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A NOTE ON THE CARLESON MEASURE FOR DIRICHLET TYPE SPACES ON
THE UNIT BALL OF C"
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Abstract. In this paper, we characterize the g-Carleson measure for Dirichlet type spaces 2% on the unit
ball when 0 < p < g < e and & > —1 by using Carleson blocks and Carleson tubes.
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1. INTRODUCTION

Let B be a open unit ball of C", and let S be the boundary of B. If n = 1, then B is the open unit
disk in complex plane C and is always denoted by D in this paper. Let H(B) denote the space of
all holomorphic functions on B. For any two points z = (21,22, ,2,) and w= (wy,wp, -+ ,wy)
in C", we define (z,w) = zyw] + - - + z,w, and

d=V&a) = a4+ fal

Let do and dV be the normalized surface and volume measures on S and B, respectively.
For —1 < ot < o0 and 0 < p < oo, the weighted Bergman space A7 (B)( or AL) consists of all
f € H(B) such that

Iflag, = [V @PaVa) = [[1F@P(= 1)V () <o (1.1

Obviously, we have

_ ! 2n—1psp _ 2\«

7l =20 [ P Mg (1 =)
where 1
Mot = ([ rrac(@)’

It is well known that f € AL if and only if Rf € A’éHp; see, e.g., [1,2]. Here, R is the radial
derivative of f € H(B), that is,
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Let 0 < p < oo and a > —1. The Dirichlet type space 24 on the unit ball is the space
consisting of all f € H(BB) such that

1715 = [ RFQIP(1= |2V () <.

When p > 1, || -[| 42 is a semi-norm on 9} and the norm on 2} is often defined as 1Al oz =
|£(0)]+[fllgz- When & > p— 1, we see that rhe Dirichlet type space Pk is just the weighted
Bergman space A - For more results about 2k on the unit ball, we refer to [3,4] and the
references therein.

For a € B and r > 0, let D(a,r) denote the Bergman metric ball at a. Thus

where @, is the involutive automorphism of B that interchanges 0 and a. B(-,-) is called the
Bergman metric on B. If {a j};‘ozl C B satisfying

inf B (a;,a;) > s >0,
i#j

we say that {a j};'ozl C D is s-separated or separated for simply. If {a j};ozl C B satisfies B =
U7_1D(aj,r), we say that {a;} is r-covering.
Let & € Sand 0 < r < 1. The Carleson tube S (r) is defined by

Se(r)={zeB:|1—(z,&)| <r}.
Let a € B\{0}. We define

Sy = {zEIB%:l—|a\ <l < 11— (2 Dy < 1—|a|}.
2] |al

The set S, is called a Carleson block and introduced in [5]. From [5], we see that the Carleson
block plays an important role when studying some holomorphic function spaces on the unit ball.

Suppose 0 < g < oo, U is a positive Borel measure, and X is a (quasi-) Bananch space. If the
identity operator Id : X — Lz is bounded, we say that u is a g-Carleson measure for X. By the
closed graph theorem, Id : X — LZ is bounded if and only if X C LZ. As we know, g-Carleson
measures for Bergman spaces Af, were characterized neatly and completely many years ago;
see, e.g., [1,6-8] and the references therein. Among others, we state the following theorem,
which is a special case of [1, Theorem 50] and [5, Theorem 1] and will be useful in the proof of
our main results in this paper.

Theorem 1.1. Suppose [ is a positive Borel measure on B, 0 < p < g <o and o« > —1. Then
the following statements are equivalent.

(i) Ay C L.

(ii) For each (or some) s > 0,

(1)
Sup/B |1 _< >‘S+Z(n+1+(x)d‘u(w) < oo

z€B Z,W

2
(iii) There is a constant C > 0 such that i (S%(r §Cr7q(n+]+a) orallr >0and ¢ €S.
g
1A% ere is a constant C > 0 such that L(S,) < —la % or all a € b.
(iv) There i C > 0 such that u(S,) < C(1 (H140) foralla € B
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(v) For each (or some) r > 0O, there exists C > 0 such that u(D(a,r)) < C(1 |a| ) 1 (n+1+a)
forall a € B.

However, it is very difficult to give a complete characterization of the g-Carleson measure for
2P . Some cases are still open. We refer to [3,4,9,10] for several characterizations of g-Carleson
measure for % when 1 < p < g < . But most of these characterizations are very complicated
in the case of the unit ball. Fortunately, when 0 < p < g < oo, Girela and Peldez [10] described
the g-Carelson measure for 2/, on the unit disk neatly and completely by using Carleson square.
Motivated by [10], we characterize the g-Carelson measure for 25 when 0 < p < g < o on the
unit ball by using Carleson blocks and Carleson tubes. We state the main result in this paper as
follows.

Theorem 1.2. Suppose that 0 < p < g < oo, & > —1, and U is a positive Borel measure on B.
Then the following statements hold.

(i) When p < a+n-+1, 25 CLﬁ if and only if

sup H(Sa) < oo, (12)

ach ( ‘a|) (a+n+1-p)

(ii) Whenp=a+n+1,if1 <p <2+ I,QPCLq if and only if
1B
1(Sa) S <1 1——H> ; (1.3)
ifp22+nlj, (1.3) implies Q{;CLZ.
(iii) When p > a+n+1, 95 C LZ if and only if W is finite.

In this paper, constants, which are denoted by C, are positive and may differ from one occur-
rence to the next. We say that A < B if there exists a constant C such that A < CB. The symbol
A~ Bmeans that A < B < A.

2. PRELIMINARIES

In this section, we state some definitions and some well-known results for the proof of main
result in this paper. The following Forelli-Rudin’s estimate is well known.

Lemma 2.1. /2, Theorem 1.12] If ¢ > 0 andt > —1, then

1—|w| 1
dv(w) ~ ———.
/ ’1 _ Z W ’n+1+t+c ( ) (1 _’Z|2)C

As we know, |1 — (-, )|7 is the non-isotropic metric on the unit ball. For any & € S and
0 < r < /2, the non-isotropic ball Q(&,r) is defined by

Q& r)={nesS:[1-(&n)| <r}.

The following lemma can be obtained by some straightforward calculations; see, e.g., [11,
Lemma 11].

Lemma 2.2. For any 0 <r < 1, there exist &,1,:2,--- , &N, in S such that
(1) Q(&ri,r)NQ(&rj,r) =0, if 1 <i<j< Ny
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(ii) S = Upr 1 0(&pis2r);
(iii) Ny~ r—2n.
Then, we can choose Qy.j(j =1,2,---,N,) properly such that
(iv) Q(&j,r) CQrj CQ(&j,2r) forall 1 < j < N,;
(v) S= UljyélQr,j;
(vi) QriNQyj =@ when1<i<j<N,.

Using Lemma 2.2, we can define a Bergman tree as follows. For k =1,2,---, let
Ne=Na1 , & ;=81 ,and ;=0 1 .
N J \/27(:] J \/27(:J

Deﬁne
k’j ° !k | | < :k—.—l ) |Z‘ 7j )

Q0,1 =S, and Ry,; = 3B. Let
Y={Rij:k=0,1,2,-+,j=12,+ Ng}.

Then, B = U, Uljvi | Ri j and Ny = 2k,

Next, we define a tree structure on the collection T by declaring that Ry 1 J is a child of Ry ;,
which will be written as Ry ; < Ry j if it 1, i/ € O,j and k > 1. In the case k = 0, we declare
that every Ry ; is a child of the “root” Ry | and write as Ry | < Ry .

By the definition of tree, if kK > 0 and s > 1, we say that Ry j, < Ry, j, if there exist
Rk+1,j1 R ;Rk—l—s—l,js,l such that

Rijo = Rit1,j, =<+ < Rips—1,j, ) < Ricys -

For convenience, let R ; < Ry ;. Obviously, < is a partial order.
The following lemma describes the relationship between Bergman trees and Bergman metric
balls, which can be found in, for example, [11].

Lemma 2.3. The following statements hold.

(i) Let r > 0 be fixed. There exists N = N(r) such that, for any z € B, D(z,r) can be covered
by a subsets of {Ry ;} with no more than N elements.

(ii) For any given 0 < s <r < 1, there exists M = M(s,r) such that if {a;} is s-separated and
r-covering, then each Ry j can be covered by a subset of {D(a;,r)} with no more than M
elements.

3. PROOF OF THEOREM 1.2

Proof. (i). Suppose that p < o+ n+ 1 and the identity operator Id : 2} — LZ is bounded. For
a € B, set
(1—lal?)*
ntlto
(1= (a) 7 '

for some s large enough. By Lemma 2.1,

Ja(2) =

o 1=la 2\ps 1— 2\o
/Blﬂifa(z)\”(l —[2})%av(2) < /B (|1 _| <z’,21>\£+1+L‘ZJ“12‘ dv(z) = 1. G.D
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Hence f, € 2%. For any z € S,, we see from [5] that |1 — (z,a)| ~ 1 — |a|. Therefore, it follows
from (3.1) that

Sa
( |u\>((>) %/S fa(@)%dp(e) < I fallfy < fallp <1,
1—la v ¢

which implies (1.2).
The proof of the sufficiency will be divided into four cases.
Case (ia): 0 < p < o+ 1.
Suppose that (1.2) holds. By Littlewood-Paley’s formula, we have

/(0 \”HlngpN/!f )P (1 IZ\Z)“"’dV(Z)ZHfHﬁgw

Then, In view of Theorem 1.1, we obtain the desired result.
Case (ib): p= o+ 1.
Suppose that (1.2) holds. We claim that

My(rf) < my(T

2
for0<s<t<eo, feH(B),and r € (%,1).
In fact, for a constant 6 > 0 small enough, we have

My (r, f) < M(r, f)sup| f(r&)[,
&es

~I=

n
s

) =r)” (3.2)

and

1—s

supl )1 S (=g [ 0PV

EesS EeS

1—s

= (ﬁ /r—‘z’élzlér+12’ ‘f(Z)ISdV(ZO )

I+r n(s=t)
SM (N0 -0

which implies (3.2). Choose ¢ and x such that
=m+x+1)p, p<t<gq, x>—1.

For any f € .@ 1> we have

1

My(r,Rf) = 0(1—), r—1.

—r

By (3.2), we have
1 r-l—l —) (142
%1l , < [ M= R = g g,

Thus, .@5_1 C AL. Since

sup 1(Sa) — sup &)l ‘o

acB (1 _ ’al) x+n+1)

Theorem 1.1 implies A% C LZ. So, .@571 C LZ.
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Case (ic): a+1<p<oa+n+landp <1.
Suppose that (1.2) holds. By the proof of [2, Theorem 2.16], for any g € H(B) with g(0) =0,
one has

O S | g (1 b (),

when 8 > 0 is large enough, where y= (n+1+)p— (n+1) > a+ p. Minkowski’s inequality
implies

P

me</</wﬁw Hﬁa—wmmwmywqu

1 a
< [ ety ([ e rdu) ) v

By (1.2) and [1, Theorem 45], we have

1
<
/153 11— <Z,W>|("+B)qdu(2) ™ (1= jwp) B lokntl=p)”

So,
sl S [, 1Sl (1 = W) %av (v).
That is, 25 C LZ.

Case (id): a+1<p<o+n+1landp>1.
Suppose that (1.2) holds. Let p(Ry ;) = 27¥(@#+1=P) " We claim that, for any given Ry j,

there exist at most N (independent of Ry ;) points ay,az,- -+ ,ay in B such that
1 N
|a1|:---:|aN|:1—?, U  Rcuyl S(a). (3.3)
REY,Rk7J‘<R

As a fact, if k,s > 0 and jo = j for every z € Ry j, and Ry j, < Ry j,, then

1
Eees ) +Z|1 (Ckvi o i1,y |2

+Z < V2 !
- 2k+s izlﬁ/zkﬂ'fl—\/ﬁ_l\/ﬁ'

(el (35) 5

11— (=

m»ék,jmf <l <

N

(3.4)
So,

1
z€ nEIB%:l—?§]1ﬂ<1,
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By [5, Proposition 1], we have that (3.3) holds. Therefore, if k > 1, then it follows from (1.2)
that

Rkti{R =1
X _4q(p—1)
- _atntl-p P
< / (=0 T ldr
0
e . _alp-1)
_ yEs | _atntl—p P
= /12 (1—1)" 1 lar
i=0 /1=
_alp-1)
1 P
< Z p(R) 7T . (3.5)
R-<Rk’j

When k = 0, we see that (3.5) holds obviously.
For any f € P} with f(0) =0, let z j, wx j € Ry j such that

|f(zx )| = sup |f(2)], [Vf(wi )| = sup [Vf(z)|.

ZER](J‘ ZER](_J‘

Here, Vf(z) = (g—i(z), fe ,ng(z)) is the gradient of f. For any Ry j(k > 1), let R;_; ; be the
father of it, that is, Ry ; is a child of R;_; ;. Define

ﬂ(PkJ = Z (Ps,tv

Rs,t<Rk,j
in which, ¢ = |f(z0,1)| and

¢k,j = ’f(Zk,j)’ - |f(Zk—l,j’)’7 when k=1,2,---.
Then, by (3.5) and Theorem 4 in [3], we have

( y u(thﬂfrzhjﬂq>q:= ( y u(thNJ7¢hﬂq>q

Rk’jEY Rk’jEY

5( ) p(Rk,j)|¢k,j|p>p-

Rk7]‘€Y

Thus

nmms(zummvwmﬂ

Rk7j€Y

S ( ) p(Rk,j)|f(Zk,j)_f(Zk1,j’)|p>p- (3.6)

Rk,jEY
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Let I ; be the shortest curve of those contained in Ry ; UR;_; 7 and connecting zz ; and
Zk—1,7- When k > 2, we have

|f(zr,j) = far—1,)| S AV wr )|+ Vf(wi—1,j7)]) (diam(Ry ;) +diam(R;_ 7))
1
S ;(IVf(wk,j)! + |V wi—1,j0)])-

Here, diam(Ry ;) denotes the diameter of Ry ;. Then p(Ry ;) ~ P(Rk—l _j) implies

Y, PRI () = f a1 )" S Z \Vf k)l (3.7)
k22,Rk7j€Y Rk]
By Lemma 2.3 and the subharmonicity of 8—f( j=1,2,---,n) for any given separated and r-

covering sequence {b;}7_, in B, we have by [1 Theorem 13] that

(Rk ) — n
Y BELVin = Y 2 g )
k22,Rk7jeY k>2 RkjEY

< Z RCIRERRD
~ ||f||@g~ (3:8)

By (3.7) and (3.8), we have
Y, pRe)f(ak)) — [, )P S HfH;g-

k>2,Ry €Y

By (3.6) and the obvious fact that
Y, PRI (zk)) — fare1,j)IP < oo

k<2,Ri ;€Y

we have f € LY, ie., 95 C LZ.
(ii). From [4, Theorem 3.1], it is enough to prove that (1.3) holds if and only if, for all

k:1727"'7j:1727"'7Nk7
Y u® Y 1 <1 (3.9)
Rk7j<R R—<Rk_j

Let (1.3) hold. By (3.3), we have

N 1 q(%_l) |
Y u® <Y u(Se) S [ log—— ~ kG,
i=1 1—(1—%)

Rk_j<R

Q=

From the fact ZR<R,W- 1 = k+ 1, we have that (3.9) holds.

Conversely, suppose that (3.9) holds. For any fixed |a| > % there is only one Ry ; such that
a € Ry ;. It follows that

and log

1
1——< 1——— ~
2k — |a| < 2k+1 1_|a|
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For any z € §,, there exist s > k and 7 > 0 such that z € Ry;. Let Ry y < Ry,. By (3.4), we have

a z

1= (GG = 1= G ) [+ 1= (o T+ 1= ()
1 - V2 o1 C
s s

Fix C for a moment. Let Oy jc ={& €S:|1—-(§,&,; >
that Oy jc N Ok j # @ fori=1,2,--- M. Then

< \/%7} and Oy jc C UM 0Oy ;; such

C+4
D00 {5 €8 11- (6.6l < S5 } — Qe

It follows from [2, Lemma 4.6] that

0(Qkj) ~ 0(Ok jcra) 27"

Thus, M is independent of Ry ;. Using (3.9), we have

| —

M ne 1) 1 —Q(l_%)
<R[ Em ) s (o)

k]-<R

Therefore, (1.3) holds.
(iii). Suppose p > a+n+ 1. By [2, Theore 2.1], for all |z| > % andn = %

2|

|z
S| <

Al
S e G

Then, 25 C H™. So, u is finite if and only if 2§ C Lﬁ in this case. The proof is complete. [

1

For the benefit of readers, by using Propositions 1 and 2 in [5], we give the following char-
acterization by using Carleson tubes.

Theorem 1.2'. Suppose 0 < p < g < o, a > —1 and U is a positive Borel measure on B. Then
the following statements holds.

(i) When p < a+n-+1, 25 CLZ if and only if
u(S3()

su —— 0,

2q
Ees0<r<1 yp (OFn+1=p)

(ii) When p=a+n+1,ifl <p <2+ - @pCLq if and only if

n—1’

51
1(Sz(r) < (log %)q( ) ,E€S,re(0,1); (3.10)

if p>2+ -5, (3.10) implies 7 C L.
(iii) When p > OH—n—I—l, 74 CLq if and only if W is finite.
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