ∩domh. (2.16)
Consequently, if h ∈ X∗, then

epi( f +h)∗ = epi f ∗+{h}× [0,+∞),

∂ ( f +h)(x) = ∂ f (x)+h for each x ∈ dom f .

3. CONSTRAINT QUALIFICATIONS

Throughout this paper, let X be a locally convex Hausdorff topological vector space, {gi : i ∈
I} a family of lsc quasiconvex functions from X to R, {(k(i, j),w(i, j)) : j ∈ Ji} a generator of gi
for each i ∈ I, T = {t = (i, j) : i ∈ I, j ∈ Ji}, S = {x ∈ X : gi(x) ≤ 0 for each i ∈ I}, C ⊆ X a
convex set, f : X → R a proper convex function, and A 6= /0 the solution set of the following
system:

x ∈C; gi(x)≤ 0 for each i ∈ I. (3.1)
Then, by the notion of generator, {(kt ,wt) : t ∈ T} is a generator of supi∈I gi. For each x ∈ X ,
let T (x) be the active index set of the system (3.1) relative to {(kt ,wt) : t ∈ T}; that is,

T (x) := {t ∈ T : 〈wt ,x〉= k−1
t (0)}. (3.2)

Recall from [18, 19] that the function k−1 is said to be the hypo-epi-inverse function of non-
decreasing function k:

k−1(a) := inf{b ∈ R : a < k(b)}= sup{b ∈ R : k(b)≤ a}.
It is known that if k has the inverse function, then the inverse and the hypo-epi-inverse of k are
the same. Let x ∈ A. Following [18], define K and N′A(x) respectively by

K := epiδ ∗C + cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ}, (3.3)

N′A(x) := NC(x)+ cone co
⋃

t∈T (x)

{wt}. (3.4)

Then the following inclusions hold:

cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ} ⊆ epiδ ∗S (3.5)

and
cone co

⋃
t∈T (x)

{wt} ⊆ NS(x). (3.6)

Thus, by (2.11), we have
K ⊆ epiδ ∗C∩S = epiδ ∗A, (3.7)
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and hence

epi f ∗+K ⊆ epi( f +δA)
∗. (3.8)

Moreover, by (2.10) and (2.12), for each x ∈ dom f ∩A,

N′A(x)⊆ NC(x)+NS(x)⊆ NA(x), (3.9)

and hence

∂ f (x)+N′A(x)⊆ ∂ ( f +δA)(x). (3.10)

Regarding some possible reversed inclusions in (3.8) and (3.10), we introduce the following
definition(for parts (iv), see [18]).

Definition 3.1. It is said that the family {δC;gi : i ∈ I} satisfies
(i) the conical epigraph hull property (EHP) for quasiconvex programming with respect to

(w.r.t.) {(kt ,wt) : t ∈ T}
(
denoted by the conical (Q-EHP)

)
if

epiδ ∗A = K; (3.11)

(ii) the conical epigraph hull property(EHP) for quasiconvex programming with respect to
(w.r.t.) {(kt ,wt) : t ∈ T} relative to f

(
denoted by the conical (Q-EHP) f

)
if

epi( f +δA)
∗ = epi f ∗+K; (3.12)

(iii) the weak conical epigraph hull property(EHP) for quasiconvex programming with re-
spect to (w.r.t.) {(kt ,wt) : t ∈ T} relative to f

(
denoted by the conical (Q-WEHP) f

)
if

epi( f +δA)
∗ = epi( f +δC)

∗+ cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ}; (3.13)

(iv) the basic constraint qualification for quasiconvex programming w.r.t. {(kt ,wt) : t ∈ T}(
denoted by (Q-BCQ)

)
at x ∈ A if

NA(x) = N′A(x);

(v) the basic constraint qualification for quasiconvex programming w.r.t. {(kt ,wt) : t ∈ T}
relative to f

(
denoted by (Q-BCQ) f

)
at x ∈ dom f ∩A if

∂ ( f +δA)(x) = ∂ f (x)+N′A(x); (3.14)

(vi) the weak basic constraint qualification for quasiconvex programming w.r.t. {(kt ,wt) : t ∈
T} relative to f

(
denoted by (Q-WBCQ) f

)
at x ∈ dom f ∩A if

∂ ( f +δA)(x) = ∂ ( f +δC)(x)+ cone co
⋃

t∈T (x)

{wt}; (3.15)

(vii) (Q-BCQ)
(
resp. (Q-BCQ) f , (Q-WBCQ) f

)
if it has (Q-BCQ)

(
resp. (Q-BCQ) f , (Q-

WBCQ) f
)

at each point in A
(
resp. dom f ∩A, dom f ∩A

)
.

Remark 3.1. (i) By (3.7) and (3.9), we see that the conical (Q-EHP) and (Q-BCQ) can be
equivalently replaced by

epiδ ∗A ⊆ K and NA(x)⊆ N′A(x).

While, by (3.7)-(3.10), it is clear that (3.12)-(3.15) can be equivalently replaced by

epi( f +δA)
∗ ⊆ epi f ∗+K, (3.16)



6 D. FANG, T. YANG, Y.C. LIOU

epi( f +δA)
∗ ⊆ epi( f +δC)

∗+ cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ}, (3.17)

∂ ( f +δA)(x)⊆ ∂ f (x)+N′A(x) (3.18)

and
∂ ( f +δA)(x)⊆ ∂ ( f +δC)(x)+ cone co

⋃
t∈T (x)

{wt}. (3.19)

(ii) If f is continuous at some point of A, then, by Lemma 2.2,

the conical (Q-EHP) =⇒ the conical (Q-EHP) f ,

(Q-BCQ) =⇒ (Q-BCQ) f .

(iii) As the terminologies suggested, by (2.11) and (2.12),

the conical (Q-EHP) f =⇒ the conical (Q-WEHP) f ,

(Q-BCQ) f =⇒ (Q-WBCQ) f .

(iv) If f is continuous at some point of C, it follows from Lemma 2.2 that

the conical (Q-EHP) f ⇐⇒ the conical (Q-WEHP) f ,

(Q-BCQ) f ⇐⇒ (Q-WBCQ) f .

Recall from [18, 19] that the inequality system {gi ≤ 0 : i ∈ I} satisfies the closed cone con-
straint qualification for quasiconvex programming (Q-CCCQ) w.r.t. {(kt ,wt) : t ∈ T} relative to
C if

epiδ ∗C + cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ} is w∗-closed. (3.20)

The following proposition characterizes the relationship between (Q-CCCQ) and (Q-EHP).

Proposition 3.1. Assume that gi is a proper lsc quasiconvex function for each i ∈ I and C is a
closed convex set. Then the system {gi ≤ 0 : i ∈ I} satisfies (Q-CCCQ) if and only if the family
{δC;gi : i ∈ I} satisfies the conical (Q-EHP).

Proof. Under the given assumption, by [18, Theorem 3.1], we have that

epiδ ∗A = cl(epiδ ∗C + cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ}) = clK. (3.21)

Then the result is seen to hold. �

The following proposition on relationships between notions defined in Definition 3.1 is an
extension of [18, Definition 3.2 and Definition 3.4 ] from f = 0 to the general function f .

Proposition 3.2. The following implications hold:

the conical (Q-EHP) f =⇒ (Q-BCQ) f , the conical (Q-WEHP) f =⇒ (Q-WBCQ) f , (3.22)

Moreover, if dom( f +δA)
∗ ⊆ im∂ ( f +δA), then

the conical (Q-EHP) f ⇐⇒ (Q-BCQ) f , the conical (Q-WEHP) f ⇐⇒ (Q-WBCQ) f . (3.23)
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Proof. We shall only prove the first assertion in (3.22) and that in (3.23) (the proofs for the
second assertions being similar). Suppose that the family {δC;gi : i ∈ I} satisfies the conical
(Q-EHP) f . Let x ∈ dom f ∩A. By Remark 3.1, it suffices to show that (3.18) holds. To do this,
let x∗ ∈ ∂ ( f +δA)(x). Then,(

x∗,〈x∗,x〉− ( f +δA)(x)
)
∈ epi( f +δA)

∗ ⊆ epi f ∗+K, (3.24)

thanks to (2.9) and (3.16). There exist (u∗,r1) ∈ epi f ∗, (v∗,r2) ∈ epiδ ∗C and

(∑
ti∈J

λtiwti, ∑
ti∈J

λtiδi) ∈ cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ}

such that
x∗ = u∗+ v∗+ ∑

ti∈J
λtiwti, (3.25)

〈x∗,x〉− ( f +δA)(x) = r1 + r2 + ∑
ti∈J

λtiδi, (3.26)

where J ⊆ T is a finite subset, λti > 0 for each ti ∈ J, and (wti,δi)∈ {(wt ,δ )∈ X∗×R : k−1
t (0)≤

δ}. Then, ∑ti∈J λtik
−1
ti (0)≤∑ti∈J λtiδi. Noting that ∂ (wti(·)−k−1

ti (0))(x) = {wti} for each ti ∈ J,
to show (3.18), we only need to prove that u∗ ∈ ∂ f (x), v∗ ∈ NC(x) and J ⊆ T (x). By the
definition of epigraph (2.4),

f ∗(u∗)≤ r1 , δ
∗
C(v
∗)≤ r2. (3.27)

By Young-Fenchel inequality (2.7),

f ∗(u∗)≥ 〈u∗,x〉− f (x), (3.28)

δ
∗
C(v
∗)≥ 〈v∗,x〉−δC(x). (3.29)

Noting that δA(x) = δC(x) = 0 and 〈wti,x〉−k−1
ti (0)≤ 0 for each ti ∈ J as J ⊆ T , it follows from

(3.25)-(3.29) that

〈x∗,x〉− f (x)≥ f ∗(u∗)+δ
∗
C(v
∗)+ ∑

ti∈J
λtik
−1
ti (0)

≥ 〈u∗,x〉− f (x)+ 〈v∗,x〉−δC(x)+ ∑
ti∈J

λtik
−1
ti (0)

= 〈x∗−∑
ti∈J

λtiwti,x〉− f (x)−δC(x)+ ∑
ti∈J

λtik
−1
ti (0)

= 〈x∗,x〉− f (x)−∑
ti∈J

λti
(
wti(x)− k−1

ti (0)
)

≥ 〈x∗,x〉− f (x).

This implies that the equalities of (3.28), (3.29) hold and wti(x) = k−1
ti (0) for each ti ∈ J. There-

fore, by the Young equality (2.8), u∗ ∈ ∂ f (x), v∗ ∈ NC(x) and J ⊆ T (x).
Below we show that the converse implication holds. Assume that dom( f +δA)

∗ ⊆ im∂ ( f +
δA) and the family {δC;gi : i ∈ I} satisfies (Q-BCQ) f . In view of Remark 3.1, to show the
conical (Q-EHP) f , we only need to show that (3.16) holds. Let (x∗,r) ∈ epi( f + δA)

∗. Since
x∗ ∈ dom( f + δA)

∗ ⊆ im∂ ( f + δA), it follows that there exists x0 ∈ dom f ∩A such that x∗ ∈
∂ ( f +δA)(x0). By the assumption of (Q-BCQ) f (see (3.18)), we have

x∗ ∈ ∂ f (x0)+NC(x0)+ ∑
ti∈J

λtiwti
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for some finite subset J ⊆ T (x0) and {λti} ⊆ R with λti ≥ 0 for each ti ∈ J. This means that
there exist u∗ ∈ ∂ f (x0) and v∗ ∈ NC(x0) such that

x∗ = u∗+ v∗+ ∑
ti∈J

λtiwti. (3.30)

Since ti ∈ J ⊆ T (x0), it follows from (3.2) that

〈wti,x0〉= k−1
ti (0). (3.31)

By Young equality (2.8),
f ∗(u∗) = 〈u∗,x0〉− f (x0), (3.32)

δ
∗
C(v
∗) = 〈v∗,x0〉−δC(x0) (3.33)

and
( f +δA)

∗(x∗) = 〈x∗,x0〉− ( f +δA)(x0).

Moreover, since (x∗,r) ∈ epi( f +δA)
∗, we have

〈x∗,x0〉 ≤ r+( f +δA)(x0) = r+ f (x0). (3.34)

Combining (3.30) with (3.34), one has

〈u∗,x0〉+ 〈v∗,x0〉+ ∑
ti∈J

λti〈wti,x0〉 ≤ r+ f (x0).

This implies that there exists a set {r1,r2,δi : i ∈ {i : ti ∈ J}} of real numbers such that

r = r1 + r2 + ∑
ti∈J

λtiδi, (3.35)

〈u∗,x0〉 ≤ r1 + f (x0), 〈v∗,x0〉 ≤ r2 and 〈wti,x0〉 ≤ δi for each ti ∈ J.

Consequently, by (3.32), (3.33) and (3.31),

f ∗(u∗)≤ r1, δ
∗
C(v
∗)≤ r2, k−1

ti (0)≤ δi for each ti ∈ J.

That is, (u∗,r1) ∈ epi f ∗, (v∗,r2) ∈ epiδ ∗C, (wti,δi) ∈ {(wti,δi) : k−1
ti (0) ≤ δi} for each ti ∈ J.

Hence,

(x∗,r) = (u∗,r1)+(v∗,r2)+(∑
ti∈J

λtiwti, ∑
ti∈J

λtiδi) ∈ epi f ∗+K,

as ti ∈ J ⊆ T (x)⊆ T . Therefore, (3.16) holds and the proof is complete. �

Let hi : X→R be a proper convex function for each i ∈ I. Recall from [7, Definition 3.1] that
the family {δC;hi : i ∈ I} is said to have the conical epigraph hull property (EHP) if

epiδ ∗A = epiδ ∗C + cone
⋃
i∈I

epih∗i , (3.36)

and the conical (EHP) relative to f
(
denote by the conical (EHP) f

)
if

epi( f +δA)
∗ = epi f ∗+ epiδ ∗C + cone

⋃
i∈I

epih∗i . (3.37)

The following proposition shows that the conical (Q-EHP) (resp. the concical (Q-EHP) f ) coin-
cides with the conical (EHP) (resp. the conical (EHP) f ) in the case when gi, i ∈ I is convex.
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Proposition 3.3. Suppose gi is a proper lsc convex function for each i ∈ I. Then the following
equivalences hold:

the conical (Q-EHP)⇐⇒ the conical (EHP), (3.38)

the conical (Q-EHP) f ⇐⇒ the conical (EHP) f . (3.39)

Proof. Since gi is lsc convex for each i ∈ I, it follows that

gi(x) = g∗∗i (x) = sup
vi∈domg∗i

{〈vi,x〉−g∗i (vi)} for all x ∈ X .

Then {(kvi,vi) : vi ∈ domg∗i ,kvi(x) = x−g∗i (vi) for each x ∈R} ⊆Q×X∗ is a basic generator of
gi. Note that ∪i∈Iepig∗i is convex. It follows that

epig∗i = co
⋃

vi∈domg∗i

{(vi,δ ) : k−1
vi

(0)≤ δ} for each i ∈ I.

Therefore, (3.38) and (3.39) hold. �

4. STRONG LAGRANGE DUALITY

Let p ∈ X∗. Consider the following problem

(Pf−p)
inf f (x)−〈p,x〉
s.t. x ∈C,gi(x)≤ 0, i ∈ I.

(4.1)

Its Lagrange dual problem is defined by

(D f−p) max
λ∈R(T )

+

inf
x∈C

L f−p(x,λ ), (4.2)

where the Lagrange function L f−p on X×R(T )
+ is defined by

L f−p(x,λ ) := f (x)−〈p,x〉+ ∑
ti∈T

λti
(
wti(x)− k−1

ti (0)
)
. (4.3)

In particular, when p = 0, problem (Pf−p) as well as its dual problem (D f−p) are reduced to the
problem (Pf ) and its dual problem (D f ), respectively. The optimal value v(Pf ) and the optimal
solution set S(Pf ) of the problem (Pf ) are defined respectively by

v(Pf ) := inf{ f (x) : x ∈ dom f ∩A}(≥−∞)

and
S(Pf ) := {x ∈ dom f ∩A : f (x) = v(Pf )}.

Similarly, we define
v(D f ) := max

λ∈R(T )
+

{ inf
x∈C

L f (x,λ )}

and
S(D f ) := {λ ∈ R(T )

+ : v(D f ) = inf
x∈C

L f (x,λ )}.

Let a ∈ dom f ∩A. Since ∑ti∈T λti(wti(a)− k−1
ti (0)) ≤ 0, it follows that L f−p(a,λ ) ≤ f (a)−

〈p,a〉 for each λ ∈ R(T )
+ . Consequently,

inf
x∈C

L f−p(x,λ )≤ L f−p(a,λ )≤ f (a)−〈p,a〉 for each λ ∈ R(T )
+ .
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Hence, v(D f−p)≤ f (a)−〈p,a〉 and

v(D f−p)≤ v(Pf−p) for each p ∈ X∗. (4.4)

In particular, when p = 0,
v(D f )≤ v(Pf ). (4.5)

Definition 4.1. Between (Pf ) and (D f ), it is said that
(i) the weak lagrange duality holds if (4.5) holds;
(ii) the strong lagrange duality holds if v(D f ) = v(Pf ) and S(D f ) 6= /0;
(iii) the stable weak(resp. stable strong )lagrange duality holds if the weak(resp. strong )

lagrange duality between (Pf−p) and (D f−p) holds for each p ∈ X∗.

Let p ∈ X∗ and r ∈ R. By definition, one has that

(p,r) ∈ epi( f +δA)
∗⇐⇒ v(Pf−p)≥−r. (4.6)

The following theorem gives a sufficient and necessary conditions to ensure the stable strong
Lagrange duality between (Pf ) and (D f ).

Theorem 4.1. The family {δC;gi : i ∈ I} has the conical (Q-WEHP) f if and only if the stable
strong Lagrange duality between (Pf ) and (D f ) holds.

Proof. Suppose that the family {δC;gi : i ∈ I} has the conical (Q-WEHP) f . Let p ∈ X∗. By
(4.4), it is clear that v(D f−p) ≤ v(Pf−p). If v(Pf−p) = −∞, then the result holds trivially.
Below we assume that −r := v(Pf−p) ∈ R. Then, by (4.6) and (3.17), we have (p,r) ∈ epi( f +
δA)
∗ ⊆ epi( f + δC)

∗+ cone co∪t∈T {(wt ,δ ) ∈ X∗×R : k−1
t (0) ≤ δ}. Hence there exist λ ∈

R(T )
+ , (u∗,r1) ∈ epi( f + δC)

∗ and (∑ti∈T λ tiwti,∑ti∈T λ tiδi) ∈ cone co
⋃

t∈T{(wt ,δ ) ∈ X∗×R :
k−1

t (0)≤ δ} with k−1
ti (0)≤ δi such that

p = u∗+ ∑
ti∈T

λ tiwti, (4.7)

r = r1 + ∑
ti∈T

λ tiδi. (4.8)

By the definition of epigragh (2.4),

( f +δC)
∗(u∗)≤ r1. (4.9)

While, by the Young-Fenchel inequality (2.7), we have

( f +δC)
∗(u∗)≥ 〈u∗,x〉− ( f +δC)(x) for each x ∈ X . (4.10)

It follows from (4.8)-(4.10) that, for each x ∈ X ,

r ≥ ( f +δC)
∗(u∗)+ ∑

ti∈T
λ tik

−1
ti (0)≥ 〈u∗,x〉− ( f +δC)(x)+ ∑

ti∈T
λ tik

−1
ti (0).

Combine this with (4.7), we see that for each x ∈C,

r ≥ 〈p− ∑
ti∈T

λ tiwti,x〉− f (x)+ ∑
ti∈T

λ tik
−1
ti (0)

=− f (x)+ 〈p,x〉+ ∑
ti∈T

λ ti
(
k−1

ti (0)−wti(x)
)
,
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that is,
−r ≤ f (x)−〈p,x〉+ ∑

ti∈T
λ ti
(
wti(x)− k−1

ti (0)
)

for each x ∈C.

Hence,

v(Pf−p)≤ inf
x∈C
{ f (x)−〈p,x〉+ ∑

ti∈T
λ ti
(
wti(x)− k−1

ti (0)
)
} ≤ v(D f−p).

This together with v(D f−p)≤ v(Pf−p) shows that v(D f−p) = v(Pf−p) and λ ∈ S(D f−p). There-
fore, the stable strong Lagrange duality between (Pf ) and (D f ) holds.

Conversely, let p ∈ X∗. Suppose that the stable strong Lagrange duality between (Pf ) and
(D f ) holds. By Remark 3.1 (ii), we only need to show that (3.17) holds. To do this, let (p,r) ∈
epi( f + δA)

∗, which is equivalent to v(Pf−p) ≥ −r, thanks to (4.6). Then, by the stable strong
Lagrange duality, there exists (λ ti)ti∈T ∈ S(D f−p) such that

v(Pf−p) = v(D f−p) = inf
x∈C
{ f (x)−〈p,x〉+ ∑

ti∈T
λ ti
(
wti(x)− k−1

ti (0)
)
}.

Combine this with (2.3) and (2.13), we see that

−r ≤ inf
x∈X
{ f (x)+δC(x)−〈p,x〉+ ∑

ti∈T
λ ti
(
wti(x)− k−1

ti (0)
)
}

=−sup
x∈X
{〈p− ∑

ti∈T
λ tiwti,x〉−

(
f +δC− ∑

ti∈T
λ tik

−1
ti (0)

)
(x)}

=−
(

f +δC− ∑
ti∈T

λ tik
−1
ti (0)

)∗
(p− ∑

ti∈T
λ tiwti)

=−( f +δC)
∗(p− ∑

ti∈T
λ tiwti)− ∑

ti∈T
λ tik

−1
ti (0).

This implies that
(

p− ∑
ti∈T

λ tiwti,r− ∑
ti∈T

λ tik
−1
ti (0)

)
∈ epi( f +δC)

∗. Consequently,

(p,r) =
(

p− ∑
ti∈T

λ tiwti,r− ∑
ti∈T

λ tik
−1
ti (0)

)
+
(

∑
ti∈T

λ tiwti, ∑
ti∈T

λ tik
−1
ti (0)

)
∈ epi( f +δC)

∗+ cone co
⋃
t∈T

{(wt ,δ ) ∈ X∗×R : k−1
t (0)≤ δ}.

Therefore, (3.17) is proved. �

The following corollary is a direct consequence of Theorem 4.1 when p = 0.

Corollary 4.1. Suppose that the family {δC;gi : i ∈ I} has the conical (Q-WEHP) f . Then the
strong Lagrange duality between (Pf ) and (D f ) holds.

As in [7], we used Λ(X) to denote the class of all proper convex functions on X . For a convex
set Z, we define

ΛZ(X) := {h ∈ Λ(X) : domh∩Z 6= /0}.
For h ∈ Λ(X), let conth denote the set of all continuity points of h, that is,

conth := {x ∈ X : h is continuous at x}.

The following theorem gives a characterization for the conical (Q-WEHP) f with f = 0.
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Theorem 4.2. The following statements are equivalent:
(i) The family {δC;gi : i ∈ I} has the conical (Q-WEHP)0, that is,

epiδ ∗A = K. (4.11)

(ii) If h ∈ ΛA(X) is such that

epi(h+δA)
∗ = epih∗+ epiδ ∗A, (4.12)

then the strong Lagrange duality between (Ph) and (Dh) holds.
(iii) If h ∈ΛA(X) and conth∩A 6= /0, then the strong Lagrange duality between (Ph) and (Dh)

holds.
(iv) If p ∈ X∗, then the strong Lagrange duality between (Pp) and (Dp) holds.

Proof. (i) ⇒ (ii). Assume (i) holds. Let h ∈ ΛA(X) be such that (4.12) holds. Then, by (3.3)
and (2.11),

epi(h+δA)
∗ = epih∗+K

⊆ epi(h+δC)
∗+ cone co∪t∈T {(wt ,δ ) ∈ X∗×R : k−1

t (0)≤ δ}.

This implies that the family {δC;gi : i ∈ I} satisfies the (Q-WEHP)h by Remark 3.1(i). Thus,
applying Corollary 4.1, we complete the proof of the implication (i)⇒ (ii).

(ii) ⇒ (iii). Note that (4.12) is satisfied if h ∈ ΛA(X) is continuous at some point in A (see
Lemma 2.2). Thus it is immediate that (ii)⇒ (iii).

(iii)⇒ (iv). This is trivial.
(iv)⇒ (i). The proof is complete by letting f = 0 in Theorem 4.1. �

5. TOTAL LAGRANGE DUALITY

Recall that the problem (Pf−p) and the corresponding dual problem (D f−p) are defined by
(4.1) and (4.2), respectively. For each p ∈ X∗, we use S(Pf−p) and S(D f−p) to denote the
optimal solution sets of (Pf−p) and (D f−p), respectively. We write S(Pf ) for S(Pf−0), the
optimal solution set of the problem (Pf ). It is easy to see that

x0 ∈ S(Pf−p)⇐⇒ p ∈ ∂ ( f +δA)(x0). (5.1)

This section is devoted to the study of characterizing the total lagrange dualities, which are
defined as follows.

Definition 5.1. Between the problems (Pf ) and (D f ), we say that
(i) the total Lagrange duality holds if the strong Lagrange duality holds provided that S(Pf ) 6=

/0;
(ii) the stable total Lagrange duality holds if, for each p ∈ X∗, the strong Lagrange duality

holds between (Pf−p) and (D f−p) provided that S(Pf−p) 6= /0.

The following theorem provides a sufficient and necessary condition to ensure the stable total
Lagrange duality between (Pf ) and (D f ) holds.

Theorem 5.1. The family {δC;gi : i∈ I} has (Q-WBCQ) f if and only if the stable total Lagrange
duality between (Pf ) and (D f ) holds.
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Proof. Let p ∈ X∗ and x0 ∈ S(Pf−p). By (5.1), we have p ∈ ∂ ( f + δA)(x0), and hence, by the
assumption of (Q-WBCQ) f ,

p ∈ ∂ ( f +δC)(x0)+ cone co
⋃

t∈T (x0)

{wt}.

Noting that ∂ (wti(·)− k−1
ti (0))(x0) = {wti} for each ti ∈ T. There exists (λ ti)ti∈T ∈ R(T )

+ such
that

p ∈ ∂ ( f +δC)(x0)+ ∑
ti∈T

λ ti∂
(
wti− k−1

ti (0)
)
(x0) (5.2)

and
λ ti
(
wti(x0)− k−1

ti (0)
)
= 0 for each ti ∈ T. (5.3)

Thus,
p ∈ ∂

(
f +δC + ∑

ti∈T
λ ti(wti− k−1

ti (0)
)
(x0).

Combining this with (2.5) and (5.3), we see that, for each x ∈C,

〈p,x− x0〉 ≤ f (x)+ ∑
ti∈T

λ ti
(
wti(x)− k−1

ti (0)
)
− f (x0).

Therefore,

v(Pf−p)≤ inf
x∈C
{ f (x)−〈p,x〉+ ∑

ti∈T
λ ti
(
wti(x)− k−1

ti (0)
)
} ≤ v(D f−p).

This together with the stable weak Lagrange duality implies that v(D f−p) = v(Pf−p) and λ ∈
S(D f−p).

Conversely, suppose that the stable total Lagrange duality holds between (Pf ) and (D f ). Let
x0 ∈ dom f ∩A. In view of Remark 3.1, we only need to show

∂ ( f +δA)(x0)⊆ ∂ ( f +δC)(x0)+ cone co
⋃

t∈T (x0)

{wt}. (5.4)

To do this, Suppose that p ∈ ∂ ( f + δA)(x0). Then, by (5.1), x0 ∈ S(Pf−p). Thus, by the stable
total Lagrange duality holds between (Pf ) and (D f ), there exists λ ∈ S(D f−p) such that

f (x0)−〈p,x0〉= inf
x∈C
{ f (x)−〈p,x〉+ ∑

ti∈T
λ ti
(
wti(x)− k−1

ti (0)
)
}

≤ f (x0)−〈p,x0〉+ ∑
ti∈T

λ ti
(
wti(x0)− k−1

ti (0)
)

≤ f (x0)−〈p,x0〉,

(5.5)

where the last inequality holds as wti(x0)− k−1
ti (0)≤ 0 for each ti ∈ T . Hence,

∑
ti∈T

λ ti
(
wti(x0)− k−1

ti (0)
)
= 0

and for each x ∈C,

〈p,x− x0〉 ≤
(

f + ∑
ti∈T

λ ti(wti− k−1
ti (0))

)
(x)−

(
f + ∑

ti∈T
λ ti(wti− k−1

ti (0))
)
(x0).
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This implies that ti ∈ T (x0) and

p ∈ ∂
(

f +δC + ∑
ti∈T

λ ti(wti− k−1
ti (0))

)
(x0).

Consequently,

p ∈ ∂
(

f +δC + ∑
ti∈T (x0)

λ ti(wti− k−1
ti (0))

)
(x0) = ∂ ( f +δC)(x0)+ ∑

ti∈T (x0)

λ tiwti

⊆ ∂ ( f +δC)(x0)+ cone co
⋃

t∈T (x0)

{wti}.

Therefore, the (Q-WBCQ) f holds. �

The following corollary is a direct consequence of Theorem 5.1 and generalizes [18, Theorem
3.7].

Corollary 5.1. The family {δC;gi : i ∈ I} has (Q-WBCQ) f . Then the total Lagrange duality
between (Pf ) and (D f ) holds.

Specializing with f = 0, we have the following theorem.

Theorem 5.2. The following statements are equivalent:
(i) The family {δC;gi : i ∈ I} satisfies (Q-WBCQ)0, that is

NA(x) = NC(x)+ cone co
⋃

t∈T (x)

{wt}. (5.6)

(ii) If h ∈ ΛA(X) is such that

∂ (h+δA)(x) = ∂h(x)+NA(x) (5.7)

and S(Ph) 6= /0, then the total Lagrange duality between (Ph) and (Dh) holds.
(iii) If h ∈ ΛA(X), S(Ph) 6= /0 and conth∩A 6= /0, then the total Lagrange duality between (Ph)

and (Dh) holds.
(iv) If h ∈ X∗ and S(Ph) 6= /0, then the total Lagrange duality between (Ph) and (Dh) holds.

Proof. (i)⇒ (ii). Let h ∈ ΛA(X) be such that (5.7) holds. Then, it follows from (5.6) and (2.12)
that

∂ (h+δA)(x)⊆ ∂ (h+δC)(x)+ cone co
⋃

t∈T (x)

{wt}.

This shows that the family {δC;gi : i ∈ I} has the (Q-WBCQ)h (see Remark 3.1). Applying
Corollary 5.1, we complete the proof of the implication (i)⇒ (ii).

(ii)⇒ (iii). This is clear that (5.7) holds for all h ∈ ΛA(x) with conth∩A 6= /0.
(iii)⇒ (iv). This is trivial.
(iv) ⇒ (i). It is a straightforward consequence of Theorem 5.1 (applied 0,h in place of

f ,−p). �
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