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Abstract. In this paper, we study the Cauchy problem for a semilinear fractional order differential
inclusion with a nonconvex-valued almost lower semicontinuous nonlinearity and a linear closed operator
generating a Cyp-semigroup in a separable Banach space. By using the fixed point theory for condensing
maps, we prove the local and global theorems of the existence of a mild solution to this problem.
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1. INTRODUCTION

Recently, the theory of differential equations of fractional order has attracted the attention of
a number of researchers thanks to its numerous applications in mathematical physics, engineer-
ing, economics, ecology and other branches of natural sciences (see, e.g., [1, 2, 3, 4, 5] and the
references therein). Various approaches to the solvability of differential equations and inclu-
sions of a fractional order g € (0, 1) have been developed. The Cauchy type problems for dif-
ferential equations of fractional order g € (0, 1) were solved in [6, 7, 8, 9, 10, 11], devoted to the
study of trajectories of differential inclusions of fractional order g € (0, 1) obeying generalized
boundary conditions expressed in the form of operator inclusions. In [12, 13, 14, 15, 16], the
solvability of periodic boundary value problems for fractional differential inclusions were stud-
ied, and the corresponding results for antiperiodic problems are presented in [17, 18, 19, 20].
Approximations for solutions of fractional differential equations and inclusions were described
in [21, 22, 23, 24].

In this paper, we consider the Cauchy problem for a semilinear fractional differential inclu-
sion in a separable Banach space E of the following form:

“Dix(t) € Ax(t) + F(t,x(1)), t € [0, T], (1.1)
x(0) = xo, (1.2)
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where D7, 0 < g < 1, is the Caputo fractional derivative, F : [0,T] x E —o E is an almost lower
semicontinuous multivalued map, A : D(A) C E — E is a linear closed, not necessarily bounded,
operator in E, and xg € E. By using the fixed point theory for condensing maps, we prove the
local and global theorems on the existence of a mild solution to problem (1.1) - (1.2).

2. PRELIMINARIES

2.1. Fractional integral and derivative.

Definition 2.1. (See, e.g., [4] and [3]). The fractional integral of order ¢ € (0, 1) of a function
g € L'([0,T];E) is the function I{g of the following form:

t
Iig(t) = o [ (=97 al)ds,
where I' is Euler’s gamma-function
I'(qg)= / xi~te ¥ dx.
0

Definition 2.2. The Caputo fractional derivative of the order ¢ € (N — 1,N] of a function g €
CN([0,T];E) is the function “D{g of the following form:

Dsle) = =y [, (=" eV 5.

2.2. Multivalued maps. Let us recall some concepts (see, for example, [25] and [26]).
Let & be a Banach space. Introduce the following notation:
e P(&)={A C &:A+ o} denotes the collection of all non-empty subsets of &;
e Ph(&)={A € P(&):Aisbounded};
o Pv(&)={A € P(&):Aisconvex};
e C(&)={AcP(&):Aisclosed};
e K(&)={A € P(&):Aiscompact};
e Kv(&)={Pv(&)NK(&)} denotes the collection of all non-empty compact and convex
subsets of &.

Definition 2.3. [27] Let (<7, >) be a partially ordered set. A function 3 : Pb(&) — < is called
the measure of noncompactness (MNC) in & if and only if, for each Q € Pb(&),

B(coQ) = B(Q),
where co Q denotes the closure of the convex hull of Q.

A measure of noncompactness f is said to be:

1) monotone if, for each Qg,Q; € Pb(&) with Qy C Qp, B(Qo) < B(Q1).
2) nonsingular if, for each a € E and each Q € Pb(&), B({a} UQ) = B(Q).

If o7 is a cone in a Banach space, the MNC f is said to be:

3) regular, if B(Q) = 0 is equivalent to the relative compactness of Q € Pb(&);
4) real if o7 is the set of all real numbers R with the natural ordering.
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As the example of a real MNC obeying all above properties, we can consider the Hausdorff
MNC x(Q):
x(Q) = inf{e > 0,for which Q has a finite €-netin & }.
Notice that the Hausdorftf MNC satisfies the semi-homogeneity condition, i.e.:

x(AQ) =[A[x(Q),
for each A € R and each Q € Pb(&).

Foraset M C &, define |M|| = sup,, ||x|| o - Let X be a metric space, and let Y be a normed
space.

Definition 2.4. A multivalued map (multimap) .% : X — P(Y) is said to be lower semicontinu-
ous (L.s.c.) at a point x € X if, for every open set V C Y such that .% (x) NV # 0, there exists a
neighborhood U (x) of x such that .Z (x') NV # 0 for all X’ € U(x).

A multimap is lower semicontinuous (l.s.c.) if it is lower semicontinuous at every point x € X .

Definition 2.5. A multimap .% : [0,T] x X — K (Y) is said to be almost lower semicontinuous
(a.ls.c.) if there exists a sequence of disjoint compact sets I, C [0, 7] such that

(i) meas([0,T)\ 1) =0, where I = U,I,;
(ii) the restriction of .% on each set J,, =1, X Y is Ls.c..

Definition 2.6. A multimap .% : X — P (Y) is called closed if its graph Gz = {(x,y) :x € X,y €
Z(x)} is a closed subset of X x Y.

Definition 2.7. A continuous map f : X C & — & is called condensing with respect to a MNC
B (or B—condensing) if for each bounded set Q C X which is not relatively compact,

B(f(Q)) Z B(Q).

In the sequel we need the following Sadovskii type theorem (see [25] and [27]).

Theorem 2.1. Let .# be a convex closed bounded subset of & and [ : M — M be a B—
condensing map, where 3 is a monotone nonsingular MNC in & . Then the fixed point set Fix f
is non-empty.

2.3. Measurable multifunctions. Recall some notions (see, e.g., [25] and [26]). Let E be a
separable Banach space.

Definition 2.8. For a given p > 1, a multifunction G : [0,T] — K(E) is said to be:

e [P—integrable if it admits an L”—Bochner integrable selection, i.e., there exists a function
g € L?([0,T];E) such that g(¢) € G(¢) for a.e. t € [0,T];
e LP—integrably bounded if there exists a function & € LP(]0,T]) such that

IG@) <& (@)
fora.e. r € [0,T].
The set of all LP—integrable selections of a multifunction G : [0,T] — K(E) is denoted by
FL.
A multifunction G : [0,T] — K(E) is called measurable if, for every open subset V C E,
the set G~1(V) is Lebesgue measurable. Every multimap .% : [0,T] x E — K (E) generates a
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correspondence assigning to every function ¢ : [0,7] — E the multifunction ® : [0,T] — P(E)
defined by the formula

D(1) = F(t,4(1)).
If, for every measurable function ¢, the multifunction & is measurable, then a multimap .# is
called superpositionally measurable.

Lemma 2.1. (see [25] and [26]) If a multimap % : [0,T]| x E — P(E) is a.ls.c., then it is
superpositionally measurable.

Lemma 2.2. (see [25], Theorem 4.2.1) Let a sequence of functions {&,} € L'([0,T];E) be
L'—integrably bounded. Suppose that

x({Gn} (1) <a(t) aerel0T],

foralln=1,2,..., where o € L1 ([0, T]). Then, for every § > 0, there exist a compact set K5 C
E, a set ms C [0,T] of a Lebesgue measure ms < 8, and a set of functions Gs C L' ([0, T];E)
with values in Kg, such that, for every n > 1, there exists a function b, € Gg for which

1Gn (1) = ba(®) || < 20(1) +6, 1 €0, T]\ms.

Moreover, the sequence {b,} may be chosen so that b, =0 on mg and this sequence is weakly
compact.

3. MAIN RESULTS

Let E is a separable Banach space and a multimap F : [0,T] x E — K(E) be such that:
(F1) F:[0,T] xE — K(E) is a.l.s.c;
(F2) for each r > 0, there exists a function @, € L([0,T]) such that, for each x € E with
x| <7,
1F (2, x)]| < @(7)
fora.e.t€[0,7T];
(F3) there exists a function u € L*(]0,7]) such that, for each bounded set Q C E,

X(F(t,0)) < u(t)x(Q),
for a.e. t € [0,T], where ¥ is the Hausdorff MNC in E.
On a linear operator A, we pose the following condition:
(A) A:D(A) CE — Eis alinear closed operator in E generating a Co—semigroup {U (¢) },~¢-
Denote M = sup{||U(¢)||;t € [0;T]}.
For x € C([0,7];E),0 < 7 < T, consider the multifunction:

®p: [0,7] —» K(E), Dp(t) = F(t,x(t)).

From above conditions (F1) — (F2) and Lemma 2.1, it follows that the multifunction ®F is
measurable and LP—integrable for each p > 1. Then, the superposition multioperator &7y :
C([0,7];E) — L=(]0,7];E) given as:

PE(X) = L

is well defined.
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Definition 3.1. A mild solution of Cauchy problem (1.1) - (1.2) on an interval [0,7], T € (0,T]
is a function x € C([0, 7]; E), which can be represented as:

x(t) =9 (t)xo+ /Ot(t — )97 LT (t — )0 (s)ds, t€[0,1],
where ¢ € ??( ),
/ £,(0)U(198)d q/ 0Z,(0)U (176)d6

&q(0) = $9_1_"‘Pq(91/"),
and

l & r 1
v, (0)= p Z (—1)"_19_4”_1%sin(n7rq),6 eR™.
n=1 :

Remark 3.1. [9] &,(8) > 0, [5°&,(0)d6 = 1,and 57 0&,(0)d0 = 5.

Lemma 3.1. [9] The operator functions 4 and 7 possess the following properties:
1) for each t € [0,T), 9(t) and 7 (t) are linear bounded operators. More precisely, for

eachx € E,
19 (1)xl|p < M|x]|g (3.1)
and I
q
< —— ; 2
1763l < gy gy Wl (.2

2) the operator functions 9 (-) and 7 (-) are strongly continuous, i.e. functionst € [0,T] —
G(t)xandt € [0,T] — 7 (t)x are continuous for each x € E.

To search for mild solutions of problem (1.1) - (1.2), consider the map
S:L7(]0,7];E) — C([0,T];E),
and

SO0 = [ (=57 T (1= )0(5)ds.

Lemma 3.2. [6] The operator S obeys the following properties:
(S1) if é < p < oo, then there exists a constant C > 0 such that

ISE) O -SmWIE < [ e -ne)lgds,  &nerr(odE)

E
(S2) for each compact set K C E and bounded sequence {n,} C L([0,7];E) such that
{(Ma(t)} C K for ae. t€[0,1], the weak convergence 1, — N in L'([0,7);E) implies the
convergence S(Ny) — S(No) in C([0,T];E).

Consider the multioperator G : C([0, t];E) —o C([0, T]; E), given in the following way:
G(x) =go+SoZF(x),  1€[01],
where the function go(7) = ¥ (¢)xo.
It is clear that a function x € C([0,7];E) is a mild solution of problem (1.1) - (1.2) on the

interval [0, 7] if it is a fixed point x € G(x) of the multioperator G.
We need the following notion and results.



190 V. OBUKHOVSKII, G. PETROSYAN, C.-F. WEN, V. BOCHAROV

Definition 3.2. (see [28] and [25], Definition 5.5.1) A non-empty subset .# C L?([0,t];E),p >
1, is said to be decomposable if for every f,g € .# and each measurable subset m in [0, T] :

J - Km+8 Ko,\m € A,
where K is a characteristic function of a set.

It is clear that the superposition multioperator &7 has closed and decomposable values, and
moreover it is 1.s.c. (see [25, Section 5.5], or [26, Theorem 1.5.36]).

The collection of all non-empty closed decomposable subsets of the space L” ([0, 7]; E) will
be denoted by D(L?([0, 7];E)). The following analogue of the Michael selection theorem which
is due to Fryszkowski—Bressan—Colombo holds true (see [28] and [29]).

Lemma 3.3. Let X be a separable metric space. Then each lower semicontinuous multimap
F : X — D(L'([0,7];E)) admits a continuous selection.

Applying the last result to the multimap &77, we see that it has a continuous selection p :
C([0,7];E) — L=(]0,7];E). Then amap g : C([0,7];E) — C(]0,7];E)

{0 =IO+ [ (1= T (1= 5)p(x)s)ds

is a continuous selection of the multimap G and its fixed points Fixg C FixG. Therefore, it is
sufficient to prove the existence of fixed points of map g.

Lemma 3.4. Let Q C C([0,7];E) be a non-empty set and Q(t) be a relatively compact subset
of E for eacht € [0,1]. Then a set of functions

{(Sop)(Q) = /Ot(t — )9 T (t—s)p(x)(s)ds:x € Q}
is equicontinuous.

Proof. Let us fix € > 0. If we take 1,1, € [0, 7] such that 0 < t; <1, <t < T, then, for arbitrary

fepQ),
S(f)(2) =S(f) (1)

E
< | [* =9 7 sy o) [ (0= 7 01— )
E
< 2 (th— )"V T (1 —5) f(s)ds
Jy ot 7 st
+ /otl ((tz—s)‘lflﬂ(tz—s)—(fl —S)qily(tl _s>> fls)ds
=7Z1+72,, E

where
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and

7=

1
‘ / <(t2 ) Tt —s)— (11— ) T (1 — s)) £(s)ds
0
E
By using Lemma 3.1 and condition (F2), we can take 6; > 0 such that the condition |, —#;| <
o) for f € p(Q) implies the following estimate:
gM || 0, .., (2 —11)7

)
7 < <=
'"“TO+q ¢ 6

To estimate Z,, we choose

01+ ) Jé

d =
<% [Mw%mewu

Then, fort; <dandt, — ) <d,
t 5]
Zzé/o (lz—S)q_lllf(tz—S)ll-IIf(S)IIdSvL/0 (1 =) T (11 =) - 1£(5)l|ds

sK%r@%w9@_wwﬂmm+£%_wWW9m—MWﬂmw
< Ml
~ I(1+q)

For t; > d, we have

(ﬂ+nﬂ<g

Z <

t —d
%; QQ-«ﬁ—hﬁag—g-mn—qﬁ—h7al—@)f@ym

E

+ /th ) ((tz—s)qfl T (th—s)— (1 —s)‘lfl T (1 —s)) f(s)ds
g E
=1 +D,
where
I = | /On_d ((tz—s)cI—l T (ta—s)— (1 —s)q—l T (n —s)) f(s)ds|| ,
E
and

L= liﬂm-gqR?@—w—orwﬂlfarﬂﬁﬂ”“

Take a small d such that

M@y |, d7(2+27) €
L < —.
I'(l+gq) 6
Since Q(¢) is a relatively compact set for each ¢ € [0, 7|, we have that yg (Q(¢)) = 0. By Lemma
2.2 for every 63 > 0, there exist a compact set K5, C E, a set mg, C [0, 7] of Lebesgue’s measure

mes(mg,) < &3, and a set of functions A C L' ([0, 7]; E) with values in K, such that there exists
a function b € A for which

17 () =b(@)llg < 83,1 € [0, 7]\ ms,. (3.3)
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Moreover, the function b € A may be chosen so that b(t) = 0 on ms, and the set A is weakly
compact in L! ([0, 7]; E). Then, for I}, the following estimate holds:

ne| [ (1097 7 09— (-9 T (1)) (£5)~ bls) + () ds

E

IN

t1—d
| (=9 T (=9 = (1= 7 (1=5)) ((5) = bl))ds

E

N /Oll—d ((t2 _S)q—l T (tz —S) — (tl —S)q_l T (11 —S)> b(s)ds

E

= /[m a\ ((0=9)"" T (—5)= (1 =5)""" 7 (11 = 5)) (F(s) ~ b(s)) ds
P O m53 .
" /[Or d)ims, ((t2 =) T (—s) = (1 —9)"" T (1 —s)) (f(s)—b(s))ds
st —d|Nm i
" /[Ot d)\ <(t2 =) T (—s) = (=5 T (1 —s)) b(s)ds
L m53 .
- /[o,rl—dmn% ((tz—s)q—ly(tz—s)—(n e —s)) b(s)ds )
B H /[0, a\ (=9 T (=5) = (=) 7 (11 =5)) ((s) ~ b(s)) ds
P O m53 .
" /[Ot d)ms, <(t2 =) T (2 —s) = (1 —5)"" T (1 —s)) (f(s)—b(s))ds
1 —d]nm, )
" /[Or d)\ <(t2 —)" T (=)= (-9 T (1 —s)> b(s)ds
ti—d]\ms, i
= N1+ Ny + N3,
where
M= /[Oz d)\ ((tz_s)qily(tz_s)—(l‘l—S)qfly(fl—s)) (f(s)—b(s))ds|| ,
LS m53 .
M= g (=977 =)= (1= 7 (1 =9) (10) = bls)ds |
JD1—d]Nmg, i

and

NF‘

/ (="' T (0 =5)~ (11 =5)7"" T (1~ 5)) bls)ds
(0,11 —=d]\ms,

E
By using (3.3), we may find small 83 > 0 so that mes(mg,) < 25d' 4 yields Ny < £, and N, < £.
Recall that the functions from A take their values in K, that implies A C L*([0, 7];E). Then by
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using Lemma 3.2, we can choose 8, > 0 such that |t —#;| < &4 yields N3 < £. So, for each
€ > 0, we may choose 8§ = min{d;, 8, 03,04} such that
S () -S| <z+z<zi+n+1
E

<Zi+L+N +Ny+ N3

<ELELELELELE
6 6 6 6 6 6

for each f € p(Q) and |r, — 11| < 3, i.e., the set (So p)(Q) is equicontinuous. O

Now, let us consider the conditions under which the operator g is condensing. Introduce in
the space C([0, 7]; E) the measure of noncompactness

v Pb(C([0,7];E)) — R
with the values in the cone R2 defined as

v(Q) = (9(Q),modc(Q)),
where ¢(Q) is the module of fiber noncompactness

¢(Q) = sup x({y(t):y€Q})

1€0,7]
and the second component is the equicontinuity module which is given as

mod~(Q) = lim sup max ()|l
c(@ = limsup max [5(1)~y(e)|

It is known (see [25]) that the MNC v is monotone, nonsingular, algebraically semiadditive,
and regular.
We need the following assertion, which follows from [6].

Lemma 3.5. Let {f,}>_, be a bounded sequence in L*([0,1];E) such that

x{fn®)}) <v(t)aet €0,7],
where v € L7 (0,7T). Then

K H0D <22 [ =9t s
T TI(1+q) Jo '
Now, let us formulate the following condition under which the operator g is condensing.

Lemma 3.6. Under conditions (A), (F1) - (F3), and condition

©) = 2MT ]l < 1

the operator g is V-condensing.

Proof. Let Q C C([0,7]; E) be a nonempty bounded set, || Q|| < rg, and
v(g(Q)) = v(Q). (3.4)

We show that Q is a relatively compact set. It is clear that it is sufficient to prove the assertion
for map S o p. Since the MNC v is nonsingular we have

v((Sop)(Q)) = v(Q). (3.5)
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From (3.5), it follows that
?((Sop)(Q)) = ¢(Q). (3.6)
Applying regularity condition (F3), we have for 0 < s < 7 < T the following estimate:
xe(p(Q)(s)) = xe({f(s) : f € p(Q)}) < u(s) xe({x(s) : x € Q}) < u(s)p(Q).

Now, by using this estimate and Lemma 3.5, we obtain

t
e (5op)(@0) < s [ =5 w65 9(@) < i - 9().

Hence

¢ ((Sop)(Q)) <l9(Q), 3.7)
with /[ < 1. Comparing inequalities (3.6) and (3.7), we have

¢(Q) =0.
Now, from (3.5) we have
modc((So p)(Q)) > modc(Q). (3.8)

From Lemma 3.4, we know that the set (So p)(Q) is equlcontlnuous and then

modc((So p)(Q)) =
It follows that modc(Q) = 0. Therefore, v(Q) = (0,0). We conclude that Q is relatively com-
pact set, which yields that the operator g is condensing w.r.t. the MNC v. 0

Now we can prove the local existence theorem for Cauchy problem (1.1) - (1.2).

Theorem 3.1. Under conditions (A), (F1)— (F3), there exists T € (0,T] such that the set of
mild solutions of Cauchy problem (1.1) - (1.2) Zz) [0, 7] on the interval [0,7] is a non-empty
subset of the space C([0,T];E).

Proof. Take a number r > 0. Since the family of operators ¢(¢) is equicontinuous, we may
choose 0 < 71 < T such that

1(¢4(r) —94(0))xo0||p < r/2forallz € [0,7]. (3.9)
Let B,(4(0)xp) C E be a closed ball and R = ||4(0)xo||; + . Take 7, € (0, T] such that
M || og]|.. 5
PR ). 3.10
I(14+q) — r/ G-10)

where M is the constant from condition (A), and @g is the function from condition (F2).

From Lemma 3.6, we know that the operator g is v-condensing. Take T = min (7, ;) and
consider the ball B,(x°) ¢ C([0,7];E), where x° is the function identically equal to % (0)xg
We show that the operator g transforms the ball B,(x") into itself. In fact, if x € B,(x"), then
1xllc(0,2,£) < R for all 7 € [0, 7]. From condition (F2), we have

IfOlg < wr(t), ae.t€]0,1],
for f = p(x).
Now, for y = g(x), we have

y(t) =9 (t)x0+ /0[ (t =) T (t —5)f(s)ds.
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By using (3.9), (3.10), and Lemma 3.1, we have the following estimate:

I5(0) ~0lle < 19 6) =9 O))oll + [ (=517 =)y £ s
<0 ~F )0l + L= <2 r2 <

from which it follows that y € B,(x°). Now we can apply Theorem 2.1. 0
Now, let us prove the global existence result.
Theorem 3.2. Under conditions (A), (F1), and (F3), suppose that condition (F'2) has the

following form:
(F'2) there exists a function a € L% ([0,T]) such that

1F (.0l < () (1+[|1x(1)|[£) for a.e.t € [0,T].

If
2MT4

I'(1+¢q)
where k = max {|| ||, ||1||..}, and functions @ and p are from conditions (F'2) and (F3),
respectively, then problem (1.1) - (1.2) has a mild solution.

k<1,

Proof. Taking an arbitrary x € C([0,T];E), we have for ¢ € [0, T] the following estimate:
t
e @)l < 1% (@)l +/O (=) T (1 =)l ) lP () (5) | g ds

<Ml + 7 gy ) 69 @O0+ ) )

r(1+
Mq||at]..
<Mlolls + 5 4 o /O $)1° 1ds+/ )47 |x(s) | p ds
| Mq|a].. T Mq||a.. T
<Mlxole+Fig s o T TN

<a+c|xllcqor:e) -

where
M| |, TY B 2MT4

,C= k.
['(1+gq) I'(1+q)
So, if we take R > 1%, then the inequality ||x||c([0’T];E) < R implies [|g(x) ||C([07T];E) < R. There-

a=M |xol[z+

fore, the operator g transforms the closed ball Bg(0) C C([0,T]; E) into itself. Now, since g is
condensing, by Theorem 2.1, it has a fixed point, which is a mild solution of problem (1.1) -
(1.2). 0]
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