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Abstract. In this paper, we introduce a modification of the extragradient algorithm with a non-monotonic
stepsize rule to solve equilibrium problems. This modification is based on the inertial subgradient tech-
nique. Under mild conditions, such as, the Lipschitz continuity and the monotonicity of a bifunction
(including the pseudomonotonicity), the strong convergence of the proposed algorithm is established in
a real Hilbert space. The proposed algorithm uses a non-monotonic stepsize rule based on the local bi-
function information rather than its Lipschitz-type constants or other line search methods. We present
various numerical examples, which illustrate the strong convergence of the algorithm.
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1. INTRODUCTION

Let C be a nonempty, convex, and closed subset of a real Hilbert space H. Let f : HxH — R
be a bifunction with f(y,y) = 0 for each y € C. Recall that the known equilibrium problem is
defined in the following way: Find £ € C such that

f(@",y) >0, VyecC. (EP)

This problem draw much attention due to the facts that it has lots of real applications and
includes a number of mathematical problems, such as fixed point problems, vector and scalar
minimization problems, variational inequalities, complementarity problems, and saddle point
problems as special cases; see, e.g., [1, 2, 3, 4, 5] and the references therein. To the best of our
knowledge, the term “equilibrium problem” was introduced in 1992 by Muu and Oettli [1] and
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further effectively studied by Blum and Oettli [2]. Problem (EP) is also known as the Ky Fan
inequality because of his initial contribution to the field [6].

Recently, many researchers introduced and studied various iterative methods for solving
problem (EP), such as proximal point methods, extragradient-like methods, and hybrid projec-
tion methods; see, e.g., [7, 8, 9, 10, 11, 12] and the references therein. One of useful methods
is the famous extragradient method introduced by Flam et al. [13] and Tran et al. [10]. The
method reads as follows. Select an arbitrary starting point uy € H. For the current iterate u,,, we
obtain the next iteration u,, by the following iterative process

u, € C,

Yn = arglgin{Cf(un,y) + S lun — I},
ye

U1 = argmin{ & f (v, y) + % |lun — y||*},

yeC

where ¢ and c; are Lipschitz constants of fi and f>, and 0 < { < min{%, i} We remark
that the extragradient method was first introduced and studied by Korpelevich [14] for solving
saddle point problems. It is also important to note that the above results in Flam et al. [13] and
Tran et al. [10] used a constant stepsize that is dependent on the Lipschitz-type constants of the
bifunction. In [10], a weak convergence result was established. The above methods are limited
from the viewpoint of computation because the Lipschitz-type constants are usually unknown
or not easy to calculate. Recently, Hieu et al. [11] introduced a new gradient-based method for
solving pseudomonotone equilibrium problems with the aid of the new stepsize rule, however,
their stepsize sequence is nonincreasing and the results in Hieu et al. [11] may depend on the
choice of initial stepsize.

Recently, the inertial-type method were extensively studied to accelerate original algorithms;
see, e.g., [15, 16, 17, 18, 19] and the references therein. It was initially derived from the oscil-
lator equation with a damping and conservative force restoration. This second-order dynamical
system is called a heavy friction ball, which was first studied by Polyak [20]. The main feature
of inertial-type methods is that we can use the two previous iterations to obtain the next itera-
tion. Numerical findings confirm that the inertial effect strengthens the efficiency of algorithms;
see, e.g., [21, 22] and the references therein. In view of the above results, the following question
arises naturally. Can one devise a strongly convergent inertial extragradient-like algorithm with
non-monotone stepsize rules to solve problem (EP) that does not depends on the Lipschitz-type
constants and contractive mappings?

Motivated by the works of Censor et al. [23] and Hieu et al. [11], we give a positive an-
swer to above question with the aid of inertial subgradient techniques in the context of infinite-
dimensional real Hilbert spaces. Our main contributions in this paper are listed below. We
introduce an inertial subgradient extragradient method with a non-monotone stepsize rule to
solve the equilibrium problem in a real Hilbert space. The bifunction in problem (EP) is pseu-
domonotone. We obtain a strong convergence result without the aid of contractive mappings.
Numerical experiments are provided to show that our algorithm is efficient and performs better
than the existing ones.
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The rest of the paper is organized as follows. Section 2 includes basic definitions and lemmas.
In Section 3, we introduce the new inertial subgradient extragradient algorithm with a non-
monotonic stepsize rule. In Section 4, the last section, we give numerical results to illustrate the
behaviour of our algorithm.

2. PRELIMINARIES

Let C be a nonempty, convex, and closed subset of a real Hilbert space H. Let f : HxH — R
be a bifunction. For problem (EP), we recall the following definitions (see [2, 24]).

(C1) f is said to be pseudomonotone on C if f(uj,uz) > 0= f(uz,u;) <0, Yuy,u; € C.
(C2) fis said to be Lipschitz-type continuous on C if there exist two constants ¢y, ¢, > 0 such

that f(u1 , u3) < f(ul,uz) +f(u2,u3) + 1 Hu1 — Ltsz + CZH”Z — l/t3H2, Yuy,uy,usz € C.
(C3) limsup f(u,,y) < f(g*,y), where {u,} is a sequence weakly converging to g*.

n—yoo
(C4) f(u,-) is convex and subdifferentiable on H for each fixed u € H, and the solution set

EP(f, C) is nonempty.

A metric projection Pc(u) of u € H onto a closed and convex subset C of a Hilbert space
H is defined by Pc(u) = argmin{||y —u|| : y € C}. A normal cone of C at u € C is defined

by Nc(u) ={z€H: (z,y—u) <0,Vy e C}. Let U : C — R be a convex function. Then, the
subdifferential of U at u € C is defined by 0U(u) = {z € H: U(y) —UC(u) > (z,y—u), Vy € C}.

Lemma 2.1. [25] Let U : C — R be a convex, subdifferentiable and lower semi-continuous
function on C. An element u € C is a minimizer of a function U if and only if 0 € 0U(u) + N¢ (u),
where dU(u) stands for the subdifferentiable of U at u € C, and N¢(u) stands for the normal
cone of C at u.

Lemma 2.2. [26] Let {U,} be a sequence of non-negative real numbers such that G, < (1 —
bn)Oy + byly, where {b,} C (0,1) and {{,} C R are two sequences such that lim,_,. b, = 0,
Y1 by =00, and limsup,_, . ¢, < 0. Then, lim, .. O, = 0.

Lemma 2.3. [27] Assume that {U,} is a sequence of real numbers such that there exists a
subsequence {n;} of {n} such that O,, < Uy,,, for all i € N. Then, there is a non decreasing
sequence my C N such that my — o as k — oo, and the following conditions are fulfilled by all
(sufficiently large) numbers k € N: Uy, < Uy, and Uy < Oy, . In fact, m = max{j < k:
Gj <Ujs}

3. MAIN RESULTS

In this section, we present a subgradient extragradient-like algorithm that combines both the
non-monotonic stepsize rule and the inertial term and give strong convergence results in this
section. Our algorithm is given as follows.

Algorithm 3.1. Step 0: Initially select « >0, §; >0, u € (0,1) and ug,u; € C. Moreover,
select a non-negative real sequence { @, } such that ', | ¢, < oo and choose {f,} C (0,1)
such that limy, e B, =0and Y| B, = +oo.
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Step 1: Compute Y, = u, + Oy (uy — up—1) — B [u,, + ot (uy — un_l)] and choose o, such
that

. 8]‘1 .
mm{a, Titn—tn 11| } if Uy # 1,

a otherwise,

0<o,<d, and O?n:{ (3.1)

where €, = o(B,) a positive sequence such that lim,,_,., & B = =0.

Step 2: Compute y, = argmin{ . f(Xn,y) + 5 U = II2Y. If X = yu, then STOP and y,, is a

yeC
solution. Otherwise, go to Step 3.
Step 3: Firstly choose @, € o f(Xn,yn) satisfying Xn — 5@y — vy € No(yn) and construct a
half-space

={weH: (X — @, —yn,w—yn) <0}
Compute u, 1 = argmin{ {, f (yn,y) + %H%n _yHZ}-

yEH,
Step 4: Revise the stepsize C, 1 as follows:
: /JHXn_YnHZ“':uHunJrl_YnHZ }
i { R ey e )
Cn+1 - lf f(%naunﬂ)_f(lna)%)_f(yn,unJrl) >07

&n + On otherwise.

Setn:=n+1and go to Step 1.

Lemma 3.1. Sequence {,} converges to § and min{m,cl} < € <&+ P, where
P=Y," ¢n

Proof. Due to the Lipschitz-type continuity, there exist constants ¢; > 0 and ¢; > 0. Assume
that f(Xn, tn+1) — f(XnsYn) = f (Ynsun+1) > 0 such that

Ll =yl + s =3ll?) e =yl + i =yal®) u
z[f(Xm”n—H) _f(Xnayn) _f()’m“n-i-l)] - Z[CIHXH _yn||2+62||”n+1 _yn”z] N 2max{c1,c2}
It follows that

min{#,cl}scnsclw

max{2cy,2¢,}

Let [§u1 — &)™ = max {0,811 — G} and [§o1 — &)~ = max {0, —({u1 — §u) }. From the
definition of {{,}, we have

Z(CnJrl - &))" Zmax{o o1 — Gn} <P < oo,

=
Thatis, Y7 (Gu1 — &) T is convergent.

Next, we need to prove the convergence of Y7 (Gy1 — &) . Let Y7 (G1 — §) ™ =+
Hence, &1 — &= (Guv1 — §) T — (&u1 — &)~ . This implies

k k k
Ck—H - Cl = Z (Cn+1 - Cn) = Z (Cn+1 - Cn)+ - Z (Cn+1 - Cn)_ (3.2)

By letting k — +o0 in (3.2), we have {; — —oo as k — oo. This is a contradiction. Letting
k — o0 in (3.2), we obtain lim,_,. , = { This completes the proof. ]
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Lemma 3.2. Assume that conditions (C1)—(C4) are satisfied. Then, the sequence {u,} gener-

ated by Algorithm 3.1 is bounded.

Proof. From (3.1), we have ,||u, — u,—1|| < &, ¥n € N. Due to lim,,_,c (E—”) =0, we obtain

. O . &
Jim g, lon =t < Jim =

By using Lemma 2.1, we have

1
0.€ ] Guf )+ 51120 1P ot 1) + Vi, (w1).

For @ € df(yn,un+1), there exists a vector @ € Ny, (4y41) such that {0 + upy1 — xn+ @ = 0.

It follows that

<%n _Mn+17y_”n+l> = Cn<w>y_ ”n+1> + <E7y_un+1>v Vy € Hy.

Since @ € Ny, (up1) implies that (@,y —u,41) <0, for all y € H,,, we have
<XI’£ —Upt+1,y — ”n+1> S C’l(wvy_ l/ln+1>, \V/y € Hn
Moreover, ® € 9 f(y,,un+1)- Hence,

FOny) = FOnsttn1) 2 (@,y = ups1), Vy € H.
Combining (3.3) and (3.4), we obtain

Cif Ony) = Cuf Onsttns1) = (X — Uns1,y — Upy1), ¥y € Hy.

Hence,
Cnl Oy Un1 = Yn) = (Xn = Yns Un+1 = Yn)-
By using @, € d f(¥n,yn), we obtain
St Y) = f nsyn) = (@n,y = yn), Vy € H.

By letting y = u,, 11, we have

S tns 1) = £ (Xns Yn) 2 (Onsn1 — yn), Vy € H.
Combining (3.6) and (3.7), we arrive at

Cn{f(Xmun—i-l) _f(lnayn)} > (Xn — YnsUnt1— Yn)-
By substituting y = ©* into (3.5), we have

Cnf()’mp*) - Cnf()’nvun—i-l) > <%n - un—i—lu@* - un+1>-

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9

Observe that " € EP(f,C) implies f(4",y,) > 0. From the pseudomonotonicity of bifunction

f, we obtain f(y,, £) < 0. Thanks to (3.9), we arrive at

<Xn — Up+1,Un+1 —(@*> > Cnf(yn7”n+1)~

From definition of {, |, we obtain

f(%n:un+1) _f(%nayn) _f(YnyunJrl = ZC »

) < M2 =l + s~

(3.10)

(3.11)
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(3.10) and (3.11) yield that
<Xn — Unpt1,Un+1 — W*> > Cn{f()fn:ule) _fOCnayn)}

wé 5 ué, ) (3.12)
— — — Upi]— .
3 =3l = 5 s~
Combining (3.8) and (3.12), we have
<xn — Un+1,Un+1 _z@*> > <Xn — Yn,Un+1 _yn>
AR T AP CAE)
2Cn—|—1”%n Val| 2Cn+1Hun+l yall.

Observe that
—2(dn — tni 1, Uns1 — 2°) = — |20 — 2>+ w1 — 2all* + g1 — 27|

2090 = Xons¥n = ttns1) = |10 = ¥ull* + tnsr =yl = 1 0 — 11> (3.14)
Combining (3.13) and (3.14), we have

" _ *2< Y — *(12 I_ILLC”l n_nz_ 1_“C}’l " _nz' 3.15
Jant = 1P < = @1 = (1= 2= =l = (1= 25 ) s =3l 319

It follows from the definition of {y, } that
HXn _JO*H = H(l — B) (tn — ") + (1 = Bn) 0 (4 — 1) _ﬁm@*”
< (1= Ba)l[en = @[ + (1 = )l stn = a1 | + Bl | "
< (1= Ba)llun — || + BuKi1, (3.16)
where o
(U= Bu) g {lin = s ||+ | 7]} < K
It is given that {, — {, so there exists a fixed number 3 € (0,1 — u) such that

(1 _ ILLCYZ
Cn—b—l
Thus, there exists a fixed finite number N € N such that

Cn—H

lim
n—oo

):1—u>8>0

>>S>O, Vn > Nj.

From (3.15), we rewrite
ltnir — &> < |l2a— 27117, ¥ > N1 (3.17)
Combining (3.16) and (3.17), we obtain

lun 1 = @1 < (1= Bo) lun — 2"[| + BuKi
< max {[lun — &', K1 }

< max {|juy, — £"|. K1 }-

This infers that {u, } is a bounded sequence. O
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Theorem 3.1. Let {u,} be te sequence generated by Algorithm 3.1, and let (C1)—(C4) be satis-
fied. Then, {u,} converges strongly to some . Moreover, Pep(y, ) (0) = .

Proof. From (3.16), we have
HXn 7 ” 1_Bn) |ttn — 2" H2+B;12K12+2K1Bn(1_Bn)H”n_JO*H
< lun — 21> + Bu [ BaKT +2K1 (1 = By Jun — £2*]] (3.18)
< ||t — 2" 1> + BukKa,
for some K, > 0. Combining (3.15) and (3.18), we obtain

" " 1
Jans1 = " < o = @71+ Buka = (1= " )l =l

Mt s1 =yl (3.19)

Cn—|—l
Due to the Lipschitz-continuity and pseudomonotonicity of f, we have that EP(f, C) is a
closed and convex set (see [10]). Since @* = Pgp(s, ¢)(0), we have (0 — @*,y — ") <0
Vy € EP(f, C). The rest of the proof is divided into the following two cases.

Case 1. Assume that there exists a fixed number N, € N (N, > Ny) such that ||u,41 — £7|| <
||y — £, ¥n > N>. The above relation implies that lim,, . ||u, — £ exists. Let lim,_co ||t —
£l =1, for some [ > 0. From (3.19) we can write

(1= L) =yl (1= ) s =30l < = 9+ Bz — a1 — 7

Cnt Cnt1
(3.20)
Due to existence of the limit of ||u, — £"||, and the fact that 8, — 0, we conclude that
|xn—yull =0 and |jupr1 —yn|| >0 as n—co. (3.21)
Hence,
Him ||, — upr1|| < lim ||} — yul|| + im ||y, — 1] = 0. (3.22)
n—oo n—oo n—yoo
Next, we estimate
1200 — | = ||”n+o‘n( —Up—1) — Pu [”n+an( _”nfl)} — up||
<ﬁn ||”n_”n 1||+Bn||”n”+ n ||“n Un—1]| — 0, (3.23)
Bn Bu
which implies that
1 ||ty — 1 || < M |t — 2] + lim || ) — thps1|| = O (3.24)
n—oo n—oo n—o0

Thus, {¥,} and {y,} are bounded sequences. The reflexivity of H and the boundedness of {u, }
guarantee that there exists a subsequence {uy, } of {u,} such that {u, } — & € H as k — co.
Next, we prove that & € EP(f, C). From (3.5), we have

anf(ynkv)’) > anf<ynk7unk+1) + <Xnk “Ung5Y — unk+1>? Vy € H,.
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It follows from (3.11) that

n an

2
28011 | X — Vg |

anf()’nk7unk+l) > an{f(Xnk»unk+l) _f(Xnka)’nk)}

uuan o 2
zcnk+l‘|unk+l ynk” )

which implies that

anf(ynk7)7) > an{f(%nk, unk+1) - f(%nkv)’nk)} + <Xnk U 5Y — unk+1>

U, 2 MGy 2
- - Up,+1 — .
chk‘H nkH 2an+1 H n+ ynk”

where y is an arbitrary element of set H,,. From (3.21), (3.22), (3.23), (3.24), and the bound-
edness of {u, }, we conclude that the right-hand side of the above expression goes to zero. In
view of {, >0, and y, — 4, we have 0 < limsup;_,., f(ys,,y) < f(i,y), Vy € H,. Hence,
i€ EP(f, C). Note that

limsup($", " —u,) = hm ((@ P —up) = (", 0" — i) <O0. (3.25)

n—soo

H%nk -

From the fact that lim,,_, ||un+1 —u, H = 0 and (3.25), we deduce that
hinjumo 2" —un+1><hmsup<<fa " —un>+llgup<ﬁ Jitp —Upt1) < 0. (3.26)
Observe that
=&
= [t + 0 (s — ttn—1) = Battn — 0 (1t — 1) — ||
= (/1= Ba) (ttn = ) + (1 = Byt (1t — 0 —1) — Bug?"|”
<[ (1= Ba) (ttn — 82*) + (1= Ba) 0t — 1) ||* + 2B (", 20 — ")
= (1= B Hun—p I+ (1= Bo)? a2ty — 1 |
+ 206 (1= Bu)?|[un — 2" |||t — ttn—1 || + 2B (=", o = tn1) + 2Bl = s i1 — )
< (1= B)|Jun — 27| + 02| utn — tn—1 || + 200 (1 = Bo) ||t — 2| |1t — 1001 |
+ 28|27 [[| 20 = i1 || + 2B, i~ o)
= (1= )l lion = 71+ B ot it =1 5 [ — 1|

21 )|~ ||E»|un—un_l||+zu;o [0 = +240 7~ i)
which together with (3.17) yields that
[
< (1= B Jun = '+ B — - IH [ — v

I_Bn Hun_p HB_”un_un—lH‘i‘zH(W HHXn_un—HH+2<c@*7<@*_un+l> . (3.27)
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Using (3.22), (3.26), (3.27), and Lemma 2.2, we conclude that ||u, — £*|| — 0 as n — oo
Case 2: Suppose that there exists a subsequence {n;} of {n} such that
lun; = || < Nty — 7|, Vi€ N.
From Lemma 2.3, we see that there exists a sequence {m;} C N as {m;} — oo such that
g, = || < Nty = 27| and - Jjug = @°|| < ||t — "], forall ke N (3.28)
Following Case 1, we see that (3.20) yields

(1- g‘mfjkl)nxmk—ymkn% (1- g‘mfjkl

< tm, = &P + B Kz = ltms1 = 7.

Since B, — 0, we can deduce limg_ye || Xim, — Yy || = limMg—yeo ||t 4+1 — Y, || = 0. Hence,

2
b1 =

klgrolo ||umk+l —kaH < klgrolo Humk-H _ymkH +klgrolo ||ymk _xmkH =0.
Next, we estimate

mek - I/lmkH = Humk + (ka(umk - umk—l) - ﬁmk [Mmk + (ka(umk - umk—l)] - umkH

< amk”umk = Uny—1 ” +ﬁmkHumkH + amkﬁmk”umk = Uny—1 ”

a o
= Bmkﬂ“”mk — Umy—1 | +Bmk||”mk|| +Br%zkﬁ_mk||“mk - Uy —1 | —0.
Ny My
Observe that imy e ||, — 11| < iMoo ||, — Xy || + 1My oo || X, — thm 1] = 0. Fol-
lowing Case 1, we have
limsup(", £ — um,+1) < 0. (3.29)
k—yoo

From (3.27) and (3.28), we have
[l
(0

< (= B, = 27+ Bt = m - [ 2 = 01|

k

+2(1 _Bmk)Humk _W*H(X_:/{Humk _umk—lH +2H(W*H mek _Mmk-H H +2<JO*7W* - Mmk-ﬁ-l)}
k

Q

<1 _ﬁmk)“ukarl - W*HZ + B, [amkHumk — Umy—1 Hﬁ_:k”umk — Uny—1 H
k

200~ )~ 2, s +2067 [t 20 )]
k
Thus,

B 2
[l

(04
< [amkH”mk = Umy—1 HB_:(H”W — Umy—1 H
k

(Xm Sk >k >k
+2(1_ﬁmk)H”mk_W*HTICH”mk_”mk—IH+2HJO Hmek_”mk-HH"f’zﬁa , 8 _”mk+1> .
‘ (3.30)
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Since By, — 0 and ||um, — £*|| is a bounded, (3.29) and (3.30) imply that ||, 1 — £*[|* — 0
as k — oo, Further, we have lim,,_,.. ||y — £*||* < lim, e ||t 1 — 2 |> < 0. Hence, u, — "
This complete the proof. H

From Theorem 3.1, we obtain the following result to solve variational inequalities.

Corollary 3.1. Assume that £ : C — H is a pseudomonotone, weakly continuous, and L-
Lipschitz continuous operator and the solution set VI(.Z,C) is nonempty. Let {u,} be a se-
quence generated in the following algorithm:

Step 0: Select o« >0, §; >0, u € (0,1), and ug,u; € C. Moreover, select a non-negative real
sequence { @, } such that };,_| ¢, < +oo, and a sequence {f,} C (0,1) such that lim, .. 3, =0
and )’ | Bp = oo

Step 1: Compute Y, = u, + Oy (uy — up—1) — B [un + o (uy — Mn—l)] , where {0y, } is modified
on each iteration as follows:

. 8’1 .
mm{a7 Tem—unall } if un 7 un—1,

o otherwise.

0<o,<d, and a,= { (3.31)

Step 2: Compute

Yn = Pc(tn — &l (Xn)),

Up+1 = P, (%n - Cng()’n))a
where H,, = {z € H: (X0 — 5L (Xn) — Yn,2— yn) < 0}. The stepsize rule for next iteration is
evaluated as follows:

[

: - Un+1—Yn 2 .
foie min{ g, + ¢, gl tluanl i (2(3,) — Z(3), i1 = yn) >0,
G+ o, otherwise.

Then, {u,} converge strongly to @* € VI(Z,C).

4. NUMERICAL EXPERIMENTS

In this section, we include a numerical illustration to demonstrate the validity of the proposed
method. The MATLAB codes were run in MATLAB version 9.5 (R2018b) on the Intel(R)
Core(TM)i5-6200 CPU PC @ 2.30GHz 2.40GHz, RAM 8.00 GB.

Problem 4.1. Let C C R’ be defined as C:={u € R>: =5 <u; <5}. Let f: Cx C — R be
defined as f(u,y) = (Pu+ Qy+d,y —u), Yu,y € C, which is the Nash-Cournot equilibrium
model [10]. To see the numerical efficiency of the different methods, we consider P and Q as
follows:

31 2 0 O O 16 1 0 0 O

2 36 0 0 O 1 16 0 0 O
P=|0 0 35 2 O o=10 0 15 1 0],

0 0 2 330 0 0 1 150

0O 0 O 0 3 0O 0 O 0 2

where d = (1,—2,—1,2,—1)T and Lipschitz-type constants are ¢c; = ¢, = 5||P— Q.
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Problem 4.2. Let C C R" be defined as C = {u € RV : Au < b}, where A is an 100 x N matrix.
Let f: Cx C — R be defined as f(u,y) = (L (u),y —u), Yu,y € C, where .Z : RY — RV is an
operator defined by £ (u) = Pu+r, where r € RN and P = QQT + R+ S, where Qisan N x N
matrix, R is an N X N skew-symmetric matrix, and S is an N X N positive definite diagonal

matrix. It is easy to see that f is monotone and the Lipschitz constants are 2¢; = 2¢; = ||P||
(see [28, 29] for details).

Problem 4.3. Let C C R? be defined as C = {u € R?: (u; —2)>+ (up —2)?> < 1}. Let £ :
R? — R? be defined by
_ (0.5ujup — 2up — 107
2 () = <—4u1 —0.1u3 - 107> ‘
We can evaluate that .Z is Lipschitz continuous with L = 5, and pseudomonotone. Assume that
flu,y) =(ZL(u),y—u),and c; = c = %

Problem 4.4. Let H = L?([0,1]) be a Hilbert space with inner product (u,y) = fol u(t)y(t)dt,

for all u,y € H and induced norm ||u|| = \/fol lu(t)|?dt. Let f: C x C — R be defined by

flu,y) = (&L (u),y —u), Yu,y € C, where C := {u € L*([0,1]) : ||u|| < 1}. Moreover, assume
that .Z : C — H is defined by

L) = [ ule) ~ H)7(uls) s + 500,

where f103)

2tse\! TS 2te
H(t,s) = ———, u) =cos(u) and )= ———.
(19) = T5 () =costw) and glr) =~
From [30], we see that f is monotone (hence pseudomonotone) with Lipschitz constants 2¢; =
2c1 = 2, and the solution set is nonempty.

Now, we use Problem 4.1 to compare the numerical efficiency of Algorithm 3.1, Algorithm
3.2 in [31], Algorithm 4.1 in [11], and Algorithm 3 in [12] by taking the different initials of
u; = yo and the fixed values of ug =y_; = (0,0,0,0,0)”. We can see how these initials affect
the convergence of the iterative sequence. Figures 1-4 show a number of results obtained by
enabling a tolerance 10~>. Information about the control parameters are taken as follows: (1)

. . S 1 _ 1 v |12 .
Algorithm 3.2 in [31] (Alg3.2): A = —max{%h%z} O = 350,73 Dy = ||, — yu||~. (2) Algorithm

4.1in [11] (Algd.1): Ao = 0.25, 1t = 0.33, 0 = (s D = max {{luen1 = yul|?, [l =y}

: : . _ 1 _ _ 1 _ 1 _
(3) Algorithm 3 in [12] (Alg3): A = W,B = 0.50,¢, = W’y” = M’B’l =

(L =7%),Dp = | %n — yal*. (4) Algorithm 3.1 (Algl): & =0.25,u =033, = 0.5,¢, =

1 _ 1 _ 2 o 100
G2 P = o2y Pn = 20 = all” 00 = 55

Next, we use Problem 4.1 to compare the numerical efficiency of Algorithm 3.1, Algorithm
3.21n [31], Algorithm 4.1 in [11], and Algorithm 3 in [12] by letting different tolerance values,
and u; =yo = (1,1,1,1,1)7 and uy = y_; = (0,0,0,0,0)”. Figures 5 and 6 and the following
table show a number results obtained by letting different tolerance values. Information about
the control parameters are same as the in the experiment above.

Next, we use Problem 4.2 to compare the numerical effectiveness of Algorithm 3.1, Algo-
rithm 3.2 in [31], Algorithm 4.1 in [11], and Algorithm 3 in [12] by letting different dimension
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—e—Alg3.2

. Alg3.2

100! o Algd.1] | L&
— Al A
. Algl

0 5 10 15 20 25 30 35 40 45 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Number of iterations Elapsed time [sec]

FIGURE 1. u; = (1,0,1,0, 1)T and the number of iterations are 44, 28, 22, 14
and elapsed time are 0.3961, 0.2625, 0.2410, 0.1573, respectively.

1 1 1 1 1 10 1 1 1 1 1 1
0 10 20 30 40 50 60 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Number of iterations Elapsed time [sec]

10

FIGURE 2. u; = (2,1,—2,1,2)7 and the number of iterations are 60, 28, 23, 16
and the elapsed time are 0.6321, 0.2676, 0.2180, 0.1613, respectively.

Tolerance 0.01 0.001 0.0001 0.00001

Algo. iter. time iter. time iter. time iter. time

Algorithm 3.2in [31] 7 0.07259 12 0.12327 21 0.19863 55 0.50759
Algorithm4.1in [11] 5 0.06205 10 0.10908 18 0.17806 30 0.27618
Algorithm 3 in [12] 7 0.08036 12 0.11527 16 0.16133 22 0.21190
Algorithm 3.1 5 005530 8 0.09403 10 0.11141 14 0.14207

N,andu; =yo=(1,1,1,1,1)" anduy = y_; = (0,0,0,0,0)”. Figure 7 show a number of results
obtained by letting a tolerance 10~*. Information about the control parameters is considered as

) . . Ly 1 _ 1 _ L2
follows: (1) Algorithm 3.2 in [31] (Alg3.2): A = max{%lﬁcz},(xn = 1O(nJrz),D,, = |lttn — yul| =
(2) Algorithm 4.1 in [11] (Alg4.1): A = 0.50,u = 0.40, 00, = W,Dn = max{||un+1 —

2 2 . . L 1 _ _ 1 _
Yull%, lttn = yul|* } - (3) Algorithm 3 in [12] (Alg3): A = m 0 =0.50,¢, = G =
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I Alg3.2 —e—Alg3.2

aw Alg4.1 - e -Algd.1
I Alg3 —-e-—Alg3
100 . Algl | 100F \;) o Algl
< 102F
10
5 o, N,
o So'e,
10-6 1 1 1 1 1 L L 1 10-6 1 1 1 1 1 L L
0 10 20 30 40 50 60 70 80 90 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Number of iterations Elapsed time [sec]

FIGURE 3. u; = (1,3,—1,2,3)" and the number of iterations are 81, 29, 26, 16
and the elapsed time are 0.7697, 0.2884, 0.3278, 0.1857, respectively.

102

102

—e—Alg3.2

I Alg3.2
aw Algd.1
. Alg3

10° . Algl |5 100 |

S 102F

104

1 1 1 1 1 10 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Number of iterations Elapsed time [sec]

10

FIGURE 4. u; = (2,—1,3,—4,5)7 and the number of iterations are 102, 36, 31,
19 and the elapsed time are 0.8959, 0.3275, 0.2718, 0.1845, respectively.

Wlﬂ),ﬁn = (1= %), Dn = || — yu|*- (4) Algorithm 3.1 (Algl): & = 0.50, 4 = 0.40, a0 =
1 100

0.50,¢&, = Waﬁn = maDn = |IXrL _yn||27(Pn = )2

Next, we work on Problem 4.3 to see the numerical performance of Algorithm 3.1, Algo-
rithm 3.2 in [31], Algorithm 4.1 in [11], and Algorithm 3 in [12] by choosing the different
starting points u; = yo and the fixed values of uy = y_; = (0,0). Figure 8 show a number of
results obtain by letting a tolerance 10~*. Information about the control parameters is taken as
follows: (1) Algorithm 3.2 in [31] (Alg3.2): A = m,an = sy Do = 1w — %

(2) Algorithm 4.1 in [11] (Algd.1): A9 = 0.40,u = 0.33,04, = —L=, D, = max { ||uys1 —

(n+1)0.57 n
all? ltn — yal* }- i i Alg3): A =—+1—+,6=050,6, =15, %=
ol ln = ynll*} - (3) Algorithm 3 in [12] (Alg3): 4 = o -y En = Gy
sty Bn = 10(1 = %), D = |20 — yall*. (4) Algorithm 3.1 (Algl): ¢ = 0.40,u = 0.33, 00 =

1 100

0.50,¢, = m;ﬁn = 5(,,—1+2)7Dn = ”sz _)’nHza(Pn = (n+1)2°
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Number of iterations Number of iterations

(A) tolerance = 1072. (B) tolerance = 1073.

FIGURE 5

10t

10°

10"

3 10?

103

10

105 . . . . 106 . . . . .

0 5 10 15 20 25 0 10 20 30 40 50 60
Number of iterations Number of iterations
_4 =5
(A) tolerance = 107~ (B) tolerance = 107.
FIGURE 6
* r r r 104 r r

10% E
—+—Alg3.2 X —+—Alg3.2
——Alg4.1 T —x—Algd.1
—e—Alg3 —e—Alg3
—4— Algl 102 ¢! —4— Algl

100 F

S ST
1072 L
102
104 L L L L L L L E| 104 f L S; TN L
0 5 10 15 20 25 30 35 40 45 50 0 10 20 30 40 50 60 70
Number of iterations Number of iterations

FIGURE 7. N =35, N = 10, and the number of iterations are 48, 34, 24, 12 and
66, 45, 33, 13 respectively.

Finally, we work on Problem 4.4 to see the numerical effectiveness of Algorithm 3.1, Al-
gorithm 3.2 in [31], Algorithm 4.1 in [11], and Algorithm 3 in [12] by choosing the different
starting points of u; = yg, and the fixed values of uy =y_; =t. Figure 9 show a number of results
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—+—Alg3.2 —+—Alg3.2

ol Alg4.1 o A Alg4.1
107% —o—Alg3 |3 00 —o—Alg3 |}
—+—Algl —+—Algl

o s 10 15 20 2 a0 3% 4 o s 10 15 2 2w s
Number of iterations Number of iterations

FIGURE 8. Numerical comparison when u; = (1.5,1.7)7, u; = (1.0,2.0)7 and

the number of iterations are 38, 28, 19, 10 and 33, 28, 19, 10, respectively.

achieved by setting up a tolerance 10~. Information about the control parameters is considered
as follows: (1) Algorithm 3.2 in [31] (Alg3.2): A = ﬁ o, = ﬁ,Dn = ||, —yal|?.

max {501 Ser

(2) Algorithm 4.1 in [11] (Algd.1): Ao = 040, = 0.33, 0, = b5, Dy = max { Juns —

2 - 2 . . . _ 1 _ _ 1 _
Yull%, lttn = yul|* } . (3) Algorithm 3 in [12] (Alg3): /1_—max {561’5(_2},9—0.50,8,,_—(n+1)2,yn_

= By = 15(1 = %), D = || n — yu||*- (4) Algorithm 3.1 (Algl): {; = 0.40,u = 0.33, 00 =

5(n+2)?
— 1 _ 1 _ 2 __ 100
0.50,¢&, = Waﬁn = W’Dn = [ xn —yull*s @n = 12
10? T T 103 - -
—o—Alg3.2 —o—Alg3.2
10t Algd.1| | 10 Alg4.1| ]
—e—Alg3 —e—Alg3
—e—Algl ] —e—Algl ]

. . . . . . . . . . . . )1 PR REze:
0 50 100 150 200 250 300 350 400 450 500 0 100 200 300 400 500 600 700 800
Number of iterations Number of iterations

FIGURE 9. Numerical efficiency comparison when uj = (£ — 2t +4)é’, u; =
(3t2 — 1)cos(t) and the number of iterations are 474, 319, 240, 172 and 747,
500, 390, 288, respectively.
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