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Abstract. In this paper, we study the Cauchy problem for a semilinear fractional order differential
inclusion with a nonconvex-valued almost lower semicontinuous nonlinearity and a linear closed operator
generating a C0-semigroup in a separable Banach space. By using the fixed point theory for condensing
maps, we prove the local and global theorems of the existence of a mild solution to this problem.
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1. INTRODUCTION

Recently, the theory of differential equations of fractional order has attracted the attention of
a number of researchers thanks to its numerous applications in mathematical physics, engineer-
ing, economics, ecology and other branches of natural sciences (see, e.g., [1, 2, 3, 4, 5] and the
references therein). Various approaches to the solvability of differential equations and inclu-
sions of a fractional order q ∈ (0,1) have been developed. The Cauchy type problems for dif-
ferential equations of fractional order q∈ (0,1) were solved in [6, 7, 8, 9, 10, 11], devoted to the
study of trajectories of differential inclusions of fractional order q ∈ (0,1) obeying generalized
boundary conditions expressed in the form of operator inclusions. In [12, 13, 14, 15, 16], the
solvability of periodic boundary value problems for fractional differential inclusions were stud-
ied, and the corresponding results for antiperiodic problems are presented in [17, 18, 19, 20].
Approximations for solutions of fractional differential equations and inclusions were described
in [21, 22, 23, 24].

In this paper, we consider the Cauchy problem for a semilinear fractional differential inclu-
sion in a separable Banach space E of the following form:

CDq
0x(t) ∈ Ax(t)+F(t,x(t)), t ∈ [0,T ], (1.1)

x(0) = x0, (1.2)
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where CDq, 0 < q < 1, is the Caputo fractional derivative, F : [0,T ]×E( E is an almost lower
semicontinuous multivalued map, A : D(A)⊂E→ E is a linear closed, not necessarily bounded,
operator in E, and x0 ∈ E. By using the fixed point theory for condensing maps, we prove the
local and global theorems on the existence of a mild solution to problem (1.1) - (1.2).

2. PRELIMINARIES

2.1. Fractional integral and derivative.

Definition 2.1. (See, e.g., [4] and [3]). The fractional integral of order q ∈ (0,1) of a function
g ∈ L1([0,T ];E) is the function Iq

0 g of the following form:

Iq
0 g(t) =

1
Γ(q)

∫ t

0
(t− s)q−1g(s)ds,

where Γ is Euler’s gamma-function

Γ(q) =
∫

∞

0
xq−1e−xdx.

Definition 2.2. The Caputo fractional derivative of the order q ∈ (N− 1,N] of a function g ∈
CN([0,T ];E) is the function CDq

0g of the following form:

CDq
0g(t) =

1
Γ(N−q)

∫ t

0
(t− s)N−q−1g(N)(s)ds.

2.2. Multivalued maps. Let us recall some concepts (see, for example, [25] and [26]).
Let E be a Banach space. Introduce the following notation:

• P(E ) = {A⊆ E : A 6=∅} denotes the collection of all non-empty subsets of E ;
• Pb(E ) = {A ∈ P(E ) : A is bounded} ;
• Pv(E ) = {A ∈ P(E ) : A is convex} ;
• C(E ) = {A ∈ P(E ) : A is closed} ;
• K(E ) = {A ∈ P(E ) : A is compact} ;
• Kv(E ) = {Pv(E )∩K(E )} denotes the collection of all non-empty compact and convex

subsets of E .

Definition 2.3. [27] Let (A ,≥) be a partially ordered set. A function β : Pb(E )→A is called
the measure of noncompactness (MNC) in E if and only if, for each Ω ∈ Pb(E ),

β (coΩ) = β (Ω),

where coΩ denotes the closure of the convex hull of Ω.

A measure of noncompactness β is said to be:

1) monotone if, for each Ω0,Ω1 ∈ Pb(E ) with Ω0 ⊆Ω1, β (Ω0)≤ β (Ω1).
2) nonsingular if, for each a ∈ E and each Ω ∈ Pb(E ), β ({a}∪Ω) = β (Ω).

If A is a cone in a Banach space, the MNC β is said to be:

3) regular, if β (Ω) = 0 is equivalent to the relative compactness of Ω ∈ Pb(E );
4) real if A is the set of all real numbers R with the natural ordering.
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As the example of a real MNC obeying all above properties, we can consider the Hausdorff
MNC χ(Ω):

χ(Ω) = inf{ε > 0, for which Ω has a finite ε-net in E }.
Notice that the Hausdorff MNC satisfies the semi-homogeneity condition, i.e.:

χ(λΩ) = |λ |χ(Ω),

for each λ ∈ R and each Ω ∈ Pb(E ).
For a set M ⊂ E , define ‖M‖= supx∈M ‖x‖E . Let X be a metric space, and let Y be a normed

space.

Definition 2.4. A multivalued map (multimap) F : X → P(Y ) is said to be lower semicontinu-
ous (l.s.c.) at a point x ∈ X if, for every open set V ⊂ Y such that F (x)∩V 6= /0, there exists a
neighborhood U(x) of x such that F (x′)∩V 6= /0 for all x′ ∈U(x).

A multimap is lower semicontinuous (l.s.c.) if it is lower semicontinuous at every point x∈X .

Definition 2.5. A multimap F : [0,T ]×X → K (Y ) is said to be almost lower semicontinuous
(a.l.s.c.) if there exists a sequence of disjoint compact sets In ⊆ [0,T ] such that

(i) meas([0,T ]\ I) = 0, where I = ∪nIn;
(ii) the restriction of F on each set Jn = In×Y is l.s.c..

Definition 2.6. A multimap F : X→ P(Y ) is called closed if its graph GF = {(x,y) : x∈ X ,y∈
F (x)} is a closed subset of X×Y.

Definition 2.7. A continuous map f : X ⊆ E → E is called condensing with respect to a MNC
β (or β–condensing) if for each bounded set Ω⊆ X which is not relatively compact,

β ( f (Ω)) 6≥ β (Ω).

In the sequel we need the following Sadovskii type theorem (see [25] and [27]).

Theorem 2.1. Let M be a convex closed bounded subset of E and f : M →M be a β–
condensing map, where β is a monotone nonsingular MNC in E . Then the fixed point set Fix f
is non-empty.

2.3. Measurable multifunctions. Recall some notions (see, e.g., [25] and [26]). Let E be a
separable Banach space.

Definition 2.8. For a given p≥ 1, a multifunction G : [0,T ]→ K(E) is said to be:
• Lp–integrable if it admits an Lp–Bochner integrable selection, i.e., there exists a function

g ∈ Lp ([0,T ];E) such that g(t) ∈ G(t) for a.e. t ∈ [0,T ];
• Lp–integrably bounded if there exists a function ξ ∈ Lp([0,T ]) such that

‖G(t)‖ ≤ ξ (t)

for a.e. t ∈ [0,T ].

The set of all Lp–integrable selections of a multifunction G : [0,T ]→ K(E) is denoted by
S p

G .
A multifunction G : [0,T ]→ K(E) is called measurable if, for every open subset V ⊂ E,

the set G−1(V ) is Lebesgue measurable. Every multimap F : [0,T ]×E → K (E) generates a
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correspondence assigning to every function q : [0,T ]→ E the multifunction Φ : [0,T ]→ P(E)
defined by the formula

Φ(t) = F (t,q(t)).

If, for every measurable function q, the multifunction Φ is measurable, then a multimap F is
called superpositionally measurable.

Lemma 2.1. (see [25] and [26]) If a multimap F : [0,T ]× E → P(E) is a.l.s.c., then it is
superpositionally measurable.

Lemma 2.2. (see [25], Theorem 4.2.1) Let a sequence of functions {ξn} ⊂ L1([0,T ];E) be
L1–integrably bounded. Suppose that

χ({ξn}(t))≤ α(t) a.e. t ∈ [0,T ],

for all n = 1,2, ..., where α ∈ L1
+([0,T ]). Then, for every δ > 0, there exist a compact set Kδ ⊂

E, a set mδ ⊂ [0,T ] of a Lebesgue measure mδ < δ , and a set of functions Gδ ⊂ L1([0,T ];E)
with values in Kδ , such that, for every n≥ 1, there exists a function bn ∈ Gδ for which

‖ξn(t)−bn(t)‖E ≤ 2α(t)+δ , t ∈ [0,T ]\mδ .

Moreover, the sequence {bn} may be chosen so that bn ≡ 0 on mδ and this sequence is weakly
compact.

3. MAIN RESULTS

Let E is a separable Banach space and a multimap F : [0,T ]×E→ K(E) be such that:
(F1) F : [0,T ]×E→ K(E) is a.l.s.c.;
(F2) for each r > 0, there exists a function ωr ∈ L∞([0,T ]) such that, for each x ∈ E with

‖x‖ ≤ r,
‖F(t,x)‖ ≤ ωr(t)

for a.e. t ∈ [0,T ];
(F3) there exists a function µ ∈ L∞([0,T ]) such that, for each bounded set Q⊂ E,

χ(F(t,Q))≤ µ(t)χ(Q),

for a.e. t ∈ [0,T ], where χ is the Hausdorff MNC in E.
On a linear operator A, we pose the following condition:
(A) A : D(A)⊂E→E is a linear closed operator in E generating a C0–semigroup {U(t)}t≥0.

Denote M = sup{‖U(t)‖ ; t ∈ [0;T ]} .
For x ∈C([0,τ];E),0 < τ ≤ T, consider the multifunction:

ΦF : [0,τ]→ K(E), ΦF(t) = F(t,x(t)).

From above conditions (F1)− (F2) and Lemma 2.1, it follows that the multifunction ΦF is
measurable and Lp–integrable for each p ≥ 1. Then, the superposition multioperator P∞

F :
C([0,τ];E)( L∞([0,τ];E) given as:

P∞
F (x) = S ∞

ΦF
,

is well defined.
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Definition 3.1. A mild solution of Cauchy problem (1.1) - (1.2) on an interval [0,τ], τ ∈ (0,T ]
is a function x ∈C([0,τ];E), which can be represented as:

x(t) = G (t)x0 +
∫ t

0
(t− s)q−1T (t− s)φ(s)ds, t ∈ [0,τ],

where φ ∈P∞
F (x),

G (t) =
∫

∞

0
ξq(θ)U(tq

θ)dθ , T (t) = q
∫

∞

0
θξq(θ)U(tq

θ)dθ ,

ξq(θ) =
1
q

θ
−1− 1

q Ψq(θ
−1/q),

and

Ψq(θ) =
1
π

∞

∑
n=1

(−1)n−1
θ
−qn−1 Γ(nq+1)

n!
sin(nπq),θ ∈ R+.

Remark 3.1. [9] ξq (θ)≥ 0,
∫

∞

0 ξq (θ)dθ = 1, and
∫

∞

0 θξq (θ)dθ = 1
Γ(q+1) .

Lemma 3.1. [9] The operator functions G and T possess the following properties:
1) for each t ∈ [0,T ], G (t) and T (t) are linear bounded operators. More precisely, for

each x ∈ E,
‖G (t)x‖E ≤M ‖x‖E , (3.1)

and
‖T (t)x‖E ≤

qM
Γ(1+q)

‖x‖E ; (3.2)

2) the operator functions G (·) and T (·) are strongly continuous, i.e. functions t ∈ [0,T ]→
G (t)x and t ∈ [0,T ]→T (t)x are continuous for each x ∈ E.

To search for mild solutions of problem (1.1) - (1.2), consider the map

S : L∞([0,τ];E)→C([0,τ];E),

and
S(φ)(t) =

∫ t

0
(t− s)q−1T (t− s)φ(s)ds.

Lemma 3.2. [6] The operator S obeys the following properties:
(S1) if 1

q < p < ∞, then there exists a constant C > 0 such that

‖S(ξ )(t)−S(η)(t)‖p
E ≤Cp

∫ t

0
‖ξ (s)−η(s)‖p

E ds, ξ ,η ∈ Lp([0,τ];E);

(S2) for each compact set K ⊂ E and bounded sequence {ηn} ⊂ L∞([0,τ];E) such that
{ηn(t)} ⊂ K for a.e. t ∈ [0,τ], the weak convergence ηn ⇀ η0 in L1([0,τ];E) implies the
convergence S(ηn)→ S(η0) in C([0,τ];E).

Consider the multioperator G : C([0,τ];E)(C([0,τ];E), given in the following way:

G(x) = g0 +S◦P∞
F (x), t ∈ [0,τ],

where the function g0(t) = G (t)x0.
It is clear that a function x ∈ C([0,τ];E) is a mild solution of problem (1.1) - (1.2) on the

interval [0,τ] if it is a fixed point x ∈ G(x) of the multioperator G.
We need the following notion and results.
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Definition 3.2. (see [28] and [25], Definition 5.5.1) A non-empty subset M ⊂ Lp([0,τ];E), p≥
1, is said to be decomposable if for every f ,g ∈M and each measurable subset m in [0,τ] :

f ·κm +g ·κ[0,τ]\m ∈M ,

where κ is a characteristic function of a set.

It is clear that the superposition multioperator P∞
F has closed and decomposable values, and

moreover it is l.s.c. (see [25, Section 5.5], or [26, Theorem 1.5.36]).
The collection of all non-empty closed decomposable subsets of the space Lp([0,τ];E) will

be denoted by D(Lp([0,τ];E)). The following analogue of the Michael selection theorem which
is due to Fryszkowski–Bressan–Colombo holds true (see [28] and [29]).

Lemma 3.3. Let X be a separable metric space. Then each lower semicontinuous multimap
F : X → D(L1([0,τ];E)) admits a continuous selection.

Applying the last result to the multimap P∞
F , we see that it has a continuous selection p :

C([0,τ];E)→ L∞([0,τ];E). Then a map g : C([0,τ];E)→C([0,τ];E)

g(x)(t) = G (t)x0 +
∫ t

0
(t− s)q−1T (t− s)p(x)(s)ds

is a continuous selection of the multimap G and its fixed points Fixg ⊂ FixG. Therefore, it is
sufficient to prove the existence of fixed points of map g.

Lemma 3.4. Let Ω ⊂C([0,τ];E) be a non-empty set and Ω(t) be a relatively compact subset
of E for each t ∈ [0,τ]. Then a set of functions{

(S◦ p)(Ω) =
∫ t

0
(t− s)q−1T (t− s)p(x)(s)ds : x ∈Ω

}
is equicontinuous.

Proof. Let us fix ε > 0. If we take t1, t2 ∈ [0,τ] such that 0 < t1 < t2 ≤ τ ≤ T , then, for arbitrary
f ∈ p(Ω),∥∥∥∥∥S ( f )(t2)−S ( f )(t1)

∥∥∥∥∥
E

≤

∥∥∥∥∥
∫ t2

0
(t2− s)q−1 T (t2− s) f (s)ds−

∫ t1

0
(t1− s)q−1 T (t1− s) f (s)ds

∥∥∥∥∥
E

≤

∥∥∥∥∥
∫ t2

t1
(t2− s)q−1 T (t2− s) f (s)ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫ t1

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
f (s)ds

∥∥∥∥∥
E

= Z1 +Z2,

where

Z1 =

∥∥∥∥∥
∫ t2

t1
(t2− s)q−1 T (t2− s) f (s)ds

∥∥∥∥∥
E

,
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and

Z2 =

∥∥∥∥∥
∫ t1

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
f (s)ds

∥∥∥∥∥
E

.

By using Lemma 3.1 and condition (F2), we can take δ1 > 0 such that the condition |t2− t1|<
δ1 for f ∈ p(Ω) implies the following estimate:

Z1 ≤
qM ‖ωrΩ

‖
∞

Γ(1+q)
(t2− t1)q

q
<

ε

6
.

To estimate Z2, we choose

d < δ2 :=
[ ε

6Γ(1+q)
M ‖ωrΩ

‖
∞
(2q +1)

] 1
q

.

Then, for t1 < d and t2− t1 < d,

Z2 ≤
∫ t1

0
(t2− s)q−1‖T (t2− s)‖ · ‖ f (s)‖ds+

∫ t1

0
(t1− s)q−1‖T (t1− s)‖ · ‖ f (s)‖ds

≤
∫ t2

0
(t2− s)q−1‖T (t2− s)‖ · ‖ f (s)‖ds+

∫ t1

0
(t1− s)q−1‖T (t1− s)‖ · ‖ f (s)‖ds

≤
M ‖ωrΩ

‖
∞

Γ(1+q)
(2q +1)dq <

ε

6
.

For t1 > d, we have

Z2 ≤

∥∥∥∥∥
∫ t1−d

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
f (s)ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫ t1

t1−d

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
f (s)ds

∥∥∥∥∥
E

= I1 + I2,

where

I1 =

∥∥∥∥∥
∫ t1−d

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
f (s)ds

∥∥∥∥∥
E

,

and

I2 =

∥∥∥∥∥
∫ t1

t1−d

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
f (s)ds

∥∥∥∥∥
E

.

Take a small d such that

I2 ≤
M ‖ωrΩ

‖
∞

dq (2+2q)

Γ(1+q)
<

ε

6
.

Since Ω(t) is a relatively compact set for each t ∈ [0,τ], we have that χE (Ω(t))≡ 0. By Lemma
2.2 for every δ3 > 0, there exist a compact set Kδ3 ⊂ E, a set mδ3 ⊆ [0,τ] of Lebesgue’s measure
mes(mδ3)< δ3, and a set of functions ∆⊂ L1([0,τ];E) with values in Kδ3 such that there exists
a function b ∈ ∆ for which

‖ f (t)−b(t)‖E ≤ δ3, t ∈ [0,τ]\mδ3. (3.3)
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Moreover, the function b ∈ ∆ may be chosen so that b(t) ≡ 0 on mδ3 and the set ∆ is weakly
compact in L1([0,τ];E). Then, for I1, the following estimate holds:

I1 ≤

∥∥∥∥∥
∫ t1−d

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s)+b(s))ds

∥∥∥∥∥
E

≤

∥∥∥∥∥
∫ t1−d

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫ t1−d

0

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
b(s)ds

∥∥∥∥∥
E

≤

∥∥∥∥∥
∫
[0,t1−d]\mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫
[0,t1−d]∩mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫
[0,t1−d]\mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
b(s)ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫
[0,t1−d]∩mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
b(s)ds

∥∥∥∥∥
E

=

∥∥∥∥∥
∫
[0,t1−d]\mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫
[0,t1−d]∩mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

+

∥∥∥∥∥
∫
[0,t1−d]\mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
b(s)ds

∥∥∥∥∥
E

= N1 +N2 +N3,

where

N1 =

∥∥∥∥∥
∫
[0,t1−d]\mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

,

N2 =

∥∥∥∥∥
∫
[0,t1−d]∩mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
( f (s)−b(s))ds

∥∥∥∥∥
E

,

and

N3 =

∥∥∥∥∥
∫
[0,t1−d]\mδ3

(
(t2− s)q−1 T (t2− s)− (t1− s)q−1 T (t1− s)

)
b(s)ds

∥∥∥∥∥
E

.

By using (3.3), we may find small δ3 > 0 so that mes(mδ3)< 2 ε

6d1−q yields N1 <
ε

6 , and N2 <
ε

6 .
Recall that the functions from ∆ take their values in Kδ3 that implies ∆⊂ L∞([0,τ];E). Then by
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using Lemma 3.2, we can choose δ4 > 0 such that |t2− t1| < δ4 yields N3 < ε

6 . So, for each
ε > 0, we may choose δ = min{δ1,δ2,δ3,δ4} such that∥∥∥∥∥S ( f )(t2)−S ( f )(t1)

∥∥∥∥∥
E

≤ Z1 +Z2 ≤ Z1 + I1 + I2

≤ Z1 + I2 +N1 +N2 +N3

<
ε

6
+

ε

6
+

ε

6
+

ε

6
+

ε

6
+

ε

6
= ε

for each f ∈ p(Ω) and |t2− t1|< δ , i.e., the set (S◦ p)(Ω) is equicontinuous. �

Now, let us consider the conditions under which the operator g is condensing. Introduce in
the space C([0,τ];E) the measure of noncompactness

ν : Pb(C([0,τ];E))→ R2
+

with the values in the cone R2
+ defined as

ν(Ω) = (ϕ(Ω),modC(Ω)) ,

where ϕ(Ω) is the module of fiber noncompactness

ϕ(Ω) = sup
t∈[0,τ]

χ({y(t) : y ∈Ω})

and the second component is the equicontinuity module which is given as

modC(Ω) = lim
δ→0

sup
y∈Ω

max
|t1−t2|≤δ

‖y(t1)− y(t2)‖.

It is known (see [25]) that the MNC ν is monotone, nonsingular, algebraically semiadditive,
and regular.

We need the following assertion, which follows from [6].

Lemma 3.5. Let { fn}∞
n=1 be a bounded sequence in L∞([0,τ];E) such that

χ({ fn(t)})≤ v(t) a.e. t ∈ [0,τ],

where v ∈ L∞
+(0,τ). Then

χ({S fn(t)})≤ 2
qM

Γ(1+q)

∫ t

0
(t− s)q−1 v(s)ds.

Now, let us formulate the following condition under which the operator g is condensing.

Lemma 3.6. Under conditions (A), (F1) - (F3), and condition
(C) l := 2MT q

Γ(1+q)‖µ‖∞ < 1

the operator g is ν-condensing.

Proof. Let Ω⊂C([0,τ];E) be a nonempty bounded set, ‖Ω‖ ≤ rΩ, and

ν(g(Ω))≥ ν(Ω). (3.4)

We show that Ω is a relatively compact set. It is clear that it is sufficient to prove the assertion
for map S◦ p. Since the MNC ν is nonsingular we have

ν((S◦ p)(Ω))≥ ν(Ω). (3.5)
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From (3.5), it follows that
ϕ((S◦ p)(Ω))≥ ϕ(Ω). (3.6)

Applying regularity condition (F3), we have for 0≤ s≤ τ ≤ T the following estimate:

χE(p(Ω)(s)) = χE({ f (s) : f ∈ p(Ω)})≤ µ(s) ·χE({x(s) : x ∈Ω})≤ µ(s)ϕ(Ω).

Now, by using this estimate and Lemma 3.5, we obtain

χE ((S◦ p)(Ω)(t))≤ 2qM
Γ(1+q)

∫ t

0
(t− s)q−1

µ(s)ds ·ϕ(Ω)≤ 2MT q

Γ(1+q)
‖µ‖∞ ·ϕ(Ω).

Hence
ϕ ((S◦ p)(Ω))≤ lϕ(Ω), (3.7)

with l < 1. Comparing inequalities (3.6) and (3.7), we have

ϕ(Ω) = 0.

Now, from (3.5) we have

modC((S◦ p)(Ω))≥ modC(Ω). (3.8)

From Lemma 3.4, we know that the set (S◦ p)(Ω) is equicontinuous, and then

modC((S◦ p)(Ω)) = 0.

It follows that modC(Ω) = 0. Therefore, ν(Ω) = (0,0). We conclude that Ω is relatively com-
pact set, which yields that the operator g is condensing w.r.t. the MNC ν . �

Now we can prove the local existence theorem for Cauchy problem (1.1) - (1.2).

Theorem 3.1. Under conditions (A), (F1)− (F3), there exists τ ∈ (0,T ] such that the set of
mild solutions of Cauchy problem (1.1) - (1.2) ΣF

x0
[0,τ] on the interval [0,τ] is a non-empty

subset of the space C([0,τ];E).

Proof. Take a number r > 0. Since the family of operators G (t) is equicontinuous, we may
choose 0 < τ1 < T such that

‖(G (t)−G (0))x0‖E ≤ r/2 for all t ∈ [0,τ1]. (3.9)

Let Br(G (0)x0)⊂ E be a closed ball and R = ‖G (0)x0‖E + r. Take τ2 ∈ (0,T ] such that

M ‖ωR‖∞
τ

q
2

Γ(1+q)
≤ r/2, (3.10)

where M is the constant from condition (A), and ωR is the function from condition (F2).
From Lemma 3.6, we know that the operator g is ν-condensing. Take τ = min(τ1,τ2) and

consider the ball Br(x0) ⊂ C([0,τ];E), where x0 is the function identically equal to G (0)x0.
We show that the operator g transforms the ball Br(x0) into itself. In fact, if x ∈ Br(x0), then
‖x‖C([0,τ];E) ≤ R for all t ∈ [0,τ]. From condition (F2), we have

‖ f (t)‖E ≤ ωR(t), a.e. t ∈ [0,τ],

for f = p(x).
Now, for y = g(x), we have

y(t) = G (t)x0 +
∫ t

0
(t− s)q−1T (t− s) f (s)ds.
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By using (3.9), (3.10), and Lemma 3.1, we have the following estimate:

‖y(t)− x0‖E ≤ ‖(G (t)−G (0))x0‖E +
∫ t

0
(t− s)q−1 ‖T (t− s)‖L(E) ‖ f (s)‖E ds

≤ ‖(G (t)−G (0))x0‖E +
M ‖ωR‖∞

τq

Γ(1+q)
≤ r/2+ r/2≤ r,

from which it follows that y ∈ Br(x0). Now we can apply Theorem 2.1. �

Now, let us prove the global existence result.

Theorem 3.2. Under conditions (A), (F1), and (F3), suppose that condition (F ′2) has the
following form:
(F ′2) there exists a function α ∈ L∞

+([0,T ]) such that

‖F(t,x)‖E ≤ α(t)(1+‖x(t)‖E) for a.e. t ∈ [0,T ].

If
2MT q

Γ(1+q)
k < 1,

where k = max{‖α‖∞,‖µ‖∞
} , and functions α and µ are from conditions (F ′2) and (F3),

respectively, then problem (1.1) - (1.2) has a mild solution.

Proof. Taking an arbitrary x ∈C([0,T ];E), we have for t ∈ [0,T ] the following estimate:

‖g(x)(t)‖E ≤ ‖G (t)x0‖E +
∫ t

0
(t− s)q−1 ‖T (t− s)‖L(E) ‖p(x)(s)‖E ds

≤M ‖x0‖E +
Mq

Γ(1+q)

∫ t

0
(t− s)q−1

α(t)(1+‖x(s)‖E)ds

≤M ‖x0‖E +
Mq‖α‖

∞

Γ(1+q)

(∫ t

0
(t− s)q−1ds+

∫ t

0
(t− s)q−1 ‖x(s)‖E ds

)
≤M ‖x0‖E +

Mq‖α‖
∞

Γ(1+q)
T q

q
+‖x‖C([0,T ];E)

Mq‖α‖
∞

Γ(1+q)
T q

q
≤ a+ c‖x‖C([0,T ];E) ,

where

a = M ‖x0‖E +
M ‖α‖

∞
T q

Γ(1+q)
, c =

2MT q

Γ(1+q)
k.

So, if we take R≥ a
1−c , then the inequality ‖x‖C([0,T ];E) ≤ R implies ‖g(x)‖C([0,T ];E) ≤ R. There-

fore, the operator g transforms the closed ball BR(0) ⊂C([0,T ];E) into itself. Now, since g is
condensing, by Theorem 2.1, it has a fixed point, which is a mild solution of problem (1.1) -
(1.2). �
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