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Abstract. We extend the viscosity approximation method (VAM) to accretive operators (via their resol-
vents) in a uniformly convex and/or uniformly Gateaux differentiable Banach space X to find a zero of
an m-accretive operator and of the sum of two m-accretive operators. In all cases, we prove the strong
convergence of our VAM algorithms and the limit of the iterates is identified as the unique sunny nonex-
pansive retraction onto to the zero set of the operator.
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1. INTRODUCTION

Let X be a Banach space with norm || - ||, and let A be an m-accretive operator in X such that
the set of zeros of A is nonempty, A~'0 := {x € D(A) : 0 € Ax} # 0. Finding a zero of A is an
important topic in the theory of accretive operators. One way to do this is via the resolvent Jﬁ
of A. Indeed, Reich [1, Theorem 1] proved that, for each x € X, Jj{x converges as A — oo to the
point Qx € A~10, and Q defines the unique sunny nonexpansive retraction from X onto A~!0 if
X is uniformly smooth. Since the resolvent le‘x is also a nonexpansive mapping with fixed point
set equal to A~'0foreach A > 0, fixed point methods such as Mann’s [2] and Halpern’s [3] (see
[4] for a brief survey) methods have been used to find zeros of accretive operators [5, 6].

In a recent paper [7], Aoyama and Toyoda applied Halpern’s method to the resolvent Jf to
prove the following result (which was also proved in [5] in a uniformly smooth Banach space
with a weakly continuous duality map J, for some gauge u).

Theorem 1.1. [7, Theorem 3.1, p. 809] Let E be a uniformly convex Banach space with a
uniformly Gdteaux differentiable norm, let C be a nonempty closed convex subset of E, and let
A C E x E an accretive operator. Suppose A~10 # 0 and D(A) C C C R(I+ AA) for all A > 0.
Assume {a,} C (0,1] and {A,} fulfil the conditions:

() limy, yeo 0, =0 and ) 7 0 = oo;
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(A) infyzo Ay > 0.
Fix u € C and define a sequence {x, } by x,+1 = ou+ (1 — (X,,)anxn, n >0, where xy € C. Then

{xn} converges strongly to Qu, where Q is the unique sunny nonexpansive retraction of C onto
A~10.

The viscosity approximation method (VAM) was introduced to the optimization theory by
Attouch [8] and developed to nonexpansive mappings by Moudafi [9] in Hilbert spaces and Xu
[10] in Banach spaces, respectively.

Let X be a Banach space, C a closed convex subset of X, and 7 : C — C a nonexpansive
mapping with Fix(T) # 0. We use I to denote the collection of all contractions on C. Namely,
f € Il¢ means that f : C — C is a contraction: || f(x) — f(y)|| < a||x—y|| for x,y € C and some
ac[0,1).

The VAM for a nonexpansive mapping T : C — C is outlined as follows. For ¢ € (0,1) and
f €I, the map x — tf(x) + (1 —¢)Tx is a contraction from C into C, and thus possesses a
unique fixed point x; € C. That is,

x,:tf(x,)—l—(l—t)Tx,. (11)

Theorem 1.2. [10, Theorem 4.1] Let X be a uniformly smooth Banach space (uniform Gateaux
differentiability is sufficient), C a closed convex subset of X, T : C — C a nonexpansive mapping
with Fix(T) # 0, and f € I¢. Then {x;} defined by (1.1) converges strongly to a point in Fix(T).
If we define Q : Tl¢ — Fix(T) by

O(f) :=limx,, fellg, (1.2)
t—0
then Q(f) solves the variational inequality

(U= J(Q(f)—p)) <0, felle, peFix(T).

In particular, if f =u € C is a constant, then (1.2) is reduced to the sunny nonexpansive retrac-
tion of Reich from C onto Fix(T)

(O(u) —u,J(Q(u)—p)) <0, ueC,peFix(T).

The purpose of this paper is to extend VAM to the resolvent Jf for finding a zero of an
m-accretive operator A in a Banach space. The VAM generates a sequence via the iteration
process

xn+1:(X,,f(xn)-l-(l—ocn)Ji‘nxn, n=0,1,---. (1.3)
We will investigate the strong convergence analysis of the VAM algorithm (1.3) in the frame-
work of the underlying space X being uniformly convex and/or uniformly Gateaux differen-
tiable. We will also introduce a split VAM (see Section 3 below) for solving the inclusion

0 € (A+B)x,

where A and B are both m-accretive operators in a Banach space X.

The structure of the paper is as follows. In Section2, we introduce some preliminaries, in-
cluding the concepts from Banach space theory such as uniform convexity, uniform smoothness,
and duality maps, and nonlinear mappings such as nonexpansive mappings and accretive oper-
ators. Two useful lemmas on real sequences are included as well, which are helpful in proving
the strong convergence of our algorithms in Sections 3 and 4. In Section 3, we prove the strong
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convergence of the VAM for finding a zero of the accretive operator A, and in Section 4, we
extend the convergence result obtained in Section 3 to the composite case of finding a zero of
the sum of two accretive operators A + B. Finally, a brief summary is given in Section 5, the
last section.

2. PRELIMINARIES

2.1. Convexity and smoothness. Let (X, | -||) be a Banach space with dual X* and let Sy :=
{x € X : ||x|| = 1} be the unit sphere of X. Consider the

t —
Lo = ]

1—0 t
where x,y € Sy. We say that (the norm of) X is

) (2.1)

e Gateaux differentiable (or smooth) if limit (2.1) exists for each x,y € Sx;
e uniformly Gateaux differentiable if limit (2.1) exists for each x,y € Sx, and is attained
uniformly in x € Sy;
e Fréchet differentiable if limit (2.1) exists for each x,y € Sy and is attained uniformly in
y € Sx;
e uniformly smooth if limit (2.1) exists and is attained uniformly in both x,y € Sx.
Recall that the modulus of convexity of X is the function Jy : (0,2] — [0, 1] defined by

sete) =int {1 -y e oyl 2.

We say that X is uniformly convex if dx(€) > O for any € € (0,2]. We also say that X is p-
uniformly convex for some p > 1 if there exists a constant ¢, > 0 such that 8x (&) > c,e” for
€€ (0,2].

It is known that if X is uniformly convex, then, given sequences {x,} and {y,} in X and real
numbers d > 0 and ¢ € (0, 1), the implication below holds:

Jim [ = lim [l = fim e, + (1 =)yl =d = Jim sy —3a] =0.

Recall also that the modulus of smoothness of X is defined as the function px(7) : Ry — R4

given by
X+Ty||+|x—7T
px(f)zsup{n ikl y||_1:x,yesx},

It is known that X is uniformly smooth if and only if lim;_,0px(7)/T = 0. Moreover, we say
that X is g-uniformly smooth for some 1 < g < 2 if there is a constant ¢, > 0 with the property
px (7) < c,t? for > 0. Itis known that X is p-uniformly convex if and only if X* is g-uniformly
smooth, with ¢ = p/(p — 1). For example, L? is 2-uniformly convex and p-uniformly smooth
if 1 < p <2, and p-uniformly convex and 2-uniformly smooth if 2 < p < oo. For more details
on the convexity and smoothness of Banach spaces, we refer to [11].

2.2. Duality maps. The concept of general duality maps was introduced to nonlinear map-
pings in a series of articles by Browder [12]-[16]. For the purpose of this paper, we need the
generalized duality map J,, of X for p € (1.00), defined by

Jp(x) = {x" € X* 1 frx®) = a|?, x| = [IxP71Y, xeX.

We write J for J, and call it the normalized duality map of X.
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It is worth pointing out that the duality maps can be used to characterize different sorts of
smoothness. Indeed, we will use the following facts.

e X is uniformly Gateaux differentiable if and only if the normalized duality map J of X
is norm-to-weak™ uniformly continuous on bounded sets of X;
e X is uniformly smooth if and only if the normalized duality map J of X is norm-to-norm
uniformly continuous on bounded sets of X.
In a g-uniformly smooth Banach space, the generalized duality J, is more appropriate in [17]
than the normalized duality map J, due to the following lemma.

Lemma 2.1. [18] If a Banach space X is q-uniformly smooth for some q € (1.2], then there
exists a constant K; > 0 such that

eV < el +q (v g (%)) + K llyl[?; - x,y € X.

Remark. 1If X = LP, then, for 2 < p < oo, X is 2-uniformly smooth with k, = p — 1; and for
1 < p <2, X is p-uniformly smooth with x, = (1+ 7571)(1 +1,)1 7P, where 1, € (0, 1) is the
unique solution of the equation (p —2)t?~! +(p—1)tP2—1=0for0 < 7t < I.

2.3. Nonexpansive mappings and accretive operators. Let X be a Banach space with dual
X* and let C be a nonempty closed convex subset of X. A mapping 7 : C — X is said to be
nonexpansive if

ITx—Ty| < lx—¥], xyec.
We use Fix(T) to denote the set of fixed points of T'; namely, Fix(T) = {x € C: Tx = x}.

Let A be a mapping with domain D(A) and range R(A) in X. For the sake of convenience, we
shall identify A with its graph G(A) := {(x,y) € X x X :x € D(A),y € Ax} in the product space
X x X. We say that A is accretive ([19]) if, for (x;,y;) € A (i = 1,2), there is j € J(xp —x1) such
that

(y2=y1,7) > 0.
It is known [20] that the accretiveness of A is equivalent to
H)C2 —X1 H < ||XZ — X1 +c(y2 —yl)H for (x,-,y,-) €A(@=1,2)and c > 0.

An accretive operator A is said (i) to satisfy the range condition if R(I + AA) D D(A) for all
A > 0, and (ii) to be m-accretive if R(I+ AA) = X for all L > 0. If A is accretive and A > 0,
then J9' := (I + AA)~! denotes the resolvent of A. It is known that J4 is single-valued and

nonexpansive from R(I + AA) to D(A). Moreover, Fix(J4) = A~'0 for all A > 0. The relation
below is referred to as the resolvent identity

Lx =1, (%)H— (1- %)J,lx)

forallx € X and A,y > 0.
Given v >0 and g € (1,0), we say that an accretive operator A is v-inverse strongly accretive
(v-isa) of order ¢ [21] if, for each x,y € Z(A), there exists j, € J,(x —y) such that

<M—V,jq> 2 VHM—V”q, ()C,l/t) EA: (y,v) EA.

When g = 2, we simply say that A is v-isa. This is a Banach space extension of the notion of
strongly inverse monotone operators in a Hilbert space.
For more details of accretive operators, the reader is referred to [20, 22].



THE VISCOSITY APPROXIMATION METHOD FOR ACCRETIVE OPERATORS 41

2.4. Tools for convergence of real sequences. The following convergence results on sequences
of real numbers play a key role in the strong convergence analysis of VAM (1.3).

Lemma 2.2. ([23, Lemma 2.5]) Assume that (s,) is a sequence of nonnegative real numbers
satisfying the condition:

Spr1 < (1 _Afn)sn +AntJvn +0,, n2>0, (2.2)

where (A,) and (o,) are sequences in (0, 1), and (B,) is a sequence in R. Assume that
1) Yo Ay =0,
(i1) limsup,,_,.. Uy < 0, and
(iii) T2, 6 < oo,

Then lim,,_yo. s, = O.

Lemma 2.3. [24, Lemma 2.6] Let {s,} be a sequence of nonnegative real numbers satisfying
the condition:

Sn1 < (1= An)sn + Anlly, n>0.
Suppose that {A,} is a sequence in (0, 1) satisfying the condition (i) of Lemma 2.2, and {u,}
is a sequence of real numbers satisfying the condition (for any subsequence {n;} of positive
integers):

limsupp,, <0 whenever limsup(sp,+1—sSn,) > 0.
k—so0 k—>oc0

Then lim,,_y00 5, = 0.

3. VISCOSITY APPROXIMATION METHOD

We begin with a technical result related to the unique sunny nonexpansive retraction Q as
constructed in Theorem 1.2. This lemma plays a key role in proving the strong convergence of
our VAM algorithms, due to the arbitrariness of the approximating fixed point of the nonexpan-
sive mapping 7.

Lemma 3.1. Let the assumptions of Theorem 1.2 hold and suppose that {z,} is an arbitrary
approximating fixed point of T (i.e., limy,_,e ||z — Tz4|| = 0). Then
limsup(Q(f) — f(Q(/)),J(Q(f) —zn)) < 0. 3.1

n—oo

Proof. Eq. (3.1) is [10, Eq. (39), p. 289] whose proof is still valid for the case that {x,} is
replaced with any sequence {z,} such that ||z, — T'z,|| — 0. The special case that f(x) = u was
also proved in [7, Lemma 2.9]. ]

Lemma 3.2. Let X be a uniformly convex Banach space and let A be an accretive operator
satisfying the range condition and with A~'0 % 0. Then, for any sequence {A} of positive
real numbers, and bounded sequences {x,} and {y,} in D(A) such that ||x, — y|| — Hanxn -
anynH — 0,
Hanxn —z|| = O, then ||x, —anan — 0.

(Xn—Yn) — (le‘nxn —le‘nyn) | — 0. In particular, if z € A='0 is such that ||x, —z|| —

Proof. Since each resolvent of accretive operators is firmly nonexpansive [25], one has

[ =Tyl < lleCr—y) + (1) (Shx =4y, x.y € DA), c € [0,1].
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It turns out that
173 %0 = T3 yull < lle(en —ya) + (1 =) (I X0 =T y)ll, ¢ €[0,1]. 3.2)

We may assume ||x, — y,|| — d > 0. Thus HJi‘nxn — anyn | = d. Moreover, it follows from (3.2)
that ||c(x, —y,) + (1 —¢) (anxn — Jfﬂyn) || = d for ¢ € (0,1). Then the uniform convexity of X
asserts that ||(x, —y,) — (anxn —Ji‘ny,,) || = 0asn— co. O

Theorem 3.1. Let X be a uniformly convex Banach space with a uniformly Gdteaux differen-
tiable norm and let A C X x X be an accretive operator in X with A~'0 # 0. Suppose that

C is a nonempty closed convex subset of X such that D(A) C C C R(I+ AA) for all AL > 0.
Let f: C — C be an a-contraction with o € [0,1). Define a sequence {x,} by the viscosity
approximation method (VAM)

X1 = O f(x) + (1 — an)anxn, n>0 (3.3)

where xo € C is an initial guess. Assume that {o,} C (0,1] and {A,} C R fulfil the conditions:

() im0 06, = 0 and ZZO:O Op = oo/
(A) inf,>o A, > 0.

Then {x,} converges strongly to Q(f), where Q is the unique sunny nonexpansive retraction of
¢ onto A~'0 as defined in (1.2).

Proof. First we show that the sequence {x,} is bounded. Indeed, take z € A~'0 to deduce from
(3.3) that (notice z € Fix(J4) for all A > 0)
st =2l = lowlf (o) = 2]+ (1 = &) xa — 2]

< | f () = 2l + (1 = &) [, 0 — 2|

< 0 ([1f () = F@ + 11 (2) = 2[]) 4 (1 = o) [} — 2]

< op(aflxn =2l + [ (2) = 2l]) + (1 = o) [|x = 2]

= (1= (1= a@)oy)[|xa — 2l + o[ f(2) — 2]

< max{]|x, — ||, [ f(z) = zll /(1 — ) }. (3.4)

By induction, we obtain
[l — 2| < max{{lxo —2[], [[f(2) — 2]l /(1 — )} (3.5)

for all n > 0. Consequently, {x,} is bounded, so are {f(x,)} and {le‘,,x”}' Fix a constant M
such that

M > max{Hanxn — X[, ||anxn —flx)|l}, n=>0. (3.6)

It then follows from (3.3) that

[[Xn-+1 _Ji‘nan = Ot [| f (xn) _Jf,,an < Moy, — 0.
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Put ¥ = Q(f). We then deduce again from (3.3) that
[P =217 = llom[ £ (n) =T+ (1= &) [/, 20 —

< (1= o) [, n = 1 + 206 f () — £, (a1 —5))

< (1—oy) ||xn_x||2+2an< f(n) = f(%),J (xns1 — %))
20 {f(5) — £, (1 — )

< (1= 0)?|lxn — 1% + 2000t vy — & - |41 — |
+204,(f (%) = %, (xn 41 — %))

< (1—oy) ||xn_f||2+ana(||xn_i“2+ %41 _f||2>
20 {f(5) — £, (1 — )

= (1= (2= &)+ 06) v — 7| + Oyt 1 — 5
+204,(f (%) = £, (41 = )).

I

It turns out that

. 1-2—a)oy, + ~ 2a, N -
i =P < S OIE G 2 s -8 G)
n n
This can be rewritten as

Snt1 < (1 - ﬁn)sn + BuYns (3.8)

where s, = [}, — %%, B, = 21579%=% _, 0 (as @, — 0), and

2 ~ o

Yo = m(f(x) —%,J (Xn1 — %)) (3.9)

Since oy, — 0, we easily find that 8,/a, — 2(1 — &) > 0. Hence, we obtain that } " 8, = oo
by virtue of condition (o). Also keep in mind that {7, } is bounded.

We apply Lemma 2.3 to prove that s, — 0. Towards this, we assume that {s,, } is a subse-
quence of {s,} such that liminfy_,.(sy,+1 — $n,) > 0 (all we need to verify is limsup;_,., ¥, <

0). From (3.8), and limsup,,_,..(Sn,+1 — Sn,) < limsup,_,., By, ¥, = 0 (B» — 0 and {y,} is
bounded), we must have limy_,c.(sp, 1 — 8p,) = 0. Setting & 1= 5,1 — Su,, We have

15, X = 1% < [, = 51| = s, = 41 = & = Jmer1 = 31° = &
= [0, (f () =)+ (1 = 0t ) (5, 20, = D) * = &
< Oy 1 f () = &7+ (1= 0 ) |5, 6, —5]* = &
< Q| Cn) = TP+ [, 3, — 57— &

Consequently, we obtain that
0 < [l — 5| = (13, xn, — %I < 00, [1£ (o) — 5> = & = 0.

It follows that
e, — %] = 173, 6, = 5| = 0. (3.10)
From Lemma 3.2, we conclude that

A
oo, =5, ]| =0,
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and
21 = X, || < [0 —ankxnkH + [|xn, _ankxnkH
= £ C5) — I i+ 73, |

< M0ty + ||xn, —ankxnkH —0.

Now, we set A :=inf,>gA, >0, and T := Jf. Then T is nonexpansive and Fix(T) = A~!0.
Moreover, since N

(X0, — Txn || = |2, —JixnkH < 2||%n, —ankxnkH — 0,

we find that {x,, } is an approximating sequence of 7. Consequently, we may apply Lemma 3.1
to obtain
limsup(f (%) —%,J(x,, —X)) <O0.
n—soo
However, since ||x,,+1 — Xy, || — 0, we must also have limsup,,_,..(f(X) — X,J (xp4+1 — X)) <O0.
That is, limsup;_.,, %, < 0. So, Lemma 2.3 is applicable to Eq. (3.8) and we assert that s, — 0,
namely, x,, — X in norm. The proof is complete. 0

Remark 3.1. Theorem 3.1 extends [7, Theorem 3.1] to the viscosity approximation method for
accretive operators in Banach spaces. In addition, the proof we provided here is simpler and
more direct than the proof of [7, Theorem 3.1] that the authors employed Maingé’s technical
lemma (see [26, Lemma 3.1] that is not stated here).

We next show that if we choose parameters {0, } and {A,} appropriately, then the uniform
convexity assumption in Theorem 3.1 can be removed.

Theorem 3.2. Let X be a Banach space with a uniformly Gdteaux differentiable norm and let
A C X x X be an accretive operator such that A~'0 # 0. Suppose that C is a nonempty closed

convex subset of X such that D(A) C C C R(I+ AA) for all A > 0. Assume that f € Il¢c with
contraction coefficient o € [0,1) and the following conditions are satisfied:

(Cl) hmn—>°° ai’l = O» Z;o:O O‘n = 9, and Z:lo:() |(Xn+1 - an| < b

(C2) either L7 _o|Any1 = An| < o0 0r limy 0 722 = 1;

(C3) inf,>pA, =: A > 0.
Then the sequence {x,} defined by VAM (3.3) converges strongly to Q(f) € A~10.

Proof. Let Q : TIc — A~'0 be the sunny nonexpansive retraction defined by (1.2), and set & =
Q(f). From the first part of the proof of Theorem 3.1, we have the following:

e {x,} is bounded. Indeed (3.5) remains valid for z € A~!0;
e the relation (3.8) remains true with %,, which is given by (3.9).

We will employ Lemma 2.2 to prove the strong convergence to ¥ of {x,}. By (3.8), it remains
to verify that limsup,,_.,, ¥, < 0. Namely,

limsup(f (%) — £,J (x, — %)) <O0. (3.11)

n—oo



THE VISCOSITY APPROXIMATION METHOD FOR ACCRETIVE OPERATORS 45
Utilizing the definition of VAM (3.3) together with some manipulations, we obtain
X1 =X = O£ (060) = fon—1)] + (0 = 0y 1) [f(en—1) = I3, n1]
+ (1= o) (I3 xa = T3 xn 1)+ (1= 00) (S Xno1 = 5 X1). (3.12)

Since f is an o-contraction, we have ||f(x,) — f(x,—1)]] < o||x, —x,—1]|. By the resolvent
identity, we derive that

A1 A1
||anxn71 _anilxnfln = ||J£”71 <Z_xn1 +(1— ;‘_)anxnl) _Jﬁnilxnfln
n n
A'n—l A —1
<=M, et =l < ML= =5
It follows from (3.12) that
An-i
[Pt =l < (1= (1= @) 0ta) [bw = X0 + M (|00 = Gt |+ [1 = =) (3.13)
n

Under the conditions (C1)-(C3), Lemma 2.2 is applicable to (3.13). Hence, we obtain ||x,41 —
Xn|| = 0. Then we have
e = I 0l < Nl = X [ [Pengr = I xall < 1w = x| + Moty — 0. (3.14)

—1

Again, we set T := Ji‘. Then T is nonexpansive and Fix(T) = A~ 0. Moreover, since

|| — Txy|| = Hxn—.lian <2||xn —anan — 0,

namely, {x, } is an approximating fixed point of 7', we can apply Lemma 3.1, with {z, } replaced
with {x,}, to conclude (3.1). In other words, (3.11) holds. This completes the proof. O

4. SPLIT VISCOSITY APPROXIMATION METHOD

In this section, we extend the VAM (3.3) to the composite case where the task is to find a
zero of the sum of two accretive operators, namely, the inclusion:

0 € (A+B)x, (4.1)

where A and B are m-accretive operators in a Banach space X such that A + B is also m-accretive.
Assume that S := (A +B)~'0 is nonempty, and let T := J¥(I — AA) for A > 0.

Note that, in the Hilbert space setting, A and B are maximal monotone operators and inclusion
(4.1) was considered in [27, 28] by using the forward-backward splitting method. A general-
ization to a Banach space setting was given in [21]. We will further extend the result of [21] to
the viscosity approximation method.

Lemma 4.1. [21] We have

e Fix(Ty) = (A+B)~'0for A >0,
o |[[x—Tyx|| <2|x—Tyx| forx e X and 0 <A <y < oo,

The result below is [21, Theorem 3.7] without errors.
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Theorem 4.1. [21, Theorem 3.7] Let X be a uniformly convex and q-uniformly smooth Banach
space. Let A : X — X be an v-isa of order q € (1,2] and B C X x X be an m-accretive operator
in X. We define a sequence {x,} by the iterative scheme

Xnp1 = O+ (1= 04,)J7 (X0 — AnAxy), (4.2)

where u € X, {a,} C (0,1], and {A,} C (0,400). Assume that the following conditions are
satisfied:

(ii) 0 < liminf, e A, < limsup,,_,.. A, < (vg/x,)"/ (@7,
Then {x,} converges in norm to Q(u), where Q is the sunny nonexpansive retraction from X
onto S.

We next study the VAM for inclusion (4.1) via the iteration process:
Xnp1 = O f () + (1= )5 (30 — AnAxy), (4.3)
where f : X — X is an a-contraction for some o € [0, 1).

Lemma 4.2. [21, Lemma 3.3] Let X be a uniformly convex and g-uniformly smooth Banach
space for some q € (1,2]. Assume that A is a single-valued v-isa in X of order q for some
v > 0. Let T > 0. Then there exists a continuous, strictly increasing, and convex function
¢ :RT — R* with ¢(0) = 0 (which may depend on q,s) such that, for all x,y € X with ||x|| < T
and ||y|| < tand A >0,

1T =Ty |19 < [l = yll? = A(vg — 277 i) || Ax — Ay |
— (| =) = AA)x — (I =) (I = AA)y]), (4.4)

where K; > 0 is the g-uniform smoothness coefficient of X (see [21, Lemma 2.2(i1)]).

Theorem 4.2. Let X be a uniformly convex and q-uniformly smooth Banach space with q €
(1,2]. Assume that A is a single-valued v-isa of order q for some v > 0 and B is an m-accretive
operator in X such that A+ B is m-accretive. Assume that S := (A + B)~1(0) # 0 and the
conditions (i) and (ii) of Theorem 4.1 are satisfied. Then the sequence {x,} generated by the
split VAM (4.3) converges in norm to Q(u), where Q is the sunny nonexpansive retraction from
Ilx onto S.

Proof. Set T, :==T, = an (I — 2,A). Then, by Lemma 4.1, Fix(7,) = S for all n. In addition,
we may rewrite x| as

X1 = O f(xn) + (1 — @) Tyxy. (4.5)
We observe that {x,} is bounded (so that Lemma 4.2 is applicable). As a matter of fact, Eq.
(3.5) still holds for the sequence {x,} defined by (4.5), which can be obtained by replacing Jﬁn

with T, in the proof of (3.5). It then turns out that ||x,,; — T,,x,|| — 0. From (4.5), we have
%041 — Tnxa|| = Q| f (xn) — Toxn|| < M, — 0, where M is a constant such that

M > max{|| Ty xn — xul|, | T3, %0 — f(xa) |}, n>0. (4.6)
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Let ¥ = Q(f). Using Lemma 4.2, we conclude that
e = E = [ (1= 06) (Ttn — %) + 0 (f (xa) = D)]|
< (1= )| Toxn — £[|7 + g (f (xn) — %, g (X011 — X))
< (1= 06) {[ln = F|7 = Aa(vg = A7 1) [ A — A9
— @ ([l — ApAxn + Tyxn + AnAF||) }
+q0u((f (xn) = f (%), Jg(xnr1 = X)) + (f(£) = X, (Xn11 — 5))). 4.7)
By conditions (i)-(i1), we may assume that
(I—0)?>0 and Ay (vg—2A7 'k)) >0

for all n and some 0 < ¢ < 1. Also using Young’s inequality (i.e., ab < a?/q+ b9 /¢, where
a,b>0and ¢ =q/(q— 1)), we obtain (recall that f is an ¢-contraction)

(F Cn) = F(R), g (n1 =) < 0l — |- 1 — 7|

‘nMﬂ—mQ.

<o Sl s+
q
From (4.7), we arrive at
1 = E|7 < (1 = 06:) 7w — £[|7 — O [[| A, — AZ(|? 4 ¢ (|| X0 — AnAxy + Tpxn + AnAR||)]
+ a0 (|lxn = X7+ (g = 1) brar1 = £||?) + qon (f(F) = %,Jg(xar1 — ))).
Solving for ||x,+1 — X||7 yields
(1—o0)1+ oy,

X1 — £[|7 < [0 — %]

T l-alg— oy,
c - -
1= alg—1)a, (1A%, — A%[|7 4+ @ ([|xn — ApAxy + Ty + AWAX|))]
(D)~ £y (1 — ). (48)
1—alg—1a, e
Introducing
Byim1— (1—0,)7+ ooy, _ 1 —qoa,—(1—oy)1 0 (as oy 5 0),
l—a(g—1)oy, l—a(g— 1oy,
we may rewrite (4.8) as
[t = Z[|7 < (1= Ba) [l = Z[|7 + Baa, (4.9)
where
q0n N = -
= —X,J —
c

R a)q[HAxn—Afl\q+¢(”xn—lnAxn+Tnxn+7LnAiH)]. (4.10)
_ (—a,

It is not hard to find that
1—qgoo, — (1 -«
lim&:q and  lim — 22" ( n)q:q(l—a)>0.

n—oo (Xn n—oo (Xn

Consequently, we have ) ”_, B, = o by virtue of condition (i).
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Since {x,} is bounded, we have that {7,} is bounded as well. Let {x,, } be a subsequence of
{x,} such that
limsupy, = lim ¥,,.
n—oo k—so0
With no loss of generality, we may also assume that x,, — £ weakly and limy_,.(f (%) —
%,Jg(xn,+1 — X)) exists. We then assert that

. (o ~ -
klglolo 1— 400l — (1 _ ank>q [HA‘xnk —Ax”q + (P(Hxnk o )LnkAxnk o Tnkxnk +)\’nkAxH)]

exists. Since (1 —gaay,, — (1 — oy, )?) — 0 (for o, — 0), we must have
,}EI;[HAXW — AR+ @ (||xn, — A, Axn, — TooXn, + A A%||)] = 0.
Consequently, we obtain that
Axp, —AX and  x, — Ty x,, — 0 (bothin norm).
Hence,
o1 = X | < || f Gy ) — 2y ||+ (1 = 0 ) ||y, — T ||
< M0y, + ||xn, — ToXn, || = 0.

We claim that {x,, } is an approximating fixed point of 7. This is because, by Lemma 4.1, for
any 0 < A < inf, A,, small enough, we have

1%, = Tan, || < 21200, — T, X || =0
Now we can apply Lemma 3.1 to see

limsup(f (%) — %, J (xn, — X)) <O0.

n—oo
This evidently implies that (recall that J,(x) = ||x||972J(x) for x # 0)
limsup(f(X) —%,J;(xn, — %)) <O.

n—soo
Therefore,

limsup ¥, = lim ¥,
n—oo k—yo0

o,
< limsup 4%
koo 1 —q0t0ty, —(1—0,)

(f(X) =%, J4 (xn, — X))

q <f(i) _qu(xnk—i-l _i)>

= limsup
k—roo
<0.

Finally, applying Lemma 2.2 to (4.9) (i.e., we take s, := ||x, —%||9, A, := B, Wn := Yy and 6, =0
in Eq. (2.2)), we obtain ||x, — £||? — 0, namely, x,, — X in norm. The proof is complete. O

Remark 4.1. The proof of Theorem 4.1 given in [21] depends heavily on Maingé’s technical
lemma (i.e., [26, Lemma 3.1]). Our Theorem 4.2 improves Theorem 4.1 twofold. The first is an
extension to the viscosity approximation method for finding a zero of the sum of two accretive
operators. This seems to be the first attempt in the literature. The second is that the proof we
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provided here avoided using Maingé’s technical lemma (i.e., [26, Lemma 3.1]). Our proof is
simpler and more straightforward.

5. CONCLUSION

We extended the viscosity approximation method (VAM) to accretive operators in a Banach
space X to find a zero of an m-accretive operator A and of the sum of two m-accretive opera-
tors A and B. We proved the strong convergence of the VAM algorithms (3.3) and (4.3) in the
framework of the underlying space being uniformly convex and/or uniformly smooth (uniform
Gateaux differentiability is sufficient in some circumstances) without assuming weak continu-
ity of the normalized and generalized duality maps. Our proof method is simple and avoids
using Maingé’s technical lemma (i.e., [26, Lemma 3.1]) that has recently been used in proving
the strong convergence of some iterative methods for fixed point and optimization problems.
The proof of this paper shows that it is unnecessary to employ this technical lemma in many
situations.

In [1, Theorem 5], Reich also proved that, in a uniformly convex and uniformly smooth
Banach space X, if A is an m-accretive operator with zeros, then, for each x € X, the strong
limy o fo exists and defines the unique sunny nonexpansive retraction from X onto W It
is interesting to know whether the viscosity approximation method works out for the resolvents
J3 as & — 0. Note that the results presented in Sections 3 and 4 assume that {A,} is bounded
from below away from zero and the methods may fail to work for the case that A may approach
to zero.
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