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Abstract. As one of the mainstream clustering methods, the spectral clustering has aroused more and
more attention recently because of its good performance, especially in nonlinear data sets. However,
traditional spectral clustering models have high computational complexity. Meanwhile, most of these
models fail in distinguishing the noisy and useful features in practice, which leads to the limitation of
clustering performance. In this paper, we propose a new fast spectral clustering with self-weighted fea-
tures (FSCSWF) to achieve good clustering performance through learning and assigning optimal weights
for features in a low computational complexity. Specifically, the FSCSWF selects anchors from original
samples, then learns the weights of features and the similarity between anchors and samples interactively
in a local structure learning framework. This interactive learning makes the learnt similarity can better
measure the relationship between anchors, and samples due to the optimal weights make the data points
become more discriminative. Moreover, the connectivity constraint are embedded to make sure that the
connected components of bipartite graph constructed by the learnt similarity can indicate clusters di-
rectly. In this way, the FSCSWF can achieve good clustering performance and has a low computational
complexity, which is linear to the number of samples. Extensive experiments on synthetic and practi-
cal data sets illustrate the effectiveness and efficiency of the FSCSWF with respect to state-of-the-art
methods.

Keywords. Anchor points; Bipartite graph; Local structure learning; Spectral clustering; Self-weighted
features.

1. INTRODUCTION

Clustering, as a widely used unsupervised learning technique, aims to divide samples into
a specific number of groups based on the similarity among the samples. It is widely used in
pattern recognition [1], machine learning [2, 3], image analysis [4], data mining [5], to name
a few. After decades of development, many clustering algorithms have been proposed, such as
K-means [6], Ratio-cut (R-cut) [7], CURE [8], DBSCAN [9]. From the viewpoint of involved
methods, existing clustering methods can be roughly divided into: spectral clustering [10, 11,
12, 13], hierarchical clustering [14], density-based clustering [15, 16, 17], subspace clustering
[18, 19], deep clustering [20] and so on.
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In recent years, the spectral clustering has received more and more attention because it has
a wide range of applications. Spectral clustering algorithm, which can be used to detect non-
convex patterns as well as nonlinear data sets [10, 21], is unsuitable for other clustering methods
based on Euclidean geometry. The basic framework of the spectral clustering algorithm can be
divided into three steps. First, build a similarity graph (SG) according to the data points; then
perform eigenvalue decomposition to obtain the low-dimensional representation of data points
based on SG [22]; finally, get the clustering results through partitioning on the low-dimensional
representation of data points. In practice, based on different methods to construct similarity
graph, spectral clustering can be divided into different models: local structure learning [23, 24],
and global structure learning [25, 26], etc. However, the SG establishment and the eigenvalue
decomposition have high computational complexity, which are O(rn?) and O(n?), respectively,
where 7 is the number of samples. The high computational complexity makes the traditional
spectral clustering methods unsuitable for large-scale data sets.

In order to reduce the computational complexity, many fast spectral clustering (FSC) methods
were proposed. Choromanska et al. [27] employed the Nystrom approximation to the Lapla-
cian matrix to perform clustering; Chen et al. [28] scaled down the computational complexity
by sequentially reducing the dimension of the Laplacian matrix; Wang et al. [29] constrained
the co-clustering factor matrices to be cluster indicator matrices to decouple the optimization
problem into smaller size subploblems. Moreover, anchor-based clustering can also effectively
reduce complexity through selecting anchor points from the original samples to learn the opti-
mal bipartite graph; see, e.g., [13, 30, 31, 32, 33]. Due to the number of anchor points is much
less than that of samples, the computational complexity corresponding to the process of con-
structing the bipartite graph can be reduced greatly. However, existing FSC models follow the
assumption that there is no rank relationship for features including noisy and useful features,
which is not adaptive in practical and limit the clustering performance.

In this paper, we propose a new fast spectral clustering method, called FSCSWF, which can
learn the optimal weights of all features inspired by the self-weighted technique mentioned
in SWCAN [34] for the anchor-based FSC model in a low computational complexity. First,
our method selects anchor points from original samples by the K-means method which makes
the anchor points more representative than random ways. Then, aiming to make the similar-
ity between anchor points and samples can better measure the relationship between them, our
method learns the weights of all features and the similarity interactively in a local structure
learning framework. In the learning process, the learnt similarity constructs the bipartite graph
and the connectivity constraint are embedded to make sure that the connected components of
bipartite graph can indicate clusters directly. The FSCSWF takes advantage of the learnt op-
timal weights of features to make the data points more discriminative so as to learn the better
similarity which can help improve the clustering performance. Moreover, the use of bipartite
graph makes the computational complexity is linear to the number of samples. Therefore, the
FSCSWF can achieve good clustering performance with a low computational complexity. Ex-
tensive experiments illustrate that the FSCSWF has better clustering performance compared to
other state-of-the-art techniques on synthetic and practical data sets.

To sum up, the main contributions of this paper are as follows.
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(1) We propose a new fast spectral clustering with self-weighted features (FSCSWF) frame-
work, to learn the weights of features and the similarity between anchors and samples interac-
tively to make the similarity can better measure the relationship between anchors and samples.

(2) We embed the connectivity constraint to the framework of the FSCSWF to ensure the
connected components of bipartite graph, which is constructed by the learnt similarity, can
indicate clusters directly.

(3) We propose an effective algorithm, whose overall computational complexity is linear to
the number of samples, to realize the interactive learning of weights and similarity as well as
clustering on samples.

The rest of this paper is organized as follows. In Section 2, we list the notations used in
this article and revisit the related works for spectral clustering and anchor-based clustering. In
Section 3, we propose the FSCSWF model to learn optimal weights of different features as well
as the similarity between samples and anchors simultaneously. In Section 4, we develop an
efficient algorithm to optimize the FSCSWF and compare time complexity. In Section 5, we
perform extensive experiments to verify the effectiveness of the FSCSWE. At last, we draw the
conclusion in Section 6.

2. RELATED WORK

2.1. Notations. In this subsection, we give some general notations, which will be used later.
First, all the matrices are written as uppercase throughout this paper, such as M. For a matrix
M, the transpose of M is MT, and the trace of M is Tr(M). m; means the ith row of M, and
m;; means the 7, j-th element of M. Besides, ||v||, is the l,-norm of vector v, and ||M|| is the
F-norm of matrix M. The specific definitions of notations are listed in TABLE 1.

TABLE 1. Notations and abbreviations

Notation Definition

n the number of samples

m the number of anchors

c the number of clusters

d the dimension of features

X; ith sample

uj jth anchor

X € R4 the data matrix

U e R4 the anchor matrix

Z e R™m zjj denotes the similarity between x; and u;

S € Rtm)x(ntm)  the bipartite graph constructed by Z
D, € Rimtm)x(ntm)  the degree matrix of S

L, € Rinrtm)x(ntm)  the normalized Laplacian matrix of S
0 c R4 the wight matrix

2.2. Spectral clustering. Denote that the data set is X = [x|; x2; ...; x| € R"™4 and spectral
clustering constructs an undirected graph & = {¥", &, W}, where ¥ is the set of verticals in this
graph, which are the data points x;, i =1, 2, ..., n; € denotes the edge set and each edge on
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behalf of the similarity relationship of one pair of vertexes; W € R"*", called similarity matrix,
denotes weights of the edges [35]. Let L = D — W, which is called the Laplacian matrix [36],
and the matrix D is named as the degree matrix which is a diagonal matrix with the ith diagonal
element D;; = 27:1 Wii.

Spectral clustering models make the use of the ¢ eigenvectors of L corresponding to ¢ smallest
eigenvalues, where c is the number of clusters, to obtain the spectral embedded representation
F € R"*¢, Based on this, Ratio-cut (R-cut) [7] and Normalized-cut (N-cut) [12] have been
proposed. In practice, the objective function of R-cut can be written as follows:

min Tr(FTLF),
F

(2.1)

s.t. FTF =1,
where F is the spectral embedded representation, and L is the Laplacian matrix defined before.

As for N-cut, the objective function is

minTr (FTLF),
F (2.2)

st. FTF =1,

where F is the spectral embedded representation, and L is the normalized Laplacian matrix
which is defined as L =1 —D~'/2WD~1/2, Because the graph construction and eigen-decomposition
both have high computational complexity, traditional spectral clustering models are inapplicable

to large-scale data.

2.3. Anchor-based clustering. To alleviate the problem of high computational complexity,
anchors or landmarks were widely in used in scalable spectral clustering; see, e.g., [13, 37] for
more details. The core idea in anchor-based spectral clustering models is the construction of the
small graph Z € R™*" to represent the similarity between anchors and original samples, where
n is the number of samples and m is the number of anchors and use Z to generate the bipartite
graph. Generally, the small graph Z can be obtained by the kernel function, global structure
learning, local structure learning and so on. As for the kernel method, taking the Gaussian
kernel function for example, Z can be computed as [13]:

Ko (xi,u)

Yicu.. Ko(xi,uj

Zij ),j cUsis, (2.3)

il

5572 ), and U.j~ € R” xd g composed of the r nearest anchors of the

where K5 = exp(
sample x;.
As for the global structure learning, Z can be learnt by solving the following problem [33]:

. 2 2
min X—ZU o||Z
Z-1:11,220” lr+allZl, (2.4)

where o is the regularization parameter. Different from the kernel method and global structure

learning method, local structure learning can capture the local structure information of samples
and anchors well and learn the matrix Z by solving the following problem [35, 38]:

n

m
. 2
oy L Il 2l =
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FIGURE 1. Schematic diagram of the framework of the FSCSWEF. There are
three main steps in the framework of the FSCSWF: select anchors from samples
and the data points contain original features; construct bipartite graph of anchors
and samples and learn optimal weights of features; clustering data points into
specific groups based on the optimal bipartite graph.

where 7 is the regularization parameter.

3. METHODOLOGY

In this section, we propose a new fast spectral clustering with self-weighted features, called
FSCSWE, to obtain good clustering performance through assigning optimal weights for all fea-
tures with a low computational complexity.

Denote that X = [x1; x2; ...; x,] € R™¢ as the original samples and U = [uy; uo; ...; U] €
R™*4 a5 the generated anchor points from X through the K-means method instead of the ran-
dom sampling in order to make the anchors more representative. The similarity between orig-
inal samples and the anchor points can be learnt through a local structure learning method as
following:

n o m
. Z 2 2
mz‘“,Zu]Hx’ 4l Il (3.1)

st.Z1=1,Z>0.

However, the similarity matrix Z can be learnt through solving (3.1), the difference of features
dose not get enough attention in (3.1). In order to make the samples more discriminative so as
to improve the clustering performance, we need to assign optimal weights for features based on
the importance of features [34]. Instead of assigning the weights based on the prior knowledge
of samples, we propose a method to learn the weights of all features as well as the similarity
between samples and anchor points simultaneously through embedding the weight matrix ®
into (3.1):
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p@

m
) [%i©® — ;0|3 2i; + ¥1|ZI}

l 1j

d (3.2)
sL0<6 <1, Y 6=1,
k=1

® =diag(6;), Z-1=1,Z >0,
where ® € R?*? is a diagonal matrix and its diagonal elements are the weights of features. In

this way, the weights as well as the similarity can be learnt simultaneously and interactively to
both achieve optimal values. Then the bipartite S graph can be constructed based on Z as [39]:

0 Z
S— [ZT 0} | (3.3)
And we can obtain the the degree matrix of S as:
Dy O
Dg = { 0 Dz] , (3.4)

where Dy and D, are both diagonal matrices and the ith diagonal element of Dy is defined
as Z’]”: 1 2ij while the jth diagonal element of D, is defined as ) | z;;. Correspondingly, we
calculate the normalized Laplacian matrix as [40]:

Ls=1-Dg'*sps'. (3.5)
The normalized Laplacian matrix defined by (3.5) has one important property [36, 41]:

Theorem 3.1. The multiplicity k of the eigenvalue 0 of the normalized matrix Ly is equal to the
number of connected components in the graph associated with S

According to Theorem 3.1, if rank(Ly) = (n+ m) — ¢, then the n data points as well as m
anchor points can be divided into ¢ clusters, which is an ideal clustering result. Therefore,
we add the connectivity constraint to the framework of the FSCSWF to ensure the connected
components of bipartite graph S can indicate clusters directly. Correspondingly, the objective
function of the FSCSWF is

HM:

m
Z %i© —u;©|5 21+ ¥1|ZI7

d . (3.6)
s.L.0<6 <1, ) 6,=1, ®=diag(6),

k=1
Z-1=1,Z>0, rank(Lg) = (n+m) —c.

The framework of the FSCSWF is shown in FIGURE 1.

4. OPTIMIZATION ALGORITHM

4.1. Optimization strategy. To avoid solving the difficult rank constrain in problem (3.6), we
transfer problem (3.6) to an equivalent problem through relaxing the rank constraint to a matrix
form and then solve the problem by iterative method.
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We denote oy, (Ly) as the Ath smallest eigenvalue of L. Then, problem (3.6) can be relaxed as
following problem if the value of A is large enough.

n m
min )" Y 60— 0[5z + 712/} + 2 Y oilLs),

Z =1 j=1 k=1
4.1)
st.0< 6 <1, Z O = 1,0 = diag(6y),
k=1
Z-1=1,Z>0.
According to Ky Fan’s Theorem [42], we have
Z mlnTr (FTLgF),
h=1 4.2)

st. FTF =1, F e R™¢,

where ¢ is the number of clusters. Therefore, problem (3.6) can be transformed as following
problem, which is easier to tackle.

n m
min ) )" [[xi© - |2z +VI|Z|% + ATr(FT LF),

A =1 j=1

d ‘ 4.3)
s.t.0<9k<1,29k=17®:d13g(9k),

k=1
Z-1=1,Z>0, FTF=1.

To cope with problem (4.3), we need to solve three sub-problems for ®, F and Z, respectively.
In this section, we obtain the optimal solution for the three variables by fixing any two of them
and update the rest one.

4.1.1. Update © with F and Z fixed. Then, problem (4.3) can be rewritten as its equivalent
form

mmZ Z [ _”J@)szuv

i=1j= (44)
s.t. Tr(®) =1, ®> 0.
In order to solve problem (4.4), we need to transform it into matrix form based on the fol-

lowing lemma.

Lemma 4.1.

Y Y [0 w02 z; = TH{OT (XTDyX + UT DU —2XTZ0)6),
i=1j=1

m n
s.t. D = diag(z Zij), D2 = diag(Zzij),
j=1 i=1

Tr (@) =1, © > 0.
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Proof.
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n
ZZ[] @TXT+ZM] ZZ[] Z

@TXTD1X®) + Tr(@TUTDzU(B) 2Tr(®TXTZU®)
ol (xTx +uTD,U —2xTzU)0], D, =1,.

||M§

T
—_

| |
=

r—|/\

O

Following Lemma 4.1, denote P € R¥*? = XTX + UTD,U —2XT ZU and (4.4) can be rewrit-
ten as following:

min Tr(® PO),
© (4.5)
st TH(@®) =1, © > 0.

Denote p; as the kth diagonal element of P, and we can obtain the following relationship:

Tr(®' PO) = Z 07 p;. (4.6)

As for the two constraints of ®, we first ignore the non-negative one ® > 0 and consider
Tr(®) = 1 only. Then Lagrange function of problem (4.5) can be written as

L(6,7 Z 67 pi+1 Zek—l), (4.7)
k

where 1 > 0 is the the Lagrangian multiplier. We solve 6 by setting the derivative g—lé =

26, p; +n = 0 and then can obtain the following result.
-n
2p;

Combining the constraint Tr(®) = 1, which means Zg:1 6, = 1, with (4.8), the closed form
solution of 6 can be written as

6, = (4.8)

1
Op = —. 4.9)
d 1
Py Yi=1 I
As for the non-negative constraint ® > 0, if we can prove that the value of the kth diagonal
element of P is greater than zero (p; > 0), then, without loss of generality, this constrain can be
satisfied based on (4.9).
Because of P = X' X +UTD,U —2X" ZU, its diagonal element P, can be written as



FAST SPECTRAL CLUSTERING WITH SELF-WEIGHTED FEATURES 25

i = xka:,k - ukazu;,k - fokZu;7k
= Tr(x.Tkx. k) + Tr(u.Tszu. k) — 2Tr(xkau:_‘k)

= Z Z szk ”Jkszm

i=1j=

where x. ; € R™! and Ui € R™*1 are the kth column of X and U, respectively. Because of
0 <z < 1and |[x;x —u;jx|[3 >0, we can prove that p} > 0 ,which leads to ® > 0. Therefore,
the optimal solution of ® can be achieved by solving problem (4.9).

4.1.2. Update F with ® and Z fixed. Problem (4.3) can be written as following:
min Tr(FTLF)

= minTr(F7 (I - D; '*sDy /*)F)
F (4.10)
= max Tr(FT Dy V2spi ' F),

st. FTF=1.

Supposing that F € R(+m)xe — [M;N|, M € R"™¢ N € R™ ¢ as well as combining the structure
of S and Dy defined in (3.3) and (3.4) respectively, problem (4.10) can be rewritten as

max Tr(M” D, '/*zD; "> N)
3 (4.11)
st. MM +NTN=1.

According to [40], we can solve problem (4.11) by a SVD decomposition method described
in Lemma 4.2.

Lemma 4.2. The optimal solutions to the problems:

max Tr(XTQY)
XTX+yTy=I

are X = @U L,Y = @Vl where Uy and V| are corresponding to the top c left and right singular
vectors of Q, respectively.

According to Lemma 4.2, we suppose that Dl_l/ ZZDZ_ 12 2 Q. Therefore, the optimal solu-
tions of M and N are

2 2
=t =, @12)

where M, and N, are corresponding to the top c left and right singular vectors of Dl_l/ ZZDZ_ 1/ 2,
respectively. Therefore, F' can be updated as [§MZ; gNZ].
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Algorithm 1 Optimization Algorithm for the FSCSWF

Input: Data X = [x1; x2; ...; x| € R"*4_cluster number ¢, anchor number m, tradeoff param-
eter A and the number of neighbors k.
Output: Results of clustering.
1: Run K-means on X to obtain the anchor matrix U € R"*4.
2: Initialize Z by solving Eq.(4.17) where [;; = ||x,~ — ujHi and calculate y through (4.18).
3: while not converge do
4.  Update F by solving Eq.(4.12).
5

Update © by solving Eq.(4.9).
2

6:  Update Z by solving Eq.(4.17) where [;; = Hx,-@) — ”J@H; +A- H \/L;T _ i

dn+j 2
7: end while
8: F=[M;N] € ]R(”er)xc, run K-means on M to achieve the clustering results.

4.1.3. Update Z with ® and F fixed. The constraints of problem (4.3) will be simplified largely
and the remaining ones are Z -1 = 1,Z > 0 with the objective function as

mmZ Z [%i® — ;0325 + Y1 ZI[} + ATe(FT LyF)
=17= (4.13)

st. Z-1=1,Z>0.
According to [43],

T I”i""i" i Ji
Tr (F LF) - —|| Sij
23 j=1 Vi Vdj 2
) (4.14)
ii fn+j
i=1j=1 n+] 2

where f; is the ith row of F, while d; is the ith row of Dy. Let [x® —u;®|5 = dX and
L _ fn+j

n+j 2

= le; Then, problem (4.13) can be transformed into

min (dxuzlj +25+ Ad, fZlJ)

M:
(ngE

~.
Il

I
NE. T
™=

(yz,, + (3 + Ad)zij)

I
—_

(4.15)
2

Zi+

= min
"

st.hi=d"+Ad/, Z-1=1,Z>0.

The Lagrange function of problem (4.15) can be constructed as

2
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2

—a(zi-1—1) =Bz, (4.16)
2

n

L(zi,n,Bi) = % Y

i=1

1
Zi+ Z/li

where a > 0 and f3; > 0 are the Lagrangian multipliers. According to KKT conditions, the
closed form solution of z; and ¥ can be set as [44]

zi=(—5_-+ta), (4.17)

n 15 1 k
—a L=y EGhia =g Ll (4.18)

:I_‘

where k is the number of nearest neighbours.

The complete optimization algorithm of the FSCSWF is summarized in Algorithm 1. Ac-
cording to the theory of alternating optimization proposed in [45], the value of our objective
function defined in (4.3) will decrease monotonously after each iteration until it converges. Be-
sides, the value of our objective function is non-negative because its three terms are defined by
[,-norm or F-norm. Therefore, our objective function has a lower bound, such as 0, and the
iteration algorithm converges.

4.2. Computational complexity analysis. In this section, we analyse the computational com-
plexity of three main parts of our algorithm: updating F', ®, and Z.

Suppose that £,n,m,d, k are the number of optimization iterations, data points, anchor points,
data features, and nearest neighbors. The computational complexity of our algorithm mainly
comes from the following steps:

(1) Updating F' by SVD decomposition of D 1/2 ZD,
plexity of O((m> +mn)t);

(2) Updating Z has the the computational complexity of O((mnk)t).

(3) The main computational complexity of updating ® exists in calculating P € R?*¢ =
XTX +UTD,U —2XTZU, which takes O((d*n +dm?® + d*m+ dmn)t).

Therefore, the overall computational complexity of the FSCSWF is linear to the number
of data points n. When dealing with large-scale data which has a large value of n, because
of m < n, our algorithm has a lower computational complexity compared with some spectral
clustering and graph-based algorithms, such as CAN [23] with O(n?d + (n® +n?d)t), CLR [24]
with O(n’t) and SWCAN [34] with O((n® + ndmax(n,d))t).

/2 € R has the computational com-

5. EXPERIMENTS

5.1. Data sets.

5.1.1. Synthetic data sets. To test the clustering performance of our method, we do visualiza-
tion experiments on two popular synthetic data sets: Two-moon data set and Three-ring data
sets. The Two-moon data set can be divided into two classes, and the numbers as well as fea-
tures of this data set are 600 and 2 respectively. The Three-ring data set can be divided into
three classes, and the numbers as well as features of this data set are 1000 and 3 respectively.
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TABLE 2. The description of Practical benchmark data sets

Data sets Numbers Features Classes
150 4 3
203 3312 5
213 1024 10
575 10304 20
690 8261 10
1404 320 36
1440 1024 20
2007 256 10
10000 784 10
o | e
L £ g £ %

(a) Original Data

(b) Result of K-means

e

o

(c) Result of SGL

(d) Result of FSCSWF

. %}

o

£33

oo '_.",_(M -;"
: ’:5;3:.;*}

(g) Result of SGL (h) Result of FSCSWF

(e) Original Data (f) Result of K-means

FIGURE 2. Clustering results on synthetic data sets. (a)-(d) are results on Two-
moon data set. (e)-(h) are results on Three-ring data set.

5.1.2. Practical benchmark data sets. Apart from the synthetic data sets, we also use nine
practical benchmark data sets to test the performance of our method: TR45 [33], Iris [46], Lung
[47], Jaffe [48], UMist [49], BA [50], Coil20 [51], USPS [52], MNIST [53]. The details of
these data sets are summarized in TABLE 2. In addition, we employ the PCA to increase the
efficiency of experiments as in [19].

5.2. Experiments Setup. In order to demonstrate the performance of the method (FSCSWF),
we choose the following comparison methods: K-means [6], N-cut [12], LSC-K [13], LSC-R
[13], SGL [33], and ESCG [54]. The summaries of these methods are:
K-means: One of the simplest and the best known unsupervised learning algorithms, which
assigns each data point to one of the clusters by minimizing the within-cluster sum of squares.
N-cut: A classic algorithm, which measures both the total dissimilarity between the different
clusters as well as the total similarity within the clusters.
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TABLE 3. Clustering performance on practical benchmark data sets of various
methods (the best performance are highlighted and time is measured in seconds)

Iris ‘ Lung ‘ Jaffe

ACC NMI Purity Time | ACC NMI Purity Time | ACC NMI Purity Time

K-means 0.8867 0.7364 0.8867 0.0031|0.7094 0.5279 0.8966 0.1221 | 0.9155 0.8995 0.9155 0.0054
N-cut  0.9067 0.7787 0.9067 0.0027 | 0.7438 0.3219 0.7882 0.0053 | 0.8920 0.8616 0.8920 0.0039
LSC-R  0.9267 0.8253 0.9267 0.0251 | 0.6207 0.4206 0.8227 0.0348 | 0.9624 0.9438 0.9624 0.0319
LSC-K 0.8933 0.7782 0.8933 0.0214 | 0.7586 0.5092 0.8768 0.1193 | 0.9859 0.9780 0.9859 0.0497
ESCG 0.9600 0.8697 0.9600 0.0260 | 0.9212 0.6822 0.9261 0.0222 | 0.9859 0.9783 0.9859 0.0370
SGL 09133 0.7694 0.9133 1.2719 | 0.9163 0.6953 0.9261 2.2152|0.9953 0.9917 0.9953 0.4330
FSCSWF 0.9667 0.8983 0.9667 0.0388 | 0.9458 0.7933 0.9458 1.8797 | 0.9953 0.9918 0.9953 0.3538

UMist \ TR45 \ BA

ACC NMI Purity Time | ACC NMI Purity Time | ACC NMI Purity Time

K-means 0.3948 0.6032 0.4626 0.0388 | 0.6319 0.6182 0.7667 0.0287 | 0.4345 0.5848 0.4594 0.1840
N-cut  0.4765 0.6266 0.5130 0.0406 | 0.7217 0.6875 0.8406 0.0375| 0.3832 0.5461 0.4124 0.5372
LSC-R 0.4661 0.6598 0.5287 0.1709 | 0.6971 0.6373 0.8058 0.1736 | 0.4487 0.5817 0.4751 0.7773
LSC-K 0.4922 0.6676 0.5426 0.2690 | 0.7333 0.6801 0.8464 0.2396 | 0.4679 0.5946 0.4922 1.1237
ESCG  0.6643 0.7379 0.6870 0.1371|0.7029 0.6679 0.8203 0.3137 | 0.4274 0.5589 0.4523 1.1542
SGL  0.5739 0.6996 0.6278 7.1644 |0.7522 0.7051 0.7754 1.9401 | 0.4815 0.6021 0.5028 3.9955
FSCSWF 0.6817 0.7499 0.6939 0.8495 | 0.8261 0.7526 0.8464 0.6175 | 0.4843 0.6134 0.5121 3.0414

Coil20 USPS MNIST

ACC NMI Purity Time | ACC NMI Purity Time | ACC  NMI Purity Time

K-means 0.6583 0.7341 0.6687 0.0848 | 0.7025 0.6718 0.7683 0.0985 | 0.5611 0.5385 0.6171 1.3367
N-cut  0.6660 0.7450 0.7201 0.0490 | 0.6692 0.6294 0.7349 0.2917 | 0.5504 0.4781 0.6016 8.4015
LSC-R  0.6993 0.7809 0.7285 0.3471 | 0.6288 0.6414 0.7374 0.5913 | 0.6742 0.6600 0.7125 3.6337
LSC-K 0.7153 0.7790 0.7194 0.6041 | 0.7524 0.7442 0.8251 0.8283 | 0.7277 0.7214 0.7770 11.7420
ESCG  0.8083 0.8728 0.8313 0.2340 | 0.7419 0.6701 0.7509 0.2577 | 0.5533 0.5642 0.6196 7.6364
SGL  0.7646 0.8185 0.7681 6.1577 | 0.7803 0.7974 0.8515 5.9714 | 0.6283 0.6044 0.6709 39.5280
FSCSWF 0.8049 0.8737 0.8257 3.4176 | 0.8490 0.7944 0.8535 3.8042 | 0.7679 0.7852 0.8067 48.3621

4 10 20 30 a0 50 60 70 80 [ 10 20 30 a0 50 60 70 80 o 10 20 30 40 50 60 70 80
Noise Level Noise Level Noise Level

FIGURE 3. Performance of different methods on Coil20 with different standard
deviations of Gaussian noise (from O to 80).

LSC-K: A landmark-based spectral clustering method using K-means to select landmarks.

LSC-R: A landmark-based spectral clustering method using random sampling to select land-
marks.

ESCG: An efficient spectral clustering method uses the shortest path algorithm to generate
bipartite graph.

SGL: An effective graph-based subspace clustering method based on anchor points and bi-
partite graph, which was proposed recently.
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FIGURE 4. The images with white Gaussian noise. From left to right, the stan-
dard deviation o, increases from O to 80 (with an interval of 10).

Moreover, some parameters of the above methods need to be determined before we start our
experiments. To be fair, for LSC-K, LSC-R, ESCG, SGL and FSCSWE, the number of anchors
(or landmarks) m are selected from the same range under each specific data set. We select the
optimal values of tradeoff parameters of SGL and FSCSWF from the same range: 10~% to 10*.
The optimal values of the number of nearest neighbors k of FSCSWEF are selected from [2, 3, 4,
6, 8, 10, 15]. For LSC-K and LSC-R, the parameter r is set as 6 empirically according to [13].
For N-cut and ESCG, we use RBF kernel of the form K = exp(—(||x; —x;|3)/ (¢ - d2,)) where
dmax 1s the maximum distance between samples to construct adjacency matrix and we turn the
parameter ¢ in the range [0.01, 0.1, 1, 10, 100].

The clustering performance evaluation metrics we employ are accuracy (ACC) [55], normal-
ized mutual information (NMI) [56] and Purity [57]. The ACC is defined as the maximum
overall accuracy rate among all possible permutation mappings between clusters and true class
labels. The NMI is used to measure the similarity of clustering results by measuring the nor-
malized statistical information shared between two distributions. Purity calculates the ratio of
the number of correctly clustered samples against the total number of samples.

5.3. Comparison results.

5.3.1. Clustering performance on synthetic data sets. We use two synthetic data sets (Two-
moon and Three-ring data sets) to test the clustering performance of K-means, SGL, and FSC-
SWEF. The experimental results are visually shown in FIGURE 2 where different colors represent
different clusters of data. We can obviously see from the results that our algorithm FSCSWE,
which matches the data points into exactly two or three groups, can outperform K-means and
SGL on both synthetic data sets. Especially, the FSCSWF achieves perfect clustering perfor-
mance (ACC = 1, NMI = 1 and Purity = 1) on both synthetic data sets.

5.3.2. Clustering performance on practical benchmark data sets. We tune the parameters of
each method under fair range to obtain the best clustering performance. The experimental
results of our algorithm and other state-of-art methods on nine practical benchmark data sets are
reported in TABLE 3. The results show that FSCSWF outperforms other methods in most cases.
To be specific, FSCSWF improves SGL, ESCG, LSC-K by 5.37%, 6.18% and 8.83% on ACC;
6.32%, 7.23% and 8.89% on NMI; 4.61%, 4.59% and 5.41% on Purity in average, respectively.
As for other methods, we could see that ESCG performs best on data set Coil20 but poorly
on data set BA and MNIST; LSC-K has a relatively higher and more stable performance than
LSC-R, which could result from the landmarks selected by K-means are more representative
than random ways.

We run seven algorithms under the same environment and record the time cost for each data
set in TABLE 3. Compared with K-means, N-cut, LSC-K, LSC-R, ESCG and SGL, FSCSWF
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FIGURE 5. Influence of different anchor numbers on clustering performance
and running time when k and A are fixed.

could achieve better results with a reasonable time consumption in most cases, which illustrates
the effectiveness and efficiency of our algorithm.

ACC NMI Purity

e
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(d) ACC on BA (e) NMI on BA (f) Purity on BA

FIGURE 6. Influence of different values of tradeoff parameters on clustering
performance when number of anchors are fixed.
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5.3.3. Robustness against noise. In order to demonstrate the robustness of the FSCSWF against
noise, we choose Coil20 data set as the experimental benchmark and select half of the image
number of each class, 36 images, to add Gaussian noise via ¥ = x+ N (0, G,%), where o, means
the standard deviation. The standard deviation varies from O to 80 and the examples are shown
in FIGURE 4 visually.

To avoid randomness, we perform five experiments on the corrupted Coil20 data set and
then take the average of the results. From the results shown in FIGURE 3 we could see that
our method performs better than other methods in all levels of added noise and shows ideal
robustness. Specifically, the average clustering performance (ACC, NMI, Purity) of FSCSWF
in all levels of noise are 0.7916, 0.8596 and 0.8113 respectively, which improves SGL by 4.36%,
4.38% and 4.52% respectively and LSC-K by 6.49%, 6.59% and 8.02% respectively. Because
the optimal weights of features are learnt, the samples become more discriminative which really
contributes to the ability to resist noise of FSCSWE.

5.4. Parameters sensitivity and convergence analysis.

5.4.1. Number of anchors m. We choose three medium-size data sets: Coil20, USPS and
MNIST to analyse the influence of the number of anchors m. FIGURE 5 shows the clustering
performance and running time of FSCSWF on three data sets under various m. With the variety
of m, the clustering performance of FSCSWF is relatively stable in Coil20 and MNIST while is
quite sensitive in USPS data set. FSCSWF achieves optimal performance with a smaller amount
of anchors compared to the number of data points, specifically on Coil20 (m/n = 10.4%), USPS
(m/n=4.98%) and MNIST (m/n = 8%). This means that selecting enough anchors to construct
bipartite graph is essential to final results while overmuch anchors will not be beneficial to the
clustering performance. This phenomenon may results from the large amount of useless infor-
mation brought by too much anchors. From FIGURE 5 we could see that as the number of
anchors increases, running time ascends significantly, which illustrates that overmuch anchors
also influence the efficiency of algorithm.

In a word, achieving the optimal results using a reasonable number of anchors reflects both
effectiveness and efficiency of FSCSWE.

5.4.2. Tradeoff parameter k and 2. In this section, we analyse the sensitivity of FSCSWF with
respect to two tradeoff parameters: the number of nearest neighbors & and A. Taking Lung and
BA data set as the research objects, the number of anchors are fixed and parameters k varies over
the range of [3,4,5,6,7,8,9,10]. Parameter A varies over [1073,1072,10~!,1,10,10%,10°] and
[10~!,1,10,10%,10%,10*] on Lung and BA respectively. The results are exhibited in FIGURE
6. It can be seen that our method’s performance is quite robust to the change of k and A.
Except for the NMI on Lung data set, which has a decline from 70% to 50% with k increasing,
others are almost level off with the variety of two parameters, which illustrates the stability of
FSCSWF in practice.

5.4.3. Convergence analysis. Apart from the above analysis, we provide convergent curves
of FSCSWEF on different data sets in FIGURE 7 to verify the convergence of our algorithm.
The values of objective functions are normalized and show that the number of iteration on all
practical data sets are less than 15, which demonstrates that our algorithm converges rapidly in
practice.
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FIGURE 7. Convergence curves of FSCSWF on nine practical benchmark data sets.

6. CONCLUSION

In this paper, we propose a new fast spectral clustering with self-weighted features, FSCSWEF,
to achieve good clustering performance in a low computational complexity. In the framework
of the FSCSWE, the weights of features and the similarity between anchors and samples are
learnt in a local structure learning framework interactively, which makes the learnt similarity
can measure the relationship between anchors and samples better. Meanwhile, the connectivity
constraint is embedded to the framework of the FSCSWEF to ensure the connected components
of bipartite graph constructed by the learnt similarity can indicate clusters directly. The FSC-
SWF improves the clustering performance by assigning optimal weights for features so as to
make the samples more discriminative in clustering. Besides, the FSCSWF takes advantage of
anchors to construct bipartite graph, which makes the computational complexity of the FSC-
SWF is linear to the number of samples. Extensive experiments on synthetic and practical data
sets illustrate the effectiveness and efficiency of the FSCSWF with respect to state-of-the-art
methods.
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