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Abstract. In the setting of metric type spaces, we establish some new results on the existence of fixed
points for generalized multi-valued contractive mappings with respect to the w;-distance. In support of
our results, some examples are also presented.

Keywords. Fixed point; Metric type space; Multi-valued contractive mapping; w-distance.

1. INTRODUCTION

The well-known Banach contraction principle [1], which asserts that “each single-valued
contraction self-mapping on a complete metric space has a unique fixed point” plays a signif-
icant role in nonlinear functional analysis and optimization; see, e.g., [2, 3, 4, 5, 6] and the
references therein. Recently, many fruitful generalizations of this classical fixed point result
were established in various spaces. Using the Hausdorff-Pompieu metric, Nadler [7] estab-
lished a multi-valued version of the Banach contraction principle, which is now one of the most
useful result in metric fixed point theory. Due to this, Nadler’s fixed point theorem has been
generalized and investigated in various directions; see, e.g., [8, 9, 10, 11, 12] and the references
therein. It is worth to mention that, for most cases, the existence part of the results can be ob-
tained without using the Hausdorff-Pompieu metric; see, e.g., [13, 14, 15] and the references
therein.

The concept of metric spaces was extended either reducing or modifying the metric axioms.
One of the useful extensions is known as the metric type or b-metric spaces, which was intro-
duced and studied by Bakhtin [16]. However, the authors [17, 18] initiated the study of the fixed
points of self-mappings in a b-metric space and proved an analogue of the Banach contraction
principle. Since then, various results on fixed points of single-valued and multi-valued operators
have been established in b-metric spaces; see, e.g., [19, 20, 21] and the references therein.

In [22], Kada et al. introduced and studied the concept of the w-distance on a metric spaces.
They improved several results by replacing the involved metric by a generalized distance. In
[23], Suzuki and Takahashi introduced the notions of single-valued and multi-valued weakly
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contractive mappings with respect to the w-distance and proved some fixed point results for
such mappings, which improved some classical fixed point results. Further work concerning
the w-distance can be found in [24, 25, 26]. In [27], Hussain et al. defined the w-distance on
metric type spaces, called the wt-distance (here, we call it wj-distance) and studied fixed points
and common fixed points of the single-valued mappings with respect to wy,-distances. For some
recent results in this direction, we refer to [27, 28, 29] and the references therein.

In this paper, we present some general fixed point results for generalized multi-valued map-
pings on metric type spaces with respect to wy-distances and improve/generalize a number
of known fixed point results presented in Mizoguchi-Takahashi [10], Feng-Liu [14], Klim-
Wardowski [15], Susuki-Takahashi [23], Hussain et al. [27], Demma et al. [28], Ciri¢ [30],
Latif-Abdou [31], Latif-Albar [32], Latif et al. [33] and several others.

2. PRELIMINARIES

Let (X,d) be a metric space. Let 2¥ denote the collection of nonempty subsets of X, CI(X)
denote a collection of nonempty closed subsets of X, CB(X) denote a collection of nonempty
closed bounded subsets of X, and P(X) denote a collection of nonempty proximinal subsets
of X. For any L,M € CB(X), define H(L,M) = max{sup,¢; d(x,M),sup,c),d(y,L)}, where
d(x,M) = infycp d(x,y), and H is known as Hausdorff-Pompieu metric on CB(X).

An element x € X is called a fixed point of a multi-valued mapping 7 : X — 2X if x € T(x).
We denote the set of fixed points of 7' by Fix(T) ={x€ X :x € T(x)}. A sequence {x,} in X is
called an orbit of T at xg € X if x,, € T(x,—1) for all n > 1. A mapping f : X — R is said to be
lower semicontinuous if, for any sequence {x,} C X withx, - x € X, f(x) < lirrlgi;lf S (xn).

Using the Hausdorff-Pompieu metric, Nadler [7] established the following multi-valued ver-
sion of the Banach contraction principle.

Theorem 2.1. [7] Let (X,d) be a complete metric space, and let T : X — CB(X) be a map
such that, for a fixed constant h € (0,1) and for each x,y € X, H(T (x),T(y)) < hd(x,y). Then
Fix(T) # 0.

In [10], Mizoguchi and Takahashi proved the following result, which is a real generalization
[11] of the Nadler’s fixed point result.

Theorem 2.2. [10] Let (X,d) be a complete metric space and let T : X — CB(X). Assume that

there exists a function k : [0,00) — [0, 1) such that, for everyt € [0,0), limsupk(r) < 1, and, for
r—tt

all x,y € X, H(T (x),T(y)) < k(d(x,y))d(x,y). Then Fix(T) # 0.
In [14], Feng and Liu generalized Theorem 2.1 without using the Hausdorff-Pompieu metric.

Theorem 2.3. [14] Let (X,d) be a complete metric space and let T : X — CI(X) be a multi-
valued mapping. Suppose that a real-valued function g on X, g(x) = d(x,T (x)) is lower semi-
continuous. Then Fix(T) # O provided that there exist constants c,h € (0,1), h < ¢ such that,
forany x € X, there is y € T (x) satisfying cd(x,y) < g(x) and g(y) < hd(x,y).

In [15], Klim and Wardowski further generalized Theorem 2.3 in the following way.

Theorem 2.4. [15] Let (X,d) be a complete metric space and let T : X — CI(X) be a multi-
valued mapping such that a real-valued function g on X defined by g(x) = d(x,T(x)) is lower
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semi-continuous. Then Fix(T) # 0 provided that there exists ¢ € (0,1) such that, for any x € X,
there is y € T (x) satisfying cd(x,y) < g(x) and g(y) < k(d(x,y))d(x,y), where k is a function
from [0,00) to [0,¢) with limsupk(r) < c, for everyt € [0, ).

r—tt

In [30], Ciri¢ further unified and generalized the above mentioned theorems. In particular,
the following result [30, Theorem 5] generalized Theorem 2.2.

Theorem 2.5. [30] Let (X,d) be a complete metric space and let T : X — CI(X) be a multi-
valued mapping such that a real-valued function g on X defined by g(x) = d(x,T(x)) is lower
semi-continuous. Then Fix(T) # O provided that, for any x € X, there is y € T (x) satisfying
d(x,y) < (2—k(d(x,y))) g(x) and g(y) < k(d(x,y))d(x,y), where k is a function from [0,0) to
[0,1) with limsupk(r) < 1, for every t € [0,).
r—t+

In [22], Kada et al. introduced the concept of the w-distance on a metric spaces as follows.

Let (X,d) be a metric space. A function p : X x X — [0,) is called a w-distance on X if it
satisfies the following conditions. For each x,y,z € X,

(i) p(x,2) < plx,y) +p(y2);
(ii) a function p(x,-) : X — [0,00) is lower semi-continuous, i.e., if a sequence {y,} in X
with y, — y € X, then p(x,y) < 1irr_1>infp(x,yn);
n—roo

(iii) for any € > 0, there exists & > 0 such that p(z,x) < d and p(z,y) < 8 imply d(x,y) < €.

Clearly, metric d is a w-distance on X. Let (Y,|.||) be a normed space. Then the functions
p1,p2:Y XY — [0,00) defined by pi(x,y) = ||y and pa2(x,y) = ||x|| +||y|| for all x,y € ¥ are w-
distances [22]. Furthermore, the examples and properties of the w-distance, we refer to [22, 34].
Using the concept of the w-distances, Kada et al. [22] improved some classical results in metric
fixed point theory. In [23], Susuki and Takahashi established fixed point results for single and
multi-valued contractive type mappings with respect to the w-distance. They improved the
Banach contraction principle and Nadler’s fixed point result (Theorem 2.1). On the other hand,
a useful extension of a metric space is known as the metric type or b-metric space, which was
introduced in [17, 18] as follows.

Let X be a nonempty set, > > 1 and D : X x X — [0,0) be a function satisfying the following
restrictions, for all x,y,z € X,

(i) D(x,y) = 0if and only if x = y;
(if) D(x,y) = D(y,x);
(iii) D(x,y) < b[D(x,2) +D(z,y)].
Then D is called a b-metric on X, and (X,D) is called a b-metric space (also known as a
metric type space [19]). In the sequel, we also call it a metric type space.

Remark 2.1. Clearly, every metric space is a metric type space. But, the converse may not be
true [17]. Thus, the family of metric type spaces is effectively larger than the one of metric
spaces.

Example 2.1. [16] Consider the set X = [0, 1] endowed with the function D : X x X — [0,0),
which is defined by D(x,y) = |x —y|?, for any x,y € X. Then (X, D) is a metric type space with
b =2, but it is not a metric space.
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Example 2.2. [27] Let D : R x R — [0,0) be defined by D(x,y) = |x —y|> +
x,y € R. Then (R, D) is a metric type space with b = 2.

1 12
;—;‘ for any

Example 2.3. [35] For 0 < p < 1, the space [, = {(x,,)nEN C R,where) > | x, < oo}, which
together with the mapping D : [, X [, — R defined by

o 1/p
D(x,y) = (Z |xn_yn’p> )
n=1

is a metric type space with b = 21/ > 1,

For further examples of metric type spaces, we refer to [17, 20, 35]. The notions of convergent
sequences, Cauchy sequences, and complete spaces in the setting of metric type spaces can be
defined similarly as in metric spaces; see, e.g., [19]. A subset K of the metric type space (X, D)
is said to be open if and only if, for any u € K, there exists € > 0 such that the open ball
B,(u,€) C K. The family of all open subsets of X, denoted by 7, defines a topology on (X, D).
Further, any nonempty subset K of X is closed if and only if, for any sequence {x,} in K which
converges to x, x € K, for detail see [19].

Lemma 2.1. [18] Let A be a closed subset of a metric type space (X,D) and x € X. Then
D(x,A) =0 < x € A=A, where D(x,A) = inf{D(x,y) : y € A}, and the closure of the set A is
denoted by A.

Motivated by the work of Kada et al. [22], Hussain et al. [27] introduced the wz-distance
(here we say it wp-distance) in the setting of metric type space as follows.
Let (X,D) be a metric type space with constant b > 1. Then a function p, : X x X — [0, )
is called a wy-distance on X if, for any x,y,z € X, the following conditions are satisfied:
(i) p,(x,2) <bp,(x,y)+p,(,2)];
(ii) p,(x,-) : X — [0,00) is b-lower semi-continuous (i.e., if, for any sequence {y,} in X,
Yn =y € X, then p, (x,y) <liminfbp, (x,yn));
n—o0
(iit) for any € > 0, there exists § > 0 such that p,(z,x) < 6 and p, (z,y) < & imply D(x,y) <
E.
Note that, for b = 1, each wy-distance is a w-distance. Also, each b-metric D is a wy-distance
on X.

Example 2.4. [27] Let X = R and D(x,y) = (x —y). Then
(i) The function p, : X x X — [0,00) defined by p, (x,y) = |x|> + |y|* for every x,y € X is a
wyp-distance on X .
(ii) The function p, : X x X — [0,00) defined by p, (x,y) = |y|* for every x,y € X is a wy,-
distance on X.

Lemma 2.2. [27] Let (X,D) be a metric type space with constant b > 1, and let p, be a wj-
distance on X. Let {x,} and {y,} be sequences in X. Let {a,} and {B,} be sequences in [0,)
converging to zero, and let x,y,z € X. Then the following assertions hold:
(i) if p,(xXn,y) < Oy and p,(xn,2) < By for anyn €N, theny = z. In particular, if p, (x,y) =0
and p,(x,z) =0, theny = z;
(if) if p, (Xn,yn) < Oy and p,(xn,z) < PBu for any n € N, then D(y,,z) — 0;



FIXED POINTS OF GENERALIZED MULTI-VALUED CONTRACTIVE MAPPINGS 127

(i) if p,(Xn,Xm) < @ for any n,m € N with m > n, then {x,} is a Cauchy sequence;
(iv) if p,(y,xn) < O for any n € N, then {x,} is a Cauchy sequence.

Lemma 2.3. [33] Let A be a closed subset of a metric type space (X,D), and let p, be a wy-
distance on X. Suppose that there exists u € X such that p, (u,u) =0. Then p,(u,A) =0 u €
A, where p,(u,A) =inf{p, (u,v) : v € A}.

The objective of this paper is to present some more general results on the existence of fixed
points for multi-valued mappings with respect to the wj,-distance. We unify and generalize a
number of known fixed point results in the metric fixed point theory, including the correspond-
ing fixed results presented in this section.

3. MAIN RESULTS

First, we prove a fixed point result, which is a generalization of Ciri¢ [30, Theorem 5], in the
setting of metric type spaces.

Theorem 3.1. Let (X,D) be a complete metric type space with a wy-distance p,. Let T : X —
Cl(X) be a multi-valued mapping such that a real-valued function g on X defined by g(x) =
p,(x,T(x)) is b-lower semi-continuous. Assume that the following conditions hold:

(i) there is a function @ from [0,4o0) to [0,1) with limsup,_,,+ @(r) < 1, for every t €
[0, 4-00);
(ii) for any x € X, there is y € T (x) satisfying
Py(%,y) < 2= (p,(x,y))g(x)
and
g0 < @ (P, (x.3)) P, (x,y).
Then, there exists ug € X such that g(ug) = 0. Further, if p, (uo,uo) =0, then ug € T (uy).

Proof. Let xo € X be an arbitrary but fixed element of X. From (ii), we see that there exists
x1 € T (xp) such that

p,(x0,x1) < (2= @ (p,(x0,x1))) P, (x0, T (x0))

and
p,(x1,T(x1)) < @ (p,(x0,%1)) P, (X0,%1)-
Thus,
Py (x1,T(x1)) < @ (p, (x0,x1)) (2= @ (p, (x0,x1))) P, (x0, T (x0))- (3.1)
Define a function y : [0, +e0) — [0, 4o0) by
y(t) = o(0)2— (1) = 1 - (1-9(1)*. (3.2)
Since, for each t € [0, +), ¢(f) < 1, and limsup,_,,+ ¢(r) < 1, we obtain y(¢) < 1 and
limsupy(r) <1, forallz € [0,+oo). (3.3)
r—tt

From (3.1) and (3.2), we have
p,(x1,T(x1)) < ¥ (p,(x0,x1)) p, (x0,T (x0))-
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Similarly, for x; € X, there exists x, € T (x1) such that
p,(x1,%2) < (2= (p,(x1,x2))) p, (x1,T (x1))

and
p,(x2,T(x2)) < W (p,(x1,x2)) p, (x1,T (x1)).

Continuing this process, we obtain an orbit {x, } of T at xo € X such that x,+| € T (x,) satisfies

Py (xn;xn—i-l) < (2 -0 (Pb(xnaan )))pb(xm T(xn)) (3.4)
and

P, (xn+17T(xn+1)) < W(pb (xmxn-i-l))pb (xm T(xn))a (3.5)
for each n > 0. Since y(t) < 1 for each 7 € [0, 4o0), we have, for all n >0

pb(xn+1aT(xn+l)) <D, (xnv T(xn))'

Thus, the sequence of non-negative real numbers {p, (x,,T(x,))} is strictly decreasing and
bounded below, thus convergent. Therefore, there is some o > 0 such that

’}i_r};ph(xn,T(xn)) =a. (3.6)

Note that, for each n, p, (x,, T (x,)) < p, (X, %n+1), and since @(r) < 1 for each t € [0,+o0), we
conclude from (3.4) that, for each n,

P, (Xn, Xnt1) < 2p, (%0, T (x)). (3.7)
Thus, the sequence {p, (X4,%,+1)} is bounded. Therefore, there is some 8 > 0 such that
liminf p, (x,,%,41) = B. (3.8)
n—soo

Note that o < 3. First, we show that & = 8. Suppose that o = 0. Then, lim, e p, (X, Xp41) =
0, and thus B = 0. Now, for @ > 0, we suppose that & # . Then B — o > 0, and it follows
from (3.6) and (3.8) that there is a positive integer ng such that

P T(s)) <at P vz, (39)
and
ﬁ—ﬂ%a < p,(Xn,Xn41),  VYn > ng. (3.10)
Using (3.4), (3.9) and (3.10), we have
-
P <)
< (2= (p,(xn;xn11))) P, (xn, T (xn))
-
<= p(ytmn) [+ 2]
Thus, for all n > ng, we have
3+«
(22— (p,(xn;Xn11))) > m,
that is,
2(B— )

1+ (1= (p,(xnXn41))) > 1+W-
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It follows that

2
(1 @ (p, () < — [%] |

Thus, for all n > ng, we have

V’(pb(xn>xn+1)) = 1- (1 -0 (ph(xn,xn+1)))2

< 1- %__’_g) 2. (3.11)
Take A =1 — [%] 2. From (3.5) and (3.11), one has
Pyt 1, T (Xp41)) < Ap, (xa, T (xa)), VY > no. (3.12)
Since B > «, one has A < 1. From (3.12), one has, forany [ > 1,
Py gt T (ng41)) < ALy (g T (g )) - (3.13)

As o >0 and A < 1, there is a positive integer [y such that A% P, (%ny, T (%)) < cx. Note that
a < p,(xn, T (x,)) for each n > 0. Thus, it follows from (3.13) that
04 S pb(xn0+lo7T(xn0+lo)) < A’lopb(xan('an)) < aa
which is a contradiction. Hence o = 3. Now we show that o« = 0. Suppose a > 0. Since
ﬁ =oa< pb(xn, T(Xn)) < pb(xn7xn+1)7
then from (3.8) we can find liminf,_,e p, (Xn,%,+1) = BT, where B means > 0. So, there

exists a subsequence {p, (Xn,,Xn,+1)} Of {p, (Xn,Xnt1)} such that lim;_,. p, (Xy,,%5,4+1) = BT
Now from (3.3) we have

limsup  y(p,(xn, X 41)) <1, (3.14)

pb (xnl axnl+l)*>ﬁ+
and from (3.5), we have

p, (xnl—i-l ) T(xnz-i—l)) < W(pb (xnz 7‘xnl+1))pb (xﬂz ) T(xﬂl))'

Letting [ — oo and using (3.6), we arrive at

a = limsuppb (xn1+1 ) T(xn1+1))
[—o0

< (timsup (v, 1)) ) (150D, 37 50)

[—o0 [—eo
= ( limsup ll/(pb(xnlaxnﬁ—l))) .
Pb (xnl 7xn[+1)%B+

Since a > 0, then it follows from the last inequality that

1 < limsup W(pb(-xn[7xn[+l)>7
pb (xn[ 7xn/+1)_>ﬁ+

which contradicts (3.14). Hence, oo = 0. In view of (3.6) and (3.7), we obtain
1i_r>n p,(xn, T (x,)) =0, (3.15)

and thus limy, e p,, (Xp, X411) = 0.
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Next, we show that {x,} is a Cauchy sequence. Let

0= limsup W(pb (xl’llaxnﬂrl))'

pb (xn[ 7xnl+1)_>0

From (3.3), one has § < 1. We choose k € (0,b~") such that § < k < 1. Then there exists some
no € N such that y(p, (X, xn+1)) < k, Vn > ng. From (3.5), we have

pb(xn+17T(xn+1)) Skpb(thT(xi’l))a \V/nZ”lO

By induction, we obtain

pb(er—lvT(er—l)) < k"+17"0pb(an,T(xn0)), Vn > ny. (3.16)
A combination of (3.7) and (3.16) yields
P, (X0, Xn1) < 2K"0p, (X, T (X)), V> ng. (3.17)

Since p, is the wy-distance, for any n,m € N,m > n, we have

b [P, (Xns Xn+1) + Py (Xnt1,%m)]

bp, (Xn,Xn11) +b (b [pb (Xn11,Xn42) +p, (Xnt25%m)])
bp, (X, Xnt1) + b7 P, (Xns1,%042) + 57 P, (K42, %m)
bp, (xn,Xn41) + bzph (Xnt15Xn+2)

+b? (b[p, (Xn42:%n43) + ), (Xns3,%m)])

bp, (Xn, Xn+1) +b2pb(xn+laxn+2)

+b3 (pb (xn+27xn+3) +p, (xn+3 7xm))

pb<xn7xm)

VAN VAN

IN

IN

bp, (Xn,Xns1) + bzpb (Xnt1,Xn42) + ..
+b" (P, (G20 Xm 1) + Py (X 1,%m)) - (3.18)
Using (3.17) and (3.18) we obtain
P, (Xn, Xm) < 20k" 0P, (xpy, T (X)) + 2b2k”*”0+1pb (Xng, T (Xng)) + ..
b 02 (0 T (X)) A+ 26" Ty (0 T (%))
= 2bK""0 (14 bk + (bk) + ...+ (bk)™ "2 4 B2k b (g, T (X))

As bk < 1, we obtain, for all m,n € N with m > n > ny,

2bk" "0
Py (Xns Xm) < T_pk P (g T (Xng ))-
Since 211’111 ;;O — 0 as n — +o0, we conclude from Lemma 2.2 (iii) that {x, } is a Cauchy sequence

in X. Due to the completeness of X, there exists some up € X such that {x,} converges to u.
Now, by using the b-lower semi-continuity of function g and (3.15), we obtain

0 < g(up) < liminfbg(x,) =0,
n—yoo

and hence, g(uo) = p, (uo, T (uo)) = 0. If p, (uo,up) = 0, then it follows from Lemma 2.3 that
uo € T(up) as T (up) is closed. O
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Remark 3.1. (1) Theorem 3.1 generalizes Theorem 2.5 ([30, Theorem 5]) and the fixed
point results [10, Theorem 5]. Indeed, if » = 1 and p, = d in Theorem 3.1, then we
obtain Theorem 2.5 immediately.

(i1) Theorem 3.1 includes the fixed point result [31, Theorem 2.1] as a special case when
b=1.

Replacing the b-lower semi-continuity of the real-valued function g of Theorem 3.1 with
another suitable condition, we obtain the following fixed point result, which generalizes [31,
Theorem 2.2].

Theorem 3.2. Suppose that all the hypotheses of Theorem 3.1 hold except the b-lower semi-
continuity of g. Assume that inf{p, (x,u) +p,(x,T(x)) : x € X} > 0, for every u € X with u ¢
T (u). Then Fix(T) # 0.

Proof. Following the proof of Theorem 3.1, there exists an orbit {x,} of 7', which is a Cauchy
sequence in X. Due to the completeness of X, there exists up € X such that {x,} converges
to ug. Since p, (xn, ) is b-lower semi-continuous and lim,;_. X, = uy € X, it follows from the
proof of Theorem 3.1 that, for all n > ng,

o 2b2knfn0
pb(xn7u0) S lgln_}gfbpb(xmxm) S mph(xnoaT(xno))'

On the other hand, we have

pb(xi’lvT(xn)) S pb(xn;anrl) S an_nopb(xnou T(xno))
Letting up ¢ T (up), we have

0 < inf{p,(x,up)+p,(x,T(x)):x€X}
< inf{p, (x4,u0) + p,(xn, T (x,)) : n > ng}
2[92 n—ne
< lnf{l_—bkpb (xl’lm T(xn())) +2kn_n0pb(xn()a T(Xn())) tn 2> nO}
2k~ (b* — bk + 1 :
= D) T ) in (7> o} =0,
which is impossible. Hence, uy € Fix(T). O

Now, we present a general result on the existence of fixed points for multi-valued mappings,
which improve/generalize a number of known fixed point results.

Theorem 3.3. Let (X,D) be a complete metric type space with a wy-distance p,. Let T :
X — CI(X) be a multi-valued mapping such that the real-valued function g on X defined by
g(x) = p,(x,T(x)) is b-lower semi-continuous. Assume that the following conditions hold:

(i) there are functions @ : [0,4oc0) — (0,1) and u : [0,+e) — [c,1), with ¢ > 0. Here u
is nondecreasing such that ¢(t) < u(t) and limsup,_,,+ ¢(r) < limsup,_,,+ u(r), for
everyt € [0,+o00);

(i) for any x € X, there exists y € T (x) satisfying

1 (p,(x,y)) p,(x,y) < g(x)
and
g(y) <o (p,(x,y)) p,(x,y).
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Then there exists ug € X such that g(ug) = 0. Further, if p, (ug,uo) =0, then ug € T (u).

Proof. Let xy € X be an arbitrary but fixed element of X. Then there exists x; € T (xg) such that

1 (p,(x0,x1)) p, (x0,x1) < p, (x0,T (x0))
and

p,(x1,T(x1)) < @ (p,(x0,x1)) p, (X0, x1).
It follows that

@ (p,(x0,x1))

x1,T(x)) < ——2——=

P T =, ()
Define a function y : [0,+o0) — [0, 4o0) by

_ oW
W(t) - ‘u(l)7

Since, for each 7 € [0, +e0), ¢(r) < u(r), we have y(r) < 1 and

Py(x0, T (x0))-

Vit € [0,+4o0).

limsupy(r) <1, Vi€ |[0,+c).

r—tt

From (3.19), we have

p,(x1,T(x1)) <y (p,(x0,x1)) P, (x0,T (x0))-
Similarly, for x; € X, there exists x, € T'(x1) such that

p(p,(x1,x2)) p, (x1,%2) < p, (x1,T (x1))
and

P, (2, T(x2)) < @ (p,(x1,%2)) p, (x1,%2).
Thus

p, (x2,T(x2)) < W(pb (xlvxZ))pb (1, T (x1))-
Continuing this process, we can obtain an orbit {x,} of T in X satisfying

u (pb (xn7-xn+l)) P, (xnvxthl) < pb(xm T(xl’l))7
and

P, s, T (xXn1)) < @ (Pb (X1, Xn41)) Dy (Xns Xn41)-
Hence, we have

pb(xn+17T(xﬂ+l)) < ‘//(pb<xn»xn+l))pb(xnvT(xn))a
for all n > 0. Since y(¢) < 1 for each ¢ € [0, +0), we have, for all n > 0

Dy, (xn+laT(xn+l)) <D, (xm T<xn))‘

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Thus, {p, (x,,T(x,))} is strictly decreasing and bounded below, thus it is convergent. There-
fore, there is some o > 0 such that lim, .. p, (xs, T (x,)) = . Now, we need to show that
{p,(xn,xn41)} is also strictly decreasing. Assume that p, (x,,%n4+1) < p, (Xn+1,%042). Since

L (z) is nondecreasing, we have

u (pb (x'lvxn+1)) < H (pb (xn+17xn+2)) .

(3.24)



FIXED POINTS OF GENERALIZED MULTI-VALUED CONTRACTIVE MAPPINGS 133

Using (3.21), (3.22) and (3.24) with n = n+ 1, we arrive at

% (pb (xnaxn—i—l))
u (pb(xn+17xn+2)
% (pb(xmxn+l))
4 (p, (o))
ll/(pb (xnaer—l))pb (%X, Xn+1)
< pb(xnaxn—H )7

pb(xn+laxn+2) S )pb(xn7xn+1)

<

b(xl’l7'xn+1)

which is a contradiction. Hence, {p, (x,,x,+1)} is strictly decreasing. Therefore, there exists
some 8 > 0 such that limy, e p, (X4, X,+1) = B In view of (3.23), we obtain

a < (1msupy(n, ) ) a

n—oo

— < lim sup W(pb(xnaxn+l))>a'
Py

xnaanrl)%ﬁ-*—
By using (3.20), we conclude that & = 0. In view of u > ¢, we conclude from (3.21) that

1
P, (Xn, Xng1) < pr(xn,T(xn)), Vn > ng. (3.25)

Since {p, (x4, T (x1))} — 0, we have {p, (x,,%,41)} — 0. Now, we let

6= limsup ll/(ph (xmxn-i-l))-

n—soo

From (3.20), we have § < 1. Choose k € (0,b~") such that § < k < 1. Then there exists some
no € N such that

VP, (n ks 1)) <k, Vn>no,

It follows from (3.23),
pb(er—lvT(xn-H)) < kpb(xn,T(xn)), Vn > no.
By induction, we have
pb(xn+1aT(xn+l)) S kn+17nop},(xn07T(-xn0))7 Vn Z np. (326)

Using (3.25) and (3.26), we have

1 1
P, (%n,Xnp1) < pr(xn,T(xn)) < Ek” "0p, (Xng, T (xny)), V> ny. (3.27)
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Next, we show that {x, } is a Cauchy sequence. From (3.27), for all m > n > ny, we have
b [p,(XnsXn+1) + P, (Xnt1,%m)]

bp, (Xn,Xut1) +b (D[P, (Xnt1,%n+2) + Py (X2, Xm)])

bp, (XnsXns1) + b7 P, (Xni1 . Xng2) + b7, (Xns2,%m)

bp, (XnsXni1) + 7P, (Xni1,Xng2) + 0% (B[P, (Xut2,%n43) + Py (Xnt3,%m)])
bp, (onsXn 1) + 7 py (nt1,%n12) +5° (P, (nt2,%n23) + P, (Xn 13, %m))

2 (xnaxm)

IAINA

IN

IN

bpb (xnaanrl) +b2pb (xn+17xn+2) + ...
5" (p, (25 Xm—1) + Py (X1, %m))

| 1 _
DKy i T ag) + LB (g, T ) -

1 1
IR, (1 T () R (1 T ()

1

— Ebk”‘”o(14—bk—k(bk)z%—“.4—(bk)m_”_24—bm_"_2km_”_l)pb(nw,f(me)
1

Ebk”_”o(l4—bk—k(bk)z—k.”);@(an,T(xm)).

Since bk < 1, for m,n € N with m > n > ng, we obtain

1 bk "0
pb(xn,xm) < E ( 1 —bk) pb(an,T(xno)).

IN

<

Since 1 (bk”fno

el s ) — 0 as n — +oo, we conclude from Lemma 2.2 (iii) that {x,} is a Cauchy

sequence. Thanks to the completeness of X, there exists some uy € X such that {x,} converges
to ug. Since g is b-lower semi-continuous, we have

0 < g(up) < liminfbg(x,) =0,
n—oo

and thus, g(ug) = p, (1o, T (up)) = 0. Now, if p, (up,up) = 0, then it follows from Lemma 2.3
that ug € T'(up) as T (up) is closed. O

Remark 3.2. (1) If we consider b = 1 and the wj,-distance function p, equals to the dis-
tance d in Theorem 3.3, then it reduces to [30, Theorem 6] and thus it also generalizes
Theorem 2.2, [10, Theorem 5].

(i1) Theorem 3.3 includes Theorem 2.4, [15, Theorem 2.1], as a special case. Indeed, if we
consider a constant mapping (¢) = a in Theorem 3.3, for all ¢ € [0,00) and a € (0, 1),
b =1, and the wy,-distance function p, = d, then we obtain [15, Theorem 2.1].

(ii1) If we take b = 1 in Theorem 3.3, then we have a fixed point result [31, Theorem 2.3].

The conclusion of Theorem 3.3 is still valid if we replace the b-lower semi-continuity of real-
valued function g with another suitable assumption. Consequently, the following result includes
[31, Theorem 2.4] as a special case.

Theorem 3.4. Suppose that all the hypotheses of Theorem 3.3 hold except the b-lower semi-
continuity of the function g. Assume that inf{p, (x,u) +p, (x,T(x)) :x € X} >0, for everyu € X
withu & T (u). Then Fix(T) # 0.
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Finally, we present a fixed point result, which is a generalization of the results [15, Theorem
2.2], [30, Theorem 7], and [31, Theorem 2.5].

Theorem 3.5. Let (X,D) be a complete metric type space with a wy-distance p,. Let T : X —
P(X) be a multi-valued mapping such that a real-valued function g on X defined by g(x) =
p,(x,T(x)) is b-lower semi-continuous. Assume that the following conditions hold:
(i) there is afunction @ :[0,+o0) — [0, 1) such that, for eacht € [0,+o0), limsup,_,,+ @(r) <
L;
(ii) forany x € X, there is y € T (x) satisfying p,(x,y) = g(x) and g(y) < ¢ (p,(x,y)) p, (x,y).
Then there exists uy € X such that g(ug) = 0. Further, if p, (ug,uo) = 0, then uy € T (up).

Proof. Let xo € X be an arbitrary but fixed element of X. From (ii), we can choose x; € T (xp)

such that p, (xo,x1) = p, (x0, T (x0)), p, (x1,T (x1)) < @ (p,(x0,%1)) p, (x0,x1), and @ (p, (x0,x1))
< 1. Continuing this process, we obtain a sequence {x, } such that x| € T'(x,) and p, (x, Xp+1)
=D, (x'lv T(xfl)>7 Py (Xn+1,T(Xn+1)) <0 (pb (xﬂaxn-l-l))pb (xna-xn+1)7 and @ (pb(xnaxn+l)) <1
Following the method in the proof of Lemma 2.1 [33], one can easily show that {x, } is a Cauchy
sequence in X. Thanks to the completeness of X, there exists uy € X such that {x,} converges
to up. Since g is b-lower semi-continuous, we have 0 < g(up) < liminf, . bg(x,) = 0, and
thus, g(uo) = p, (1o, T (ug)) = 0. Since p, (ug,ug) = 0, and T (ug) is closed, it follows from
Lemma 2.3 that ug € T (ug). O

Remark 3.3. (i) Theorem 3.5 generalizes the fixed point result due to Ciri¢[30, Theorem
7] and thus also generalizes [15, Theorem 2.2]. Indeed, if » =1 and p, = d in Theo-
rem 3.5, then it reduces to [30, Theorem 7].
(i1) If b =1 in Theorem 3.5, then we obtain [31, Theorem 2.5].

4. EXAMPLES

The following example shows that Theorem 3.1 is a real generalization of Ciri¢ [30, Theorem
5] and Latif and Abdou [31, Theorem 2.1].

Example 4.1. Let X = [0, 1]. Define D(x,y) = (x —y)? for all x,y € X. Then X is a metric type
space with b = 2. Define a wj-distance function on X by p, (x,y) = y?, for all x,y € X. Let
T : X — CI(X) be defined by

{2}, xel0,3)u(.1],

17 1 _ 15
{%u‘t » X =33,

and define a function ¢ : [0,00) — [0,1) by

T(x)=

o(t) =
Then,

8(x) = p,(x,T(x)) =
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: ~ : 15y, (15 1,2
and g is b-lower semi-continuous. For each x € [0, 35) U (53, 1], there exists y € T (x) = {5x*}
such that p, (x,y) = p, (x, T (x)) = +x*. Thus, for each x € [0,1],x # 13, we have

Pue) = 35 < (2= 0 (p,(6) 5 = (2= 9.5, (6) 2, (5. T(2)

and
1, 1/1,)\* 1, 1
T - x> (= — (=
p,(»T() = p, <2x 3 <2x ) > <8x = 16X P(xy)
3
< X6y = 0(p,(xy) p,(x.y).

Letting x = 13, we have T'(x) = {3z, 1 }. Clearly, there existsy:% € T (x) such that

172 3 (17\*\ [17\°

pie=(5) < <z——(%) )(%) = (2 0(p, (x.3)) (. T()

and

2
PO.TG) = »p, (%% (%) )

1/17\?
= 4_1 % P;,(%)’)

2
< %(%) p,(%,y) = @(p,(x,y))p,(x,y).

Thus, for each x € [0, 1], all the conditions of Theorem 3.1 are satisfied. Hence, it follows that
Fix(T) # 0. Note that Fix(T) = {0}. Clearly, the wy-distance p, is not a metric d, so T does
not satisfy the hypotheses of Theorem 2.5 [30, Theorem 5]. In addition, the wy,-distance p, is
not a w-distance p, so T does not satisfy the hypotheses of [31, Theorem 2.1].

1 /17
4\ 96

Finally, we present an example, which shows that Theorem 3.5 is a real generalization of
Klim-Wardowski [15, Theorem 2.2], Cirié¢ [30, Theorem 7], and Latif and Abdou [31, Theorem
2.5].

Example 4.2. For b = 2, consider the metric type space X = [0,0) with D(x,y) = (x —y)? for
all x,y € X. Define a wy-distance function on X by p, (x,y) = x> +y?, for all x,y € X. Now, for
any real number a > 1, define T : X — CI(X) by

T(x) = {Z}Ul(1+20),), Vxe[0,00),

a

and define a constant function @ : [0,00) — [0,1) by ¢(t) = alz, for all 7 € [0,e). Note that
@(t) < 1forallt € [0,00). For each x € X, we have

80 = p, (e T(0) =+ (£) = (“Zil)xz-

a a

Further, for each x € X, there exists y = 2 € T (x) such that

P(ey) = p, (%) = p, (x. T (),
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and
2 2

X X bl & 1 (d®+1
P O) =p 2 5 = S+ 5= () A= et )

Therefore, all the assumptions of Theorem 3.5 are satisfied. We conclude Fix(T) = {0}. Note
that 7'(x) is not a compact for all x € X, and the wj-distance p, is not a metric d (even not a
w-distance p on X). Consequently [15, Theorem 2.2], [30, Theorem 7], and [31, Theorem 2.5]
are not applicable.
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