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CODERIVATIVES AND AUBIN PROPERTIES OF SOLUTION MAPPINGS FOR
PARAMETRIC VECTOR VARIATIONAL INEQUALITY PROBLEMS
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Abstract. This paper deals with sensitivity analysis for a parametric vector variational inequality prob-
lem in finite dimensional spaces by using advanced tools in modern variational analysis and generalized
differentiation. We mainly focus on computing the coderivatives of the solution mapping in the paramet-
ric vector variational inequality problem and then apply them to establish verifiable conditions for the
Aubin property of the solution mapping.
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1. INTRODUCTION

Let K be a set of Rm, C be a closed and convex cone of Rn, L (Rm,Rn) be the set of all
linear continuous operators from Rm to Rn, and F : Rm→L (Rm,Rn) be a vector-valued map-
ping. When K and F are perturbed by a parameter u in Rl , we consider the parametric vector
variational inequality problem (PVVI, for short): find y ∈ K(u) such that

F(u,y)(x− y) /∈ −C \{0}, ∀x ∈ K(u).

As far as we know that the PVVI without parameter u stems from the monograph [1]. In
this book, Giannessi introduced some kinds of vector variational inequalities and discussed the
relationships between them and other vector optimization problems. After Giannessi’s work,
many authors devoted themselves to the study of topological properties for PVVI’s solution set
S(u), which is defined as

S(u) :=
{

y ∈ K(u)|F(u,y)(x− y) /∈ −C \{0}, ∀x ∈ K(u)
}
, for each u ∈ Rl. (1.1)

For more detail, we refer the readers to [2–11].
It is well known that Aubin property of a set-valued mapping is equivalent to the metric

regularity as well as to the linear openness of its inverse. These properties play a fundamental
role in nonlinear and nonsmooth analysis, optimization, and their applications (e.g., [12–16]).
In particular, such properties are very important for studying perturbed optimization problems
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where they provide some stability results and are related to the regularity of constraint systems.
To the best of our knowledge, there are very few results concerning the study of the Aubin
property and coderivatives of the solution set mapping for the PVVI. Although such a problem
can be transferred to a vector optimization problem by gap functions (cf. [17]), we can not use
the results on the sensitivity of parametric vector optimization problems ( [18–23] ) to derive
the Aubin property for the PVVI because the PVVI possesses a more refined structure. Thus, it
is interesting to directly study the Aubin property for the PVVI.

The aim of this paper is devoted to the discussion of the coderivatives and Aubin property of
the solution mapping for the PVVI. To arrive at this aim, let

G(u,y) :=
⋃

x∈K(u)

F(u,y)(x− y) (1.2)

and
V (u,y) := MinCG(u,y). (1.3)

The solution set S(u) can be rewritten as

S(u) = {y ∈ K(u)|0 ∈V (u,y)}. (1.4)

Base on this formula, we employee the coderivatives, which have been used to discuss sensi-
tivity analysis in optimization theory and applications (cf. [14, 15, 24–26]), to obtain the Aubin
property of the solution mapping for the PVVI. We first establish upper estimate and explicit
expression for the coderivative of the set-valued mapping G defined in (1.2). We then obtain
the coderivative and Aubin property of S defined in (1.4) as V is an general mapping. In order
to obtain the coderivatives and Aubin property of the solution mapping for the PVVI, we need
to obtain the relation between the coderivatives of G and V . When all these things are done, it
is easy to derive the coderivatives and Aubin property of the solution mapping for the PVVI.

The rest of the paper is organized as follows. In Section 2, we recall and discuss some basic
definitions from variational analysis for our main results. In Section 3, we establish upper
estimate and explicit expression for the coderivative of the set-valued mapping G defined in
(1.2). In Section 4, we first study the coderivative and Aubin property of the mapping S defined
in (1.4). Then, by using the relation which we constructed between the coderivatives of G and
V , we obtain the coderivatives and Aubin property of the solution mapping for the PVVI.

2. PRELIMINARIES

We use standard notations. For all spaces, the norms are always denoted by ‖ · ‖, and 〈·, ·〉
denotes the canonical pairing. The closed ball with center x and radius η is denoted by Bη(x).
The symbol AT denotes the transpose operator of a linear continuous operator A. Let F : Rn ⇒Rs

be a set-valued mapping. By domF = {x ∈ Rn | F(x) 6= /0}, gphF = {(x,y) ∈ Rn×Rs | y ∈
F(x)}, and F−1(y) := {x ∈ Rn | (x,y) ∈ gphF}, we denote the domain, graph, and inverse of F ,
respectively. The notation xn

S→ x means that the sequence xn is contained in the subset S and
converges to x. For a set-valued mapping F : Rn ⇒ Rs, the expression

Limsupx→x̄F(x) = {y ∈ Rs | ∃ sequences xk→ x̄, yk ∈ F(xk), s.t., yk→ y for all k ∈ N},

signifies the sequential Painlevé Kuratowski upper (outer) limit of F at x̄; N = {1,2, ...}. The
origins of all spaces are denoted by 0.
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For any A ∈L (Rm,Rn), we introduce norm

‖A‖L = sup{‖A(x)‖ | ‖x‖ ≤ 1}.

Since Rm and Rn are finite dimension spaces, L (Rm,Rn) is also finite dimension space with the
above norm.

Definition 2.1. Let F : Rm→L (Rm,Rn) be a vector-valued function. F is said to be Fréchet
differentiable at x0 if there exists a linear and continuous operator Φ : Rm→L (Rm,Rn) such
that

lim
x→x0

‖F(x)−F(x0)−Φ(x− x0)‖L
‖x− x0‖

= 0.

Obviously, Φ is unique. We denote the derivative Φ of F at x0 by ∇F(x0). If, for any
x ∈ K ⊂ Rm, F is Fréchet differentiable at x, then F is said to be Fréchet differentiable on K.
Note that ∇F(·) : Rm→L (Rm,L (Rm,Rn)) is a vector-valued function.

Next, we recall the basic concepts and constructions of variational analysis and generalized
differentiation for formulations and justifications of the main results of the paper. Most of the
concepts and properties can be found in the recent monographs [16, 27].

Definition 2.2. Let Ω⊂ Rn be a nonempty subset.

(i): Given x̄ ∈Ω and ε ≥ 0, the set of ε-normals to Ω at x̄ ∈Ω is defined by

N̂ε(x̄,Ω) = {x∗ ∈ Rn | limsup
x Ω→x̄

〈x∗,x− x̄〉
‖x− x̄‖

≤ ε}. (2.1)

When ε = 0, set (2.1) is a cone that is called the regular normal cone (or the prenormal
cone) to Ω at x̄ and is denoted by N̂(x̄,Ω). We put N̂ε(x̄,Ω) = /0 for all ε ≥ 0 if x̄ /∈Ω.

(ii): The Mordukhovich normal cone (or basic normal cone, or limiting normal cone) to
Ω at x̄ ∈Ω is defined through the Painlevé-Kuratowski upper (outer) limit as

N(x̄,Ω) = Limsupxk→x̄,εk→0+N̂εk(xk,Ω),

that is, N(x̄,Ω) is the collection of all x∗ for which there are sequences εk→ 0+, xk→ x̄,
x∗k → x∗ with xk ∈Ω, and x∗k ∈ N̂εk(xk,Ω) for all k ∈ N. Put N(x̄,Ω) = /0 if x̄ /∈Ω.

Definition 2.3. Consider a set-valued mapping Φ : Rn ⇒ Rs.

(i): The ε-coderivative D̂∗εΦ(x̄, ȳ) at (x̄, ȳ) ∈ gphΦ is defined through the ε-normal set
(2.1) to the graph as

D̂∗εΦ(x̄, ȳ)(y∗) = {x∗ ∈ Rn | (x∗,−y∗) ∈ N̂ε((x̄, ȳ),gphΦ)}. (2.2)

When ε = 0, the positive homogeneous set-valued mapping of y∗ in (2.2) is called the
regular coderivative of Φ at (x̄, ȳ) and denoted by D̂∗Φ(x̄, ȳ).

(ii): The normal (Mordukhovich) coderivative of Φ at (x̄, ȳ) ∈ gphΦ is

D∗Φ(x̄, ȳ)(y∗) = {x∗ ∈ Rn | (x∗,−y∗) ∈ N((x̄, ȳ),gphΦ)}.

that is, D∗Φ(x̄, ȳ)(y∗) is the collection of all x∗ for which there are sequences εk→ 0+,
(xk,yk)→ (x̄, ȳ), (x∗k ,y

∗
k)
∗→ (x∗,y∗) with (xk,yk) ∈ gphΦ and x∗k ∈ D̂∗εk

Φ(xk,yk)(y∗k).
The symbol D∗Φ(x̄) is used when Φ is single-valued at x̄ and ȳ = Φ(x̄).
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We say that Ω is regular at x̄ ∈ Ω if N(x̄,Ω) = N̂(x̄,Ω) and that Φ is regular at (x̄, ȳ) if
D∗Φ(x̄, ȳ) = D̂∗Φ(x̄, ȳ).

The following proposition gives a sufficient condition for the regularity of Φ and special
representations of the coderivatives.

Proposition 2.1. [16] Let Φ : Rn → Rs be Fréchet differentiable at x̄. Then D̂∗Φ(x̄)(y∗) =
{(∇Φ(x̄))T y∗}, ∀y∗ ∈ Rs. Moreover, if Φ is strictly differentiable at x̄, that is, Φ is single-
valued around x̄ and limx,x′→x̄[Φ(x)−Φ(x′)−∇Φ(x̄)(x− x′)]/‖x− x′‖ = 0, then Φ is regular
at x̄ and we have D∗Φ(x̄)(y∗) = {(∇Φ(x̄))T y∗}, ∀y∗ ∈ Rs.

We also need some Lipschitzian notions in the following analysis.

Definition 2.4. [28] Let f : Rn→ Rs be a single-valued mapping, and let x̄ ∈ dom f . f is said
to be locally upper Lipschitzian at x̄ if there are numbers η > 0 and L > 0 such that

‖ f (x)− f (x̄)‖ ≤ L‖x− x̄‖, for all x ∈ Bη(x̄)∩dom f .

We say that a set-valued mapping F : Rn ⇒ Rs admits a locally upper Lipschitzian selection
at (x̄, ȳ) ∈ gphF if there is a single-valued mapping f : domF → Rs, which is locally upper
Lipschitzian at x̄ satisfying f (x̄) = ȳ and f (x) ∈ F(x) for all x ∈ domF in a neighborhood of
x̄. We say that F admits a locally upper Lipschitzian selection around (x̄, ȳ) ∈ gphF if there
is a neighborhood U of (x̄, ȳ) such that F admits a local upper Lipschitzian selection at any
(x,y) ∈ gphF ∩U .

Definition 2.5. [12] A set-valued mapping F from Rn to Rs is said to be Lipschitz-like (or have
the Aubin property) around (x̄, ȳ) ∈ gphF if there are a neighborhood U of x̄, a neighborhood
V of ȳ, and a constant l ≥ 0 such that F(x′)∩V ⊂ F(x)+ l ‖x′− x‖B, ∀x,x′ ∈U, where B is
the closed unit ball of Rs. The infimum of all such moduli {l } is called the exact Lipschitzian
bound of F around (x̄, ȳ) and is denoted by lipF(x̄, ȳ).

The following proposition gives a sufficient and necessary condition for F having the Aubin
property and the exact Lipschitzian bound.

Proposition 2.2. [16, 29] Let F be an arbitrary set-valued mapping with closed graph and
(x̄, ȳ) ∈ gphF. Then the condition D∗F(x̄, ȳ)(0) = {0} is necessary and sufficient for F to have
the Aubin property around (x̄, ȳ). Moreover, one has the exact Lipschitzian bound of F around
(x̄, ȳ)

lipF(x̄, ȳ) = ‖D∗F(x̄, ȳ)‖= sup{‖x∗‖ | x∗ ∈ D∗F(x̄, ȳ)(y∗),‖y∗‖ ≤ 1}.

3. CODERIVATIVES OF THE SET-VALUED MAPPING G

From now on, we let F : Rl×Rm→L (Rm,Rn) be a continuous vector-valued mapping. In
this section, we will discuss the coderivative properties of G defined in (1.2).

Before stating our main results, we first recall that a set-valued mapping H : Rm ⇒ Rn is said
to be inner semicontinuous at (x̂, ŷ)∈ gphH if, for every sequence xk→ x̂ with xk ∈ domH, there
is a sequence yk ∈ H(xk) converging to ŷ as k→ ∞.

Theorem 3.1. Let û ∈ Rl , x̂, ŷ ∈ K(û), ẑ = F(û, ŷ)(x̂− ŷ) ∈ G(û, ŷ), and

M(u,y,z) = {x ∈ K(u)|F(u,y)(x− y) = z}. (3.1)
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Suppose that M is inner semicontinuous at (û, ŷ, ẑ, x̂) and that

ProjuD∗F(û, ŷ)(0)∩ (−D∗K(û, x̂)(0)) = {0}, (3.2)

where ProjuD∗F(û, ŷ)(0) denotes the projection of the set D∗F(û, ŷ)(0) on the space Rl . Then,
for any z∗ ∈ Rn,

D∗G(û, ŷ, ẑ)(z∗)⊂ D∗F(û, ŷ)(z∗(x̂− ŷ)T )+(D∗K(û, x̂)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗). (3.3)

Moreover, if F is local upper Lipschitzian and regular at (û, ŷ), K is regular at (û, x̂), and M
admits a local upper Lipschitzian selection at (û, ŷ, ẑ, x̂), then G is regular at (û, ŷ, ẑ) and, for
any z∗ ∈ Rn, the converse inclusion of (3.3) holds, that is,

D∗G(û, ŷ, ẑ)(z∗) = D∗F(û, ŷ)(z∗(x̂− ŷ)T )+(D∗K(û, x̂)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗).

Proof. Let P(u,y) := K(u)− y. We first prove that, for any z∗ ∈ Rn,

D∗G(û, ŷ, ẑ)(z∗)⊂ D∗(F,P)(û, ŷ,F(û, ŷ), x̂− ŷ)(z∗(x̂− ŷ)T ,F(û, ŷ)T z∗),

where the set-valued mapping (F,P) : Rl×Rm ⇒ L (Rm,Rn)×Rm is defined by

(F,P)(u,y) := F(u,y)×P(u,y).

Let (u∗,y∗) ∈ D∗G(û, ŷ, ẑ)(z∗). By the definitions of coderivatives and normal cone, there exist
εk ↓ 0, (uk,yk,zk)

G−→ (û, ŷ, ẑ) and (u∗k ,y
∗
k ,z
∗
k)→ (u∗,y∗,z∗) such that

limsup
(uki ,yki ,zki)

G→(uk,yk,zk)

〈u∗k ,uki−uk〉+ 〈y∗k ,yki− yk〉−〈z∗k ,zki− zk〉
‖uki−uk‖+‖yki− yk‖+‖zki− zk‖

≤ εk.

Since M is inner semicontinuous at (û, ŷ, ẑ, x̂), for the above (uk,yk,zk), there is a sequence xk ∈
K(uk) satisfying F(uk,yk)(xk− yk) = zk and xk→ x̂. Thus, for any (uki,xki)

K→ (uk,xk),yki → yk

with zki = F(uki,yki)(xki− yki), one has (uki,yki,zki)
G→ (uk,yk,zk), and then

limsup
(uki ,xki)

K→(uk,xk),yki→yk

〈u∗k ,uki−uk〉+ 〈y∗k ,yki− yk〉−〈z∗k ,F(uki,yki)(xki− yki)−F(uk,yk)(xk− yk)〉
‖uki−uk‖+‖yki− yk‖+‖F(uki,yki)(xki− yki)−F(uk,yk)(xk− yk)‖

≤ εk.

Hence,

limsup
(uki ,xki)

K→(uk,xk),yki→yk

{
〈u∗k ,uki−uk〉+ 〈y∗k ,yki− yk〉−〈z∗k ,(F(uki,yki)−F(uk,yk))(xk− yk)〉

−〈z∗k ,F(uki,yki)((xki− yki)− (xk− yk))〉

}
{
‖uki−uk‖+‖yki− yk‖+‖(F(uki,yki)−F(uk,yk))(xk− yk)‖

+‖F(uki,yki)((xki− yki)− (xk− yk))‖

}
≤ εk.

Let tk := max{‖xk− yk‖,‖F(uk,yk)‖L }+1. Then,

limsup
(uki ,xki)

K→(uk,xk),yki→yk

{
〈u∗k ,uki−uk〉+ 〈y∗k ,yki− yk〉−〈z∗k ,(F(uki,yki)−F(uk,yk))(xk− yk)〉

−〈z∗k ,F(uki,yki)((xki− yki)− (xk− yk))〉

}
‖uki−uk‖+‖yki− yk‖+‖F(uki,yki)−F(uk,yk)‖L +‖(xki− yki)− (xk− yk)‖

≤ tkεk.
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Since F is continuous, for the above εk, there exists N0 ∈N such that ‖F(uki,yki)−F(uk,yk)‖L ≤
εk whenever i > N0. Therefore

limsup
(uki ,xki)

K→(uk,xk),yki→yk

{
〈u∗k ,uki−uk〉+ 〈y∗k ,yki− yk〉−〈z∗k ,(F(uki,yki)−F(uk,yk))(xk− yk)〉

−〈z∗k ,F(uk,yk)((xki− yki)− (xk− yk))〉

}
‖uki−uk‖+‖yki− yk‖+‖F(uki,yki)−F(uk,yk)‖L +‖(xki− yki)− (xk− yk)‖

≤ limsup
(uki ,xki)

K→(uk,xk),yki→yk

tkεk +‖z∗k‖ · ‖F(uki,yki)−F(uk,yk)‖L

≤ ε
′
k,

where ε
′
k := (tk +‖z∗k‖)εk→ 0 as k→+∞. Thus,

limsup
(uki ,xki)

K→(uk,xk),yki→yk

{
〈u∗k ,uki−uk〉+ 〈y∗k ,yki− yk〉−〈z∗k(xk− yk)

T ,F(uki,yki)−F(uk,yk)〉
−〈F(uk,yk)

T z∗k ,(xki− yki)− (xk− yk)〉

}
‖uki−uk‖+‖yki− yk‖+‖F(uki,yki)−F(uk,yk)‖L +‖(xki− yki)− (xk− yk)‖

≤ ε
′
k.

This means that (u∗,y∗)∈D∗(F,P)(û, ŷ,F(û, ŷ), x̂− ŷ)(z∗(x̂− ŷ)T ,F(û, ŷ)T z∗). Observe that the
identity mapping is continuously Fréchet differentiable. [16, Theorem 1.62] ensures that

D∗P(û, ŷ, x̂− ŷ)(F(û, ŷ)T z∗) = (D∗K(û, x̂)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗).

So, condition (3.2) ensures that D∗F(û, ŷ)(0)∩ (−D∗P(û, ŷ, x̂− ŷ)(0)) = {0}. Similar to the
proof of [30, Corollary 31], we can show that

D∗(F,P)(û, ŷ,F(û, ŷ), x̂− ŷ)(y∗1,y
∗
2)⊂ D∗F(û, ŷ)(y∗1)+D∗P(û, ŷ, x̂− ŷ)(y∗2)

holds for any (y∗1,y
∗
2) ∈ (L (Rm,Rn),Rm), so (3.3) holds.

Now we prove the converse inclusion. Let (u∗1,y
∗)∈D∗F(û, ŷ)(z∗(x̂− ŷ)T ) and u∗2 ∈D∗K(û, x̂)

(F(û, ŷ)T z∗). By the regularity assumption of F and K, we obtain

limsup
(u,y) F→(û,ŷ)

〈u∗1,u− û〉+ 〈y∗,y− ŷ〉−〈z∗(x̂− ŷ)T ,F(u,y)−F(û, ŷ)〉
‖u− û‖+‖y− ŷ‖+‖F(u,y)−F(û, ŷ)‖L

≤ 0

and

limsup
(u,x) K→(û,x̂)

〈u∗2,u− û〉−〈F(û, ŷ)T z∗,(x− x̂)〉
‖u− û‖+‖x− x̂‖

≤ 0.

Then, for any ε > 0, one can find η > 0 such that

〈u∗1,u− û〉+ 〈y∗,y− ŷ〉−〈z∗(x̂− ŷ)T ,F(u,y)−F(û, ŷ)〉
≤ ε(‖u− û‖+‖y− ŷ‖+‖F(u,y)−F(û, ŷ)‖L )

and
〈u∗2,u− û〉−〈F(û, ŷ)T z∗,(x− x̂)〉 ≤ ε(‖u− û‖+‖x− x̂‖),

for all u∈ Bη(û), y∈ Bη(ŷ), and x∈ Bη(x̂). Since M admits a local upper Lipschitzian selection

at (û, ŷ, ẑ, x̂), for any (u,y,z)
gphG−→ (û, ŷ, ẑ), there are a constant t > 0 and x ∈M(u,y,z) such that

‖x− x̂‖≤ t(‖u− û‖+‖y− ŷ‖+‖z− ẑ‖). Furthermore, the locally upper Lipschitzian assumption
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of F ensures that ‖F(u,y)−F(û, ŷ)‖L ≤ l(‖u− û‖+‖y− ŷ‖) for some l > 0 whenever (u,y)→
(û, ŷ). Thus, for any (u,y,z)

gphG−→ (û, ŷ, ẑ), we have

〈u∗1 +u∗2,u− û〉+ 〈y∗−F(û, ŷ)T z∗,y− ŷ〉−〈z∗,z− ẑ〉
= 〈u∗1 +u∗2,u− û〉+ 〈y∗,y− ŷ〉−〈z∗,F(û, ŷ)(y− ŷ)〉−〈z∗,F(u,y)(x− y)−F(û, ŷ)(x̂− ŷ)〉
= 〈u∗1,u− û〉+ 〈y∗,y− ŷ〉−〈z∗(x̂− ŷ)T ,F(u,y)−F(û, ŷ)〉
+ 〈u∗2,u− û〉−〈F(û, ŷ)T z∗,(x− x̂)〉−〈z∗, [F(u,y)−F(û, ŷ)][(x− y)− (x̂− ŷ)]〉
≤ ε(‖u− û‖+‖y− ŷ‖+‖F(u,y)−F(û, ŷ)‖L )+ ε(‖u− û‖+‖x− x̂‖)
−〈z∗, [F(u,y)−F(û, ŷ)][(x− y)− (x̂− ŷ)]〉
≤ ε(‖u− û‖+‖y− ŷ‖+‖F(u,y)−F(û, ŷ)‖L )+ ε(‖u− û‖+‖x− x̂‖)
+ l‖z∗‖(‖u− û‖+‖y− ŷ‖)‖(x− y)− (x̂− ŷ)‖
≤ (l +1)ε(‖u− û‖+‖y− ŷ‖)+(t +1)ε(‖u− û‖+‖y− ŷ‖+‖z− ẑ‖)

+ l(t +1)‖z∗‖(‖u− û‖+‖y− ŷ‖+‖z− ẑ‖)2

= ((l + t +2)ε + l(t +1)‖z∗‖(‖u− û‖+‖y− ŷ‖+‖z− ẑ‖))(‖u− û‖+‖y− ŷ‖+‖z− ẑ‖).
Since ε > 0 is chosen arbitrarily, we have

limsup
(u,y,z)

gphG−→(û,ŷ,ẑ)

〈u∗1 +u∗2,u− û〉+ 〈y∗−F(û, ŷ)T z∗,y− ŷ〉−〈z∗,z− ẑ〉
‖u− û‖+‖y− ŷ‖+‖z− ẑ‖

≤ 0.

By the definition of regular coderivative, (u∗1 +u∗2,y
∗−F(û, ŷ)T z∗) ∈ D̂∗G(û, ŷ, ẑ)(z∗) and then

(u∗1 +u∗2,y
∗−F(û, ŷ)T z∗) ∈ D∗G(û, ŷ, ẑ)(z∗). So we have the converse inclusion relation

D∗F(û, ŷ)(z∗(x̂− ŷ)T )+(D∗K(û, x̂)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗)⊂ D̂∗G(û, ŷ, ẑ)(z∗)

⊂ D∗G(û, ŷ, ẑ)(z∗),

which implies the regularity of G. This completes the proof. �

If F is Lipschitzian around (û, ŷ), then D∗F(û, ŷ)(0)= {(0,0)}, and thus condition (3.2) holds
trivially. So, the following result is a consequence of Theorem 3.1.

Corollary 3.1. Let û ∈ Rl , x̂, ŷ ∈ K(û), and ẑ = F(û, ŷ)(x̂− ŷ) ∈ G(û, ŷ). Suppose that F is
Lipschitzian around (û, ŷ), and M is inner semicontinuous at (û, ŷ, ẑ, x̂). Then, for any z∗ ∈ Rn,

D∗G(û, ŷ, ẑ)(z∗)⊂ D∗F(û, ŷ)(z∗(x̂− ŷ)T )+(D∗K(û, x̂)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗).

Moreover, if F is regular at (û, ŷ), K is regular at (û, x̂), and M admits a local upper Lipschitzian
selection at (û, ŷ, ẑ, x̂), then G is regular at (û, ŷ, ẑ) and, for any z∗ ∈ Rn,

D∗G(û, ŷ, ẑ)(z∗) = D∗F(û, ŷ)(z∗(x̂− ŷ)T )+(D∗K(û, x̂)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗).

If, moreover, F is strictly differentiable at (û, ŷ), then, by Proposition 2.1, F is regular at (û, ŷ)
and D∗F(û, ŷ)(z∗) = (∇uF(û, ŷ)T z∗,∇yF(û, ŷ)T z∗). Thus, we have the following corollary.

Corollary 3.2. Let û∈Rl , x̂, ŷ∈K(û), andẑ=F(û, ŷ)(x̂− ŷ)∈G(û, ŷ). Suppose that F is strictly
differentiable at (û, ŷ), and M is inner semicontinuous at (û, ŷ, ẑ, x̂). Then, for any z∗ ∈ Rn,

D∗G(û, ŷ, ẑ)(z∗)

⊂
(
∇uF(û, ŷ)T (z∗(x̂− ŷ)T )+D∗K(û, x̂)(F(û, ŷ)T z∗),∇yF(û, ŷ)T (z∗(x̂− ŷ)T )−F(û, ŷ)T z∗

)
.
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Moreover, if K is regular at (û, x̂), and M admits a local upper Lipschitzian selection at (û, ŷ, ẑ, x̂),
then G is regular at (û, ŷ, ẑ) and, for any z∗ ∈ Rn,

D∗G(û, ŷ, ẑ)(z∗)

=
(
∇uF(û, ŷ)T (z∗(x̂− ŷ)T )+D∗K(û, x̂)(F(û, ŷ)T z∗),∇yF(û, ŷ)T (z∗(x̂− ŷ)T )−F(û, ŷ)T z∗

)
.

4. CODERIVATIVE AND AUBIN PROPERTY OF THE SOLUTION MAPPING

In this section, we discuss the coderivative and Aubin property of the solution mapping. We
first discuss the mapping S, which is defined in (1.4).

Theorem 4.1. Let ŷ ∈ S(û). Suppose that K and V have locally closed graph around (û, ŷ) and
(û, ŷ,0), and regular at these points, respectively. Furthermore, assume that

0 ∈ D∗V (û, ŷ,0)(z∗)⇒ z∗ = 0 (4.1)

and, for any z∗ ∈ Rn,

D∗V (û, ŷ,0)(z∗)∩ (−N((û, ŷ),gphK)\{0}) = /0, (4.2)

which are equivalent to

[(u∗,y∗) ∈ D∗V (û, ŷ,0)(z∗),−u∗ ∈ D∗K(û, ŷ)(y∗)]⇒ (u∗,y∗,z∗) = 0. (4.3)

Then S is regular at (û, ŷ) and, for any y∗ ∈ Rm,

D∗S(û, ŷ)(y∗) = {u∗ ∈ Rl|∃z∗such that (u∗,−y∗) ∈ D∗V (û, ŷ,0)(z∗)+N((û, ŷ),gphK)}. (4.4)

Proof. Let g be defined by g(u,y) := (u,y,0). Then the graph of the solution mapping S can be
represented as

gphS = g−1(Θ)∩gphK, Θ = gphV.

Let ∆Θ denote the indicator function of Θ. Observe that ∆Θ is regular at (û, ŷ,0) if V is regular
at (û, ŷ,0). Meanwhile, since V has locally closed graph around (û, ŷ,0), ∆

−1
Θ

and g−1(Θ)
have locally closed graph around (0, û, ŷ,0) and (û, ŷ,0, û, ŷ), respectively. Using the chain rule
of [16, Theorem 3.13(iii)], one has g−1(Θ) is regular at (û, ŷ) and

N((û, ŷ),g−1(Θ)) = D∗∆g−1(Θ)(û, ŷ)(y
∗) = D∗∆Θ ◦g(û, ŷ)(y∗)

= D∗g(û, ŷ)◦D∗∆Θ(g(û, ŷ))(y∗) = D∗g(û, ŷ)◦N((û, ŷ,0),gphV )

= {(u∗,−y∗) ∈ Rl×Rm|∃z∗such that (u∗,−y∗) ∈ D∗V (û, ŷ,0)(z∗)}
(4.5)

provided that
N((û, ŷ,0),gphV )∩ (−D∗g−1(û, ŷ,0)(0)) = {0}. (4.6)

By the definition of g, we can easily obtain that

(u∗,y∗,z∗) ∈ D∗g−1(û, ŷ,0)(0)⇒ (u∗,y∗) = 0.

So, qualification condition (4.6) is equivalent to (4.1).
On the other hand, using (4.5), one can check the equivalence of (4.2) and

N((û, ŷ),g−1(Θ))∩ (−N((û, ŷ),gphK)) = {0}.

By [16, Theorem 3.4], we have

N((û, ŷ),gphS) = N((û, ŷ),g−1(Θ))+N((û, ŷ),gphK).



CODERIVATIVES AND AUBIN PROPERTIES 133

Substituting equality (4.5) into the above equation, we justify representation (4.4) and the reg-
ularity of S at (û, ŷ) under the assumptions. The equivalence between qualification conditions
(4.1), (4.2) and qualification condition (4.3) is obvious. This completes the proof. �

Remark 4.1. If K(u) = Rm, then qualification condition (4.2) holds naturally, and then the
coderivative of S turns into

D∗S(û, ŷ)(y∗) = {u∗ ∈ Rl|∃z∗such that (u∗,−y∗) ∈ D∗V (û, ŷ,0)(z∗)}.
Many authors have discussed the case when K(u) = Rm, and V is represented as sum of two
maps; see, e.g. [16, Theorem 4.44], [31] and the references therein. In these papers, more strict
qualification conditions were given to obtain the coderivative of S since the conditions therein
still need to ensure that the coderivatives of V can be represented as the sum of coderivatives of
two maps.

Theorem 4.2. Let ŷ ∈ S(û). Assume that

(u∗,0) ∈ D∗V (û, ŷ,0)(z∗)+N((û, ŷ),gphK)⇒ u∗ = z∗ = 0, (4.7)

(4.2) holds for any z∗ ∈ Rn, and that K and V have locally closed graph around (û, ŷ) and
(û, ŷ,0), and regular at these points, respectively. Then S is regular at (û, ŷ) and admits the
Aubin property around (û, ŷ) with the exact bound formula

lipS(û, ŷ)= sup{‖u∗‖ | ∃z∗such that (u∗,−y∗)∈D∗V (û, ŷ,0)(z∗)+N((û, ŷ),gphK),‖y∗‖≤ 1}.

Proof. Observe that condition (4.7) implies that qualification condition (4.1) holds. Then Theo-
rem 4.1 ensures that S is regular at (û, ŷ), and that D∗S(û, ŷ) is computed by the formula therein.
Thus

D∗S(û, ŷ)(0) = {u∗ ∈ Rl|∃z∗such that (u∗,0) ∈ D∗V (û, ŷ,0)(z∗)+N((û, ŷ),gphK)}.
Hence condition (4.7) implies that D∗S(û, ŷ)(0) = {0}. So, [16, Theorem 4.10] ensures the
Aubin property of S around (û, ŷ) and the exact bound formula. �

Now we turn to the coderivative and Aubin property of the solution mapping (1.1) for the
PVVI. In order to do it, we need to give the relation between the coderivatives of G and V
,which is defined in (1.3). Recall that MinC denotes the set of the minimum points with respect
to C in the sense of:

z ∈MinCA⇔6 ∃ z′ ∈ A such that z− z′ ∈C\{0}.

Proposition 4.1. Let ẑ ∈ V (û, ŷ). Assume that K(û) is a compact set, F(û, ŷ) has full column
rank, and that ẑ is an isolated point of G(û, ŷ). If there exists a neighborhood U of û such that
K(U)⊂ K(û), then, for any z∗ ∈ Rn, D̂∗V (û, ŷ, ẑ)(z∗) = D̂∗G(û, ŷ, ẑ)(z∗) and D∗V (û, ŷ, ẑ)(z∗) =
D∗G(û, ŷ, ẑ)(z∗).

Proof. First, we prove that, under the assumption conditions, (uk,yk,zk)
gphG−→ (û, ŷ, ẑ) if and only

if (uk,yk,zk)
gphV−→ (û, ŷ, ẑ). To do it, we need only to verfity the necessity part as the sufficiency

part is trivial (noting that gphV ⊆ gphG). Assume that there exists a sequence (uk,yk,zk)→
(û, ŷ, ẑ) with (uk,yk,zk)∈ gphG\gphV . So there exists z′k ∈G(uk,yk) satisfying z′k ≤C\{0} zk. By
the construction of G, there are x̂ ∈K(û) and xk,x′k ∈K(uk)⊂K(û) such that ẑ = F(û, ŷ)(x̂− ŷ),
zk = F(uk,yk)(xk− yk), and z′k = F(uk,yk)(x′k− yk). Since uk → û and K(û) is a compact set,
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we assume without loss of generality that x′k→ x′ ∈ K(û) and thus z′k→ z′ = F(û, ŷ)(x′− ŷ) ∈
G(û, ŷ). By z′k≤C\{0} zk, we have z′≤ ẑ and then ẑ= z′ since ẑ∈V (û, ŷ). Let z̃k :=F(û, ŷ)(xk− ŷ)
and z̃′k := F(û, ŷ)(x′k− ŷ). Observe that z̃k, z̃′k ∈ G(û, ŷ) and z̃k, z̃′k→ ẑ. Since xk 6= x′k and F(û, ŷ)
has full column rank, it is impossible that both z̃k ≡ ẑ and z̃′k ≡ ẑ hold. So we have found a
sequence z̃k (or z̃′k) in G(û, ŷ) converging to ẑ. This contradicts the fact that ẑ is an isolated point

of G(û, ŷ). Thus, (uk,yk,zk)
gphG−→ (û, ŷ, ẑ) if and only if (uk,yk,zk)

gphV−→ (û, ŷ, ẑ). By the definition
of regular coderivative, we have that, for any z∗ ∈ Rn, D̂∗V (û, ŷ, ẑ)(z∗) = D̂∗G(û, ŷ, ẑ)(z∗).

Now, for the above (uk,yk,zk), let (uki,yki,zki)→ (uk,yk,zk). We claim that (uki,yki,zki)
gphG−→

(uk,yk,zk) if and only if (uki,yki,zki)
gphV−→ (uk,yk,zk). If not, since (uk,yk,zk)→ (û, ŷ, ẑ), we can

choose a subsequence (uki(k)
,yki(k)

,zki(k)
) such that

(uki(k)
,yki(k)

,zki(k)
)→ (û, ŷ, ẑ)

and

(uki(k)
,yki(k)

,zki(k)
) ∈ gphG\gphV.

From the above proof, this is impossible. So, by the definitions of coderivatives, we directly
have D∗V (û, ŷ, ẑ)(z∗) = D∗G(û, ŷ, ẑ)(z∗). This completes the proof. �

Now it is easy to derive from Theorems 4.1 and 4.2 the corresponding results on coderivatives
and Aubin property of the solution mapping for the initial vector variational inequality problem
under consideration.

Theorem 4.3. Let û ∈ Rl , ŷ ∈ S(û), and 0 ∈V (û, ŷ). Suppose that all the assumptions of Propo-
sition 4.1 hold for ẑ = 0. Assume that the mapping M defined in (3.1) admits a local upper
Lipschitzian selection at (û, ŷ, 0̂, ŷ), the qualification condition (3.2) holds, and K and V are lo-
cally closed-graph around (û, ŷ) and (û, ŷ,0), respectively. Moreover, suppose that the following
conditions hold:

(a):

(u∗,F(û, ŷ)T z∗) ∈ D∗F(û, ŷ)(0)
−u∗ ∈ D∗K(û, ŷ)(F(û, ŷ)T z∗)

}
⇒ z∗ = 0; (4.8)

(b): for any z∗ ∈ Rn,

(D∗F(û, ŷ)(0)+(D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗))∩ (−N((û, ŷ),gphK)\{0}) = /0; (4.9)

(c): K is regular at (û, ŷ), and F is local upper Lipschitzian and regular at (û, ŷ).

Then S is regular at (û, ŷ) and, for any y∗ ∈ Rm,

D∗S(û, ŷ)(y∗) = {u∗ ∈U∗|∃z∗such that (u∗,−y∗) ∈ D∗F(û, ŷ)(0)

+(D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗)+N((û, ŷ),gphK)}.
(4.10)

If condition (4.8) is replaced by

(u∗,0) ∈ D∗F(û, ŷ)(0)+(D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗)+N((û, ŷ),gphK)

⇒ u∗ = z∗ = 0,
(4.11)
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then S is regular at (û, ŷ) and admits the Aubin property around (û, ŷ) with the exact bound
formula

lipS(û, ŷ) = sup{‖u∗‖ | ∃z∗such that (u∗,−y∗) ∈ D∗F(û, ŷ)(0)

+(D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗)+N((û, ŷ),gphK),‖y∗‖ ≤ 1}.
(4.12)

Proof. It is obvious that all conditions of Theorem 3.1 and Proposition 4.1 hold. Furthermore,
since F(û, ŷ) has full column rank, we have 0 ∈ V (û, ŷ) only when x̂ = ŷ. So, V is regular at
(û, ŷ,0) and, for any z∗ ∈ Rn,

D∗V (û, ŷ, ẑ)(z∗) = D∗F(û, ŷ)(0)+(D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗).

Using the above formula, we can easily check that qualifications (4.8) and (4.9) are equivalent to
(4.1) and (4.2), respectively. By Theorem 4.1, S is regular at (û, ŷ) and (4.10) holds. Evidently,
by the formula of D∗V , (4.11) is equivalent to (4.7). Theorem 4.2 ensures that S is regular at
(û, ŷ) and admits the Aubin property around (û, ŷ) with the exact bound formula (4.12). This
completes the proof. �

Corollary 4.1. Let û ∈ Rl , ŷ ∈ S(û), and 0 ∈ V (û, ŷ). Suppose that all the assumptions of
Proposition 4.1 hold for ẑ = 0. Assume that the mapping M defined in (3.1) admits a local
upper Lipschitzian selection at (û, ŷ, 0̂, ŷ), qualification condition (3.2) holds, and K and V
are locally closed-graph around (û, ŷ) and (û, ŷ,0), respectively. Moreover, suppose that the
following conditions hold:

(a): for any z∗ ∈ Rn,(
D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗

)
∩ (−N((û, ŷ),gphK)\{0}) = /0;

(b): K is regular at (û, x̂), and F is strict differentiable at (û, ŷ).
Then S is regular at (û, ŷ) and, for any y∗ ∈ Rm,

D∗S(û, ŷ)(y∗) =
{

u∗ ∈U∗|∃z∗such that (u∗,−y∗) ∈ (D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗)

+N((û, ŷ),gphK)
}
.

In addition, if

(u∗,0) ∈ (D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗)+N((û, ŷ),gphK)⇒ u∗ = z∗ = 0,

then S is regular at (û, ŷ) and admits the Aubin property around (û, ŷ) with the exact bound
formula

lipS(û, ŷ) = sup
{
‖u∗‖ | ∃z∗such that (u∗,−y∗) ∈

(
D∗K(û, ŷ)(F(û, ŷ)T z∗),−F(û, ŷ)T z∗

)
+N((û, ŷ),gphK),‖y∗‖ ≤ 1

}
.

Proof. Observe that F is strict differentiable at (û, ŷ). By Proposition 2.1, F is regular at (û, ŷ)
and D∗F(û, ŷ)(z∗) = (∇uF(û, ŷ)T z∗,∇yF(û, ŷ)T z∗). So qualification conditions (3.2) and (4.8)
hold. The result directly follows Corollary 3.2 and Theorem 4.3. �
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