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LINEAR FRACTIONAL OPTIMIZATION PROBLEMS ON JORDAN EUCLIDEAN
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Abstract. We consider a linear fractional optimization problem (LFOP) defined on an Euclidean Jordan
algebras. We obtain an optimality theorem for the LFOP, which holds without any constraint qualifica-
tion. Moreover, we formulate the non-fractional dual problem of the LFOP and then prove the duality
theorems (weak duality theorem and strong duality theorem), which hold without any constraint quali-
fication. Furthermore, we characterize the solution set of the LFOP by using the optimality conditions.
We also discuss methodologies for the LFOP.
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1. INTRODUCTION AND PRELIMINARIES

First, we give definitions and preliminary results of Euclidean Jordan algebras.

Definition 1.1. [1] A finite-dimensional real vector space V is called an algebra if a bilinear
mapping (x,y) — xoy from V x V to V is defined. An algebra V is called a Jordan algebra if
the following hold:

(1) forallx,yeV, xoy=yox

(i) for all x,y € V, x> o (xoy) =xo (x> o), where x> = xox

A Jordan algebra V is said to be Euclidean if

(iii) x*> +y*> = 0 implies x = y = 0, equivalently, there exists an inner product (-|-) on V such
that (xoy|z) = (y[xoz).

If there exists a (necessarily unique) element e such that xoe =eox =xforall x € V, we
say that the Euclidean Jordan algebra V has an identify It is known that all Euclidean Jordan
algebras have the identity element e.

Let V be an Euclidean Jordan algebra. Then since V is finite-dimensional, given x € V, there
exists the minimal positive integer k such that e,x!,---  x* are linearly dependent. Denote this
integer by m(x). We define the rank of V as:

rank(V) = r = max{m(x) | x € V}.
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An element x € V is said to be invertible if there exist y € R[x] such that xoy = e, where R x]
is the algebra over R of polynomials in one variable with coefficients in R. The inverse of x is
defined by x~!. An element v € V is called idempotent if v = v.

Let Q = {x*| x € V}. Then Q is a closed cone. Let Q = intQ, where int is the interior of
Q. Then Q = Q, where Q is the closure of Q. The cone Q is called the symmetric cone. The
following conditions hold:

(i) for any x,y € Q, there exists an invertible linear transformation L : V — V such that L(ﬁ) =
Qand L(x) =y;

(i) Q" =Q, where Q" = {y € V | (x|y) 2 0 forall x € Q}.

In fact, Q = {x? | x € V is invertible}.

A Jordan algebra V is said to be simple if it does not contain any non-trivial ideal.

Definition 1.2. [1] LetV be an Euclidean Jordan algebra, and letcy, - ¢, € V. Then {cy, -+ ,ck}

is said to be a Jordan frame if ¢;, i =1, - - - , k are non-zero and can not be written as sum of other
two idempotents and the following properties hold:
C2 =C;

1

cioc;=0 ifi#j

k
Z Ci —= €.
i=1

Theorem 1.1. [I] Let V be an Euclidean Jordan algebra with rank r. For every x €'V,

there exist a Jordan frame {c|(x),--- ,c,(x)} and real numbers Ax),---A.(x) such that x =
A (x)er(x) + -+ + Ap(x)cr(x). The numbers Ai(x), i = 1,---,r, (with their multipliities) are
uniquely determined by x. The numbers Ai(x), i = 1,---,r, are called the eigenvalues of x

and the trace of x is defined by YI_| Ai(x) and denoted by tr(x), that is, tr(x) = Y.\ A;(x).

From the Proposition III.1.5 and Proposition I11.4.1 in [1], tr(xoy) is an inner product on a
simple Euclidean Jordan algebra and, for the simple Euclidean algebra V, Q= {yeV|tr(yo
z) 20 Vz € Q}. Thus a simple Euclidean Jordan algebra V is a finite-dimensional Hilbert space
with inner product ¢r(-o-).

From the Proposition 111, 4.4 in [1], an Eucliean Jordan algebra is, in a unique way, a direct
sum of simple Euclidean Jordan algebras.

Let us consider the examples of simple Euclidean Jordan algebras. The n-dimensional Eu-
clidean space R”, which has the Jordan product xoy = (x7y,x1y2 +y1x2, -+, X1y, + y1%,) and

the symmetric cone {x € R" | x; > /x5 +--+x2}, is a simple Euclidean Jordan algebra with

rank 2. In this Euclidean Jordan algebra R”, tr(xoy) = 2x” y for any x,y € R".

The space §" of real symmetric n X n matrices, which has the Jordan product X oY = %(X Y +
YX) and the symmetric cone {X € §" | X is positive definite}, is a simple Euclidean Jordan
algebra with rank n. In this Euclidean Jordan algebra S, tr(X oY) = Tr(XY) for any X,Y € S".

The space of complex Hermitian n X n matrices, which has the Jordan product X oY =
%(X Y +YX), is a simple Euclidean Jordan algebra. The space of Hermitian n X n matrices with
quaternion entries, which has the Jordan product X oY = %(X Y +YX), is a simple Euclidean
Jordan algebra.

The space of Hermitian 3 x 3 matrices with octonion entries, which has the Jordan product
XoY = L(XY +YX), is a simple Euclidean Jordan algebra.
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Let us give the definition of conjugate function for a proper, lower semicontinuous, and con-
vex function. Let 4 : V — RU{+oo} be a proper, lower semicontinuous, and convex function.
The conjugate function #* of the function 4 is defined by

h*(v) = sup{tr(vox) — h(x) | x € domh}

for any v € V, where domh := {x € V | h(x) < 4oo}. The epigraph of a function g:V —
R U {400} is defined as
epig:={(x,a) e VxR | g(x) < a}.
Let hy,hy : V — RU{+0c0} be proper lower semicontinuous convex functions. If one of the
functions A and A, is continuous, then

epi(hy + hy)* = epih] + epih;.

Jeyakumar et al. [2] proved the sequential Lagrange multiplier optimality conditions for con-
vex optimization problems, which hold without any constraint qualification and were expressed
by sequences. Such optimality conditions have been studied for many kinds of convex optimiza-
tion problems. In particular, Kim et al. [3] studied the sequential Lagrange multiplier optimality
conditions for a semidefinite linear fractional optimization problem, which holds without any
constraint qualification. They [4] investigated the sequential Lagrange multiplier optimality
conditions for a second-order cone linear fractional optimization problem, which holds without
any constraint qualification.

The dual problem for a differentiable optimization problem was formulated by Wolfe [5].
He proved the weak duality theorem and the strong duality theorem which holds between the
primal problem and its dual problem ( [6]). Many authors have studied such duality theorems for
many kinds of optimization problems. In particular, using variable transformations, Craven [7]
and Craven et al. [8] obtained the equivalent nonfractional linear optimization problem from
a linear fractional optimization problem. He formulated the dual problem from the equivalent
problem, and then gave duality theorems for the primal problem and its dual problem. So the
dual problem is a nonfractional dual one for the linear fractional optimization problem which
the duality theorems hold. By using the approach of Craven [7] and Craven et al. [8], Kim et al.
formulated the dual problem for a semidefinite linear fractional optimization problem, and then
proved directly duality theorems which holds under constraint qualification [9] and hold without
any constraint qualification [3]. They [4] formulated the dual problem for a second-order cone
linear fractional optimization problem, which is expressed by sequences, and then obtained the
weak duality theorem and the strong duality theorem which hold between the primal problem
and its dual problem. The strong duality theorem holds without any constraint qualification.

Optimization problems often have multiple solutions. Mangasarian [10] presented simple
and elegant characterizations of the solution set for a convex optimization problem over a con-
vex set when one solution is known. These characterizations were extended to various classes
of optimization problems. In particular, Jeyakumar et al. [11] gave Lagrange multiplier char-
acterizations of the solution set of a convex optimization problem involving convex inequality
constraints in terms of Lagrange multipliers of a known solution.

In this paper, considering simple Euclidean Jordan algebra as an underlined space, we are
intend to unify our results for semidefinite liner fractional problems and second-order cone
linear fractional problems in [3,4,9,12]; see [13—15] for more results on the linear optimization
problems defined on Euclidean Jordan algebras.
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Throughout this paper, we assume that V is a simple Euclidean Jordan algebra with rank r.
In this paper, we consider the following linear fractional optimization problem:

t (04
(LFOP) Minimize HC°¥) T
tr(dox)+
subjectto  tr(ajox)=b;, i=1,....m
xeQ,
where ¢,d € V, o, 3 are given real numbers, a;,i = 1,---,m and b;,i = 1,-,m are give real

numbers, and Q = {x> [x€V}. Let A = {x € Q | tr(ajox) =b;, i=1,--- ,m} and Dr = {x €
V | tr(d ox)+ B > 0}. Throughout this paper, we assume that A C Dp.

In this paper, we obtain an optimality theorem for the LFOP, which holds without any con-
straint qualification. We formulate the non-fractional dual problem of the LFOP, and then prove
the duality theorems (weak duality theorem and strong duality theorem), which hold without
any constraint qualification. Moreover, we establish the duality theorems (weak duality the-
orem, strong duality theorem, and converse duality theorem), which are considered under a
constraint qualification. We characterize the solution sets of the LFOP by using the optimality
conditions. Furthermore, We discuss methodologies for the LFOP.

2. OPTIMALITY THEOREMS

We now can prove the following proposition.

Proposition 2.1. Let g(x) = %,x €V where c,d €V, a, are given real numbers. Let

Dy={xeV |tr(dox)+ B # 0}(# 0). Then
(i) for any x € Dy, q is differentiable at x and
[tr(dox)+ B]c — [tr(cox) + ald
[tr(d o x) + B]?

Vg(x) =

(ii) for any x,y € Dy,

_tr(dox)+p
n tr(doy)+ B
Now we obtain the following sequential Lagrange multiplier optimality theorem for the

LFOP, which holds without any constraint qualification: following the proof of the Theorem
2.1 1n [3], we can prove the theorem. But for the completeness, we give its proof.

q(y) —q(x) tr(Vg(x) o (y —x)).

Theorem 2.1. Let ¥ € /\. Then X is an optimal solution of (LFOP) if and only if there exist
MeER,i=1,--- ;mand V' € Q such that

¢ —q(X)d 4+ lim [i Ma;— vl} =0

and lim tr(v' 0 %) = 0
[—yo0

where q(X) = %.
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Proof. (=) Let x be an optimal solution of the LFOP. Let g(x) = t I(cox)+a By Proposition 2.1,

tr(dox)+p
90 () = ggjsgig tr(Vg(x) o (x — x)). It follows that
tr(doX)+ ) e
w(dox) 1 p TV IE D) 20

for any x € /. Since % > 0,tr(Vg(x)o(x—x)) 20, for any x € A\, one has tr(Vg(x)ox) —
tr(Vg(x) ox) =2 0Vx € A. Let g(x) = tr(Vg(x) ox) — tr(Vg(x) o X). Then g(x) + 6 (x) = g(X) +
On(X) = 0, where 8, is the indicator function defined by S (x) = 0 if x € A and S (x) = oo
if x ¢ A. Thus (g+4)*(0) < 0 and so (0,0) € epi(g+ 6)*. Since g is continuous, we have

,U) € ep1g™ +ep1o,. We can check that
0,0) € epig* +epid). W heck th
epig” = {(Vq (%), r(Vq(¥) 0 %))} + {0} x R,

epidp =cl{ () ) Ai(ai,bi) +(—Q) x R*},
A,E]Rizl

where clA is the closure of a set A. So we have

(0,0) € {Vq(x),tr(Vg(x) o%)} + {0} x R* +cl{ | J Z Ai(ai bi) + (—Q) x R*}.
ALeRi=1

Thus there exist )Lil eER,i=1,---,m v €Q, 7R and 7 € R such that

™=

Vq(x )+11m[

[0

Il
_

1

m
and tr(Vg(x )ox)+r+11m(z/”tllbi+}{) —0.

I=e i

Hence we obtain

X))+ hm [iN ]

i=1
and hm tr(v 0 %) = 0.
—>o<>

Since Vg(x ) [tr(dox)(#(%jlox)[g[(sc;x)+a]d’ letting A; = (tr(d o x) + [3) and v/ = tr(d o %) + B)V,

we obtain, v € Q, and

1=
and lim tr(v/ 0%) = 0.
[—o0

The converse can be easily proved. 0

From the proof of Theorem 2.1, we can obtain the following Lagrange optimality theorem for
the LFOP. This theorem means that the closedness of the set Uy cr{¥/2 Ai(ai, bi) } + (—Q) x
R* can be used as a constraint qualification for (LFOP).
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Theorem 2.2. Let X € A. Suppose that Uy cr{¥/" Ai(ai,bi)} + (—Q) x RT is closed in V x R.
Then X is an optimal solution of the LFOP if and only if there exist ; e R, i =1,--- ,m and
v € Q such that

m
c—q()f)d+27tiai—v=0
i=1

and tr(vox) =0.

Now we give an example to illustrate how to solve semidefinite linear optimization problems
by using Theorem 2.1. But we show that we can not apply Theorem 2.2 to this example.

Example 2.1. [3] Consider the following semidefinite linear fractional problem:
Tr 1 0 X1 X2 + 1
e .. 01 X2 X3
(SLFP) Minimize 1 1
(A )R
—5 1 X2 X3

. X1 X
subject to ( b2 ) € Si,
X2 X3

00 X1 x|
Tr(O 1)(x2 X3>_O’

where S%r is the set of 2 X 2 symmetric and positve semidefinite matrices, which is the closure of

the symmetric cone of the Euclidean Jordan algebra S2. Let A = < 00 ) ,C= ( o ) ,D=

01 01
1 —1
( | 2),and

-3 1

o X1 X2 2 00 Xy X2\

a={( ) e (T V) (0 2) o)

Tr(l 0)()61 )CQ)_'_I

X2 x3 ) _1 :

2 3 TI‘( 11 2)()(1 XQ)+1

-3 1 X2 X3

ThenA:{<x1 XZ)ESZ|x1§0,x2=)@:0}andq(xl xz):lforany(x1 xz)
X2 X3 X2 X3 Xy X3

€ A. Furthermore, for any X = ( 2 e A,
. 00
C_‘I(X)DJF,}EEO["A_( N_(o 0)

X2 X3
1
. > X| X .1
11mTr< 2)( ! 2):hm—xl:O.
n—roo n X2 X3 n—eo n

It follows from Theorem 2.1 that A is the one of all the optimal solutions of the SLFP.

Let

| —3 [—
S NI~

=3 [—
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But, there does not exist X € A\ such that
C—q(X)D+AAE€S:, L €R
and Tr(C — ¢(X)D+ AA)X = 0.
This means that Theorem 2.2 can not be applied to this example.

Now we give an example, which is a second-order linear fractional optimization problem.
This example is obtained by modifying a known example in the Internet (https://math.stackexchange.
com/questions/712188/how-can-the-sum-of-two-closed-cones-be-not-closed).

Example 2.2. [4] Let Q = {(x1,x2,x3) €R? | x; = \/x%—i—xg, x; 20}, and leta; = (1,0,—1)
and by = 0. Consider the following second-order linear fractional optimization problem:
x1+x3+1
X1 —xp+x3+1
subjectto  (x1,x2,x3) € Q

(SLF) Minimize

ay(x1,x2,x3)" = by,

Letc=(1,0,1), d=(1,—1,1) and A = {(x1,%2,%x3) € Q| a1(x1,%2,x3)T =b1}. Letq(x1,x2,x3) =

+xytl
%. Then A = {(x1,x2,x3) € R®| x; 20, x; = x3, xo = 0} and ¢(x1,x2,x3) = 1 for any

(x1,x2,x3) € A. Furthermore, for any (x,x2,x3) € A,
. 1\2 1
¢ —q(x1,x2,x3)d + lim [na1—< n2+<1+—> 71+_7_n>]
n—oo n n

= (0,1,o)+’}g130<n— n?+ <1+%>2,—1 —%,0)
= (0,0,0)

and

1\2 1
lim< n2+(1—|—ﬁ> ,1+;,—n>(x1,x2,X3)T

n—soo
1\2
zlim< n2—|—<1+—> —n>x1
n—soo n
=0.

Thus, by Theorem 2.1, A is the one of all the optimal solutions of the SLF. But there does not
exist (x1,x2,x3) € A such that

c—q(x1,x,x3)d+Aa; €Q, L €R
and (c —q(x1,x2,x3)d 4+ Aay)(x1,x2,x3)7 =0.
This means that Theorem 2.2 can not applied to this example.

By [16, Proposition 2.1], we can obtain the following proposition. For the completeness,
following the proof of [16, Proposition 2.1], we prove the following proposition.

Proposition 2.2. Let X € A, and assume that ay,--- ,a,, are linearly independent in' V. Suppose
that there exists X € Q such that tr(a;oX) =b;, i=1,--- ,m. Then |J Y., Ai(ai,b;) + (—Q) x
liER

RT is closed in R" x R.
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g1(x)
Proof. Let gi(x) =tr(a;ox) and hi(x) = gi(x) —bj,x €V, i=1,--- ,m. Let G(x) = | :
gm(x)
hi(x)
andH(x)=| : . Since ay,- - ,a,, are linearly independent in V, one has hat G : V — R"
B (x)

is surjective. By open mapping theorem, one see that H(Q) is open in R”. By assumption, one
obtains 0 € H(Q). Since H (L) is open, one concludes 0 € intH (2). From the proof of Theorem
2.1, one sees that

epidn =cl { U Zl ai, b)) +(—Q) x RT}.
NERI=

Since U Y7Ly Aiai, bi) + (—Q) x RT = U epi(LiL; Aihi)* +epidy, one has
Ai€R AieR

m
epidn = cl( U epi Z )" +epidy).
MER i=1

Let A = AURepi(Z;": 1 Aihi)* + epi63. epidy) is closed. To see that the set Q is closed, it is
i€

sufficient to prove that A = epidx. Let (v,a) € A. Then there exist ; € R, i=1,---,m

(vi,on) € epi(X; Aihi)* and (v, 00) € epi% such that v =v; +v, and o = ; + op. Since

(X Aihi)* (vr) § oy and 85(v2) < @, one has

r(vi ox) Z?Lh )< ay forany x €V and

tr(vaox) < o forany x € Q.
Thus tr(vy ox) +tr(vaox) = o + o, that s,
tr((vi+wv2)ox) < ay+ap forany x € A.
Thus (v, ) € epid . Hence A C epidX. Let (v,r) € epid. Let
T ={(p,y) € R x R™ | there exist x € Q such that tr(vox) = p, H(x) = y}.

Then T is a nonempty convex set. Since 1 (v) = suptr(vox) < +oo, for any € > 0, there
xeA

exists X € A such that 6% (v) — € < v(X) and so (61 (v) —€,0) € T. But (64 (v)+¢,0) T
for any € > 0. Thus (0X (v),0) is a boundary point of 7. Since tr(vo-) is continuous, one has
that (tr(vo-))~!(—rr) is an open neighborhood of 0 for any fixed » > 0. By the assumption,
there exists x € Q such that H(x) = 0. Let B = (tr(vox) —r — u,tr(vox) —r) x H(x+tr(vo
)~ (=r,r)NQ) for fixed p > 0. Since H is an open mapping, we see that B is open for any
x€ (xX+tr(vo ) H(=rr)NQ

tr(vox) —r < tr(vox) <tr(vox)+r.

When (&, w) € B, there exist u € (X+tr(vo-)~!(—r,r))NQ such that w = H(u) and tr(voXx) <
o <tr(vox)—r <tr(vou), and so (a,w) € T. Thus B C T and intT # 0. Since (5 (v),0)
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is a boundary point of 7', one has (6 (v),0) € intT. By the separation theorem, there exists
(6,1) € R x R™ such that (6,4) # (0,0)

055 (v) S 0p+ATy forany (p,y)eT.

If =0, then 0 < ATy forany y € {y e R" | y = H(x), x € Q}. Since 0 € intH(Q), one
has A = 0. This is a contradiction. Hence 6 # 0. Since (64 (v) —€,0) € T for any € > 0,
6 < 0. Thus we may assume that & = —1. Hence 8% (v) = p— ATy for any (p,y) € T. So,
8 (v) Z tr(vox) — ATH(x) for any x € Q. Thus 8% (v) = tr(vox) — AT H(x) — 85(x) for any
x € V. Hence

m

On(V) 2 (65 + Z Aihi)* (v).

i=1
Since (v,r) € epidj, thenr = 61 (v) = (0 + X/t Aihi)*(v). Thus (v,r) € epi(¥; Aihi+0g) "
Since Y1 | A;h; is continuous, we have

agE
gE

Aihi + 85)" = epi(
=1 i

epi( Aihi)" +epids = A.

1

Hence (v,r) € A and epiox C A. Consequently, A = epidy, so A is closed. O

3. SEQUENTIAL DUALITY THEOREMS

By using the sequential Lagrange multiplier optimality theorem (Theorem 2.1), we formulate
the dual problem for the LFOP, which is expressed by sequences, as follows;

(LFOD) Maximize r

m
subjectto ¢—rd+ lim [Z yfa,- — vl} =0
=T

—rf + o 2 limsup nybi

|

yieRi=1,--mVeQl=12,--.
Following the proof of [3, Theorem 3.1 ], we can obtain the following weak duality theorem.

Theorem 3.1. (Weak Duality) Let x be feasible for the LFOP, and let (r,{y'},{V'}) be feasible

tr(co
for the LFOD. Then % 2.

Proof. Let x be feasible for the LFOP, and let (r, {y!},{v'}) be feasible for the LFOD. Suppose
to the contrary that
tr(cox)+a
tr(dox)+ <
Since tr(d ox)+ B > 0, one has tr(cox) +a —rftr(dox) + ] < 0. So, ¢ — r +tr((c —rd) ox) <
0, which implies @ — rf3 +tr [— lli_}r?o():?ilygai —vh) ox] < 0. Thus oc — rf3 — lh_)rg [tr( " Yaio

r.
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x) —tr(v/ ox)| < 0. Hence

o—rf < lim [tr Zylalox) —tr(v! ox)]

) =1

m
< limsuptr( Zyla, ox) + limsup(—tr(+' 0 x))
[—o0 i=1 [ —oo
< limsup Z yitr(a; o x)
[=eo =1
m
= limsup Z yfb,-
[=eo =1
Thus, ot —rf3 < limsup )" 1ylb This is a contradiction. Consequently, trg ))ﬂ;; > . UJ
[—o0
Theorem 3.2. (Strong Duality) Let X be an optimal solution of the LFOP. Let i = %.

Then there exist y: € R, v € Q such that (7,{y'},{V'}) is feasible for the LFOD. In addition,
(7, {y'},{v'}) is an optimal solution.

Proof. Let x be an optimal solution of the LFOP. By Theorem 2.2, there exist yﬁ eR,V eQ
such that

tr(coX)+a
4] =0
tr(do@wdﬂ:%;% V)

and limtr(y' 0X) = 0.

[0
Letr = ggcox))—i—%c Then tr(c — 7d) o X+ limy_,e Y1 yf tr(a;ox) =0, and so, tr(cox) —F tr(d o
tr(cof) +a

%) +1im; oo Y yib; = 0. Since 7 = fi(dor) > One has tr(cox) —Ftr(dox) = —a+ 7. Hence,

— o+ 7B +1imy o ¥ yib; = 0. Thus (¥, {y!}, {v'}) is feasible for the LFOD. Hence, it follows
from Theorem 3.1 (the weak duality theorem) that (7, {y'},{+'}) is an optimal solution to the
LFOD. -

4. DUALITY THEOREMS UNDER CONSTRAINT QUALIFICATIONS

Using the Lagrange multiplier optimality theorem (Theorem 2.2), which holds under a con-
straint qualification, we formulate the dual problem for the LFOP as follows:

(LFODC)  Maximize r

m
subjectto c¢—rd+ Zy,'ai €Q

i=1
m
—Br+a =) yibi
i=1

Let F={(ry) ERxV |c—rd+Y" yia; € Q, —Br+a =Y",yb;}. We can prove the
following theorems (weak duality theorem and strong duality theorem).
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Theorem 4.1. (Weak Dualily) Let x be feasible for the LFOP, and let (r,y) be feasible for the

1r(cox)+a
LFODC. Then g5 2 7.

Theorem 4.2. (Strong Duality) Let X be an optimal solution to the LFOP. Suppose that

Y™ {Ai(ai, b))} + (—Q) x RT is closed in V x Ry. Let 7 = ;;g‘ox))i(g Then there exist

y € R™ such that (7,¥) is an optimal solution to the LFODC.
Now we prove the converse duality theorem.

Theorem 4.3. (Converse Duality) Assume that for any x € A, tr(d ox) + B > 0 and that

Uﬁ{(tr(qod),—tr(qoal),~-‘ ,—tr(qoam),tr(qoc))}—I—AUO{?L(ﬁ,bl,m bm, o) }+{(0,0)} xR
ge 2

is closed in R x R™ X R. If (7,5) € F is an optimal solution to the LFODC, then there exist § € Q
and A = 0 such that

tr(god)+AB+1=0
tr(Goa;) —Ab;i=0,i=1,---,m
tr(goc) +Aa+7<0.

tr <co 1 ) +a
In addition, if /\ is bounded, then is an optimal solution to the LFOP and ¥ = ————
o(ieg) o
Proof. Let f(r,y) = —r, g(r,y) = —c+rd =Y | via; and h(r,y) =Y. | yib;+ Br— o. Then the
LFODC becomes:

Minimize,, f(r,y)
: g(ry) > o
subject to € (—Q) x (—Ry).

jectto (4070 ) € (-3 x (-R4)
Let G={(r,y) ERxR" | g(r,y) € —Q} and H = {(r,y) | h(r,y) € =R }. Let (7,7) € F be an
optimal solution to the LFODC. Then f(r,y) + d¢nu (r,y) = f(7,¥) + 6¢nu (7,¥) and

(f+ SGHH)*(()?O) § _f(’:a.)_)) - 5GﬂH(f7y)'
Thus,
(0,0,—f(7,3)) € epi(f+dcrn)”
= epif” +epidiny
= epif” +cl(epidg +epidy). 4.1)
We can easily check that epif* = {(1,0)} x R. Since G = {(r,y) | Vg € Q, tr(qog(r,y)) < 0},
one has
5G(r7y) = SuBtr(qog(rvy))‘
qgeQ

It follows that

epid; = epi(sugtr(qog(.,-)))*

qeQ
= cl | epi(tr(gog(--))".
geQ
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Since
(tr(gog(--))"(s,v)
_ } tw(goc) if (s,v) = (tr(qoa’),—tr(qoal),--- ,—tr(qoam)>
+o0 otherwise,
one has epid; :cl[ U {(tr(god),—tr(goar), -, —tr(goam),tr(goc)} +{(0,0)} XR+]. Since
qeQd
H={(ry) | VA 20, Ah(r,y) < 0}, one has dy(r,y) = ili%lh(r,y). So,
epidy = cl | J epi(Ah(-,)) ={A(B,b1,....bm, )} +{(0,0)} x R .
A20
From (4.1), one has
(0,0,—7) € {(1,0)} xRy
tel( U {(r(god), ~tr(goar), -, ~r(goan),tr(goc)}
qeQ
+ UAB.b1 b @)} +{(0,0)} xR ).
A20

Thus, there exist § € Q, A > 0 and 7, > 0 such that (0,0, —7) = (1,0,7, ) +
(tr(qod),—tr(qoal),--- ,—tr(i;oam),tr(ch)) +A(B,b1,-- by, ), that is,

0 = 1+tr(god)+AB
0 = —tr(goa;)+Ab;, i=1,---,m
= F,4tr(Goc)+Aa.

|

Hence, there exist ¢ € Q and A = 0 such that

tr(God)+AB+1=0 (4.2)
tr(Goa;))—Ab; =0, i=1,---,m (4.3)
tr(Goc)+Aa+7<0. (4.4)

Now we assume that A is bounded. Suppose that A = 0. It follows from (4.2) that tr(d o §) +
1 =0 and hence § # 0. For any x € A and any A > 0, x4+ A7 € Q and tr(g;o (x + A7) =
tr(a;ox) + Atr(a;oq) = tr(ajox) = b;, i =1,--- ,m. So, x+ Ag € /\, which contradicts the
boundedness of 2. Thus A > 0. From (4.3), one has /-llcj € A. From (4.2), one has

Ftr(god)+AFB +7=0. (4.5)
In view of (4.4) and (4.5), we have

ftr(god) + AFB —tr(goc) — Aot

v

0. (4.6)
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Since (7,y) € F, we have

tr(goc) —Ftr(god)+ Y Fitr(Goa;) 2 0
i=1

and A(—7B+a— Y yib;) = 0.
i=1

So, Ftr(god) + A7 —tr(goc) — Ao < 0. From (4.6), we conclude
Ftr(God)+AFB —tr(Goc) —Aa =0.

tl‘(%qoc) +a
Thus 7 tr(-lcjoci) +7B —tr(-lcjoc) — o =0and so 7= ———<—. Since -7 € A, it follows
7 2 L 2
tr <7qod> +B
from the weak duality theorem that Zlcj is an optimal solution to the LFOP. This completes the
proof. U

Since the Slater condition for the LFODC implies that the set

U {(tr(qod),—tr(qoal), e ,—tr(qoam),tr(qoc))}
qeQ
+ J {AB.b1, - b, )} +{(0,0)} xRy,
A=0
is closed in R x R x R, we can obtain the following theorem from the above theorem by
following the proof of [16, Proposition 5.1]. For the completeness, we still give its proof.

Theorem 4.4. Assume that, for any x € A, tr(d ox) + B > 0, and that /\ is bounded. Further,
assume that there existy € R™ andr € R such that c+ Y | yia;—rd € Qand Br+Y" | yia; < .
If (7,¥) is an optimal solution to the LFODC, then there exists X € /\ such that X is an optimal

solution to the LFOP and 7 = Z(CO)?HOC

Proof. Let
K= U {(tr(qocl),—tr(qoal),... ,—tr(qoam),tr(qoc))}
qeQ
+ U {)’(Bﬂbla ;bmya)}+{(0,0>} XR+.
AZ0

From Theorem 4.3, it is enough to prove that K is closed. Let g(r,y) = —c+rd — Y | via;
and h(r,y) = Y. yibi+ Br — a. Then by assumption, there exist 7 € R and y € R such that
g(r,y) € —=Q and h(r,y) < 0. From the proof of Theorem 4.3, one has

k= U epi(rrlgogl)+an(,) . %)
(qvl)€§XR+
Let { (s, ¥y, 0 )} be a sequence in K such that (s, 5, 0;) — (s*,y", &") € R x R" x R. Then
from (4.7), there exist g, € Q and u, € R, such that
tr(qn © 8(5: V) + Hnh(sy, ) = 0t (4.8)

Since int(Q x R) 7 0, there exist a compact subset B of Q x R, such that, for any (¢,r) € B,
(g,r) # (0,0) and Q@ x Ry = {A(q,r) | A 20 and (q,r) € B}. Thus there exist i, = 0 and
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(bn,t,) € B such that (g, A;) = Wn(bp,t,). Since B is compact, we may assume that (b,,1,) —
(b,t) € B.

(i) We consider the case that t, — ¢ > 0. Then we may assume that u,, # 0 for all n. Since
(qn, An) = Wn(bn,ty), it follows from (4.8) that

*r1 1 1
tr(b,o0g) +1t h) (—s*,— *> < —a
for all n. For any (r,y) € R x R", we have
1 *r1 1
—o 2 (tr b,og)+t h> (—s*,— *>
L% 2 (bnog) +tn TR

1 1
> syru(ovnoy) —lbaog(ny)) ~ h(ry).
Iy Ly
So, letting n — oo, we have, for any (r,y) € R x R™,

Lotz (oY) tbog(ry) ~1 h(ry).
H H
Hence (tr(bog) +1th)*(s*,y*) < o and so (s*,y*, a*) € epi(tr(bog) 4+t h)* C K. Thus, in this
case, K is closed.

(ii) We consider the case that y, — 0. Then (g, A,) — 0, so, for any (r,y) € R x R™, tr(g, o
8(ry)) + (Ah)(r,y) = 0. From (4.8), one has s;r +tr(y, o y) — tr(gn 0 &(r,y)) — Anh(r,y) < 0
for any (r,y) € R x R™. Letting n — oo, we have

s‘r+tr(y*oy) < o

for all (r,y) € R x R™. Thus (s*,y*,a*) € epi(tr(0- g) + 0h)*. Since (0,0) € Q x R, then
(s*,y*,a*) € K. Thus, in this case, K is closed.
(iii) We consider the case that u,, — +oo. Since the sequence {(s},y:, a;’)} is bounded, one

has

1 1 1
—sy —0, —y, —0 and —a, — 0.
n IJ“VL n

From (4.8), for any (r,y) € R x R™, one has

oy, 1 1
—Z—s*r+tr<— *o )—tr b,og(r,y)) —t,h(r,y).
T e (bnog(r.y)) —tah(r,y)

Letting n — oo, we have, for any (r,y) € R x R™,
tr(bog(r,y))+1t h(r,y) 20. 4.9)
From the assumption, there exists (7,y) € R x R™ such that
g(r,y) € —Q and h(r,y) <O0.
Since b € Qand ¢t € R, and (b,t) # (0,0), one has
tr(bog(r,y))+1t h(r,y) <O0.

This contradicts (4.9). Thus this case does not occur. [
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5. CHARACTERIZATIONS OF SOLUTION SETS

Let S be the set of solutions of the LFOP. Let x € § . Then by Theorem 2.1, there exist a
sequence {y!} in R, i=1,---,m and a sequence {V'} in Q such that

—g(R)d + i [ 4~—1}:0
c—q(®)d + lim i;ylaz v

and lim tr(v/ 0 %) =0,
[—oo
_ tr(cox)+a
T tr(dox)+pB _
By using the above sequences {y!} and {v'}, we can characterize the solution set S as follows:

where g(X)

Theorem 5.1. The set S of solutions of the LFOP is as follows:
m
S={X€F |c—q(X)d+ lim [Zyéa,- — vl} =0, limr(v' 0X) = 0},
[—oo = [—o0
where q(X) = %.
Proof. Let X € S be any fixed. Then ¢(x) = g(x), so tr(cox) —q(X)tr(d ox) = tr(coXx) —q(X)tr(d o
£). Since ¢ — g()d + lim [z;":l Yia; — vl} — 0, one has
—3o0
m
tr(c oX) — g(X)tr(d oX) + lim [Z yitr(a; o %) — tr(V! ox)} =0
= tisy

and

tr(cox) — q(X)tr(d oXx) —i—lh_gl<> [iyftr(ai ox) —tr(v! ofc)} =0.

Hence llim [ " yir(a o %) — tr(v! oi)] = llim [ m o yhtr(a;oX) — tr(v! of)} . Since llim tr(v! o
—00 —roo —r0
%) =0, one has
m m

lim nytr(a,- ox) = lim [Z yitr(a;oX) — tr(v! ofc)] .

2o i3 = LT

Since ¥ € S and X € S, one has
L [ L 1 [
lim -b‘zlim[ :b; —tr(v ox].
l%wizzlyl 1 [—o00 ;yl 1 ( A)

Thus llim tr(v/ oX) = 0. Hence

—»00
_ m
SCc{xeF|c—q(xX)d+lim [nyai —vl] =0, limtr(v/ oX) =0}.
[—o0 =1 [—o0
The converse is true by Theorem 2.1. Consequently,

m
S={X€F|c—qXx)d+lim {nyai—vl] =0, limtr(v/ oX) = 0}.
[=e L] [—o0
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Ifd =0, o =0, and B = 1, then the LFOP becomes the following conic linear optimization
problem (CLOP):

(CLOP)  Minimize tr(cox)
subjectto  x € Q, tr(ajox) =b;i=1,---,m.
Let S be the set of solutions of the CLOP and let & S S. Then, by Theorem 2.1, there exist a
sequence {y!} in R, i=1,---,m and a sequence {V'} in Q such that
. o / !

s g tav] o

and lh_)n; tr(v/ o) = 0.
By using the above sequences {y!} and {v'}, we have from Theorem 4.1 the following theorem:

Theorem 5.2. The set of soluttions of (CLOP) is as follows:
S={xeF| llim tr(v! oX) = 0}.
—>00

Suppose that J Y7, Ai(ai,b;) +(—Q) x R is closed in R” x R. Let S be the set of solutions
AIER
of the LFOP, and let X € S. Then by Theorem 2.2, there existy; €ER,i=1,--- ,mand v € Q such
that

o Ti+o
a; — —=———d+c—v=0 and
lziy,al dTX-i—ﬁ +c—v an

tr(vox) =0.
By using the above y; and v, we can characterize the solution set S as follows:

Theorem 5.3. We have the solution set S:

m
S={xeF| c—q()?)d+2yiai—v:0, tr(vox) =0},
i=1

where q(X) = %.

6. DISCUSSION ON METHODOLOGIES FOR (LFOP)

Let V be a simple Euclidean Jordan algebra. Recall our linear fractional optimization problem
(LFOP):

t (04
(LFOP) Minimize ~LC°X) T
tr(dox)+ B
subjectto  tr(ajox)=b;, i=1,...,m
x€Q,
where ¢,d € V, o, 3 are given real numbers, a;,i = 1,--- ,m and b;,i = 1,-,m are give real

numbers, and Q = {x> | x € V}. Let A = {x € Q | tr(ajox) = b;, i=1,--- ,m}.
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Consider the following linear optimization problem (LFOPL):

(LFOPL)  Maximize tr(coy)+ o
subjectto  tr(doy)+ Bt =1
tr(ajoy) —tb;=0,i=1,--- ,m.

LetI'={(y,t) € QxR |tr(coy)+at =1, tr(ajoy) —th; =0, i=1,--- ,m}.
Following Charnes and Cooper [17], Craven and Mond [8], and Craven [7], we can prove the
following theorem.

Theorem 6.1. (Transformation Techniques) Assume that no point (y,0) with y 2 0 is feasible
for the LFOPL, and for any x € A\, tr(d ox) + 3 > 0. Then the followings are true:
(i) Define q(x) = (tr(dolx)—i-ﬁx’ tr(dolx)+[$ ) for any x € . Then q(A) =T, and q is one to one

and onto between N\ and T and ¢~ (y,t) = %yfor any (y,t) €T.

(it) If x* is an optimal solution to the LFOP, then <tr(do;*)+ﬁx*’ tr(do)lc*)+ﬁ) is an optimal
solution to the LFOPL.

(iii) If (y*,t*) is an optimal solution to the LFOPL, then tl*y* is an optimal solution to the
LFOP.

Remark 6.1. Theorem 6.1 means that we can use the LFOPL to solve the LFOP. Define, for
any x,y € V and any s,z € R, (x,s) 0 (y,f) =xoy+st and ((x,s)|(y,7)) = (x|y) + st. Since V is
a simple Euclidean Jordan algebra, V x R is an Euclidean Jordan algebra with product o and
inner product (-|-). So, by using primal-dual interior methods (path-following methods), for
example, Baes [13], Choi and Lee [15], and Faybusovich [14] and the assumptions in Theorem
6.1, we can obtain algorithms for solving the LFOP.

7. THE CONCLUSION

In this paper, by using the nonfractional technique, we obtained the optimality theorems,
duality theorems and the characterizations of solution sets for linear fractional optimization
problems, which hold without any constraint qualifications and under constraint qualifications.
By using the transformation technique, we discussed primal-dual interior methods for linear
fractional optimization problems. In the near future, we would like to study the existence of
optimal solution, genericity properties, and sensitivity and stability results for linear fractional
optimization problems.
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