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Abstract. This paper introduces several new accelerated subgradient extragradient methods with inertial
effects for approximating a solution of a pseudomonotone equilibrium problem and a fixed point problem
involving a quasi-nonexpansive mapping or a demicontractive mapping in real Hilbert spaces. The
proposed algorithms use an adaptive non-monotonic step size criterion that does not include any Armijo
line search process. Strong convergence theorems of the suggested iterative algorithms are established
without the prior knowledge of the Lipschitz constants of the bifunction. Moreover, R-linear convergence
is guaranteed under the assumption that the bifunction satisfies strong pseudomonotonicity. Applications
to variational inequality problems are also considered. Finally, some numerical examples and applications,
which demonstrate the advantages and efficiency of the proposed algorithms, are given.
Keywords. Equilibrium problem; Fixed point problem; Inertial method; Pseudomonotone bifunction;
Subgradient extragradient method.

1. INTRODUCTION

The mathematical form of the equilibrium problem (shortly, EP) in the sense of Blum and
Oettli [1] is described as follows:

find x∗ ∈C such that f (x∗,y)≥ 0, ∀y ∈C, (EP)

where C is a nonempty, closed, and convex subset of a real Hilbert space H , and f : H ×H →
R is a given bifunction with f (x,x) = 0 for all x ∈C. We denote by EP( f ) the solution set of the
problem (EP). Problem (EP) is also well known as the Ky Fan inequality early studied in [2].
Many optimization problems (e.g., variational inequalities, fixed point problems, minimization
problems, saddle point problems, and Nash-equilibrium problems) can be unified under the
framework of equilibrium problems. In the past decades, many scholars have studied the problem
(EP) and proposed a large number of notable methods to solve it; such as the proximal point
method [3], the auxiliary problem principle method [4], and the gap function method [5].
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Next, we review another important issue covered in this paper. Recall that the fixed point
problem (shortly, FPP) for a mapping S : H →H is stated as follows:

find x∗ ∈H such that Sx∗ = x∗. (FPP)

The solution set of the problem (FPP) is called the fixed point set of S and is denoted by F(S).
Finding a common solution to the equilibrium problem and the fixed point problem in real
Hilbert spaces is the concern of this study. That is, we consider finding solutions to the following
problem:

find x∗ ∈C such that x∗ ∈ EP( f )∩F(S). (EPFPP)

The possibility of applying this common solution problem to a mathematical model whose
constraints can be formulated as a fixed-point problem is the motivation and inspiration for its
study. This is especially true in practical situations, such as signal processing, network resource
allocation, and image recovery. Recently, problem (EPFPP) attracted a great deal of interest
from numerous researchers who proposed various approaches to solve it; see, e.g., [6, 7, 8, 9]
and the references therein.

In this paper, we focus on extragradient-type methods to solve the problem (EPFPP). The ex-
tragradient method was proposed by Korpelevich [10] and further investigated by Quoc et al. [11]
for solving equilibrium problems in Euclidean spaces. Recently, based on the ideas of [11],
a large number of extragradient-type methods have been proposed for solving equilibrium
problems in infinite-dimensional Hilbert spaces; see, e.g., [12, 13, 14, 15] and the references
therein. Note that the method introduced by Quoc et al. [11] is a two-step iterative method and
requires solving the strongly convex programming problem on the feasible set C twice in each
iteration, which affects the computational efficiency of such algorithms when the structure of the
feasible set C is complex. To overcome this difficulty, many authors extended the subgradient
extragradient method proposed by Censor, Gibali and Reich [16, 17, 18] to solve equilibrium
problems in infinite-dimensional Hilbert spaces (see, e.g., [12, 15, 19]). These methods convert
the optimization problem on the feasible set in the second step to an optimization problem
on a special half-space in each iteration. Thus, the subgradient extragradient type methods
improve the computational efficiency of the extragradient-type methods because they only need
to solve the optimization problem on the feasible set once. Notice that the step size of the
algorithms proposed in the literature [7, 8, 9, 20] is related to the Lipschitz constants of the
bifunction f . In other words, a prerequisite for these algorithms to work is that they need to
know the prior information about the Lipschitz constants of the bifunction f . However, this
information is usually not easily available in practical applications. Adaptive-type algorithms
become particularly important if no prior knowledge of the Lipschitz constants of the bifunction
is known. Recently, scholars proposed a number of adaptive extragradient-type algorithms to
find common solutions to equilibrium and fixed point problems; see, e.g., [21, 22, 23, 24, 25]. It
should be noted that the algorithms presented in [23, 24] use the Armijo line search criterion
to update the iteration step size. The use of such criterion may add additional computational
efforts due to the fact that the strongly convex programming problem on the feasible set may
need to be solved several times in each iteration. In addition, the step sizes considered in the
algorithms in [22] are decreasing and non-summable, and applying this step size will reduce the
convergence speed of the algorithms used. Moreover, the algorithms proposed in [21, 25] apply a
new step size criterion that automatically updates the iteration step size by a simple computation
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using some previously known information. However, these algorithms generate a non-increasing
sequence of step sizes and will further affect the computational efficiency of such algorithms.

Since the bifunctions in realistic equilibrium problems may be of pseudomonotone. Recently,
some efforts have been put into solving pseudomonotone equilibrium problems (see, e.g.,
[12, 13, 14, 15]), which extend some of the results obtained in [13, 22, 26] for solving monotone
(or strongly pseudomonotone) equilibrium problems due to the fact that the pseudomonotone
bifunctions contain the monotone bifunctions and strongly pseudomonotone bifunctions. On
the other hand, we observe that the fixed point mapping S in [9, 20] is demicontractive while
the mapping S in [7, 21, 25] is quasi-nonexpansive or nonexpansive. It is known that the class
of demicontractive mappings contains the quasi-nonexpansive mappings and nonexpansive
mappings. Therefore, the algorithms proposed in [9, 20] have a wider range of applications than
the algorithms introduced in [7, 21, 25].

In recent years, a great deal of effort has been devoted to speeding up various algorithms. The
inertial term as one of the acceleration techniques has been widely studied by scholars due to
its simple form and good acceleration effect. Recall that the inertial idea is based on a discrete
version of the second-order dissipative dynamical system (see, e.g., [27, 28] for more details).
Recently, many researchers proposed a large number of iterative algorithms to solve equilibrium
problems, variational inequalities, splitting problems, monotone inclusion problems, and fixed
point problems; see, e.g., [13, 15, 29, 30, 31] and the references therein. A common characteristic
of these inertial-type algorithms is that the next iteration depends on the combination of the
previous two (or more) iterations. Many numerical experiments and applications have verified
that this small change can improve the convergence speed of algorithms without inertial terms.

Inspired and motivated by the above works, in this paper, we introduce three new subgradient
extragradient methods with inertial effects to solve pseudomonotone equilibrium problems and
fixed point problems in infinite-dimensional Hilbert spaces. The fixed point mapping in the first
method is quasi-nonexpansive, and it is demicontractive in the latter two methods. The three
methods apply a new non-monotonic step size criterion allowing them to work without the prior
knowledge of the Lipschitz constants of the bifunction. Strong convergence theorems of the
three proposed algorithms are established under some suitable conditions. Moreover, iterative
schemes for solving variational inequality problems are given as a special application of our
main results. Finally, we provide some numerical experiments and applications to verify the
theoretical results of this paper.

This paper is organized as follows. Some basic definitions and technical lemmas are stated
in Section 2. Section 3 introduces three modified inertial subgradient extragradient methods
with a new non-monotonic step size criterion for finding common solutions to the equilibrium
and the fixed point problems, and analyzes their convergence behavior. In addition, a new
subgradient extragradient algorithm for solving the equilibrium problem is proposed and its
linear convergence is guaranteed under the assumption of strong pseudomonotonicity. Section 4
considers the applications to the variational inequality problem. Some numerical examples
occurring in finite- and infinite-dimensional spaces and applications to optimal control problems
are provided in Section 5. Finally, we conclude the paper with a brief summary in Section 6, the
last section.
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2. PRELIMINARIES

Let C be a nonempty, closed, and convex subset of a real Hilbert space H . The weak conver-
gence and strong convergence of {xn} to x are represented by xn ⇀ x and xn→ x, respectively.
For each x,y ∈H and α ∈ R, we have the following facts:

‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉 (2.1)

and
‖αx+(1−α)y‖2 = α‖x‖2 +(1−α)‖y‖2−α(1−α)‖x− y‖2. (2.2)

For every point x ∈H , there exists a unique nearest point in C, denoted by PC(x), such that
PC(x) = argmin{‖x− y‖, y ∈C}. PC is called the metric projection of H onto C. It is known
that PC has the following property:

〈x−PC(x),y−PC(x)〉 ≤ 0, ∀y ∈C. (2.3)

We recall some concepts of monotonicity of a bifunction [1].

Definition 2.1. For all x,y,z ∈C, a bifunction f : C×C −→ R is said to be:
(i) Lipschitz-type condition on C if there exist two positive constants c1,c2 such that f (x,y)+

f (y,z)≥ f (x,z)− c1‖x− y‖2− c2‖y− z‖2;
(ii) monotone on C if f (x,y)+ f (y,x)≤ 0;

(iii) strongly pseudomonotone on C if there exists a constant σ > 0 such that f (x,y)≥ 0 =⇒
f (y,x)≤−σ‖x− y‖2;

(iv) pseudomonotone on C if f (x,y)≥ 0⇒ f (y,x)≤ 0.

From the above definitions, it is easy to see that (ii)⇒ (iv) and (iii)⇒ (iv).

Definition 2.2. Assume that S : H →H is a mapping with F(S) 6= /0. Then
(i) S is called nonexpansive if ‖Sx−Sy‖ ≤ ‖x− y‖,∀x,y ∈H ;

(ii) S is called quasi-nonexpansive if ‖Sx− y‖ ≤ ‖x− y‖,∀x ∈H ,y ∈ F(S);
(iii) S is called λ -demicontractive with 0≤ λ < 1 if

‖Sx− z‖2 ≤ ‖x− z‖2 +λ‖(I−S)x‖2, ∀z ∈ F(S),x ∈H , (2.4)

or equivalently

〈Sx− x,x− z〉 ≤ (λ −1)/2 · ‖x−Sx‖2, ∀z ∈ F(S),x ∈H , (2.5)

or equivalently

〈Sx− z,x− z〉 ≤ ‖x− z‖2 +(λ −1)/2 · ‖x−Sx‖2, ∀z ∈ F(S),x ∈H ; (2.6)

(iv) I−S is called demiclosed at zero if {xn} ⊂H , xn ⇀ x and ‖Sxn− xn‖→ 0, then x ∈ F(S).

In convex analysis, the following definitions are common and important.

Definition 2.3. (i) The subdifferential of a convex function h : C→ R at x ∈C is given by

∂h(x) := {w ∈H | h(y)−h(x)≥ 〈w,y− x〉, ∀y ∈H }.

(ii) The subdifferential of a convex function f (x, ·) at y ∈H is denoted as

∂2 f (x,y) := {w ∈H | f (x,z)− f (x,y)≥ 〈w,z− y〉,∀z ∈H }.
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(iii) The normal cone NC of C at x ∈C is described as

NC(x) := {w ∈H | 〈w,y− x〉 ≤ 0, ∀y ∈C}.
(iv) The proximal operator of a proper, convex, and lower semicontinuous function g : C→

(−∞,+∞] with a positive constant λ > 0 at x ∈H is defined as

proxλg(x) := argminy∈C

{
λg(y)+

1
2
‖x− y‖2

}
.

Definition 2.4 ([32]). A sequence {xn} is said to converge R-linearly to x∗ with rate η ∈ [0,1) if
there exists a constant c > 0 such that ‖xn− x∗‖ ≤ cηn, ∀n ∈ N.

The following technical lemmas are important for our convergence analysis.

Lemma 2.1 ([33]). Let g : C→ R be a lower semicontinuous and convex subdifferentiable
function on C. Then, p is a solution of min{g(x) : x ∈ C} if and only if 0 ∈ ∂g(p)+NC (p),
where NC (p) and ∂g(p) represents the normal cone of C at p and the subdifferential of g at p,
respectively.

Lemma 2.2 ([34]). For all x ∈H , y ∈C, and λ > 0, the following inequality holds:

λ
[
g(y)−g

(
proxλg(x)

)]
≥
〈
x−proxλg(x),y−proxλg(x)

〉
.

Lemma 2.3 ([35]). Let {an} be a sequence of nonnegative real numbers such that there exists a
subsequence

{
an j

}
of {an} such that an j < an j+1 for all j ∈N. Then, there exists a nondecreasing

sequence {mk} of N such that limk→∞ mk = ∞ and the following properties are satisfied by all
(sufficiently large) number k ∈N : amk ≤ amk+1 and ak ≤ amk+1. In fact, mk is the largest number
n in the set {1,2, . . . ,k} such that an < an+1.

Lemma 2.4 ([36]). Let {an} be a sequence of non-negative real numbers satisfying an+1 ≤
(1−αn)an+αnbn, ∀n≥ 0, where {αn} ⊂ (0,1), ∑

∞
n=0 αn = ∞ and {bn} is a sequence such that

limsupn→∞ bn ≤ 0. Then, limn→∞ an = 0.

Lemma 2.5 ([37]). Let S : H → H be a β -demicontractive with F(S) 6= /0 and let Sλ =
(1−λ )I +λS, where λ ∈ (0,1−β ). Then:
(1) F(S) = Fix(Sλ );
(2) ‖Sλ x− z‖2 ≤ ‖x− z‖2−λ (1−β −λ )‖(I−S)x‖2 , ∀x ∈H ,z ∈ F(S);
(3) F(S) is a closed convex subset of H .

3. MAIN RESULTS

In this section, we introduce several new subgradient extragradient methods with inertial
effects for finding common solutions to the equilibrium problem and the fixed point problem and
analyze their convergence. The proposed algorithms apply some previously known information
to generate adaptive non-monotonic step sizes, which allows them to work without the prior
information of the Lipschitz constants of the bifunction. Before we start presenting the proposed
algorithms, let us assume that the bifunction f satisfies the following conditions:
(A1) f is pseudomonotone on C and f (x,x) = 0 for all x ∈C;
(A2) f satisfies the Lipschitz-type condition on H ;
(A3) f (x, ·) is convex and subdifferentiable on H for every fixed x ∈H ;
(A4) f is jointly weakly continuous on H ×C in the sense that if x ∈H , y ∈C and {xn}, {yn}

converge weakly to x, y, respectively, then limn→∞ f (xn,yn)→ f (x,y).
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3.1. The Algorithm 3.1 and its convergence analysis. In this subsection, we introduce a
new algorithm to solve the pseudomonotone equilibrium problem and the fixed point problem
involving a quasi-nonexpansive mapping. We assume that the proposed Algorithm 3.1 below
satisfies the following conditions.
(C1) The solution set of (EPFPP) is nonempty, that is, EP( f )∩F(S) 6= /0;
(C2) The bifunction f satisfies the assumptions (A1)–(A4);
(C3) The mapping S : H →H is quasi-nonexpansive such that (I−S) is demiclosed at zero;
(C4) The mapping ϕ : H →H is ρ-contraction with constant ρ ∈ [0,1);
(C5) Let {εn} and {αn} be two nonnegative sequences such that {αn} ⊂ (0,1), limn→∞ αn = 0,

∑
∞
n=1 αn = ∞ and limn→∞

εn
αn

= 0. Let {ξn} be a sequence satisfying ξn = 1+ ζn and
∑

∞
n=1 ζn < ∞;

(C6) Let {βn} be a real sequence such that {βn} ⊂ (a,b)⊂ (0,1) for some b > a > 0.

Remark 3.1. We note here that Condition (C5) is easily satisfied. For example, taking αn =
1/(n+1), εn = 1/(n+1)2, and ξn = 1+1/(n+1)1.1.

The suggested Algorithm 3.1 is described as follows.

Algorithm 3.1
Initialization: Take θ > 0, λ1 > 0, µ ∈ (0,1) and δ ∈ (0,2/(1+µ)). Let x0,x1 ∈H .
Iterative Steps: Given the iterates xn−1 and xn (n≥ 1). Calculate xn+1 as follows:
Step 1. Compute wn = xn +θn (xn− xn−1), where

θn =

 min
{

εn

‖xn− xn−1‖
,θ

}
, if xn 6= xn−1;

θ , otherwise.
(3.1)

Step 2. Compute

yn = argminy∈C

{
λn f (wn,y)+

1
2
‖wn− y‖2

}
= proxλn f (wn,·) (wn) .

If yn = wn = Swn, then stop and wn ∈ EP( f )∩F(S). Otherwise, go to Step 3.
Step 3. Compute

zn = argminy∈Tn

{
δλn f (yn,y)+

1
2
‖wn− y‖2

}
= proxδλn f (yn,·) (wn) ,

where the half-space is defined by

Tn = {y ∈H : 〈wn−λnvn− yn,y− yn〉 ≤ 0} and vn ∈ ∂2 f (wn,yn) . (3.2)

Step 4. Compute xn+1 = βnzn+(1−βn)Stn, where tn = αnϕ(xn)+(1−αn)zn and update the
next step size λn+1 by

λn+1 =


min

{
µ(‖wn− yn‖2 +‖zn− yn‖2)

2 [ f (wn,zn)− f (wn,yn)− f (yn,zn)]
,ξnλn

}
,

if f (wn,zn)− f (wn,yn)− f (yn,zn)> 0;

ξnλn,otherwise.

(3.3)

Set n := n+1 and go to Step 1.
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Remark 3.2. From Algorithm 3.1, we have the following observations.
(i) It follows from (3.1) that limn→∞

θn
αn
‖xn− xn−1‖= 0. Indeed, one has θn‖xn− xn−1‖ ≤ εn

for all n≥ 1, which together with limn→∞
εn
αn

= 0 implies that

lim
n→∞

(θn‖xn− xn−1‖)/αn ≤ lim
n→∞

εn/αn = 0.

(ii) Note that the domain of zn is Tn. The optimization procedure in Step 3 of Algorithm 3.1
can be efficiently solved by existing methods of convex quadratic programming (see, e.g.,
[38]), which improves the computational efficiency of the second step of the extragradient
method [11], especially when feasible set C and bifunction f have a complex structure.

(iii) It should be pointed out that vn exists and C ⊆ Tn. With the help of the definition of yn and
Lemma 2.1, we have

0 ∈ ∂2
(
λn f (wn,y)+

1
2
‖wn− y‖2)(yn)+NC (yn) ,

where ∂2 f (x,y) denotes the subdifferential of f (x, ·) at y. Therefore, there exists vn ∈
∂2 f (wn,yn) and v ∈ NC (yn) such that λnvn+yn−wn+v = 0. According to v ∈ NC (yn) and
the definition of NC (yn), one obtains 〈v,y− yn〉 ≤ 0 for all y ∈C. Hence,

〈wn− yn,y− yn〉= λn 〈vn,y− yn〉+ 〈v,y− yn〉
≤ λn 〈vn,y− yn〉 , ∀y ∈C.

That is, 〈wn−λnvn− yn,y− yn〉 ≤ 0,∀y ∈C. Consequently, C ⊆ Tn.
(iv) We show that wn ∈ EP( f )∩ F(S) if yn = wn = Swn. From yn = proxλn f (wn,·) (wn) and

Lemma 2.2, we obtain

λn ( f (wn,y)− f (wn,yn))≥ 〈wn− yn,y− yn〉 , ∀y ∈C.

If wn = yn for some n ∈ N, then f (wn,y) ≥ 0 for all y ∈C and hence wn ∈ EP( f ). This
together with wn = Swn implies that wn ∈ EP( f )∩F(S).

Lemma 3.1. Let {λn} be a sequence defined in (3.3). Then limn→∞ λn exists.

Proof. Since f satisfies the Lipschitz-type condition with constants c1 and c2, one has

µ(‖wn− yn‖2 +‖zn− yn‖2)

2 [ f (wn,zn)− f (wn,yn)− f (yn,zn)]
≥ µ(‖wn− yn‖2 +‖zn− yn‖2)

2
[
c1‖wn− yn‖2 + c2‖yn− zn‖2

]
≥ µ

2max{c1,c2}
.

Thus, λn ≥min
{

µ

2max{c1,c2} ,λ1
}

. From the inequality (1+x)≤ ex, ∀x ∈R and the definition of
λn+1, we have

λn+1 ≤ ξnλn = (1+ζn)λn ≤ (1+ζn)(1+ζn−1)λn−1

≤ ·· · ≤
n

∏
j=1

(
1+ζ j

)
λ1 ≤ λ1

n

∏
j=1

eζ j

= λ1e∑
n
j=1 ζ j ≤ λ1e∑

∞
j=1 ζ j = K < ∞.

This yields that {λn} is bounded and λn ∈
[

min
{

µ

2max{c1,c2} ,λ1
}
,K
]
. Moreover, one sees that

λn+1 ≤ (1+ζn)λn ≤ λn +ζnK, ∀n≥ 1.
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Consequently,

λn+m+1 ≤ λn+m +ζn+mK ≤ ·· · ≤ λn +
n+m

∑
j=n

ζ jK, ∀n,m≥ 1.

Therefore, limm→∞ λm ≤ λn +∑
∞
j=n ζ jK, which implies that limm→∞ λm ≤ limn→∞ λn. That is,

limn→∞ λn exists. The proof is completed. �

Lemma 3.2. Assume that the bifunction f satisfies Assumptions (A1)–(A4). Let {wn}, {yn}, and
{zn} be three sequences generated by Algorithm 3.1. Then, for all p ∈ EP( f )∩F(S),

‖zn− p‖2 ≤ ‖wn− p‖2−δ
∗
n
(
‖wn− yn‖2 +‖zn− yn‖2),

where δ ∗n = 2−δ − δ µλn
λn+1

if δ ∈ [1,2/(1+µ)), and δ ∗n = δ − δ µλn
λn+1

if δ ∈ (0,1).

Proof. According to the definition of zn and Lemma 2.1, one sees that

0 ∈ ∂2
(
δλn f (yn,y)+

1
2
‖wn− y‖2)(zn)+NTn (zn) .

Therefore, there exist qn ∈ ∂2 f (yn,zn) and q∈NTn (zn) satisfying δλnqn+zn−wn+q= 0, which
together with the definition of NTn (zn) yields that

〈wn− zn,y− zn〉= δλn 〈qn,y− zn〉+ 〈q,y− zn〉
≤ δλn 〈qn,y− zn〉 , ∀y ∈ Tn.

(3.4)

From the definition of the subdifferential and qn ∈ ∂2 f (yn,zn), one has

f (yn,y)− f (yn,zn)≥ 〈qn,y− zn〉 , ∀y ∈C. (3.5)

It follows from (3.4) and (3.5) that

δλn( f (yn,y)− f (yn,zn))≥ 〈wn− zn,y− zn〉 , ∀y ∈ Tn. (3.6)

From Remark 3.2 (iii), one sees that EP( f )∩F(S) ⊆ EP( f ) ⊆C ⊆ Tn. Let p ∈ EP( f )∩F(S).
Substituting y = p in (3.6), we obtain

δλn( f (yn, p)− f (yn,zn))≥ 〈wn− zn, p− zn〉 . (3.7)

In view of p ∈ EP( f ) and yn ∈C, one obtains f (p,yn)≥ 0. Moreover, we obtain f (yn, p)≤ 0
by means of the pseudomonotonicity of f . From (3.7), we obtain

−δλn f (yn,zn)≥ 〈wn− zn, p− zn〉 . (3.8)

Using the definition of the subdifferential and vn ∈ ∂2 f (wn,yn), one infers that

f (wn,y)− f (wn,yn)≥ 〈vn,y− yn〉 , ∀y ∈C. (3.9)

In particular, substituting y = zn in (3.9), one has

f (wn,zn)− f (wn,yn)≥ 〈vn,zn− yn〉 . (3.10)

From the definition of Tn and zn ∈ Tn, one obtains 〈wn−λnvn− yn,zn− yn〉 ≤ 0, which is equiva-
lent to 〈wn− yn,zn− yn〉 ≤ λn 〈vn,zn− yn〉. This together with (3.10) indicates that

λn( f (wn,zn)− f (wn,yn))≥ 〈wn− yn,zn− yn〉 . (3.11)
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Combining (3.8) and (3.11), we obtain
2δλn ( f (wn,zn)− f (wn,yn)− f (yn,zn))

≥ 2δ 〈wn− yn,zn− yn〉+2〈wn− zn, p− zn〉

= δ‖wn− yn‖2 +δ‖yn− zn‖2−δ‖wn− zn‖2 +‖wn− zn‖2 +‖zn− p‖2−‖wn− p‖2.

(3.12)

From (3.12) and the definition of λn, we can show that

‖zn− p‖2 ≤ ‖wn− p‖2−δ‖wn− yn‖2−δ‖yn− zn‖2− (1−δ )‖wn− zn‖2

+2δλn ( f (wn,zn)− f (wn,yn)− f (yn,zn))

≤ ‖wn− p‖2−δ‖wn− yn‖2−δ‖yn− zn‖2− (1−δ )‖wn− zn‖2

+
δ µλn

λn+1

(
‖wn− yn‖2 +‖zn− yn‖2).

That is,
‖zn− p‖2 ≤ ‖wn− p‖2− (1−δ )‖wn− zn‖2

−δ

(
1− µλn

λn+1

)(
‖wn− yn‖2 +‖zn− yn‖2). (3.13)

Note that

‖wn− zn‖2 ≤ (‖wn− yn‖+‖yn− zn‖)2 ≤ 2(‖wn− yn‖2 +‖zn− yn‖2),

which yields that

−(1−δ )‖wn− zn‖2 ≤−2(1−δ )
(
‖wn− yn‖2 +‖zn− yn‖2

)
, ∀δ ≥ 1.

This together with (3.13) yields

‖zn− p‖2 ≤ ‖wn− p‖2−
(

2−δ − δ µλn

λn+1

)(
‖wn− yn‖2 +‖zn− yn‖2

)
, ∀δ ≥ 1.

On the other hand, if δ ∈ (0,1), then

‖zn− p‖2 ≤ ‖wn− p‖2−δ

(
1− µλn

λn+1

)(
‖wn− yn‖2 +‖zn− yn‖2

)
, ∀δ ∈ (0,1).

This completes the proof of the lemma. �

Remark 3.3. From Lemma 3.1 and the assumptions on µ,δ (i.e., µ ∈ (0,1) and δ ∈ (0,2/(1+
µ))), one sees that limn→∞ δ ∗n = 2− δ − δ µ > 0 when δ ∈ [1,2/(1+ µ)) and limn→∞ δ ∗n =
δ − δ µ > 0 when δ ∈ (0,1). Thus we conclude that limn→∞ δ ∗n > 0. Moreover, there exists
n0 > 0 such that δ ∗n > 0 for all n≥ n0.

Theorem 3.1. Assume that Conditions (C1)–(C6) hold. Then the sequence {xn} generated by
Algorithm 3.1 converges to p ∈ EP( f )∩F(S) in norm, where p = PEP( f )∩F(S) (ϕ(p)).

Proof. Since f satisfies Assumptions (A1)–(A4), we have that the solution set EP( f ) is convex
and closed (see [11]). Moreover, F(S) is also closed and convex (see [39, Proposition 1]).
Hence, PEP( f )∩F(S) (ϕ) : H →H is a contraction mapping. From the Banach Contraction
Principle, there exists a unique point p ∈H such that p = PEP( f )∩F(S) (ϕ(p)). In particular,
p ∈ EP( f )∩F(S). It follows from (2.3) that

〈ϕ(p)− p,z− p〉 ≤ 0, ∀z ∈ EP( f )∩F(S). (3.14)
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By Lemma 3.2 and Remark 3.3, we obtain

‖zn− p‖ ≤ ‖wn− p‖, ∀n≥ n0. (3.15)

For convenience, we divide the proof into four steps.
Claim 1. The sequence {xn} is bounded. By the definition of wn, one has

‖wn− p‖= ‖xn +θn (xn− xn−1)− p‖

≤ ‖xn− p‖+αn ·
θn

αn
‖xn− xn−1‖.

(3.16)

From Remark 3.2 (i), one obtains θn
αn
‖xn− xn−1‖ → 0 as n→ ∞. Thus, there exists a constant

M1 > 0 such that
θn

αn
‖xn− xn−1‖ ≤M1, ∀n≥ 1. (3.17)

Using (3.15), (3.16), and (3.17), one has

‖zn− p‖ ≤ ‖wn− p‖ ≤ ‖xn− p‖+αnM1, ∀n≥ n0. (3.18)

Let ∆n = αn (1−βn). By the definition of xn+1 and (3.18), we have

‖xn+1− p‖ ≤ βn‖zn− p‖+(1−βn)‖Stn− p‖
≤ βn‖zn− p‖+(1−βn)‖αnϕ(xn)+(1−αn)zn− p‖
≤ βn‖zn− p‖+(1−βn)(αn‖ϕ(xn)−ϕ(p)‖+αn‖ϕ(p)− p‖+(1−αn)‖zn− p‖)
≤ (1−∆n)‖zn− p‖+ρ∆n‖xn− p‖+∆n‖ϕ(p)− p‖
≤ (1−∆n)‖xn− p‖+ρ∆n‖xn− p‖+∆n‖ϕ(p)− p‖+αnM1

≤ (1− (1−ρ)∆n)‖xn− p‖+(1−ρ)∆n

[
‖ϕ(p)− p‖

1−ρ
+

αnM1

(1−ρ)∆n

]
≤max

{
‖xn− p‖, ‖ϕ(p)− p‖

1−ρ
+

M1

(1−ρ)(1−βn)

}
≤ ·· · ≤max

{
‖xn0− p‖, ‖ϕ(p)− p‖

1−ρ
+

M1

(1−ρ)(1−βn)

}
.

This implies that the sequence {xn} is bounded. So the sequences {ϕ(xn)} {yn}, {zn}, and {tn}
are also bounded.
Claim 2.

δ
∗
n
(
‖yn−wn‖2 +‖yn− zn‖2)+βn (1−βn)‖Stn− zn‖2

≤ ‖xn− p‖2−‖xn+1− p‖2 +2αn (1−βn)〈ϕ(xn)− p, tn− p〉+αnM2

for some M2 > 0. Indeed, it follows from (3.18) that

‖wn− p‖2 ≤ (‖xn− p‖+αnM1)
2

= ‖xn− p‖2 +αn
(
2M1‖xn− p‖+αnM2

1
)

≤ ‖xn− p‖2 +αnM2

(3.19)
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for some M2 := supn∈N{2M1‖xn− p‖+αnM2
1}> 0. Using the definitions of xn+1 and tn, (2.1),

and (2.2), we obtain

‖xn+1− p‖2 = ‖βnzn +(1−βn)Stn− p‖2

= βn‖zn− p‖2 +(1−βn)‖Stn− p‖2−βn (1−βn)‖Stn− zn‖2

≤ βn‖zn− p‖2 +(1−βn)‖αnϕ(xn)+(1−αn)zn− p‖2−βn (1−βn)‖Stn− zn‖2

≤ βn‖zn− p‖2−βn (1−βn)‖Stn− zn‖2 +(1−βn)
(
(1−αn)‖zn− p‖2

+2αn 〈ϕ(xn)− p, tn− p〉
)

= (1−∆n)‖zn− p‖2 +2∆n 〈ϕ(xn)− p, tn− p〉−βn (1−βn)‖Stn− zn‖2,

(3.20)

where 0 < ∆n = αn (1−βn)< 1. Combining Lemma 3.2, (3.19), and (3.20), we obtain

δ
∗
n
(
‖yn−wn‖2 +‖yn− zn‖2)+βn (1−βn)‖Stn− zn‖2

≤ ‖wn− p‖2−‖xn+1− p‖2 +2∆n 〈ϕ(xn)− p, tn− p〉

≤ ‖xn− p‖2−‖xn+1− p‖2 +2∆n 〈ϕ(xn)− p, tn− p〉+αnM2.

Claim 3.

‖xn+1− p‖2 ≤ (1− (1−ρ)αn (1−βn))‖xn− p‖2 +(1−ρ)αn (1−βn)×[ 2
1−ρ

〈ϕ(p)− p, tn− p〉+ 3Mθn

(1−ρ)αn(1−βn)
‖xn− xn−1‖

]
,∀n > n0

for some M > 0. Indeed, by the definition of wn, one obtains

‖wn− p‖2 = ‖xn− p‖2 +2θn 〈xn− p,xn− xn−1〉+θ
2
n ‖xn− xn−1‖2

≤ ‖xn− p‖2 +3Mθn‖xn− xn−1‖,
(3.21)

where M := supn∈N {‖xn− p‖,θ‖xn− xn−1‖}> 0. From (2.1), (2.2), (3.18), (3.20), and (3.21),
for all n≥ n0, one has

‖xn+1− p‖2 ≤ βn‖zn− p‖2 +(1−βn)‖Stn− p‖2

≤ βn‖zn− p‖2 +(1−βn)×‖αn(ϕ(xn)−ϕ(p))+(1−αn)(zn− p)+αn(ϕ(p)− p)‖2

≤ βn‖zn− p‖2 +2(1−βn)αn〈ϕ(p)− p, tn− p〉

+(1−βn)‖αn(ϕ(xn)−ϕ(p))+(1−αn)(zn− p)‖2

≤ βn‖zn− p‖2 +2(1−βn)αn〈ϕ(p)− p, tn− p〉

+(1−βn)αn‖(ϕ(xn)−ϕ(p))‖2 +(1−βn)(1−αn)‖(zn− p)‖2

= (1−∆n)‖zn− p‖2 +ρ∆n‖xn− p‖2 +2∆n 〈ϕ(p)− p, tn− p〉

≤ (1− (1−ρ)∆n)‖xn− p‖2 +(1−ρ)∆n

( 2
1−ρ

〈ϕ(p)− p, tn− p〉+ 3Mθn

(1−ρ)∆n
‖xn− xn−1‖

)
,

where 0 < ∆n = αn (1−βn)< 1.
Claim 4. The sequence

{
‖xn− p‖2} converges to zero by considering two possible cases on{

‖xn− p‖2}.
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Case 1. There exists N ∈ N such that ‖xn+1− p‖2 ≤ ‖xn− p‖2 for all n≥ N. This together
with the boundedness of {‖xn − p‖2} yields that limn→∞ ‖xn − p‖2 exists. From Claim 2,
Conditions (C5) and (C6), and limn→∞ δ ∗n > 0, we obtain

lim
n→∞
‖Stn− zn‖= 0, lim

n→∞
‖wn− yn‖= 0, lim

n→∞
‖zn− yn‖= 0, (3.22)

which means that limn→∞ ‖zn−wn‖= 0. According to the definition of wn and Remark 3.2 (i),
one has

‖xn−wn‖= αn ·
θn

αn
‖xn− xn−1‖→ 0 as n→ ∞. (3.23)

This together with limn→∞ ‖zn−wn‖= 0 implies that

lim
n→∞
‖zn− xn‖= 0. (3.24)

As {xn} is bounded, there exists a subsequence {xnk} of {xn} that converges weakly to some
z ∈H . Moreover,

limsup
n→∞

〈ϕ(p)− p,xn− p〉= lim
k→∞

〈ϕ(p)− p,xnk− p〉= 〈ϕ(p)− p,z− p〉 . (3.25)

It follows from (3.22) and (3.23) that ynk ⇀ z and z ∈C. By means of ynk = proxλnk f (wnk ,·)
(wnk)

and Lemma 2.2, we obtain

λnk ( f (wnk ,y)− f (wnk ,ynk))≥ 〈wnk− ynk ,y− ynk〉 , ∀y ∈C. (3.26)

Passing to the limit in (3.26) as k→ ∞ and using the Assumptions (A1), (A4), and Lemma 3.1,
we obtain f (z,y)≥ 0, ∀y ∈C, which implies that z ∈ EP( f ). Next we show that z ∈ F(S). From
tn− zn = αn (ϕ(xn)− zn) and Condition (C5), one has limn→∞ ‖tn− zn‖= 0. Thus, we deduce
from (3.22) that tnk ⇀ z and limn→∞ ‖tn−Stn‖= 0. It follows from the demiclosedness of (I−S)
that z ∈ F(S). Consequently, we conclude that z ∈ EP( f )∩F(S). Combining (3.14) and (3.25),
we obtain

limsup
n→∞

〈ϕ(p)− p,xn− p〉= 〈ϕ(p)− p,z− p〉 ≤ 0. (3.27)

It follows from (3.24) and limn→∞ ‖tn− zn‖= 0 that limn→∞ ‖tn− xn‖= 0, which together with
(3.27) yields

limsup
n→∞

〈ϕ(p)− p, tn− p〉

≤ limsup
n→∞

〈ϕ(p)− p, tn− xn〉+ limsup
n→∞

〈ϕ(p)− p,xn− p〉 ≤ 0.
(3.28)

Combining Claim 3, (3.28), Conditions (C5), (C6), and Remark 3.2 (i), we conclude from
Lemma 2.4 that limn→∞ ‖xn− p‖= 0.

Case 2. There exists a subsequence
{
‖xn j − p‖

}
of {‖xn− p‖} such that ‖xn j− p‖< ‖xn j+1−

p‖ for all j ∈ N. From Lemma 2.3, there exists a nondecreasing sequence mk of N such that
limk→∞ mk = ∞ and the following inequalities hold for all k ∈ N:

‖xmk− p‖ ≤ ‖xmk+1− p‖ and ‖xk− p‖ ≤ ‖xmk+1− p‖. (3.29)

It follows from Remark 3.3 that limk→∞ δ ∗mk
> 0. According to Claim 2 and (3.29), we have

δ
∗
mk

(
‖ymk−wmk‖

2 +‖ymk− zmk‖
2)+βmk (1−βmk)‖Stmk− zmk‖

2

≤ ‖xmk− p‖2−‖xmk+1− p‖2 +2αmk (1−βmk)〈ϕ(xmk)− p, tmk− p〉+αmkM2

≤ 2αmk (1−βmk)〈ϕ(xmk)− p, tmk− p〉+αmkM2.



ACCELERATED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHMS 101

This combining with limk→∞ δ ∗mk
> 0, Conditions (C5) and (C6) yield that

lim
k→∞
‖wmk− ymk‖= 0, lim

k→∞
‖zmk− ymk‖= 0, lim

k→∞
‖Stmk− zmk‖= 0.

Using the same arguments (3.23)–(3.28) as in the proof of Case 1, we obtain

limsup
k→∞

〈ϕ(p)− p, tmk− p〉 ≤ 0. (3.30)

Combining Claim 3 and (3.29), we have for all mk ≥ n0,

‖xmk+1− p‖2 ≤ (1− (1−ρ)αmk (1−βmk))‖xmk+1− p‖2 +(1−ρ)αmk (1−βmk)×( 2
1−ρ

〈ϕ(p)− p, tmk− p〉+
3Mθmk

(1−ρ)αmk(1−βmk)
‖xmk− xmk−1‖

)
,

which further yields that

‖xmk+1− p‖2 ≤ 2
1−ρ

〈ϕ(p)− p, tmk− p〉+
3Mθmk

(1−ρ)αmk(1−βmk)
‖xmk− xmk−1‖, ∀mk ≥ n0.

This together with (3.30) and Remark 3.2 (i) implies that limk→∞ ‖xmk+1− p‖ = 0. It follows
from (3.29) that limk→∞ ‖xk− p‖= 0, i.e., xk→ p as k→ ∞. This completes the proof. �

3.2. The Algorithm 3.2 and its convergence analysis. In this subsection, we present a new
iterative scheme that combines the inertial subgradient extragradient method and the viscosity-
like method for finding a common solution to the pseudomonotone equilibrium problem and the
fixed point problem with a demicontractive mapping. We assume that the proposed Algorithm 3.2
satisfies Conditions (C1), (C2), (C4), (C5) and the following two conditions.
(C7) The mapping S : H →H is λ -demicontractive such that (I−S) is demiclosed at zero.
(C8) Let {βn} be a real sequence in (0,1) such that {βn} ⊂ (a,1−λ ) for some a > 0.

The proposed Algorithm 3.2 is stated as follows.

Algorithm 3.2
Initialization: Take θ > 0, λ1 > 0, µ ∈ (0,1) and δ ∈ (0,2/(1+µ)). Let x0,x1 ∈H .
Iterative Steps: Given the iterates xn−1 and xn (n≥ 1). Calculate xn+1 as follows:
Step 1. Compute wn = xn +θn (xn− xn−1), where θn is defined in (3.1).
Step 2. Compute

yn = argminy∈C

{
λn f (wn,y)+

1
2
‖wn− y‖2

}
.

If yn = wn = Swn, then yn ∈ EP( f )∩F(S). Otherwise, go to Step 3.
Step 3. Compute

zn = argminy∈Tn

{
δλn f (yn,y)+

1
2
‖wn− y‖2

}
,

where Tn is given by (3.2).
Step 4. Compute

xn+1 = αnϕ(xn)+(1−αn) tn,
where tn = (1−βn)zn +βnSzn and update the next step size λn+1 by (3.3).
Set n := n+1 and go to Step 1.
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Theorem 3.2. Assume that Conditions (C1), (C2), (C4), (C5), (C7), and (C8) hold. Then
the sequence {xn} generated by Algorithm 3.2 converges to p ∈ EP( f )∩F(S) in norm, where
p = PEP( f )∩F(S) (ϕ(p)).

Proof. For convenience, we divide the proof into four claims.
Claim 1. The sequence {xn} is bounded. From the definition of tn and Lemma 2.5 (ii), we have

‖tn− p‖2 ≤ ‖zn− p‖2−βn (1−λ −βn)‖Szn− zn‖2 . (3.31)

Using (3.31) and Lemma 3.2, we have

‖tn− p‖2 ≤ ‖wn− p‖2−δ
∗
n
(
‖wn− yn‖2 +‖zn− yn‖2)

−βn (1−λ −βn)‖Szn− zn‖2 .
(3.32)

It follows from Remark 3.3 and {βn} ⊂ (a,1−λ ) that

‖tn− p‖ ≤ ‖wn− p‖ , ∀n≥ n0. (3.33)

Combining (3.16), (3.17), and (3.33), one obtains

‖tn− p‖ ≤ ‖wn− p‖ ≤ ‖xn− p‖+αnM1, ∀n≥ n0. (3.34)

From the definition of xn+1 and (3.34), we have

‖xn+1− p‖= ‖αnϕ (xn)+(1−αn) tn− p‖
≤ αn ‖ϕ (xn)−ϕ(p)‖+αn‖ϕ(p)− p‖+(1−αn)‖tn− p‖
≤ αnρ ‖xn− p‖+αn‖ϕ(p)− p‖+(1−αn)‖wn− p‖

≤ [1−αn(1−ρ)]‖xn− p‖+αn(1−ρ)
‖ϕ(p)− p‖+M1

1−ρ

≤max
{
‖xn− p‖ , ‖ϕ(p)− p‖+M1

1−ρ

}
≤ ·· · ≤max

{
‖xn0− p‖ , ‖ϕ(p)− p‖+M1

1−ρ

}
, ∀n≥ n0.

That is, {xn} is bounded, so are {ϕ (xn)}, {wn}, {yn}, {zn}, and {tn}.
Claim 2.

(1−αn)δ
∗
n
(
‖yn−wn‖2 +‖zn− yn‖2 )+(1−αn)βn (1−λ −βn)‖Szn− zn‖2

≤ ‖xn− p‖2−‖xn+1− p
∥∥2 +αn

∥∥ϕ (xn)− p‖2 +αnM2

for some M2 > 0. Using (2.2), (3.19), and (3.32), we have

‖xn+1− p‖2 = ‖αn (ϕ (xn)− p)+(1−αn)(tn− p)‖2

≤ αn ‖ϕ (xn)− p‖2 +(1−αn)‖tn− p‖2

≤ αn ‖ϕ (xn)− p‖2 +‖xn− p‖2 +αnM2− (1−αn)δ
∗
n
(
‖yn−wn‖2 +‖zn− yn‖2 )

− (1−αn)βn (1−λ −βn)‖Szn− zn‖2 .

The desired result now follows easily.
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Claim 3.

‖xn+1− p‖2 ≤ (1− (1−ρ)αn)‖xn− p‖2 +(1−ρ)αn

[ 2
1−ρ

〈ϕ(p)− p,xn+1− p〉

+
3Mθn

(1−ρ)αn
‖xn− xn−1‖

]
, ∀n≥ n0

for some M > 0. Combining (2.1), (2.2), (3.21), and (3.33), we obtain

‖xn+1− p‖2 = ‖αnϕ (xn)+(1−αn) tn− p‖2

= ‖αn (ϕ (xn)−ϕ(p))+(1−αn)(tn− p)+αn(ϕ(p)− p)‖2

≤ ‖αn (ϕ (xn)−ϕ(p))+(1−αn)(tn− p)‖2 +2αn 〈ϕ(p)− p,xn+1− p〉

≤ αn ‖ϕ (xn)−ϕ(p)‖2 +(1−αn)‖tn− p‖2 +2αn 〈ϕ(p)− p,xn+1− p〉

≤ αnρ ‖xn− p‖2 +(1−αn)‖xn− p‖2 +2αn〈ϕ(p)− p,xn+1− p〉+3Mθn ‖xn− xn−1‖

= (1− (1−ρ)αn)‖xn− p‖2 +(1−ρ)αn

[ 2
1−ρ

〈ϕ(p)− p,xn+1− p〉

+
3Mθn

(1−ρ)αn
‖xn− xn−1‖

]
, ∀n≥ n0.

Claim 4. The sequence
{
‖xn− p‖2} converges to zero by considering two possible cases on{

‖xn− p‖2}.
Case 1. There exists an N ∈ N such that ‖xn+1− p‖2 ≤ ‖xn− p‖2 for all n≥ N. This implies

that limn→∞ ‖xn− p‖2 exists. By Claim 2, Conditions (C5), (C8), and limn→∞ δ ∗n > 0, we obtain

lim
n→∞
‖wn− yn‖= 0, lim

n→∞
‖zn− yn‖= 0, lim

n→∞
‖zn−Szn‖= 0, (3.35)

which implies that limn→∞ ‖zn−wn‖= 0. From (3.23) and (3.24), we obtain

lim
n→∞
‖xn−wn‖= 0 and lim

n→∞
‖zn− xn‖= 0. (3.36)

By the definition of tn, i.e., tn = (1−βn)zn +βnSzn, one sees that

‖tn− zn‖= βn ‖Szn− zn‖ ≤ (1−λ )‖Szn− zn‖ .

In view of (3.35), we obtain
lim
n→∞
‖tn− zn‖= 0. (3.37)

From the hypothesis on {αn}, (3.36), and (3.37), we deduce

‖xn+1− xn‖= ‖αnϕ (xn)+(1−αn) tn− xn‖
≤ αn ‖ϕ (xn)− xn‖+(1−αn)‖tn− xn‖
≤ αn ‖ϕ (xn)− xn‖+‖tn− zn‖+‖zn− xn‖→ 0 as n→ ∞.

(3.38)

With the help of the same facts as in (3.25) and (3.26), we can also obtain that z ∈ EP( f ). It
follows from (3.36) that znk ⇀ z, which together with ‖zn−Szn‖ → 0 and the demiclosedness
of (I− S) yields that z ∈ F(S). Thus, z ∈ EP( f )∩ F(S). Combining the definition of p, z ∈
EP( f )∩F(S), and (3.14), we obtain

limsup
n→∞

〈ϕ(p)− p,xn− p〉= 〈ϕ(p)− p,z− p〉 ≤ 0.
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This combining with (3.38) infers that

limsup
n→∞

〈ϕ(p)− p,xn+1− p〉

≤ limsup
n→∞

〈ϕ(p)− p,xn+1− xn〉+ limsup
n→∞

〈ϕ(p)− p,xn− p〉

= 〈ϕ(p)− p,z− p〉 ≤ 0.

(3.39)

Using Claim 3, (3.39), Remark 3.2 (i), and Lemma 2.4, we observe that limn→∞ ‖xn− p‖= 0.
That is, xn→ p as n→ ∞.

Case 2. There exists a subsequence {‖xn j− p‖} of {‖xn− p‖} such that ‖xn j− p‖< ‖xn j+1−
p‖ for all j ∈ N. Combining Claim 2 and (3.29), we have

(1−αmk)δ
∗
mk

(
‖ymk−wmk‖

2 +‖zmk− ymk‖
2 )+(1−αmk)βmk (1−λ −βmk)‖Szmk− zmk‖

2

≤ ‖xmk− p‖2−‖xmk+1− p‖2 +αmk ‖ϕ (xmk)− p‖2 +αmkM2

≤ αmk ‖ϕ (xmk)− p‖2 +αmkM2.

By the hypothesis on {αn}, {βn}, and Remark 3.3, we obtain

lim
k→∞

‖wmk− ymk‖= 0, lim
k→∞

‖zmk− ymk‖= 0, lim
k→∞

‖zmk−Szmk‖= 0.

Using the same arguments as in the proof of Case 1, we obtain

limsup
k→∞

〈
ϕ(p)− p,xmk+1− p

〉
≤ 0. (3.40)

Combining Claim 3 and (3.29), we deduce that∥∥xmk+1− p
∥∥2 ≤ (1− (1−ρ)αmk)

∥∥xmk+1− p
∥∥2

+(1−ρ)αmk

[ 2
1−ρ

〈
ϕ(p)− p,xmk+1− p

〉
+

3Mθmk

(1−ρ)αmk

∥∥xmk− xmk−1
∥∥], ∀mk ≥ n0.

This follows that∥∥xmk+1− p
∥∥2 ≤ 2

1−ρ

〈
ϕ(p)− p,xmk+1− p

〉
+

3Mθmk

(1−ρ)αmk

∥∥xmk− xmk−1
∥∥ . (3.41)

Combining Remark 3.2 (i), (3.29), (3.40), and (3.41), we obtain that limsupk→∞ ‖xk− p‖2 ≤ 0.
This means that xk→ p as k→ ∞. The proof of Theorem 3.2 is completed. �

3.3. The Algorithm 3.3 and its convergence analysis. In this subsection, we introduce a
Mann-type subgradient extragradient method (see Algorithm 3.3 below) for solving the pseu-
domonotone equilibrium problem and the fixed point problem with a demicontractive mapping.
It is assumed that Algorithm 3.3 satisfies Conditions (C1), (C2), (C5), (C7) and the following
condition.
(C9) Let {βn} be a real sequence such that {βn} ⊂ (a,b) ⊂ (a,(1− λ )(1−αn)) for some

b > a > 0.
The proposed Algorithm 3.3 is illustrated below.

Theorem 3.3. Assume that Conditions (C1), (C2), (C5), (C7), and (C9) hold. Then the sequence
{xn} generated by Algorithm 3.3 converges to p ∈ EP( f )∩F(S) in norm, where ‖p‖= min{‖z‖ :
z ∈ EP( f )∩F(S)}.
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Algorithm 3.3
Initialization: Take θ > 0, λ1 > 0, µ ∈ (0,1) and δ ∈ (0,2/(1+µ)). Let x0,x1 ∈H .
Iterative Steps: Given the iterates xn−1 and xn (n≥ 1). Calculate xn+1 as follows:
Step 1. Compute wn = xn +θn (xn− xn−1), where θn is defined in (3.1).
Step 2. Compute

yn = argminy∈C

{
λn f (wn,y)+

1
2
‖wn− y‖2

}
.

If yn = wn = Swn, then yn ∈ EP( f )∩F(S). Otherwise, go to Step 3.
Step 3. Compute

zn = argminy∈Tn

{
δλn f (yn,y)+

1
2
‖wn− y‖2

}
,

where Tn is given by (3.2).
Step 4. Compute xn+1 = (1−αn−βn)zn+βnSzn, and update the next step size λn+1 by (3.3).
Set n := n+1 and go to Step 1.

Proof. We also divided the proof into four parts.
Claim 1. The sequence {xn} is bounded. From the definiton of xn+1, one has

‖xn+1− p‖ ≤ ‖(1−αn−βn)(zn− p)+βn (Szn− p)‖+αn‖p‖. (3.42)

Combining (2.4), (2.6), (3.15), and the hypothesis on {βn}, we have

‖(1−αn−βn)(zn− p)+βn (Szn− p)‖2

= (1−αn−βn)
2 ‖zn− p‖2 +β

2
n ‖Szn− p‖2 +2(1−αn−βn)βn 〈Szn− p,zn− p〉

≤ (1−αn−βn)
2 ‖zn− p‖2 +β

2
n
[
‖zn− p‖2 +λ ‖zn−Szn‖2 ]

+2(1−αn−βn)βn
[
‖zn− p‖2− 1−λ

2
‖zn−Szn‖2 ]

= (1−αn)
2 ‖zn− p‖2 +βn (βn− (1−λ )(1−αn))‖zn−Szn‖2

≤ (1−αn)
2 ‖wn− p‖2 ,

which implies that

‖(1−αn−βn)(zn− p)+βn (Szn− p)‖ ≤ (1−αn)‖wn− p‖ , ∀n≥ n0. (3.43)

From (3.15), (3.16), and (3.17), we find that

‖zn− p‖ ≤ ‖wn− p‖ ≤ ‖xn− p‖+αnM1, ∀n≥ n0. (3.44)

Combining (3.42), (3.43), and (3.44), we obtain

‖xn+1− p‖ ≤ (1−αn)‖wn− p‖+αn‖p‖
≤ (1−αn)‖xn− p‖+αn(‖p‖+M1)

≤max{‖xn− p‖ ,‖p‖+M1}
≤ · · · ≤max{‖xn0− p‖ ,‖p‖+M1} .

Thus, the sequence {xn} is bounded, so are {wn}, {yn}, and {zn}.
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Claim 2.
βn [(1−λ )−βn]‖zn−Szn‖2 +δ

∗
n
(
‖yn−wn‖2 +‖zn− yn‖2 )

≤ ‖xn− p‖2−‖xn+1− p‖2 +αnM4

for some M4 > 0. Combining (2.5), (3.19), (3.44), and Lemma 3.2, we have

‖xn+1− p‖2 = ‖(zn− p)+βn (Szn− zn)−αnzn‖2

≤ ‖(zn− p)+βn (Szn− zn)‖2−2αn 〈zn,xn+1− p〉

≤ ‖zn− p‖2 +β
2
n ‖Szn− zn‖2 +βn(λ −1)‖zn−Szn‖2 +αnM3

≤ ‖xn− p‖2 +αnM4−βn [(1−λ )−βn]‖zn−Szn‖2−δ
∗
n
(
‖yn−wn‖2 +‖zn− yn‖2 ),

where M3 := 2supn∈N |〈zn, p− xn+1〉| and M4 := M2+M3. Thus, we can obtain the desired result
immediately.
Claim 3.

‖xn+1− p‖2 ≤ (1−αn)‖xn− p‖2 +αn

[
2βn ‖zn−Szn‖‖xn+1− p‖+2〈p, p− xn+1〉

+
3Mθn

αn
‖xn− xn−1‖

]
, ∀n≥ n0

for some M > 0. Indeed, set tn = (1−βn)zn +βnSzn. From the hypothesis on {βn}, (3.31) and
(3.44), one has

‖tn− p‖ ≤ ‖zn− p‖ ≤ ‖wn− p‖ , ∀n≥ n0. (3.45)

In addition, one sees that

xn+1 = tn−αnzn = (1−αn) tn−αn (zn− tn)

= (1−αn) tn−αnβn (zn−Szn) .

From (2.1), (3.21), and (3.45), one has

‖xn+1− p‖2 = ‖(1−αn)(tn− p)−αn (βn (zn−Szn)+ p)‖2

≤ (1−αn)
2 ‖tn− p‖2−2αn 〈βn (zn−Szn)+ p,xn+1− p〉

= (1−αn)
2 ‖tn− p‖2 +αn [2βn 〈zn−Szn, p− xn+1〉+2〈p, p− xn+1〉]

≤ (1−αn)‖xn− p‖2 +αn

[
2βn ‖zn−Szn‖‖xn+1− p‖

+2〈p, p− xn+1〉+
3Mθn

αn
‖xn− xn−1‖

]
, ∀n≥ n0.

Claim 4. {‖xn− p‖2} converges to zero by considering two possible cases on {‖xn− p‖2}.
Case 1, There exists an N ∈ N such that ‖xn+1− p‖2 ≤ ‖xn− p‖2 for all n≥ N. This implies

that limn→∞ ‖xn− p‖2 exists. From Claim 2, Conditions (C5), (C9), and limn→∞ δ ∗n > 0, we
obtain

lim
n→∞
‖wn− yn‖= 0, lim

n→∞
‖zn−Szn‖= 0, lim

n→∞
‖zn− yn‖= 0. (3.46)

As stated in Claim 4 of Theorem 3.2, we can also obtain that

lim
n→∞
‖zn−wn‖= 0, lim

n→∞
‖xn−wn‖= 0, lim

n→∞
‖zn− xn‖= 0. (3.47)
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From (3.46) and the hypothesis on {βn}, one has

lim
n→∞

βn ‖zn−Szn‖‖xn+1− p‖= 0. (3.48)

Combining (3.46), (3.47), and the hypothesis on {αn}, we have

‖xn+1− xn‖ ≤ ‖zn− xn‖+αn ‖zn‖+βn ‖zn−Szn‖→ 0 as n→ ∞. (3.49)

As declared in Case 1 of Theorem 3.2, we can obtain that z ∈ EP( f )∩F(S). According to the
definition of p, one sees that p = PEP( f )∩F(S)(0), which together with z ∈ EP( f )∩F(S) and (2.3)
gives that

limsup
n→∞

〈p, p− xn〉= 〈p, p− z〉 ≤ 0. (3.50)

By using (3.49) and (3.50), we obtain

limsup
n→∞

〈p, p− xn+1〉 ≤ 0. (3.51)

Combining Claim 3, the hypothesis on {αn}, (3.48), (3.51), and Remark 3.2 (i), we deduce from
Lemma 2.4 that limn→∞ ‖xn+1− p‖2 = 0. That is, xn→ p as n→ ∞.

Case 2. There exists a subsequence {‖xn j − p‖2} of {‖xn− p‖2} such that ‖xn j − p‖2 <

‖xn j+1− p‖2 for all j ∈ N. By Claim 2 and (3.29), one has

δ
∗
mk

(
‖ymk−wmk‖

2 +‖zmk− ymk‖
2 )+βmk [(1−λ )−βmk ]‖zmk−Szmk‖

2

≤ ‖xmk− p‖2−‖xmk+1− p‖2 +αmkM4 ≤ αmkM4.

From the hypothesis on {βn} and Remark 3.3, one obtains

lim
k→∞

‖wmk− ymk‖= 0, lim
k→∞

‖zmk− ymk‖= 0, lim
k→∞

‖zmk−Szmk‖= 0.

As proved in the first case, we can obtain that limsupk→∞

〈
p, p− xmk+1

〉
≤ 0. From Claim 3 and

(3.29), we have

‖xmk+1− p‖2 ≤ (1−αmk)‖xmk+1− p‖2 +αmk

[
2βmk ‖zmk−Szmk‖‖xmk+1− p‖

+2
〈

p, p− xmk+1
〉
+

3Mθmk

αmk

‖xmk− xmk−1‖
]
, ∀mk ≥ n0,

which together with (3.29) implies that

‖xk− p‖2 ≤
∥∥xmk+1− p

∥∥2

≤ 2βmk ‖zmk−Szmk‖‖xmk+1− p‖+2
〈

p, p− xmk+1
〉
+

3Mθmk

αmk

‖xmk− xmk−1‖.

Thus, we conclude that limsupk→∞ ‖xk− p‖2 ≤ 0, that is xk→ p as k→ ∞. This completes the
proof of Theorem 3.3. �

Remark 3.4. We have the following observations for Algorithms 3.1–3.3.
(1) The algorithms presented in this paper use a new non-monotonic step size criterion (see

(3.3)), which allows them to work without the prior knowledge of the Lipschitz constants
for the bifunction f . Our results improve the algorithms in [7, 8, 9, 20] that use a fixed
step size, the algorithms in [23, 24] that use the Armijo line search rule, and the algorithms
in [21, 25] that use a non-increasing step size criterion.
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(2) It is worth noting that the suggested algorithms differ from the subgradient extragradi-
ent method proposed by Censor, Gibali and Reich [16, 17, 18] in the calculation of zn.
Specifically, we replace the step size λn in the algorithm proposed by Censor, Gibali and
Reich [16, 17, 18] with δλn (where δ is a positive constant satisfying certain conditions)
in our algorithms when calculating zn. Notice that our schemes can obtain a faster conver-
gence speed and a higher accuracy when δ is chosen to a suitable value (see the numerical
experiments in Section 5).

(3) Our algorithms only require the computation of the strongly convex problem on the feasible
set once in each iteration, which improves the computational speed of the algorithms
proposed in [7, 8, 9, 20] that require the computation of the strongly convex problem on the
feasible set twice. On the other hand, the inertial term, which is one of the techniques to
speed up the convergence speed, is also embedded in the proposed algorithms. Numerical
experimental results show that the appropriate inertial parameter plays an active role in the
convergence speed and accuracy of our algorithms (see Section 5).

(4) It should be noted that the algorithms presented in [8, 23] are based on the hybrid (or shrink-
ing) projection-type method to obtain strong convergence theorems in infinite-dimensional
Hilbert spaces, while the proposed algorithms achieve strong convergence through the
Mann-type method and the viscosity-type method. Our algorithms may be preferable to
the projection-based methods [8, 23] in infinite-dimensional spaces due to the fact that the
values of the projections are not easy to compute.

(5) We can obtain three new iterative schemes for solving the equilibrium problem when S = I,
where I is the identity operator. These results improve and generalize many algorithms used
in the literature for solving equilibrium problems (see, e.g., [11, 12, 13, 14, 15, 19, 22, 26]),
based on the following five facts: (i) our algorithms improve the computational efficiency
of extragradient-type algorithms [11, 14, 26] due to the fact that only one optimization
problem in the feasible set needs to be computed in each iteration; (ii) our algorithms
include a pseudomonotone bifunction, which extends the results used in [13, 22, 26] for
solving monotone or strongly pseudomonotone equilibrium problems; (iii) our algorithms
apply a new non-monotonic step size criterion, which is different from the non-summable
and non-increasing step sizes used in [12, 15, 19, 22, 26]; (iv) our algorithms embed inertial
terms to accelerate the convergence speed of the algorithms used; and (v) our algorithms
obtain strong convergence theorems in infinite-dimensional Hilbert spaces, which is more
preferable to the weakly convergent results proposed in [12, 14, 15].

3.4. The Algorithm 3.4 and its linear convergence. In this subsection, we state the last itera-
tive scheme proposed in this paper and analyze its convergence rate (see Algorithm 3.4 below).
It is worth noting that the bifunction f in Algorithm 3.4 is σ -strongly pseudomonotone on C.
Now, we show the details of the proposed scheme in Algorithm 3.4.

The following results can be obtained with the help of the method presented in [19].

Theorem 3.4. Assume that the bifunction f : H ×H → R is σ -strongly pseudomonotone on
C and satisfies Assumption (A2). Take a constant γ ∈ (0,1). Suppose that the inertial parameter
θ satisfies the following condition

θ ≤ ηφ

ηφ +2η +φ
, (3.52)
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Algorithm 3.4
Initialization: Take λ1 > 0, µ ∈ (0,1) and δ ∈ (0,2/(1+µ)). Let x0,x1 ∈H be arbitrary.
Iterative Steps: Given the iterates xn−1 and xn (n≥ 1). Calculate xn+1 as follows:
Step 1. Compute wn = xn +θ (xn− xn−1), where θ ⊂ (0,1).
Step 2. Compute yn = argminy∈C

{
λn f (wn,y)+ 1

2‖wn− y‖2}. If yn = wn, then yn ∈ EP( f ).
Otherwise, go to Step 3.
Step 3. Compute zn = argminy∈Tn

{
δλn f (yn,y)+ 1

2‖wn−y‖2}, where Tn and λn+1 are defined
in (3.2) and (3.3), respectively.
Set n := n+1 and go to Step 1.

where η := 1− χ , φ := χ(1− γ), χ := min
{1

2δ †
n γ,δλσ

}
, λ := limn→∞ λn, δ †

n := limn→∞ δ ∗n
and δ ∗n is defined in Lemma 3.2. Then the sequence {xn} generated by Algorithm 3.4 converges
to the unique solution p of problem EP( f ) with a R-linear rate.

Proof. We divided the proof into three steps.
Step 1. For all p ∈ EP( f ), we show that

‖xn+1− p‖2 ≤ η ‖wn− p‖2−φ ‖xn+1−wn‖2 , ∀n≥ n0,

where η := 1−χ ∈ (0,1) and φ := χ(1− γ) ∈ (0,1). Indeed, taking y := p in (3.6), we have

δλn ( f (yn, p)− f (yn,xn+1))≥ 〈wn− xn+1, p− xn+1〉 . (3.53)

From p ∈ EP( f ) and yn ∈ C, one obtains f (p,yn) ≥ 0, which together with the strong pseu-
domonotonicity of bifuntion f yields that f (yn, p)≤−σ ‖yn− p‖2. From (3.53), we see that

−δλn f (yn,xn+1)≥−δλn f (yn, p)+ 〈wn− xn+1, p− xn+1〉

≥ δλnσ ‖yn− p‖2 + 〈wn− xn+1, p− xn+1〉 .
(3.54)

Combining (3.54) and the similar proof in (3.9)–(3.13), we obtain

‖xn+1− p‖2 ≤ ‖wn− p‖2−δ
∗
n

(
‖yn−wn‖2 +‖xn+1− yn‖2

)
−2δλnσ ‖yn− p‖2 , (3.55)

where δ ∗n is defined in Lemma 3.2. It follows from Remark 3.3 that δ ∗n > 0 for all n≥ n0. By
means of (3.55) and the Cauchy-Schwartz Inequality (2‖a‖2 +2‖b‖2 ≥ ‖a+b‖2), we obtain for
all n≥ n0 that

‖xn+1− p‖2 ≤ ‖wn− p‖2−δ
∗
n γ ‖yn−wn‖2−2δλnσ ‖yn− p‖2

−δ
∗
n (1− γ)

[
‖yn−wn‖2 +‖xn+1− yn‖2

]
≤ ‖wn− p‖2−δ

∗
n γ ‖yn−wn‖2−2δλnσ ‖yn− p‖2

− 1
2

δ
∗
n (1− γ)‖xn+1−wn‖2 , ∀γ ∈ (0,1).

(3.56)

Take χ :=min
{1

2δ †
n γ,δλσ

}
, where δ †

n := 2−δ−δ µ when δ ∈ [1,2/(1+µ)) and δ †
n := δ−δ µ

when δ ∈ (0,1), and λ := limn→∞ λn. Note that limn→∞ δ ∗n = δ †
n . Hence, there exists N ≥ n0

such that for all n≥ N,
1
2

δ
∗
n (1− γ)≥ 1

2
δ

†
n (1− γ)γ ≥ χ(1− γ), δ

∗
n γ ≥ 2χ, and 2δλnσ ≥ 2χ.
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From (3.56) and the Cauchy-Schwartz Inequality, we obtain

‖xn+1− p‖2 ≤ ‖wn− p‖2−2χ

(
‖yn−wn‖2 +‖yn− p‖2

)
−χ(1− γ)‖xn+1−wn‖2

≤ η ‖wn− p‖2−φ ‖xn+1−wn‖2 , ∀n≥ N.
(3.57)

where η := 1−χ ∈ (0,1) and φ := χ(1− γ) ∈ (0,1).
Step 2. For all n≥ N, we show that

‖xn+1− p‖2−ηθ ‖xn− p‖2 +φ (1−θ)‖xn+1− xn‖2

≤ η

[
‖xn− p‖2−θ ‖xn−1− p‖2 +φ (1−θ)‖xn− xn−1‖2

]
.

(3.58)

From the definition of wn and (2.2), one has

‖wn− p‖2 = ‖(1+θ)(xn− p)−θ (xn−1− p)‖2

= (1+θ)‖xn− p‖2−θ ‖xn−1− p‖2 +θ (1+θ)‖xn− xn−1‖2 ,

and

‖xn+1−wn‖2 = ‖xn+1− xn−θ (xn− xn−1)‖2

≥ ‖xn+1− xn‖2 +θ
2 ‖xn− xn−1‖2−2θ ‖xn+1− xn‖‖xn− xn−1‖

≥ ‖xn+1− xn‖2 +θ
2 ‖xn− xn−1‖2−θ ‖xn+1− xn‖2−θ ‖xn− xn−1‖2

= (1−θ)‖xn+1− xn‖2−θ (1−θ)‖xn− xn−1‖2 .

Combining these inequalities with (3.57), we have

‖xn+1− p‖2 ≤ η (1+θ)‖xn− p‖2−ηθ ‖xn−1− p‖2 +ηθ (1+θ)‖xn− xn−1‖2

−φ (1−θ)‖xn+1− xn‖2 +φθ (1−θ)‖xn− xn−1‖2 .

This is equivalent to

‖xn+1− p‖2−ηθ ‖xn− p‖2 +φ (1−θ)‖xn+1− xn‖2

≤ η

[
‖xn− p‖2−θ ‖xn−1− p‖2 +φ (1−θ)‖xn− xn−1‖2

]
− (ηφ (1−θ)−ηθ (1+θ)−φθ (1−θ))‖xn− xn−1‖2 .

Take Ωn = ηφ (1−θ)−ηθ (1+θ)−φθ (1−θ). Note that Ωn ≥ 0 for all n≥ N. Indeed, since
θ ∈ [0,1), one obtains 1+θ ≤ 2 and θ(1−θ)≤ θ . It follows from (3.52) that

Ωn ≥ ηφ(1−θ)−2ηθ −φθ = ηφ −θ(ηφ +2η +φ)≥ 0.

Thus we can obtain that (3.58) holds.
Step 3. Finally, we need to prove that {xn} converges to the unique solution of problem EP( f )
with a R-linear rate. For convenience, we take

Γn := ‖xn− p‖2−θ ‖xn−1− p‖2 +φ (1−θ)‖xn− xn−1‖2 , ∀n≥ N.

Note that Γn ≥ 0, ∀n > N. Indeed, it follows from the definition of Γn that

Γn =(1−φ (1−θ))‖xn− p‖2 +φ (1−θ)
(
‖xn− p‖2 +‖xn− xn−1‖2

)
−θ ‖xn−1− p‖2

≥(1−φ (1−θ))‖xn− p‖2 +

(
φ (1−θ)−2θ

2

)
‖xn−1− p‖2 .
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From φ ∈ (0,1) and θ ∈ (0,1), one obtains (1−φ (1−θ)) ∈ (0,1). By virtue of (3.52), one
sees that

θ ≤ ηφ

ηφ +2η +φ
≤ φ

2+φ
,

which means that

φ (1−θ)−2θ ≥ φ − (φ +2)
φ

2+φ
≥ 0.

Therefore, we deduce that Γn ≥ 0 for all n > N. On the other hand, combining the definition of
Γn and η ∈ (0,1), we have

Γn+1 = ‖xn+1− p‖2−θ ‖xn− p‖2 +φ (1−θ)‖xn+1− xn‖2

≤ ‖xn+1− p‖2−ηθ ‖xn− p‖2 +φ (1−θ)‖xn+1− xn‖2 ,

which together with (3.58) implies that Γn+1 ≤ ηΓn, ∀n≥ N. Therefore, we conclude that

(1−φ (1−θ))‖xn− p‖2 ≤ Γn ≤ η
n−N

ΓN .

That is,

‖xn− p‖2 ≤ ΓN

(1−φ (1−θ))ηN η
n,

which implies that {xn} converges R-linearly to p. The proof is completed. �

4. APPLICATION TO VARIATIONAL INEQUALITY PROBLEMS

Let C be a nonempty, closed, and convex subset of a real Hilbert space H with inner product
〈·, ·〉 and induced norm ‖ ·‖. For all x,y ∈C, a mapping A : H →H is said to be (i) L-Lipschitz
continuous if there exists a positive constant L such that ‖Ax−Ay‖ ≤ L‖x− y‖; (ii) monotone
if 〈Ax−Ay,x− y〉 ≥ 0; (iii) pseudomonotone if 〈Ax,y− x〉 ≥ 0 implies that 〈Ay,y− x〉 ≥ 0; (iv)
strongly monotone if there exists a positive constant L such that 〈Ax−Ay,x−y〉 ≥ L‖x−y‖2; (v)
sequentially weakly continuous if for each sequence {xn} converging weakly to x implies that
{Axn} converges weakly to Ax. Recall that the variational inequality problem (shortly, VI) for
operator A on C is stated as follows:

find x∗ ∈C such that 〈Ax∗,x− x∗〉 ≥ 0, ∀x ∈C. (VI)

The solution set of the problem (VI) is denoted by VI(A).
Let f (x,y) = 〈Ax,y−x〉 for all x,y∈H , where A : H →H is an operator. If A is L-Lipschitz

continuous, then f satisfies the Lipschitz-type condition and L = 2c1 = 2c2. Indeed, by the
definition of the Lipschitz-type condition of f , one sees that

c1‖x− y‖2 + c2‖y− z‖2 ≥ 〈Ax,z− x〉−〈Ax,y− x〉−〈Ay,z− y〉
= 〈Ax−Ay,z− y〉 ≤ ‖Ax−Ay‖‖z− y‖.

Since operator A is L-Lipschitz continuous, one sees that

‖Ax−Ay‖‖z− y‖ ≤ L‖x− y‖‖z− y‖ ≤ (L/2)
(
‖x− y‖2 +‖y− z‖2) .

Therefore, we can deduce that L = 2c1 = 2c2. Furthermore, it is easy to check that bifunction f
is pseudomonotone when operator A is pseudomonotone.
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Next, we derive the formulas for yn and zn in the variational inequality problem. By the
definition of yn defined in Algorithm 3.1, one has

yn = argminy∈C

{
λn f (wn,y)+

1
2
‖wn− y‖2

}
= argminy∈C

{
λn 〈Awn,y−wn〉+

1
2
‖wn− y‖2 +

λ 2
n

2
‖Awn‖2

}
= argminy∈C

{1
2
‖wn− y−λnAwn‖2

}
= PC

(
wn−λnAwn

)
.

Using a similar approach, we can obtain zn = PTn (wn−δλnAyn) from the definition of zn in
Algorithm 3.1. From (3.9) and f (x,y) = 〈Ax,y− x〉, one obtains

〈Awn,y−wn〉−〈Awn,yn−wn〉 ≥ 〈vn,y− yn〉 , ∀y ∈H ,

which implies that 〈Awn− vn,y− yn〉 ≥ 0 for all y ∈H . It follows form the definition of Tn in
Algorithm 3.1 that

0≥ 〈wn−λnAwn− yn,y− yn〉+λn 〈Awn− vn,y− yn〉
≥ 〈wn−λnAwn− yn,y− yn〉 .

As a result, we can choose Tn as Tn = {y ∈H | 〈wn−λnAwn− yn,y− yn〉 ≤ 0}. According to
f (x,y) = 〈Ax,y− x〉 and (3.3), we have

λn+1 =


min

{
µ(‖wn− yn‖2 +‖zn− yn‖2)

2〈Awn−Ayn,zn− yn〉
,ξnλn

}
,

if 〈Awn−Ayn,zn− yn〉> 0;

ξnλn, otherwise.

(4.1)

Now, we can obtain the following corollaries by applying the results presented in Section 3.

Corollary 4.1. Assume that the solution set VI(A)∩F(S) 6= /0, and the operator A : H →H is
pseudomonotone, L-Lipschitz continuous on H , and sequentially weakly continuous on C. Take
θ > 0, λ1 > 0, µ ∈ (0,1), and δ ∈ (0,2/(1+µ)). Let θn and λn be defined in (3.1) and (4.1),
respectively. Let x0,x1 ∈H be arbitrary.

(1) Suppose that Conditions (C3)–(C6) hold. Let the sequence {xn} be generated by

wn = xn +θn (xn− xn−1) ,

yn = PC (wn−λnAwn) ,

zn = PTn (wn−δλnAyn) ,

Tn = {x ∈H | 〈wn−λnAwn− yn,x− yn〉 ≤ 0} ,
tn = αnϕ(xn)+(1−αn)zn,

xn+1 = χnzn +(1−χn)Stn.

(4.2)

(2) Suppose that Conditions (C4), (C5), (C7), and (C8) hold. Let the sequence {xn} be
generated by 

wn, yn and zn are the same as in (4.2),

tn = (1−βn)zn +βnSzn,

xn+1 = αnϕ(xn)+(1−αn) tn.
(4.3)
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(3) Suppose that Conditions (C5), (C7), and (C9) hold. Let the sequence {xn} be generated by{
wn, yn and zn are the same as in (4.2),

xn+1 = (1−αn−βn)zn +βnSzn.
(4.4)

Then the sequence {xn} generated by Algorithm (4.2) [or Algorithm (4.3), or Algorithm (4.4)]
converges to p ∈ VI(A)∩F(S) in norm.

Corollary 4.2. Assume that the solution set VI(A) 6= /0, and the operator A : H → H is
σ -strongly pseudomonotone on C, L-Lipschitz continuous on H and sequentially weakly contin-
uous on C. Take λ1 > 0, µ ∈ (0,1), δ ∈ (0,2/(1+µ)) and γ ∈ (0,1). Let λn be defined in (4.1).
Suppose that the inertial parameter θ satisfies (3.52). Let the sequence {xn} be generated by

wn = xn +θ (xn− xn−1) ,

yn = PC (wn−λnAwn) ,

xn+1 = PTn (wn−δλnAyn) ,

Tn = {x ∈H | 〈wn−λnAwn− yn,x− yn〉 ≤ 0} .

(4.5)

Then the sequence {xn} generated by Algorithm (4.5) converges to the unique solution p of
problem VI(A) with a R-linear rate.

Remark 4.1. If S = I in Algorithms (4.2)–(4.4), where I is an identity operator, then we can
obtain three new strongly convergent iterative schemes to solve the variational inequality problem
(VI). It should be noted that we do not need to impose the sequentially weak continuity of the
operator A when it is monotone.

5. NUMERICAL EXAMPLES

In this section, we provide some numerical examples occurring in finite- and infinite-dimensional
spaces and applications in optimal control problems to demonstrate the computational efficiency
of the proposed algorithms compared to some previously known schemes. All the programs were
implemented in MATLAB 2018a on a Intel(R) Core(TM) i5-8250S CPU @ 1.60GHz computer
with RAM 8.00 GB.

5.1. Theoretical examples.

Example 5.1. Consider the linear operator A : Rm→ Rm (m = 20) in the form Ax = Mx+ q,
where q∈Rm and M = NNT+Q+D, N is a m×m matrix, Q is a m×m skew-symmetric matrix,
and D is a m×m diagonal matrix with its diagonal entries being nonnegative (hence M is positive
symmetric definite). The feasible set C is given by C = {x ∈ Rm :−2≤ xi ≤ 5, i = 1, . . . ,m}.
It is clear that A is monotone and Lipschitz continuous with constant L = ‖M‖. Set f (x,y) =
〈Ax,y− x〉 and Sx = x. We apply the proposed algorithms to solve the equilibrium problem
(EP) with f and C given above. In this experiment, all entries of N,Q are generated randomly
in [−2,2], D is generated randomly in [0,2], and q = 0. It is easy to check that the solution to
our problem is x∗ = {0}. The parameters of the proposed algorithms are set as follows. Take
αn = 1/(n+1), εn = 100/(n+1)2, λ1 = 1 and µ = 0.2 for all the algorithms. Choose βn = 0.1
and ϕ(x) = 0.1x for the proposed Algorithms 3.1 and 3.2. Select βn = 0.5(1−αn) for the
suggested Algorithm 3.3. The maximum number of iterations 500 is used as a common stopping
criterion for all algorithms. We use Dn = ‖xn−x∗‖ to measure the error of the n-th iteration step.
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Next, we test the effect of different parameters θ , δ and ξn on the convergence behavior of the
proposed algorithms. Figs. 1, 2 and 3 show the numerical behavior of the proposed algorithms
for different parameters θ , δ and ξn, respectively.
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(c) Our Algorithm 3.3

FIGURE 1. Numerical behavior of the proposed algorithms with different θ for
Example 5.1 (Set δ = 1.5 and ξn = 1+1/(n+1)1.1 for the proposed algorithms)
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(c) Our Algorithm 3.3

FIGURE 2. Numerical behavior of the proposed algorithms with different δ for
Example 5.1 (Set θ = 0.6 and ξn = 1+1/(n+1)1.1 for the proposed algorithms)
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FIGURE 3. Numerical behavior of the proposed algorithms with different ξn for
Example 5.1 (Set θ = 0.6 and δ = 1.5 for the proposed algorithms)
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Example 5.2. In this example, we consider the following bifunction f : C×C→R which comes
from the Nash-Cournot equilibrium model in [11]:

f (x,y) = 〈Px+Qy+q,y− x〉, ∀x,y ∈C,

where C ⊂ Rm is the feasible set, q ∈ Rm and P,Q ∈ Rm×m are two matrices of order m such
that Q is symmetric, positive semidefinite and Q−P is symmetric negative semidefinite (hence
f is monotone). In this case, the bifunction f satisfies Condition (A2) with the Lipschitz-type
constants c1 = c2 =

1
2‖Q−P‖ (see [11, Lemma 6.2]). It can be checked that all the conditions

(A1)–(A4) are satisfied. Let C be given by C = {x ∈ Rm :−5≤ xi ≤ 5, i = 1,2, · · · ,m}. In the
next numerical experiments, we randomly generate the matrices P and Q by the following
way. Two random orthogonal matrices O1 = RandOrthMat(m) and O2 = RandOrthMat(m) are
generated using the RandOrthMat function1. Two diagonal matrices A1 and A2 with entries from
[0,2] and [−2,0], respectively, are randomly generated. Then, a positive semi-infinite matrix
B1 = O1A1OT

1 and a negative semi-infinite matrix B2 = O2A2OT
2 can be implemented. Finally,

let Q = B1 +BT
1 , S = B2 +BT

2 and P = Q−S. Vector q is generated randomly and its elements
are located at (0,1).

We compare the proposed Algorithms 3.1–3.3 with some known iterative schemes in the
literature [15, 19, 25], which including the Algorithm 3.1 proposed by Yang and Liu [25] (shortly,
YL Alg. 3.1), the Algorithm 2.1 suggested by Shehu et al. [15] (shortly, SSTT Alg. 2.1), and the
Algorithm 3.2 introduced by Thong et al. [19] (shortly, TCRC Alg. 3.2). The parameters of all
algorithms are set as follows.

• Choose θ = 0.2, εn = 100/(n+1)2, αn = 1/(n+1), µ = 0.5, λ1 = 0.1, ξn = 1+1/(n+1)1.1,
δ = 1.5 and Sx = x for the proposed Algorithms 3.1–3.3. Take βn = 0.5 and ϕ(x) = 0.1x for
the proposed Algorithms 3.1 and 3.2. Set βn = 0.5(1−αn) for the proposed Algorithm 3.3.
• Take αn = 1/(n+1), µ = 0.5, λ1 = 0.1, βn = 0.5 and ξn = 1/(n+1)1.1 for YL Alg. 3.1.
• Select α = 0.1, αn = 1/(n+1), µ = 0.5, λ1 = 0.1, τ = 0.3 for SSTT Alg. 2.1.
• Pick θ = 0.2, εn = 100/(n+1)2, αn = 1/(n+1), βn = 0.5(1−αn), µ = 0.5 and λ1 = 0.1

for TCRC Alg. 3.2.

The initial values x0 and x1 are randomly generated by MATLAB function rand(m,1)
(rand(m,1) produces m random numbers that lie within (0,1) uniformly distributed). We
use the maximum number of iterations 50 as a common stopping criterion for all algorithms.
The function Dn = ‖xn− xn−1‖2 is used to measure the error of the n-th iteration due to the fact
that we do not know the exact solution of the problem. We first test the numerical behavior of the
proposed algorithm with different parameters δ and ξn, as shown in Fig. 4 and Table 1. Finally,
the numerical results of all algorithms in different dimensions are shown in Fig. 5 and Table 2.

Example 5.3. Let H = L2([0,1]) be an infinite-dimensional Hilbert space with inner product
〈x,y〉=

∫ 1
0 x(t)y(t)dt, ∀x,y ∈H and induced norm ‖x‖=

(∫ 1
0 |x(t)|2 dt

)1/2
, ∀x ∈H . Let r and

R be two positive real numbers such that R/(k+ 1) < r/k < r < R for some k > 1. Take the
feasible set as C = {x ∈H : ‖x‖ ≤ r}. The operator A : H →H is given by

Ax = (R−‖x‖)x, ∀x ∈H .

1The function “RandOrthMat” can be found at https://www.mathworks.com/matlabcentral/

fileexchange/11783-randorthmat

https://www.mathworks.com/matlabcentral/fileexchange/11783-randorthmat
https://www.mathworks.com/matlabcentral/fileexchange/11783-randorthmat
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FIGURE 4. Numerical behavior of the proposed algorithms with different param-
eters for Example 5.2

TABLE 1. Numerical results of the proposed algorithms with different parameters
for Example 5.2

Algorithms
Algorithm 3.1 Algorithm 3.2 Algorithm 3.3

Dn CPU Dn CPU Dn CPU

δ = 1.0,ξn = 1 1.91E-06 4.72 6.01E-06 4.52 6.99E-06 4.12
δ = 1.5,ξn = 1 9.36E-07 4.43 3.06E-06 4.97 3.64E-06 4.78
δ = 1.0,ξn = 1+1/(n+1)1.1 3.75E-07 6.59 1.39E-06 7.07 1.67E-06 7.23
δ = 1.5,ξn = 1+1/(n+1)1.1 2.03E-07 7.64 7.75E-07 8.41 9.44E-07 8.51
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FIGURE 5. Numberical behavior of all algorithms for Example 5.2, m = 50



ACCELERATED INERTIAL SUBGRADIENT EXTRAGRADIENT ALGORITHMS 117

TABLE 2. Numerical results of all algorithms in different dimensions for Example 5.2

Algorithms
m = 5 m = 20 m = 50 m = 100

Dn CPU Dn CPU Dn CPU Dn CPU

Our Alg. 3.1 1.38E-08 2.70 4.51E-08 3.18 1.97E-07 6.91 2.36E-07 12.59
Our Alg. 3.2 5.03E-08 2.49 1.74E-07 3.32 7.58E-07 6.65 3.98E-06 12.05
Our Alg. 3.3 6.05E-08 2.50 2.11E-07 3.41 9.70E-07 6.66 1.51E-06 12.63
YL Alg. 3.1 4.70E-07 2.74 1.99E-06 3.94 5.99E-06 6.90 1.08E-05 13.20
SSTT Alg. 2.1 2.79E-06 1.99 3.50E-05 2.39 8.43E-05 3.78 1.84E-04 6.96
TCRC Alg. 3.2 7.74E-07 2.62 3.59E-06 2.20 1.60E-05 3.43 2.32E-05 6.93

Note that the operator A is pseudomonotone rather than monotone (see [40, Example 2]). We
use the proposed Algorithms (4.2)–(4.4) to solve the variational inequality problem (VI) with
A and C given above, and compare them with two strongly convergent inertial extragradient
algorithms, which including the Algorithm 3.2 introduced by Thong, Hieu and Rassias [41]
(shortly, THR Alg. 3.2) and the Algorithm (3.39) proposed by Tan, Liu and Qin [40] (shortly,
TLQ Alg. (3.39)). For the experiment, we choose R = 1.5, r = 1, k = 1.1. The solution of this
problem is x∗(t) = 0. The parameters of all algorithms are set as follows. Set αn = 1/(n+1),
θ = 0.3, εn = 100/(n+1)2, ϕ(x) = 0.1x, µ = 0.4 and λ1 = 1 for all algorithms. Take βn = 0.5
for the suggested Algorithm (4.2) and Algorithm (4.3). Select βn = 0.5(1−αn) for the suggested
Algorithm (4.4). Choose δ = 1.5 and ξn = 1+1/(n+1)1.1 for the suggested Algorithm (4.2)–
Algorithm (4.4). The maximum number of iterations 50 is used as a common stopping criterion
and Dn = ‖xn(t)− x∗(t)‖ is used to measure the error of the n-th iteration step of all algorithms.
The numerical results of all algorithms with four initial values x0(t) = x1(t) are shown in Fig. 6
and Table 3.
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FIGURE 6. Numerical behavior of all algorithms for Example 5.3, x0(t) = x1(t) = 5cos(t)
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TABLE 3. Numerical results of all algorithms with different initial values for Example 5.3

Algorithms
x1(t) = 5t4 x1(t) = 5et x1(t) = 5log(t) x1(t) = 5cos(t)

Dn CPU Dn CPU Dn CPU Dn CPU

Our Alg. (4.2) 3.26E-19 21.38 8.95E-18 21.55 2.25E-19 21.79 1.28E-17 21.50
Our Alg. (4.3) 1.44E-19 20.55 2.83E-19 20.98 3.16E-18 21.02 1.26E-18 20.89
Our Alg. (4.4) 1.03E-18 20.79 1.50E-18 21.00 9.48E-19 21.02 3.11E-20 20.98
THR Alg. 3.2 2.64E-15 18.97 3.20E-05 19.23 6.68E-06 19.33 1.17E-08 19.26
TLQ Alg. (3.39) 5.29E-14 18.24 6.95E-03 18.43 1.46E-02 18.83 2.15E-03 18.45

Remark 5.1. We have the following observations for Example 5.1–Example 5.3.

(1) The algorithms proposed in this paper can obtain a faster convergence speed when the
appropriate values of the parameters θn, δ and ξn are chosen (see Fig. 1, Fig. 2, Fig. 3,
Fig. 4, and Table 1).

(2) Our algorithms converge faster than some known ones in the literature [15, 19, 25, 40, 41]
when performing the same stopping conditions, and these results are independent of the
size of the dimension and the choice of the initial values (see Fig. 5, Fig. 6, Table 2, and
Table 3). This shows that our algorithms are efficient and robust.

(3) Notice that the operator A involved in Example 5.3 is pseudomonotone rather than monotone.
The algorithms proposed in the literature (e.g., [16, 30]) for solving monotone variational
inequalities will not be available in this case. Therefore, the algorithms proposed in this
paper are more useful and have a wider range of applications.

5.2. Application to optimal control problems. Next, we use the proposed algorithms to solve
the variational inequality problem (VI) that appears in optimal control problems. Assume
that L2 ([0,T ],Rm) represents the square-integrable Hilbert space with inner product 〈p,q〉 =∫ T

0 〈p(t),q(t)〉dt and norm ‖p‖=
√
〈p, p〉. The optimal control problem is described as follows:

p∗(t) ∈ Argmin{g(p) | p ∈V},
g(p) = Φ(x(T )),

V =
{

p(t) ∈ L2 ([0,T ],Rm) : pi(t) ∈
[
p−i , p+i

]
, i = 1,2, . . . ,m

}
,

s.t. ẋ(t) = Q(t)x(t)+W (t)p(t), 0≤ t ≤ T, x(0) = x0,

(5.1)

where g(p) means the terminal objective function, Φ is convex and differentiable defined on
the attainability set, p(t) denotes the control function, V represents a set of feasible controls
composed of m piecewise continuous functions, x(t) stands for the trajectory, and Q(t) ∈ Rn×n

and W (t) ∈ Rn×m are given continuous matrices for every t ∈ [0,T ]. By the solution of problem
(5.1), we mean a control p∗(t) and a corresponding (optimal) trajectory x∗(t) such that its
terminal value x∗(T ) minimizes objective function g(p). It is known that the optimal control
problem (5.1) can be transformed into a variational inequality problem (see [42, 43]). We first
use the classical Euler discretization method to decompose the optimal control problem (5.1) and
then apply the proposed algorithms to solve the variational inequality problem corresponding to
the discretized version of the problem (see [42, 43] for more details).
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We compare the suggested Algorithms (4.2)–(4.4) with THR Alg. 3.2 [41] and TLQ Alg. (3.39)
[40]. The parameters of all the algorithms are set as follows.
• In the proposed Algorithms (4.2)–(4.4), we set N = 100, θ = 0.01, εn = 10−4/(n+1)2,

αn = 10−4/(n+1), δ = 1.5, λ1 = 0.4, µ = 0.1, ξn = 1+ 5/(n+ 1)1.1 and Sx = x. Take
βn = 0.5 and ϕ(x) = 0.1x for the suggested Algorithm (4.2) and Algorithm (4.3). Select
βn = 0.5(1−αn) for the suggested Algorithm (4.4).
• In the THR Alg. 3.2 and the TLQ Alg. (3.39), we choose N = 100, θ = 0.01, εn =

10−4/(n+1)2, αn = 10−4/(n+1), λ1 = 0.4, µ = 0.1 and ϕ(x) = 0.1x.
The initial controls p0(t) = p1(t) are randomly generated in [−1,1]. The stopping criterion is
either Dn = ‖pn+1− pn‖ ≤ 10−4 or reaching the maximum number of iterations 500.

Example 5.4 (Rocket car [42]).

minimize 0.5
(
(x1(5))

2 +(x2(5))
2
)
,

subject to ẋ1(t) = x2(t), ẋ2(t) = p(t), ∀t ∈ [0,5],

x1(0) = 6, x2(0) = 1, p(t) ∈ [−1,1].

The exact optimal control of Example 5.4 is p∗(t) = 1 if t ∈ (3.517,5] and p∗(t) = −1 if
t ∈ (0,3.517].

Example 5.5 (see [44]).

minimize − x1(2)+(x2(2))
2 ,

subject to ẋ1(t) = x2(t), ẋ2(t) = p(t), ∀t ∈ [0,2],

x1(0) = 0, x2(0) = 0, p(t) ∈ [−1,1].

The exact optimal control of Example 5.5 is p∗(t) = 1 if t ∈ [0,1.2) and p∗(t) =−1 if t ∈ (1.2,2].

Figure 7 demonstrates the optimal control of the proposed Algorithm (4.2) on Example 5.4
and the proposed Algorithm (4.3) on Example 5.5. The numerical results of all algorithms for
Examples 5.4 and 5.5 are shown in Table 4.

0 1 2 3 3.51 4 5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

(a) Initial and optimal controls

0 0.5 1 1.2 1.5 2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

(b) Initial and optimal controls

FIGURE 7. Optimal control of our Algorithm (4.2) on Example 5.4 (Left) and
our Algorithm (4.3) on Example 5.5 (Right)
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TABLE 4. Numerical results of all algorithms for Examples 5.4 and 5.5

Algorithms
Example 5.4 Example 5.5

Iter. CPU (s) Dn Iter. CPU (s) Dn

Our Alg. (4.2) 58 0.0273 9.5285E-05 46 0.0338 9.7939E-05
Our Alg. (4.3) 93 0.0390 9.9943E-05 92 0.0518 9.9112E-05
Our Alg. (4.4) 103 0.0440 9.9829E-05 102 0.0671 9.9333E-05
THR Alg. 3.2 500 0.2428 1.4383E-02 500 0.2540 8.6621E-03
TLQ Alg. (3.39) 500 0.1861 1.4386E-02 500 0.1721 8.9668E-03

Remark 5.2. It can be seen from Fig. 7 and Table 4 that the proposed Algorithms (4.2)–(4.4) can
be used to solve optimal control problems and they perform better than some known algorithms
in the literature [40, 41].

6. CONCLUSIONS

In this paper, we proposed three new iterative algorithms to solve the equilibrium problem
constrained by the fixed point problem in real Hilbert spaces. The bifunction f in the equilibrium
problem is pseudomonotone and the mapping S in the fixed point problem is quasi-nonexpansive
or λ -demicontractive. The proposed algorithms are inspired by the inertial subgradient extragra-
dient method, the viscosity-type method, and the Mann-type method. Our algorithms apply a new
non-monotonic step size criterion allowing them to work well without the prior knowledge of
the Lipschitz constant of the bifunction f . We established the strong convergence of the iterative
sequences generated by the proposed algorithms under some suitable conditions. Under the
assumption that the bifunction is strongly pseudomonotone, we obtained the linear convergence
of a new algorithm. The applications of the suggested iterative schemes to variational inequality
problems were discussed. Finally, several numerical examples and applications to optimal control
problems demonstrated the computational performance of the proposed algorithms compared
to some known ones in the literature. The algorithms proposed in this paper improved and
generalized many previously known results in the literature.
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