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Abstract. In this paper, we propose several numerical tricks and show some related propositions and
theorems to deal with the considerable computation resources required to solve the multilinear system
associated with the multikernel-based approximation method. Moreover, a homotopy method is proved
to be suitable for the multikernel-based approximation method, including the global convergence and
the locally superlinear convergence. We also discuss some problems behind the choice of the truncated
length M and the low-rank approximation. Finally, we perform several numerical experiments to eval-
uate the benefits of the multikernel-based approximation method and the higher speed of the proposed
numerical tricks.
Keywords. Homotopy method; Kernel-based approximation method; Multilinear system; Positive defi-
nite multikernel; Positive definite tensor.

1. INTRODUCTION

The central mathematical problem in many practical applications is reconstructing an un-
known function f from the scattered data, which consist of high-dimension sampling points
x := {xxxi ∈ Rd}N

i=1 and the corresponding output values yyy := {yi ∈ R}N
i=1 such that yi = f (xxxi)

for all i = 1,2, . . . ,N. The reconstruction is to find an estimate function s to approximate f ,
aiming to interpolate the scattered data such that s(xxxi) = yi for all i = 1,2, . . . ,N. It is well-
known that the kernel-based approximation method is a fundamental approach of scattered data
interpolations [1, 2]. Recently, the classical kernels were generalized to be multikernels with m
variables, where m is a positive even integer; see, e.g., [3, 4]. Compared to the kernel matrix
and the linear system generated by classical kernel-based approximation, the multikernel-based
approximation method generates a kernel tensor Am ∈ Tm,N and a corresponding multilinear
system is as following

Amxxxm−1 = yyy. (1.1)
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Indeed, the multilinear systems of form (1.1) with different kinds of Am arise in a number
of applications, such as numerical partial differential equations, machine learning, and tensor
complementarity problems, etc. [5, 6, 7]

In addition to their applications, the research on multilinear systems also fall in the existence
and uniqueness of their solutions, as well as how to solve such a kind of nonlinear systems
fast. Recently, several theoretical analysis and algorithms for solving multilinear systems of
form (1.1) were presented. For example, Ding and Wei [5] showed the uniqueness of posi-
tive solution to multilinear system (1.1) if Am is a nonsingular M -tensor, and yyy is a positive
vector. Hu [8] discussed the number of solutions to the general tensor equation, providing
a more general condition of the leading tensor for a general tensor equation to have special
number of solutions. Wang, Huang and Qi [9] deeply discussed about the global uniqueness
and the solvability of tensor variational inequalities (TVI), which provides a new way to show
the uniqueness of solutions to a positive definite multilinear system. For (1.1) with symmet-
ric tensors, Li, Xie and Xu [10] proposed a Newton-Gauss-Seidel method, which converges
faster than the methods presented in [5]. Xie, Jin and Wei proposed a new tensor method based
on rank-1 approximation of the coefficient tensor to solve (1.1) with symmetric M -tensors
in [11]. Han [12] proposed a homotopy method to find the unique positive solution to (1.1)
with nonsingular M -tensors, and proved its convergence. In [13], the equivalence between
solving (1.1) with M -tensors and solving nonlinear systems of equations involving P-functions
was presented, as well as a Newton-type method to solve (1.1) with M -tensors. A Levenberg-
Marquardt method was applied to solve (1.1) with semi-symmetric coefficient tensor in [14],
the authors also presented the global convergence and local quadratic convergence under the
local error bound condition. Liu, Du and Chen [15] showed a sufficient descent nonlinear con-
jugate gradient method for solving (1.1) with M -tensors. More recently, Wang et al. developed
a kind of accelerated dynamical approaches to find the unique positive solution of (1.1) with a
new class of tensors called K S -tensors in [16]. Compared to traditional numerical methods,
Wang, Che and Wei [17] provided a new approach based on continuous time neural networks to
solve (1.1) with M -tensors. Similarly, for the general nonsingular multilinear tensor systems,
two gradient neural networks models were developed in [18]. For the so-called S C P ten-
sors, Yang, Xu and Huang [19] provided a homotopy method to solve the associated multilinear
systems superlinearly.

Nevertheless, most of methods proposed in the above literature are only suitable for M -
tensors, while we show the tensor associated with the multikernel-based approximation method
is not an M -tensor and cannot be directly transformed to be an M -tensor in Subsection 3.1.
Apart from that, those methods for solving general multilinear systems require considerable
computation resources. We will show the associated numerical crisis in Subsection 3.1.

In this paper, we first discuss the numerical crisis arise in solving multilinear system related
to the multikernel-based approximation method and present a series of numerical tricks to help
accelerate the computation. Then, inspired by [19], we prove that the homotopy method therein
is suitable for the multilinear system that we consider. We further discuss the choice of the
truncation length since it plays a significant role in our numerical tricks and the homotopy
method. Finally, several numerical experiments are performed to evaluate the numerical tricks
and benefits of the multikernel-based approximation method.
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The rest of this paper is organized as follows. In Section 2, we review some necessary
concepts and theorems. The associated numerical crisis and main motivations of this paper are
shown in Section 3.1. Then we present several numerical tricks and associated propositions
and theorems in Section 3.2. The homotopy method and its suitability to solve (3.3) as well
as the global convergence and locally superlinear convergence is shown in 3.3. We also dive
into the choice of the important coefficient M and other implementation details in Section 3.4.
In Section 4, several numerical experiments are performed to evaluate the numerical tricks and
benefits of the multikernel-based approximation method.

2. PRELIMINARIES

In this section, we review several necessary concepts, and theorems, including those related
to tensors, multilinear systems and the multikernel-based approximation method.

For convenience of readers, the notations and operators of tensors are defined as in the
book [20], and without specification, every vector is supposed to be a column vector. We
denote Tm,N the collection of all m-th order N-th dimensional real tensors, for example, T3,N =
RN×N×N ,T2,N = RN×N , and T1,N = RN . For Am ∈ Tm,N , it is said to be symmetric if all en-
tries ai1i2...im of Am are invariant under any permutation of the indices. For ccc ∈ RN , the tensor
multiplications are defined as

Amcccm−2 :=
( N,N,...,N

∑
i3,...,im=1

ai1i2...imci3 . . .cim

)N,N

i1,i2=1
∈ T2,N ,

Amcccm−1 :=
( N,N,...,N

∑
i2,i3,...,im=1

ai1i2...imci2ci3 . . .cim

)N

i1=1
∈ RN ,

and

Amcccm :=
N,N,...,N

∑
i1,i2,...,im=1

ai1i2...imci1ci2 . . .cim ∈ R.

It is clear that Amcccm = (Amcccm−1)>ccc and Amcccm−1 = ccc>(Amcccm−2). Similar with matrix, we can
also define different norms for tensors. Here we introduce the commonly used infinite norm
of tensors as ‖Am‖max := ‖vec(Am)‖∞ = max{|ai1i2...im| : i1, i2, . . . , im = 1,2, . . . ,N}, where
vec(Am) is the operator that unfolds the tensor Am to a vector.

The definition of (strictly) positive definite tensors is quite important for that of (strictly)
positive definite multikernels. For Am ∈ Tm,N , it is called a semi-positive definite tensor if
Amcccm ≥ 0, for all ccc ∈ RN . If further Amcccm = 0 if and only if ccc = 0, then Am is said to be a
positive defintie tensor. Moreover, as same as in [9], we say that Am is a strictly positive definite
tensor if (ccc−ddd)>

(
Amcccm−1−Amdddm−1) > 0 for all ccc,ddd ∈ RN with ccc 6= ddd. The solution sets to

the multilinear systems with (strictly) positive definite tensors were discussed in [9, Theorem
4.2] and [3, Proposition 2.1, Proposition 2.2].

We call a tensor Am ∈ Tm,N a Z -tensor if all of its off-diagonal entries are nonpositive.
A pair (λ ,xxx) ∈ C× (CN\{0}) is called an eigenvalue-eigenvector pair (simply eigenpair) of
Am ∈ Tm,N if it satisfies the system of equations Amxxxm−1 = λxxx[m−1], where xxx[m−1] means the
element-wise (m− 1)-th power of xxx, that is, (xxx[m−1])i = xxxm−1

i . The spectral radius of Am is
defined by ρ(Am) := max{|λ | : λ is an eigenvalue of tensor Am}. An M -tensor Am ∈ Tm,N is
a Z -tensor which can be written as Am = tIm−Bm with t ≥ ρ(Bm), where Im is the m-th
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order N-th dimensional tensor with all entries being 1, Bm is a nonnegative tensor. Furthermore,
Am is called a nonsingular M -tensor if t > ρ(Bm). The equivalent conditions for a Z -tensor
to be a nonsingular M -tensor can be found in [20, Page 10].

A tensor Am ∈ Tm,N is called a completely positive tensor (C P tensor) if there exist a
positive integer r and uuuk ∈ Rn

+ for all k = 1,2, . . . ,r such that Am = ∑
r
k=1(uuu

k)⊗m. If further
span{uuuk}r

k=1 = RN , then Am is called a strong completely positive tensor (S C P tensor).
Let a domain Ω ⊆ Rd . By [3, Section 3], a multikernel of order m ∈ N is defined as

Km : ⊗m
k=1Ω → R for m ∈ R. It is called a symmetric multikernel if Km(zzz111,zzz222, . . . ,zzzm) =

Km(zzzi1,zzzi2, . . . ,zzzim) for all permutation of pairwise distinct indices i1, i2, . . . , im ∈ {1,2, . . . ,m}.
By [3, Definition 3.1], the semi-positive definite multikernel and the (strictly) positive definite
multikernel can be similarly defined by the multiple product.

Given any pairwise distinct points {xxxi}N
i=1 ⊆Ω, we define

Am := (Km(xxxi1,xxxi2, . . . ,xxxim))
N,N,...,N
i1,i2,...,im=1 ∈ Tm,N . (2.1)

By [3, Proposition 3.2], if Km is a symmetric (strictly) positive definite multikernel, then Am
in (2.1) is a symmetric (strictly) positive definite tensor.

To introduce the computation of multikernels based on traditional kernels, we now review
the eigenpairs-based representation of positive definite kernels in [4]. As same as in [2, Section
10.4], we suppose that the domain Ω is compact and the symmetric positive definite kernel Φ2
is continuous. Thus, the Mercer theorem assures that Φ2 possesses the absolutely uniformly
convergence representation

Φ2(zzz1,zzz2) =
∞

∑
k=1

λkek(zzz1)ek(zzz2), for zzz1,zzz2 ∈Ω,

where {λk : k ∈ N} and ek : k ∈ N are the related positive eigenvalues and continuous eigen-
functions of Φ2, respectively. Let φk := λ

1/2
k ek for all k ∈ N. As same as [4, Theorem 4.2],

we further suppose that ∑
∞
k=1 |φk(xxx)|< ∞, for all xxx ∈Ω. Thus, by [4, Theorem 5.10], the above

equation assures that the special multikernel

Φm(zzz1,zzz2, . . . ,zzzm) :=
∞

∑
k=1

m

∏
i=1

φk(zzzi), for zzz1,zzz2, . . . ,zzzm ∈Ω, (2.2)

is well-defined for all m ≥ 2. By [3, Proposition 3.4], if m is a positive even integer, then Φm
is a symmetric strictly positive definite multikernel. Thus, the formula (2.2) provides a way
to compute the multikernel based on the eigenvalues and eigenfunctions of the corresponding
standard kernel. For more information, we refer readers to [4].

3. MULTIKERNEL-BASED APPROXIMATION VIA MULTILINEAR SYSTEMS

The multikernel-based approximation method can be finally formulated as a multilinear sys-
tem. Solving this system always encounters numerical issues. In this section, we first discuss
the multilinear system associated with the multikernel-based approximation method and its nu-
merical crisis. The crisis are the main motivation for this article. Then we show some numerical
tricks to significantly reduce the computation and the related propositions and theorems. Al-
though we shall show the kernel tensors are not S C P tensors, we still want to apply the
homotopy method in [19] owing to its locally superlinear convergence. In Subsection 3.3, we
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will show the homotopy method is also suitable for our problem. Furthermore, several ad-
vanced details about the numerical implementation will be shown in Subsection 3.4, including
the low-rank approximation and the choice of M.

3.1. Numerical crisis and motivations. Given the scattered dataset x and corresponding out-
put values yyy, let Am be a tensor defined by (2.1) with Km = Φm in (2.2), and let Bm(xxx) be a
tensor function defined as

Bm(xxx) := (Φm(xxx,xxxi1,xxxi2, . . . ,xxxim−1))
N,N,...,N
i1,i2,...,im−1=1 ∈ Tm−1,N , for xxx ∈Ω.

Then, Am = (Bm(xxxi))
N
i=1.

As in [3, Theorem 4.1], for a positive even integer m, the estimate function sm(xxx) has the
form sm(xxx) := Bm(xxx)cccm−1, for xxx ∈ Ω, where the coefficients ccc ∈ RN are uniquely solved by
multilinear system (1.1). By [3, (4.14)], it is believed that as m increases, the performance of
the interpolance also improves. In this way, we can interpolant the scattered dataset by the m-th
order multikernel-based approximation method via solving a multilinear system.

Generally, we prefer the regularization networks performed in reproducing kernel Hilbert
spaces (RKHSs) [21] or reproducing kernel Banach spaces(RKBSs) [4, 22] to help prevent
algorithms from over-fitting caused by the noise in real-world applications. The regularization
networks in RKBSs corresponding to multikernels are of form

min
ccc∈RN

N

∑
i=1

L(yi,sm(xxxi))+λAmcccm,

However, since it involves tensor computation in both error term and regularization term, it is
so far a challenge to solve it directly. Therefore, we need to firstly consider the simpler case,
that is the multilinear system without the regularization term.

Pursuing better performance compared to the standard kernel-based approximation method,
it is natural and crucial to use multikernels with larger m’s to interpolant the scattered dataset.
However, the numerical crisis cannot be ignored when m increases. Suppose given m pairwise
distinct scattered data points and a vector ccc, we can calculate the value of Φm in constant time.
Then the computation and storage of Am, as well as the computation of tensor multiplications,
such as Amcccm and Amcccm−1, are challenges. Under the constant-time computation assumption,
it is easy to induce that the space and computation complexity of Am are both O(Nm), and
those of Amxxxm and Amxxxm−1 are O(mNm), which are tremendous numbers for large N and m.
While in practice, Φm cannot be computed in constant time since it is an infinite sum. Thus,
the computation complexity will be much higher. Not to mention the subsequent computation
needed to solve the multilinear system, especially the computation of tensor multiplications in
each iteration for iterative methods.

As M -tensors are more prevalent, there are more studies focusing on fast methods solving
multilinear systems associated with them. But we shall show that the tensor generated by a
multikernel is not an M -tensor and cannot be transferred to be an M -tensor directly. Generally,
positive definite multikernels are nonnegative functions, namely for any input, the output is
nonnegative. So, Am is not a Z -tensor and so not an M -tensor. A simple idea is to consider
whether −Am, whose all off-diagonal entries are nonpositive, is an M -tensor or not. If so, we
can solve the modified multilinear system −Amxxxm−1 =−yyy rather than the original system. For
any positive vector xxx, we have −Amxxxm−1 < 0 by the definition of tensor multiplications since
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all entries of −Am are nonpositive. By equivalent condition for a Z -tensor to be a nonsingular
M -tensor in [20, Page 10], −Am is not a nonsingular M -tensor. Although it can still be
possible to be an M -tensor which is not nonsingular, it would be undoubtedly difficult to find
the significant decomposition. The above statement implies that we cannot solve (1.1) by using
those methods for M -tensor equations.

By contrast, for current methods designed for general multilinear systems, in each iteration,
either an inverse of a squared matrix of size N is required to compute, or a linear system of
size N is needed to solve. For example, in [10], based on a decomposition Am = Mm−Um,
in each iteration, the inverse of a matrix of form Mmxxxm−2 needs to be calculated. In the case
of the multikernel-based approximation method, Am is an m-th order N-th dimensional tensor,
which means that Mmxxxm−2 is an N-th order squared matrix, where N is usually a huge number
in machine learning. Again for instance, in each iteration of the method proposed in [14], a
linear system of size N is required to be solved, which also needs significant computation. Such
situations make it difficult to solve (1.1) associated with the multikernel-based approximation
method in machine learning using these kinds of iterative methods. Therefore, solving (1.1)
may encounter difficulties.

Among those general methods, the homotopy method in [19] is special. Similarly, it also
needs to solve a linear system of size N in each iteration, but as a trade-off, some theorems
guarantee its locally superlinear convergence, which attracts our interests. The numerical ex-
periments in [19] show that the stop criterion can be reached in only a small number of itera-
tions. However, the tensor generated by a multikernel is not a S C P tensor. By (2.2), letting
uuuk = (φk(xxxi))

N
i=1, then Am = ∑

∞
k=1(uuu

k)⊗m. But in general, we cannot guarantee the positiveness
of uuuk for any k. Fortunately, we can use this form of Am to apply some numerical tricks and
under some mild conditions we can still apply the homotopy method to solve our problem.

3.2. Numerical tricks. To reduce the requirements of computation resources of Am and the
tensor multiplications, we propose a series of numerical tricks. Recall that Am is obtained
by (2.1) with Km := Φm defined in (2.2), which is a sum of infinite terms and is absolutely
uniformly convergent. Thus, for any εi1i2...im > 0, there exists Mi1i2...im ∈ N such that, for any
n≥Mi1i2...im , ∣∣Φm(zzz1,zzz2, . . . ,zzzm)−

n

∑
k=1

m

∏
i=1

φk(zzziii)
∣∣< εi1i2...im, for zzz1,zzz2, . . . ,zzzm ∈Ω. (3.1)

Let A M
m be the tensor whose entries are truncated by M := max{Mi1i2...im}, that is,

A M
m = (

M

∑
k=1

m

∏
j=1

φk(xxxi j))
N,N,...,N
i1,i2,...,im=1. (3.2)

Then, we have ‖Am−A M
m ‖max < ε := min{εi1i2...im} and limM→+∞ A M

m = Am. Therefore, we
can use A M

m instead of Am and consider the multilinear system

A M
m cccm−1 = yyy (3.3)

other than (1.1) to deal with the infinite sum and reduce the computation.
The form of A M

m can help us accelerate the computation of tensor multiplications. Let HM
N

be a matrix of shape N×M such that, for any i = 1,2, . . . ,N and j = 1,2, . . . ,M, the (i, j)-th
entry of HM

N is defined by φ j(xxxi). Denote the k-th column and i-th row of HM
N by H(k)

N and HM
(i),
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respectively. Combining with the form of A M
m and the definition of tensor multiplications, for

any i1, i2 = 1,2, . . . ,N, the (i1, i2)-th entry of A M
m cccm−2 has the form

N,N,...,N

∑
i3,i4,...,im=1

(
ci3ci4 . . .cim

( M

∑
k=1

m

∏
j=1

φk(xxxi j)
))

=
M

∑
k=1

( N,N,...,N

∑
i3,i4,...,im=1

(
ci3ci4 . . .cim

m

∏
j=1

φk(xxxi j)
))

=
M

∑
k=1

(
φk(xxxi1)φk(xxxi2)

N,N,...,N

∑
i3,i4,...,im=1

( m

∏
j=3

ci jφk(xxxi j)
))

=
M

∑
k=1

(
φk(xxxi1)φk(xxxi2)

( N

∑
i=1

ciφk(xxxi)
)m−2

)
=

M

∑
k=1

(
φk(xxxi1)φk(xxxi2)(ccc

>H(k)
N )(m−2)

)
=
(
c>HM

N
)[m−2](HM

(i1)�HM
(i2)

)>
,

where for two vector xxx,yyy∈RN , xxx�yyy means the element-wise multiplications, and xxx[m−2] means
the (m− 2)-th order element-wise power of xxx. Then, letting ĤM

N be a matrix of shape N×M
such that its ith row is (c>HM

N )[m−2]�HM
(i), one can see A M

m cccm−2 = ĤM
N (HM

N )>. Similarly, for

any i = 1,2, . . . ,N, the i-th entry of A M
m cccm−1 has the form (ccc>HM

N )[m−1](HM
(i)

)>, so we have

A M
m cccm−1 = HM

N
(
(ccc>HM

N )[m−1])>. Also, A M
m cccm =

(
(ccc>HM

N )[m]
)
1, where 1 refers to an all-one

vector.
We can see that, in this way, the calculation of tensor multiplications only involves matrix-

vector and vector-vector multiplications, and we only need to store HM
N rather than the whole

tensor A M
m , which reduces the space complexity from O(Nm) to O(MN). Moreover, by this

formula, the price of increasing m reduces dramatically to nearly 0. That is because m only
appears in the power, while computing different powers in computer takes the same price.

So far we still do not discuss the existence and uniqueness of solutions to (3.3), which are
actually strongly related to the choice of M and the rank of HM

N . Recall that Proposition 2.1 and
Proposition 2.2 in [3] indicate that A M

m is required to be at least positive definite to guarantee the
existence of solutions to (3.3), and strictly positive definite to make sure the solution is unique.
However, A M

m is not always positive definite, not to mention being strictly positive definite.
To exploit the conditions of (3.3) to have (unique) solutions, we first introduce the following
lemma considering the rank of HM

N .

Lemma 3.1. There exists a jN ≥ N such that, for any M ≥ jN , rank(HM
N ) = N, namely HM

N has
full (row) rank.

Proof. Since all cases share the same HM
N , we can only consider the case m = 2.

Consider the case that m = 2, where A2 is a positive definite matrix and so rank(A2) = N. By
(2.2), A2 = H∞

N (H
∞
N )
>. Here, we abuse the notation H∞

N to represent an infinite matrix. Then,
because N = rank(A2) = rank(H∞

N (H
∞
N )
>)≤ rank(H∞

N )≤ N, one can see rank(H∞
N ) = N. That



146 Y. LIN, Y. WEI, Q. YE

means that there are N linearly independent columns of H∞
N . Let jN be the largest column index

of these N linearly independent columns. Then, for any M ≥ jN , we have rank(HM
N ) = N. �

It is worthy pointing out that HM
N has full (row) rank means that the linear system (HM

N )>xxx= 000
for xxx ∈ RN with N unknown variables and M equations has only zero solution. Conversely, it
cannot conclude that the linear system HM

N xxx = 000 for xxx ∈ RM with M unknown variables and N
equations has only zero solution, which holds when M≤N with rank(HM

N ) = M. Based on such
a statement, we can obtain the following proposition.

Proposition 3.1. (1) For M > 0, A M
m is semi-positive definite.

(2) If further M ≥ N is such that rank(HM
N ) = N, A M

m is strictly positive definite.
(3) If, in addition, M = N and rank(HM

N ) = N = M, which means that HM
N is a full-rank

squared matrix, then A M
m is nonsingular, say {xxx ∈ RN\{0}|A M

m xxxm−1 = 0}= /0 [23].

Proof. (1) Combining the formula A M
m cccm =

(
(ccc>HM

N )[m]
)
1 with the fact that m is a positive

even integer, it is easy to see A M
m is semi-positive definite.

(2) If further M ≥ N is such that rank(HM
N ) = N, then the linear system (HM

N )>xxx = 000 only
has zero solution. Then, for any ccc,ddd ∈ RN , we have

(ccc−ddd)>(A M
m cccm−1−A M

m dddm−1)

= (ccc−ddd)>(HM
N
(
(ccc>HM

N )[m−1])>−HM
N
(
(ddd>HM

N )[m−1])>)
= (ccc−ddd)>

(
HM

N
(
(ccc>HM

N )[m−1]− (ddd>HM
N )[m−1])>)

= (ccc>HM
N −ddd>HM

N )
(
(ccc>HM

N )[m−1]− (ddd>HM
N )[m−1])>.

Since the elements of ccc>HM
N − ddd>HM

N and
(
(ccc>HM

N )[m−1]− (ddd>HM
N )[m−1])> have the

same sign, then (ccc−ddd)>(A M
m cccm−1−A M

m dddm−1)≥ 0. Moreover, (ccc−ddd)>(A M
m cccm−1−

A M
m dddm−1)=0 if and only if ccc>HM

N −ddd>HM
N = 000>. That is, (HM

N )>(ccc−ddd) = 000, solving
which we can obtain ccc = ddd. Thus, A M

m is strictly positive definite.
(3) If HM

N is a full-rank squared matrix, then HM
N xxx = 000 only exists zero solution. Using 000 =

A M
m cccm−1 = HM

N
(
(ccc>HM

N )[m−1])>, and letting x̂xx =
(
(ccc>HM

N )[m−1])>, one can obtain x̂xx =
000 by solving HM

N x̂xx = 000. We can simply drop the (m−1)-power and consider (HM
N )>ccc =

000, while one should pay attention to the fact that HM
N is not symmetric. Again, we can

easily obtain that ccc = 000. Thus, A M
m is nonsingular.

�

The global convergence or the convergence rates of many algorithms solving (1.1) require the
positive definiteness of Amcccm−2. For example, the methods in [10] and the homotopy method
in [19]. We provide Propositions about it here.

Proposition 3.2. (1) For M > 0 and any ccc ∈ RN , A M
m cccm−2 is a semi-positive definite ma-

trix.
(2) If further M ≥ N is such that rank(HM

N ) = N, then A M
m cccm−2 is positive definite for any

non-zero ccc.

Proof. (1) Given any ccc ∈ RN , by the formula of the element of A M
m cccm−2, we have the

formula of yyy>(A M
m cccm−2)yyy for any yyy = (yi)

N
i=1 ∈ RN .
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yyy>(A M
m cccm−2)yyy =

N

∑
i1=1

N

∑
i2=1

M

∑
k=1

yi1yi2φk(xxxi1)φk(xxxi2)(ccc
>H(k)

N )m−2

=
M

∑
k=1

N

∑
i1=1

N

∑
i2=1

φk(xxxi1)yi1φk(xxxi2)yi2(ccc
>H(k)

N )m−2

=
M

∑
k=1

(ccc>H(k)
N )m−2( N

∑
i1=1

φk(xxxi1)yi1
)( N

∑
i2=1

φk(xxxi2)yi2
)

=
M

∑
k=1

(ccc>H(k)
N )m−2(yyy>H(k)

N
)2

= (ccc>HM
N )[m−2]((HM

N )>yyy
)[2] ≥ 0.

The final inequality comes from the fact that m is a positive even integer. This shows
that A M

m cccm−2 is a semi-positive definite matrix.
(2) If further M ≥ N is such that rank(HM

N ) = N, then two linear systems ccc>HM
N = 000 and

(HM
N )>yyy= 000 in the inequality only have zero solution. That means that, for any non-zero

ccc, yyy>(A M
m cccm−2)yyy = 0 if and only if yyy = 000. Thus, A M

m cccm−2 is positive definite.
�

By Proposition 3.1 and [3, Proposition 2.2], we have that, for M≥N such that rank(HM
N )=N,

(3.3) exists a unique solution. The next theorem shows that when M is selected large enough, we
can get an approximated solution to the original problem (1.1) by solving (3.3) with acceptable
error.

Theorem 3.1. For M≥N such that rank(HM
N )=N, let ccc∗ and cccM

∗ be solutions to (1.1) and (3.3),
respectively. Then

lim
M→+∞

cccM
∗ = ccc∗.

Proof. By [3, Proposition 2.2], ccc∗ is also unique. So, it is equivalent to show that

lim
M→+∞

AmcccM
∗ = b.

We have A M
m (cccM

∗ )
m−1 = b and limM→+∞ A M

m −Am = 0 by (3.1). Hence

lim
M→+∞

Am(cccM
∗ )

m−1−A M
m (cccM

∗ )
m−1 = lim

M→+∞
(Am−A M

m )(cccM
∗ )

m−1 = 0.

It follows that limM→+∞ Am(cccM
∗ )

m−1 = A M
m (cccM

∗ )
m−1 = b. The proof is completed. �

Given a new data point xxx, we can use the formula to predict the corresponding output by
sm(xxx) = Bm(xxx)cccm−1. Let ϕ(xxx) := (φk(xxx))M

k=1. Then

Bm(xxx)cccm−1 =
N,N,...,N

∑
i1,i2,...,im−1=1

(
ci1ci2 . . .cim−1

( M

∑
k=1

φk(xxx)
m−1

∏
j=1

φk(xxxi j)
))

=
M

∑
k=1

φk(xxx)
( N,N,...,N

∑
i1,i2,...,im−1=1

(
ci1ci2 . . .cim−1

m−1

∏
j=1

φk(xxxi j)
))

=
M

∑
k=1

(
φk(xxx)

( N

∑
i=1

ciφk(xxxi)
)m−1

)
= ϕ(xxx)>

(
(ccc>HM

N )[m−1])>.
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3.3. A homotopy method. In this section, inspired by [19], we try to apply the homotopy
method therein to solve (3.3).

First, we consider the most beautiful case. If, fortunately, HM
N is a full-rank squared matrix,

we can solve (3.3) by simply calculating (HM
N )−1 and some matrix-vector multiplications. By

A M
m cccm−1 = HM

N
(
(ccc>HM

N )[m−1])> = yyy, we have
(
(ccc>HM

N )[m−1])> = (HM
N )−1yyy. Then (HM

N )>ccc =

((((HM
N )−1yyy)>)[

1
m−1 ])>. Finally, we have,

ccc = ((HM
N )−1)>((((HM

N )−1yyy)>)[
1

m−1 ])>.

However, in general, HM
N is not always a full-rank squared matrix.

Given A M
m defined by (3.2), we define a function by

H (t,ccc) :=
[

t
(1− t)A M

m cccm−1 + tccc− yyy

]
, for any t ∈ [0,1],ccc ∈ RN .

By Proposition 3.2, we can obtain a result similar with [19, Theorem 3]. That is, H is contin-
uously differentiable at any (t,ccc) ∈ (0,1)×RN , and its Jacobian matrix is given by

H ′(t,ccc) =
[

1 000
−A M

m cccm−1 + ccc (m−1)(1− t)A M
m cccm−2 + tI

]
,

which is invertible for any (t,ccc) ∈ (0,1)×RN .
This construction of H is motivated by that ccc solves (3.3) if and only if H (t,ccc) = 000. Then

we can employ a Newton-type methods to solve H (t,ccc) = 000.
The algorithm is totally the same as that in [19, Algorithm 1]. For convenience, we shall

write it down here as a reference.

Algorithm 1: A Homotopy Method

Input: Constants δ ∈ (0,1),σ ∈ (0, 1
2), t̄ > 0,τ ∈ (0,1) such that τ t̄ < 1. Take t0 := t̄

and an initial point ccc0 ∈ RN . Let e0 := (1,0, . . . ,0) ∈ RN+1.
Output: An approximated solution ccc∗.

1 while ‖H (tk,ccck)‖> 0 do
2 Compute βk = τ min{1,‖H (tk,ccck)‖2},(∆tk,∆ccck) ∈ (0,1)×RN by

H ′(tk,ccck)(∆tk,∆ccck)+H (tk,ccck) = t̄βke0.

3 Let λk be the maximum of the values 1,δ ,δ 2, . . . such that

‖H (tk +λk∆tk,ccck +λk∆ccck)‖2 ≤ [1−2σ(1− τ t̄)λk]‖H (tk,ccck)‖2.

4 Set (tk+1,ccck+1) = (tk,ccck)+(∆tk,∆ccck) and k := k+1.

Next, we will show that the global convergence and the locally superlinear convergence of
this algorithm still hold for our problem.

Lemma 3.2. For M > 0, lim‖ccc‖→+∞ ‖A M
m cccm−1‖=+∞.

Proof. Recall that we have A M
m cccm−1 = HM

N
(
(ccc>HM

N )[m−1])>. By the definitions of HM
N and

the eigenfunctions φk, all rows of HM
N are not all-zero. Thus, it is easy to conclude that

lim‖ccc‖→+∞ ‖A M
m cccm−1‖=+∞. �
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By Lemma 3.2, A M
m (ccc∗)m−2 is positive definite and so nonsingular if M ≥ N is such that

rank(HM
N ) = N. Similar to Theorems 4, 5, 6 in [19], we can obtain the global convergence and

locally superlinear convergence of Algorithm 1.

Theorem 3.2. Let M ≥ N be such that rank(HM
N ) = N, and let {(tk,ccck)}∞

k=1 be the infinite
sequence generated by Algorithm 1.

(1) {(tk,ccck)}∞
k=1 is bounded.

(2) Any accumulation point of {ccck}∞
k=1 is a solution to (3.3).

(3) If (t∗,ccc∗) be an accumulation point of {(tk,ccck)}∞
k=1, then the whole sequence {(tk,ccck)}∞

k=1
converges to (t∗,ccc∗) and

limsup
k→∞

‖(tk+1,ccck+1)− (t∗,ccc∗)‖
‖(tk,ccck)− (t∗,ccc∗)‖

= 0, limsup
k→∞

tk+1

tk
= 0.

3.4. The choice of M. In this subsection, we shall focus on some details when performing the
numerical tricks proposed in 3.2.

A problem cannot be ignored is that how large the M should be? Or equivalently, what M
should we choose? Indeed, the choice of M involves twofold considerations. On the one hand,
M should be selected to satisfy the significant condition that M ≥ N such that rank(HM

N ) = N
to make sure the existence of solutions to (3.3). However, no matter how it seems natural, it is
not as easy as what we imagine to find an appropriate M. The construction of HM

N implies that
all of its columns are pairwise linearly independent because of the property of eigenfunctions.
But this cannot ensure that HM

N is full-rank for any M, say, if M ≤ N, rank(HM
N ) = M, otherwise

rank(HM
N ) = N. A worse case is that although we can theoretically guarantee that existence of

M such that rank(HM
N ) = N by Lemma 3.1, the appropriate M may be impossible to find when

implementing the numerical tricks because of the limit of machine precision. For example,
we shall consider the well-known Gaussian kernel function. For m = 2, the classical Gaussian
kernel is defined by Kgau(x,y) = e−σ2‖x−y‖2

. By [4, Subsection 4.4], we can write down the
eigenpair-based representation of Gaussian kernel for m > 2 by

Kgau(x1,x2, . . . ,xm) =
∞

∑
k=1

m

∏
i=1

ρ
1/2
σ ,k φσ ,k(xi),

where

ρσ ,k := (1−ωσ )ω
k−1
σ , ωσ :=

2σ2

1+(1+4σ2)1/2 +2σ2
,

and

φσ ,k(x) :=

((
1+4σ2)1/4

2k−1(k−1)!

)1/2

e−uσ x2
Hk−1

((
1+4σ

2)1/4
x
)
,

where

uσ :=
2σ2

1+(1+4σ2)1/2 ,

and Hk−1 is the Hermite polynomial of degree k−1, that is,

Hk−1(x) := (−1)k−1ex2 dk−1

dxk−1

(
e−x2)

.
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The problem occurs in the first term of φσ ,k(x), that is, ( (1+4σ2)1/4

2k−1(k−1)! )
1/2. One can observe that this

term reduces to 0 at a crazy speed. Then, for any input x,φσ ,k(x) also decreases to 0 incredibly
fast. Although for any x ∈ R and k ∈ N+, φσ ,k(x) 6= 0 theoretically and then by Lemma 3.1, we
can find a suitable M, unfortunately, we cannot do so in practice. Owing to the limit of machine
precision, in Matlab or other kinds of scientific software, for any x ∈ R,σ ∈ R and k > 151,
φσ ,k(x) will be treated as 0. That means, no matter what σ we use, how does the input data
points distribute, and how large M we choose, rank(HM

N )≤ 151 in practice.
Moreover, the case may be even worse. We shall take several numerical examples to show

the problem behind that. First, we generate 200 Halton points x′ and consider the dataset x =
x′−0.5. Then, we use different σ ’s (0.1,1,2,3,5,9) to illustrate the change of rank of HM

N when
M increases, see Figure 1. As we can see, for any σ , at the beginning, rank(HM

N ) increases nearly
linearly as M increases. After a certain Mσ dependent on σ , the increasing speed of rank(HM

N )
slows down gradually and more cost is needed to increase the rank by 1. Finally, the rank will
stop at highest 45.
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FIGURE 1. The change of rank of HM
N when M increases

To deal with this problem, we should use the low-rank approximation trick. That is, the HM
N

actually need not to be full-rank in practice to obtain the approximated results. This trick is
discussed and well-studied in [24, Subsection 6.1].

On the other hand, to obtain better approximation performance, M should be chosen to
achieve as high precision as possible, generally the machine precision is preferred. Actually, in
this sense, in practice, M needs not to be chosen as large as we imagine. As m increases, given a
preferred precision ε > 0, the corresponding M to achieve this precision decreases significantly.
By ∑

∞
k=1 |φk(xxx)|< ∞, we have limk→+∞ φk(xxx) = 0. Then, in (2.2), as m increases, for each k, the

speed at which ∏
m
i=1 φk(zzzi) decreases to 0 increases. It leads to for larger m, we need smaller

M. To give an illustrative example, consider the min kernel K2(z1,z2) := min{z1,z2}− z1z2 for
z1,z2 ∈ [0,1] and the corresponding φk(z) in [4, Section 4.3] defined by φk(z) :=

√
2

kπ
sin(kπz). If

the scale of each single term in the infinite sum is set to O(10−6), for m = 2, M has to be 1000,
for m = 4, M has to be 32, for m = 6, M only has to be 10.

Combining the above discussion, we can observe that M needs not to be chosen as high as
we imagine. Then, we can move to the numerical experiments.
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4. NUMERICAL EXPERIMENTS

In this section, we shall perform simple numerical experiments on artificial datasets to evalu-
ate the benefits of the multikernel-based approximation method, namely the improvement from
m = 2 to m > 2, and how the choice of M influences the performance. The reasons for experi-
menting only on synthesis dataset are twofold. On the one hand, although the numerical tricks
can significantly reduce the computation complexity, due to the limit of computation resources,
the real-world dataset is still too large-scale to handle. On the other hand, the power of the
multikernel-based approximation method lies more in the charm of the regularization network.
That means that the multilinear system considered in this paper cannot deal with real-world
datasets with noise well.

We shall provide several details of the numerical experiments firstly. We generate two
sets of sampling points x1 := {0.0625,0.125,0.25,0.375,0.5,0.5625,0.625,0.75,0.875} and
x2 := {−0.4375,−0.375,−0.25,−0.125,0,0.0625,0.125,0.25,0.375}. Actually, x1 is the Hal-
ton points, while x2 = x1− 0.5. This is based on the experiences of numerical experiments
from [25]. Two functions f1(x) := sin(9x)cos(9x)+ x,x ∈ (0,1) and f2(x) := xsin(18x),x ∈
[−0.5,0.5] are used to generate the output values without noise, i.e. yyy1 := { f1(x) : x ∈ x1} and
yyy2 := { f2(x) : x ∈ x2}. Thus, we have two datasets (x1,yyy1),(x2,yyy2). To compare the perfor-
mance of interpolance, we use root mean square errors of grid points [25, Page 10, (1.5)] as the
indicator. The grid points vary from the first dataset to the second dataset. For the first dataset,
the grid points are set to be the 999 grid points in [0.001,9.999] with the gap 0.001. For the
second dataset, the grid points are set to be the 1000 grid points in [−0.5,0.5] with the gap being
0.001. Specifically, we use the min kernel for m = 2 and m = 4 on (x1,yyy1), the Gaussian kernel
for m = 2 and m = 4 on (x2,yyy2), then compare their performance according to the root mean
square errors of the corresponding grid points.

We shall use the min kernel and Gaussian kernel, which have been discussed in Subsec-
tion 3.4. Here, based on experiences from [25] and the results of numerical examples shown
in Subsection 3.4 about the rank of HM

N , we choose σ = 9. Moreover, since we want to
know how the choice of M affects the performance, for each experiment, we compare dif-
ferent M’s performance. To be more precise, for the experiment using min kernel, we use M =
1,2,3,4,5,6,7,8,9,10000, and, for the one using Gaussian kernel, we use M = 1,2, . . . ,100.
This is because that min kernel has a precious property that select M = N then rank(HM

N ) = N.
According to the experience in [19], we choose δ = 0.75,σ = 10−4,τ = 10−5, t0 = 0.01,ccc0 = 1,
and the stop criterion is set as ‖H (tk,ccck)‖< 10−7.

For the first dataset, only 8 iterations are taken to achieve the stop criterion. Since the min
kernel for m = 2 is linear, it cannot construct a nonlinear function, and its performance is bad
except for the known sampling points with root mean square error is 0.0096. By contrast, the
multikernel version of min kernel can approximate better with the minimal root mean square
error is only 0.0039. The root mean square errors for different M’s are shown in Table 1. We
can notice that the result obtained by M = 10000 is nearly the same as the one obtained by
M = 9, which implies that the choice of M needs not to be as large as we imagine.

For the second dataset, both m= 2 and m= 4 can obtain great results, while only 10 iterations
are needed to reach the stop criterion. But the curves in [0.375,0.5] show the remarkable differ-
ence in performance. Although there are no more sampling points, the approximated function
for m = 4 is close to the true function, while that for m = 2 cannot. The root mean square error
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1 2 3 4 5 6 7 8 9 10000
0.1087 0.0834 0.0675 0.0567 0.0360 0.0040 0.0041 0.0042 0.0042 0.0039

TABLE 1. Root mean square errors for different M’s for the first dataset using
min kernel. The first row is the different choices of M, the second row is the
corresponding root mean square errors.

for m = 2 is 0.0034, and the best root mean square error is 8.4927e− 05 for m = 4. The root
mean square errors for M = 1,2, . . . ,30 are shown in Table 2, while for 30≤M ≤ 100 the errors
are nearly the same value. This also verifies our statement that M needs not choose as large as
we imagine.

1 2 3 4 5 6
0.0232 0.0240 0.0224 0.0256 0.0063 0.0064

7 8 9 10 11 12
0.0283 0.3323 0.0013 5.9171e-04 8.4927e-05 4.1073e-04

13 14 15 16 17 18
5.9683e-04 4.5063e-04 8.1266e-04 6.8779e-04 7.5755e-04 6.5180e-04

19 20 21 22 23 24
6.5499e-04 5.4742e-04 5.4740e-04 4.9099e-04 4.9018e-04 4.8815e-04

25 26 27 28 29 30
4.8752e-04 5.0588e-04 5.0579e-04 5.1964e-04 5.1964e-04 5.2474e-04
TABLE 2. Root mean square errors for M = 1,2, . . . ,30 for the second dataset
using Gaussian kernel. The odd rows are the different choices of M, the even
rows are the corresponding root mean square errors.

We pick the best results among all results using different M’s as the approximated functions.
The approximated functions and the true functions are displayed in Figure 2. We can see that
in both two numerical experiments the results of m = 4 are better than those of m = 2.
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FIGURE 2. Numerical results of multilinear system (3.3) for m = 2 and m = 4.
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