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ON THE LINEAR CONVERGENCE OF A BREGMAN PROXIMAL POINT
ALGORITHM

KE GUO∗, CHUNRONG ZHU

School of Mathematics and Information, China West Normal University, Nanchong 637002, China

Abstract. In this paper, we study a Bregman proximal point algorithm (BPPA) for convex optimization
problems. Though the convergence and sublinear convergence rate for BPPA are well-understand, the
linear convergence rate for BPPA has yet been thoroughly studied in the literature. In this paper, we an-
alyze the linear convergence rate of BPPA. Under the assumption that the objective function is strongly
convex relative to a Legendre function, we establish the linear convergence for the function values se-
quence. Moreover, if the Legendre function is strongly convex and smooth, the linear convergence for
the iterative sequence of BPPA is obtained.
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1. INTRODUCTION

Consider the following optimization problem

min
x

f (x), (1.1)

where f : Rn→R∪{+∞} is a proper, lower semicontinuous, and convex function. We assume
that the solution set of problem (1.1), denoted by X∗, is nonempty. Proximal point algorithm
(PPA) is a very fundamental algorithm for optimization problems. Based on the early work of
Minty [1] and Moreau [2], the PPA was promoted to the optimization community [3]. Among
different algorithms for solving problem (1.1), PPA is the most fundament one and its iteration
reads as follows:

xk+1 = argmin
x

{
f (x)+

1
2λk
‖x− xk‖2

}
, (1.2)

where λk > 0 is the proximal parameter. Under the conditions that X∗ 6= /0 and the proximal
parameter is selected such that {λk} ⊂ [λ ,∞) with λ > 0, the convergence and convergence rate
of PPA (1.2) were analyzed in the literature [4–8]. In 1992, Censor and Zenios [9] first proposed
a PPA with Bregman regularization (Bregman PPA) and the concrete iterative scheme is listed
as follows:

xk+1 = argmin
x

{
f (x)+

1
λk

Dh(x,xk)

}
, (1.3)
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where Dh(·, ·) is the Bregman distance function defined by

Dh(x,y) = h(x)−h(y)−〈∇h(x),x− y〉

for some given Legendre function h. Note that, the Bregman distance function is reduced to
Euclidean distance if the Legendre function h(x) = 1

2‖x‖
2. Thus, BPPA (1.3) can be viewed as

an extension of the classic PPA (1.2). As we mentioned before, the convergence of PPA (1.2)
has been extensively studied in the literature. However, the convergence of BPPA (1.3) has only
been studied in few works [10–14]. To the best of our knowledge, the linear convergence of
BPPA (1.3) is still absent in the literature. In this paper, we aim to fill this gap by establishing
its linear convergence in terms of function value sequences and iterative sequences.

The remainder of this paper is organized as follows. In Section 2, we recall some important
definitions and some known results for further analysis. Then the linear convergence for Breg-
man PPA under relatively strongly convex is established in Section 3. Finally, some conclusions
are drawn in Section 4.

2. PRELIMINARY

This section contains some definitions and basic results that will be used in our subsequent
analysis.

Definition 2.1. [15] For an extended real-valued function f : Rn → R∪{+∞}, the effective
domain or just the domain is the set

dom( f ) = {x ∈ Rn : f (x)< ∞}.

Definition 2.2. [15] A function f : Rn→ R∪{+∞} is said to be proper if there exists at least
one x ∈ Rn such that f (x)< ∞.

Definition 2.3. [15] A function f : Rn → R∪ {+∞} is said to be lower semicontinuous at
x ∈ Rn if

f (x)≤ liminf
k→ ∞

f (xk)

for any sequence {xk} ⊆ Rn for which xk → x as k → ∞. Moreover, f is said to be lower
semicontinuous if it is lower semicontinuous at each point in Rn.

Definition 2.4. [16] An operator S : Rn→Rn is Lipschitz continuous with constant β ∈R+ if,
for every x,y ∈ Rn, ‖S(x)−S(y)‖ ≤ β‖x− y‖.

Definition 2.5 (Legendre Function). [16] Let h : Rn→ R∪{+∞} be a proper, lower semicon-
tinuous, and convex function. It is said to be:

(i) essentially smooth if h is differentiable on int(dom(h)) with ‖∇h(xk)‖ → ∞ for every
sequence {xk}k∈N⊂ int(dom(h)) converging to a boundary point of dom(h) as k→+∞;

(ii) of Legendre type if h is essentially smooth and strictly convex on int(dom(h)).

It is known from [16] that h is of Legendre type if and only if its conjugate h∗ is of Le-
gendre type. Moreover, the gradient of a Legendre function h is a bijection from int(dom(h)) to
int(dom(h∗)) and its inverse is the gradient of the conjugate, that is,

(∇h)−1 = ∇h∗, and h∗(∇h(x)) = 〈x,∇h(x)〉−h(x).
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Moreover,

dom(∂h) = int(dom(h)), with ∂h(x) = {∇h(x)}, ∀x ∈ int(dom(h)).

Now, we introduce the fundamental proximity measure associated to any given Legendre
function h.

Definition 2.6. [17] Let h : Rn→ R∪{+∞} be a Legendre function. The Bregman distance
associated with h is the function Dh(·, ·) : dom(h)× int(dom(h))→ R given by

Dh(x,y) = h(x)−h(y)−〈∇h(y),x− y〉, ∀(x,y) ∈ dom(h)× int(dom(h)). (2.1)

The Bregman distance is a proximity measure in the sense that Dh(x,y)≥ 0. From the strict
convexity of Dh(·,y), we have

Dh(x,y) = 0 ⇔ x = y, ∀(x,y) ∈ dom(h)× int(dom(h)).

Indeed, the proximity measure defined through the Bregman distance Dh(·, ·) has been exten-
sively studied. For early developments, the examples of Bregman distances, as well and many
other useful properties, we refer to, e.g., [9, 12, 18–23] and the references therein.

Lemma 2.1. [24, Proposition 2.3] Let h : Rn→ R∪{+∞} be a Legendre function. The fol-
lowing properties follow directly from (2.1). Let x,y ∈ int(dom(h)) and z ∈ dom(h). Then

(i) Dh(x,y)+Dh(y,x) = 〈∇h(x)−∇h(y),x− y〉;
(ii) the three-point identity holds:

Dh(z,x)−Dh(z,y)−Dh(y,x) = 〈∇h(x)−∇h(y),y− z〉.

Definition 2.7. Let h : Rn→R∪{+∞} be a Legendre function, and let f : Rn→R∪{+∞} be
proper lower semicontinuous. We say that f (·) is µ-strongly convex relative to h(·) if, for any
x ∈ dom(∂ f )∩ int(dom(h)),y ∈ dom( f ) and gx ∈ ∂ f (x), there is a scalar µ ≥ 0 such that

f (y)≥ f (x)+ 〈gx,y− x〉+µDh(y,x).

Remark 2.1. Definition 2.7 is a slight extension of the definition of the relatively strong con-
vexity for smooth functions [25, Definition 1.2] to the nonsmooth functions. Note that, a rel-
atively strongly convex function is always convex, and especially, f is strongly convex when
h(·) = 1

2‖ · ‖
2.

Similarly, we can define the relatively strong monotonicity as follows.

Definition 2.8. Let A : Rn ⇒Rn be an operator, and let h : Rn→R∪{+∞} be a Legendre func-
tion. Then A is µ-strongly monotone relative to h(·) if, for any x,y∈ dom(A)∩ int(dom(h)),gx ∈
A(x),gy ∈ A(y),

〈gx−gy,x− y〉 ≥ µ〈∇h(x)−∇h(y),x− y〉.

Especially, when h(·) = 1
2‖ · ‖

2, we say that A is µ-strongly monotone.

The following proposition establishes the relation between the relatively strong monotonicity
and the relatively strong convexity.

Proposition 2.1. Let h : Rn→ R∪{+∞} be a Legendre function, and let f : Rn→ R∪{+∞}
be proper, lower semicontinuous, and µ-strongly convex relative to h(·). Then ∂ f is µ-strongly
monotone relative to h(·).
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Proof. Since f is µ-strongly convex relative to h(·), so for any x ∈ dom(∂ f )∩ int(dom(h)), y∈
dom( f ) and gx ∈ ∂ f (x) we have

f (y)≥ f (x)+ 〈gx,y− x〉+µDh(y,x), (2.2)

Changing the roles of x and y yields the inequality

f (x)≥ f (y)+ 〈gy,x− y〉+µDh(x,y), (2.3)

where y ∈ dom(∂ f )∩ int(dom(h)), x ∈ dom( f ) and gy ∈ ∂ f (y). Adding inequalities (2.2) and
(2.3), we can finally conclude that

〈gx−gy,x− y〉 ≥ µ(Dh(y,x)+Dh(x,y)) = µ〈∇h(x)−∇h(y),x− y〉,

where the equation follows from (i) of Lemma 2.1. The proof is complete.

Finally, we list some following Lemmas that will be used in our analysis.

Lemma 2.2. [26, Proposition 3.9] Let D be a nonempty subset of Rn, let K : D→ Rn, and
let M : Rn ⇒ Rn. If K +M is maximally monotone and strongly monotone, then ran(K) ⊂
ran(K +M) and K +M is injective.

Lemma 2.3. [26, Proposition 3.8] Let D be a nonempty subset of Rn, let K : D→ Rn, and
let M : Rn ⇒ Rn be such that ran(K) ⊂ ran(K +M) and K +M is injective. Then JK

M = (K +
M)−1 ◦K : D→ D.

Lemma 2.4. [27, Example 20.31] Let T : Rn→ Rn be cocoereive with constant β > 0. Then
T is maximally monotone.

Lemma 2.5. [27, Theorem 20.25] Let f : Rn → R∪{+∞} be proper lower semicontinuous
convex. Then ∂ f is maximally monotone.

Lemma 2.6. [27, Corollary 25.5] Let T1 : Rn ⇒Rn and T2 : Rn ⇒Rn be maximally monotone
operators such that dom(T1) = Rn. Then T1 +T2 is maximally monotone.

3. LINEAR CONVERGENCE FOR THE BREGMAN PPA

Recall that the Bregman PPA has the following update formula

xk+1 = argmin
x

{
f (x)+

1
λk

Dh(x,xk)

}
, (3.1)

where h is a Legendre function, and Dh is the Bregman distance. Since h is strictly convex, one
has that f (x)+ 1

λk
Dh(x,xk) is also strictly convex. Thus, the solution set of the righthand side

of (3.1) is at most single-valued. Without loss of generality, we may assume that it is nonempty
to ensure the well-definedness of the sequence {xk}. Actually, this assumption can be relaxed
under stronger assumptions on h, which will be elaborated later on.

Theorem 3.1. Suppose that f : Rn → R ∪ {+∞} is proper, lower semicontinuous, and µ-
strongly convex relative to a Legendre function h(·). Let {xk} be the sequence generated by
the Bregman PPA (3.1), and let the proximal parameter sequence {λk} is bounded from zero
(λk ≥ λ > 0). Then, for any x∗ ∈ X∗, { f (xk)} is linearly convergent to f (x∗) and Dh(x∗,xk) is
linearly convergent to 0.
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Proof. By the optimality condition of Bregman PPA (3.1), we have

1
λk

(∇h(xk)−∇h(xk+1)) ∈ ∂ f (xk+1). (3.2)

Since f is strongly convex relative to h(·), we obtain

f (x)≥ f (xk+1)+
1
λk
〈∇h(xk)−∇h(xk+1),x− xk+1〉+µDh(x,xk+1). (3.3)

By setting x = xk and x = x∗ in (3.3), respectively, we obtain the following two inequalities

f (xk)≥ f (xk+1)+
1
λk
〈∇h(xk)−∇h(xk+1),xk− xk+1〉+µDh(xk,xk+1)

= f (xk+1)+
1
λk

(Dh(xk,xk+1)+Dh(xk+1,xk))+µDh(xk,xk+1)

= f (xk+1)+

(
1
λk

+µ

)
Dh(xk,xk+1)+

1
λk

Dh(xk+1,xk) (3.4)

and

f (x∗)≥ f (xk+1)−
1
λk
〈∇h(xk)−∇h(xk+1),xk+1− x∗〉+µDh(x∗,xk+1)

= f (xk+1)−
1
λk

(Dh(x∗,xk)−Dh(x∗,xk+1)−Dh(xk+1,xk))+µDh(x∗,xk+1)

= f (xk+1)−
1
λk

Dh(x∗,xk)+

(
1
λk

+µ

)
Dh(x∗,xk+1)+

1
λk

Dh(xk+1,xk), (3.5)

where the first equation in (3.4) follows from (i) of Lemma 2.1 and the first equation in (3.5)
follows from (ii) of Lemma 2.1. For any θk ∈ [0,1], multiplying (3.4) by (1−θk) and (3.5) by
θk and adding the two resulting inequalities, we obtain that

f (xk+1)− f (x∗)− (1−θk)( f (xk)− f (x∗))

≤−(1−θk)

(
1
λk

+µ

)
Dh(xk,xk+1)+

θk

λk
Dh(x∗,xk)

−θk

(
1
λk

+µ

)
Dh(x∗,xk+1)−

1
λk

Dh(xk+1,xk).

Since both Dh(xk,xk+1) and Dh(xk+1,xk) are nonnegative, the above inequality implies that

f (xk+1)− f (x∗)+θk

(
1
λk

+µ

)
Dh(x∗,xk+1)

≤ (1−θk)( f (xk)− f (x∗))+
θk

λk
Dh(x∗,xk). (3.6)

Now, if we set θk =
λkµ

1+λkµ
, then (3.6) yields

f (xk+1)− f (x∗)+µDh(x∗,xk+1)≤
1

1+λkµ
· { f (xk)− f (x∗)+µDh(x∗,xk)}

≤ 1
1+λ µ

· { f (xk)− f (x∗)+µDh(x∗,xk)} ,
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where the second inequality is due to λk ≥ λ > 0. Thus, we obtain

f (xk)− f (x∗)+µDh(x∗,xk)≤
(

1
1+λ µ

)k

· { f (x0)− f (x∗)+µDh(x∗,x0)}. (3.7)

The proof is complete.

Remember that, when h(x) = 1
2‖x‖

2, Bregman PPA (3.1) reduces to the classic PPA (1.2),
while the relatively strong convexity is nothing but the strong convexity. Then we obtain the
following result.

Corollary 3.1. Suppose that f : Rn → Rn ∪ {+∞} is proper, lower semicontinuous, and µ-
strongly convex relative to the Legendre function h(x) = 1

2‖x‖
2. Let {xk} be the sequence gen-

erated by the classic PPA (1.2), and let the proximal parameter sequence {λk} be bounded from
zero (λk ≥ λ > 0). Then, for any x∗ ∈ X∗, { f (xk)} is linearly convergent to f (x∗) and {xk} is
linearly convergent to x∗.

Proof. Note that Dh(x,y) = 1
2‖x− y‖2 when h(x) = 1

2‖x‖
2. We know from (3.7) that

f (xk)− f (x∗)+
µ

2
‖xk− x∗‖2 ≤

(
1

1+λ µ

)k

· { f (x0)− f (x∗)+
µ

2
‖x0− x∗‖2}.

Since f is strongly convex, for any x∗ ∈ X∗, we have f (x0)− f (x∗) ≥ µ

2 ‖x0− x∗‖2. Thus, the
conclusion immediately follows from the above two inequalities.

Next, we focus on the R-linear convergence for the sequence {Dh(x∗,xk)}.

Theorem 3.2. Suppose that f : Rn → Rn ∪ {+∞} is proper lower semicontinuous and µ-
strongly convex relative to a Legendre function h(·). Let {xk} be the sequence generated by
the Bregman PPA (3.1), and let the proximal parameter sequence {λk} be bounded from zero
(λk ≥ λ > 0). Then, for any x∗ ∈ X∗, {Dh(x∗,xk)} is R-linearly convergent to 0.

Proof. For any x∗ ∈ X∗, we have 0 ∈ ∂ f (x∗). Then it follows from (3.2) and Proposition 2.1
that 〈

1
λk

(∇h(xk)−∇h(xk+1)),xk+1− x∗
〉
≥ µ〈∇h(xk+1)−∇h(x∗),xk+1− x∗〉.

In view of Lemma 2.1, the above inequality can be rewritten as
1
λk

(Dh(x∗,xk)−Dh(x∗,xk+1)−Dh(xk+1,xk))≥ µ(Dh(xk+1,x∗)+Dh(x∗,xk+1)).

Since both Dh(xk+1,x∗) and Dh(xk+1,xk) are nonnegative, the above inequality yields

Dh(x∗,xk+1)≤
1

1+λkµ
·Dh(x∗,xk)≤

1
1+λ µ

·Dh(x∗,xk),

where the second inequality follows from λk ≥ λ > 0. the proof is complete.

Remark 3.1. When h(·) = 1
2‖ · ‖

2 (that is f is strongly convex), we deduce from Theorem 3.2
that

‖xk− x∗‖ ≤

(
1√

1+λ µ

)k

· ‖x0− x∗‖. (3.8)
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This means the rate of linear convergence of {xk} to x∗ is 1√
1+λ µ

, which is weaker than classic

result whose rate is 1
1+λ µ

. More precisely, for the case that f is µ-strongly convex, it is known
from [8] that

‖xk− x∗‖ ≤
(

1
1+λ µ

)k

· ‖x0− x∗‖. (3.9)

Next, we analyze the possible reasons. Indeed, by the optimality condition, the Bregman PPA
(3.1) can be rewritten as

xk+1 = (∇h+λk∂ f )−1(∇h(xk)). (3.10)

For simplicity, let us denote J∇h
λ f = (∇h+λ∂ f )−1 ◦∇h, which is called the D-resolvent in the

literature [24]. When h(x) = 1
2‖x‖

2, J∇h
λ f reduces to the proximal mapping of f :

proxλ f = (I +λ∂ f )−1,

which is single-valued everywhere. Moreover, when f is µ-strongly convex, proxλ f is contrac-
tive with constant 1

1+λ µ
. From this viewpoint, inequality (3.9) can be obtained immediately.

However, when f is µ-strongly convex relative to a Legendre function h, we can not derive the
similar property of J∇h

λ f . This is because Legendre function h is only strictly convex and essen-
tially smooth. If we additionally assume that h is strongly convex and smooth (which holds
trivially when h(x) = 1

2‖x‖
2), the rate 1√

1+λ µ
established in (3.8) can be improved to 1

1+λ µ

naturally.

Next, we prove a key result, which can be viewed as an extension of the classic contraction
property of the proximal mapping of strongly convex functions to the relatively strongly convex
setting. In addition, the following proposition guarantees that (3.1) is well-defined without
assuming that its solution set is nonempty.

Proposition 3.1. Suppose that h : Rn→ R is strongly convex with constant α > 0 and smooth
with constant β > 0, and f : Rn→ Rn∪{+∞} is proper lower semicontinuous and µ-strongly
convex relative to h(·). Then J∇h

λ f = (∇h+λ∂ f )−1 ◦∇h : Rn→ Rn is single-valued. Moreover,

J∇h
λ f is Lipschitz continuous with β

α(1+µλ ) . Furthermore, if λ > β−α

αµ
, then J∇h

λ f is contractive.

Proof. Denote K = ∇h and M = ∂ f . We first prove that J∇h
λ f is single-valued. On one hand, by

the convexity and smoothness of h, it follows from the Baillon-Haddad theorem [27, Corollary
18.17] that K is cocoercive with constant 1/β , which implies that K is maximally monotone in
view of Lemma 2.4. Note that, a relatively strongly convex function is also a convex function,
Lemma 2.5 yields that M is maximally monotone. Now, let us further denote T1 =K and T2 =M.
Since dom(T1) = Rn, it follows from Lemma 2.6 that K +M is maximally monotone. On the
other hand, the strong convexity of h implies K is strongly monotone. Since M is monotone,
one has that K+M is strongly monotone. Therefore, the single-valuedness of J∇h

λ f follows from
Lemmas 2.2 and 2.3 immediately.

Now, for any x,y ∈ Rn, by denoting p = J∇h
λ f (x) and q = J∇h

λ f (y), we have that

1
λ
(∇h(x)−∇h(p)) ∈ ∂ f (p),

1
λ
(∇h(y)−∇h(q)) ∈ ∂ f (q).
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Again since f is µ-strongly convex relative to h(·), it follows from Proposition 2.1 that ∂ f is
µ-strongly monotone relative to h(·), that is, for any x,y ∈ Rn,

〈∇h(x)−∇h(y)− (∇h(p)−∇h(q)), p−q〉 ≥ µλ 〈∇h(p)−∇h(q), p−q〉,

which is equivalent to

〈∇h(x)−∇h(y), p−q〉 ≥ (1+µλ )〈∇h(p)−∇h(q), p−q〉. (3.11)

Then, we deduce that

α‖p−q‖2 ≤ 〈p−q,∇h(p)−∇h(q)〉 ≤ 1
1+µλ

· 〈p−q,∇h(x)−∇h(y)〉

≤ 1
1+µλ

· ‖p−q‖ · ‖∇h(x)−∇h(y)‖

≤ β

1+µλ
· ‖p−q‖ · ‖x− y‖,

where the first inequality follows from the strong monotonicity of ∇h, the second inequality
follows from inequality (3.11), and the last inequality follows from the smoothness of h. Thus

‖J∇h
λ f (x)− J∇h

λ f (y)‖= ‖p−q‖ ≤ β

α(1+µλ )
· ‖x− y‖, ∀x,y ∈ Rn.

This proves the second part. For the remaining part, if λ > β−α

αµ
, we know that β

α(1+µλ ) ∈ (0,1).
Hence J∇h

λ f is contractive. The proof is complete.

Remark 3.2. If h(x) = 1
2‖x‖

2, then α = β = 1 and J∇h
λ f = proxλ f . In this case, we recover the

classic 1
1+µλ

-contraction property of proxλ f for the strongly convex function h. See [27, Propo-
sition 23.13] for more details. Remember that, as we discussed in Remark 3.1, this contraction
constant is vital to characterize the linear rate of classic PPA.

Compared to Theorem 3.2, armed with the contraction of J∇h
λ f , we can prove the linear conver-

gence of the sequence {xk} to its solution set. This also leads to an improved rate in comparison
to (3.8) for the case h(x) = 1

2‖x‖
2.

Theorem 3.3. Let {xk} be the sequence generated by the Bregman PPA (3.1). Suppose that
f is µ-strongly convex relative to a Legendre function h(·) with constant µ > 0, and h(·) is
strongly convex with constant α > 0 and smooth with constant β > 0. Assume that the proximal
parameter sequence {λk} satisfies λk ≥ λ > β−α

αµ
. Then, for any x∗ ∈ X∗,

‖xk− x∗‖ ≤
(

β

α(1+λ µ)

)k

· ‖x0− x∗‖.

More precisely, when h(·) = 1
2‖ · ‖

2, we have

‖xk− x∗‖ ≤
(

1
1+λ µ

)k

· ‖x0− x∗‖.
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Proof. In view of (3.10), it follows from Proposition 3.1 that the Bregman PPA (3.1) can be
written as

xk+1 = J∇h
λk f (xk).

For any x∗ ∈ X∗ and λk > 0, we have

0 ∈ ∂ f (x∗)⇔ ∇h(x∗) ∈ ∇h(x∗)+λk∂ f (x∗)⇔ x∗ = J∇h
λk f (x

∗).

Thus,

‖xk− x∗‖= ‖J∇h
λk f (xk−1)− J∇h

λk f (x
∗)‖ ≤ β

α(1+λkµ)
· ‖xk−1− x∗‖ ≤ β

α(1+λ µ)
· ‖xk−1− x∗‖,

which implies that

‖xk− x∗‖ ≤
(

β

α(1+λ µ)

)k

· ‖x0− x∗‖.

More precisely, when h(x) = 1
2‖x‖

2, we obtain α = β = 1. The proof is complete.

4. CONCLUSIONS

In this paper, we established the linear convergence of the Bregman proximal point algorithm
(BPPA) for convex optimization problems under the relatively strong convexity assumption.
For the general Legendre function, we proved the linear convergence for the function value
sequence. If the Legendre function was further assumed to be strongly convex and smooth, the
linear convergence for the iterative sequence of BPPA was obtained. Since the proximal point
algorithm can be relaxed, we will study the linear convergence of the generalized BPPA in the
future.
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