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Abstract. In this paper, we consider N, a simply connected two-step nilpotent Lie group with .4/, its
corresponding (two-step nilpotent) Lie algebra, and we study Newton’s method for solving the equation
f(x) =0, where f: N — .4 is a mapping. Under certain generalized Lipschitz condition, we obtain the
convergence radius of Newton’s method and the estimation of the uniqueness ball of the zero point of f.
Some applications to special cases including Kantorovich’s condition and y-condition are provided. The
determination of an approximate zero point of an analytic mapping is also presented.
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1. INTRODUCTION

There is an increasing interest in numerical algorithms on Lie groups, such as, the min-
imization problems with orthogonality constraints, the optimization problems with equality
constraints and so on; see, e.g., [1, 2, 3] and the references therein. As is well known, the
Lie group is a hausdorff topological group, which has the structure of a smooth manifold such
that the group product and the inversion are smooth operations in the differential structure given
on the manifold. Mahony [2] used one-parameter subgroups of the Lie group to develop a ver-
sion of Newton’s method on an arbitrary Lie group, where the approach for solving eigenvalue
problems as a constrained optimization problem on a Lie group via Newton’s method was ex-
plored on a Lie group and the local convergence was analyzed. For the approaches to solve
ordinary differential equations on manifolds, Owren and Welfert [4] introduced a Newton’s
method, which is independent of affine connections on the Lie group for solving the equation
f(x) =0, where f is a map from the Lie group to its Lie algebra, and shows that, under clas-
sical assumptions on f, Newton’s method converges quadratically. Newton’s method is one of
the most efficient methods for solving the systems of non-linear equations when the functions
involved are continuously differentiable. More precisely, given an initial point xg, the Newton’s
method is formulated as follows: x,1 = x, — f'(x,) "' f(x,), ¥n > 0, where f is a nonlinear
operator from some domain D in a real or complex Banach space X to another Y. In addition
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to its practical applications, Newton’s method is also a powerful theoretical tool. It has been
studied and used extensively recently; see, e.g., [5, 6, 7] and the references therein.

Recently, various problems posed on manifolds arise from theoretic and applied areas of
mathematics; see, e.g., [3, 8, 9, 10]. Such problems can usually be formulated as computing ze-
roes of mappings or vector fields on a Riemannian manifold. Hence, Newton’s method has been
extended to Riemannian manifolds and explored thoroughly; see e.g., [11, 12, 13, 14, 15, 16].
On the other hand, some numerical problems, such as, symmetric eigenvalue problems, the op-
timization problems with equality constraints, and ordinary differential equations on manifolds
can be actually considered as the problems on Lie groups; see, e.g., [1, 2, 3, 17]. Newton’s
method has also been extended to Lie groups for solving the equation f(x) = 0 with f being a
mapping from a two-step nilpotent Lie group to its Lie algebra; see, e.g., [2, 17], It only depends
on the one-parameter semigroup but not on the affine connections. This means that Newton’s
methods on Lie groups are completely different from Newton’s method on the corresponding
Riemannian manifolds, which is defined via the Riemannian connection. In particular, Mahony
[2] used the one-parameter subgroups of a Lie group to develop a version of Newton’s method
on an arbitrary Lie group, where the local convergence of Newton’s method was explored. On
the other hand, motivated by the approaches to solve ordinary differential equations on Lie
groups, Owren and Welfert [4] considered the implicit method for Lie groups where they used
the implicit Euler method as a generic example of an implicit integration method in a Lie group
setting. In [18], Kantorovich’s theorem was established for Newton’s method on a Lie group,
which is independent of the connection. Furthermore, in [19], the notion of the (one-parameter
subgroup) y-condition for a mapping from a Lie group to its Lie algebra was introduced. The
a-theory and y-theory for Newton’s method for a mapping satisfying these conditions were es-
tablished. As is well known, Lie groups play a central role in the general program of analysis
on metric spaces, while simultaneously continuing to figure prominently in applications from
other scientific disciplines ranging from robotic control and planning problems to magnetic res-
onance imaging function to new models of neurobiological visual processing and digital image
reconstruction. For example, some fundamental geometric structure that one meets in informa-
tion transmission, signal analysis, optics, quantization, quantum field theory, and the symplectic
group of the plane as well as in its Lie algebra is that of a Heisenberg group and a Heisenberg
algebra (see, e.g., [20, 21, 22]). On other hand, the classic technics of Newton’s method in
R"™ may not be still available for a general Lie groups since, in general, they are non abelian.
However, the class of two-step nilpotent Lie groups/algebras is the closest one to the abelian
structure. In [23], Dali, Li, and Wang studied the Newton’s method for the Heisenberg Lie
group.

The purpose of this paper is to study Newton’s method on two-step nilpotent Lie groups for
solving the equation f(x) = 0 with f being a mapping from the two-step nilpotent Lie group
to its Lie algebra. Under certain generalized Lipschitz conditions, we obtain the convergence
radius of Newton’s method and the estimation of the uniqueness ball of the zero point of f.
Some applications to special cases including the Kantorovich’s condition and the y-condition
are provided. Furthermore, the determination of an approximate zero point of an analytic map-
ping is also presented. Note that, in a connected nilpotent Lie group, for any two points, there
is a one-parameter subgroup to connect them (see [24]). This property will play a key role in
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our study. Our results improve and extend the corresponding results in [18, Corollary 3.4] and
[19, Corollary 4.1].

The paper is organized as follows. In Section 2, we introduce some preliminaries and basic
properties about nilpotent Lie groups and essentially two-step nilpotent Lie groups and Lie
algebras. In Section 3, the main results on Newton’s method on the two-step nilpotent Lie
group under certain generalized Lipschitz condition are given. Some applications to special
cases are provided in Section 4, the last section.

2. PRELIMINARIES

This section is devoted to recalling basic notations of two-step nilpotent Lie group/algebra.
Let us collect a few well-known definitions and the results on Lie algebras (see, e.g., [25, 26]).
Let .4 be finite dimensional nilpotent Lie algebra over the field of real numbers. For each
integer k > 1, let /% = [4, 4*1], where #° = _#". The Lie algebra .4 is said to be a
k-step nilpotent Lie algebra if 4% = {0} and 4%~ # {0} (for some positive integer k). A
k-step nilpotent Lie algebra .4 has a non trivial center that contains 4%~

Let us briefly recall the definition of the exponential mapping, which is the most important
construct connecting both of the Lie group to the Lie algebra. Given a Lie group N, one proves
that the tangent space .4 = T,N, at the identity, has a canonical structure of Lie algebra, which
is the Lie algebra corresponding to N. On the other hand, one shows that .4 is isomorphic to
the Lie algebra of left invariant vector fields on N. Given U € .4, we let oy : R — N be the
one-parameter subgroup of N, determined by the left invariant vector field Xy : y — (L), (U),
i.e., oy satisfies that oy (0) = e and oy, (¢) = Xy (0u(t)) = (Lgy(1)).(U), U € A", t € R, where
L,:N — N, yw xy. The value of the exponential map at U is defined by exp(U) = oy(1).
Moreover, we have exp (tU) = oy (1) = oy (t),t € R, U € 4. Let N be the unique connected
and simply connected Lie group corresponding to .4". It is well known that, when .4 is a
nilpotent Lie algebra, the exponential mapping exp : .4 — N is a global diffeomorphism. Let
log := exp_1 : N — 4 be its inverse. This means that, for any x € N, there exists a unique
U € .4 such that x = expU, in particular, for any pair of points x,x’ € N, there exists a unique
vector U € .4 such that X' = xexpU. Recall also that, for any U € .4 and x € N, the mapping
t — xexp (tU) defines a smooth curve in N passing through x. For a nilpotent Lie algebra .4,
the Campbell-Hausdorff-Baker formula says that, for any U,V € A"

expUexpV = exp(U+V 45U,V + (U, [0V -V, U V) +.), @)

If .4 is a two-step nilpotent Lie algebra, that is, [[U,V]|,W]|=0,U,V,W € 4, thenexpU expV =
exp(U+V +1[U,V].Ifa=expU,b=expV, then log(ab) = log(a) +log(b) + 5[log(a),log(b)],
Ya,b € N, In particular, if a~! denotes the inverse of a € N, then 0 = log(aa™"') = log(a) +
log(a~1) + 3[log(a),log(a~")]. Thus

tog(a™") = ~log(a) ~ 3 log(a) log(a™ )]

= ~log(a) ~ 3 llog(a), ~log(a) ~ 5 log(a), log(a )]

that is, log(a~!) = —log(a).
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Lemma 2.1. Let A be a 2-step nilpotent Lie algebra, and let N denote the connected and
simply connected corresponding two-step nilpotent Lie group. Let exp : N — N be the ex-
ponential mapping. Then, for any U,A € ¥, dexpy : Ty NV = N — TexpuN is given by
dexpy(A) = dLexpu (A + %[A, U ]) , Where Lexpy denotes the left translation by expU.

Proof. Observe depr( )

t _o(exp(U +1A)). Since 4" is a two-step nilpotent Lie algebra,
ex

then expU exp (1(A ) = exp(U +1A), and thus
1
dexpy) =5 (Lowlexptria + 301)).
On other hand, from dexpy = id 4, one has dexpy; (A) = dLexpu (A + 5 [A Ul). O

Remark 2.1. It is easy to construct a two-step nilpotent Lie algebras. Let ¥/, 2 be any finite
dimensional real vector spaces with bases {Vi,...,V,} for ¥ and {Z,,...,Z,} for 2. Let
N =V ®Z and define [V;,V;] = L)L ICk Z, where the constants (Ck) are chosen so that
Ck = —Ck for 1 <i,j<mand 1 <k <m,butnot all of them are zero. Define [Z,V] = O for all
4 E Z and V € 7. The Jacoby identity is satisfied due t [.4", 4] C Z.

From now on, ./ is a two-step nilpotent Lie algebra with nilpotent Lie group N.

3. NEWTON METHOD AND ITS CONVERGENCE CRITERIA

We begin by introducing some essential tools, which will be useful in the rest of this paper.
Given a connected simply connected Lie group N, one introduces a distance p (-, ) on N, which
plays a key role in the study (see [27]). Let x,y € N and define p(x,y) := inf{YX_, ||U;|, there
existk> 1 and Uy,..., Uy € A :y=xexpUj...exp Uy}, where we adapt the convention inf® =
+o0. We can see that p is a distance on N and that the topology induced by this distance is
equivalent to the original one. On other hand, since .4 is nilpotent Lie algebra (and precisely
is a two-step nilpotent Lie algebra), then the exponential mapping exp : .4/~ — N is a bijection,
thus, for any x,y € N, there exists a unique U = exp~! (y_lx) € ./ such that x = yexpU. Hence
p(x,y) = ||U||. For r > 0, we use C,(xp) to denote the open ball at xy with radius r defined by
Cr(x0) ={xeN: x=xpexpU, U € N, |U|| <r} ={x€N: |lexp~(xy'x)|| < r}, Next, let
R be a positive constant, and let L be a non-negative nondecreasing function on [0, R) satisfying
J®L(s)ds > 1. Then there exists a unique number ry € (0, R] such that

ro:sup{re(O,R): /OrL(s)dsg 1}. (3.1)

Define the real-valued function 4 on (0, 7o) by A(z) := 1 1 Jo L(s) (1 — s)ds for each 1 € (0, r9).
The following two lemmas provide some useful propertles about the functions L and h. The
first one was studied in [6, p. 170]. For the whole paper, let ry be given by (3.1).

Lemma 3.1. The function h is strictly increasing on (0, rg).

For the second lemma, note that the real-valued function y on (0,ry) defined by

20 ::1—/OtL(s)ds—%/OZL(s)(t—s)ds—%t, vt € (0,10),
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is strictly decreasing on (0,rp), and satisfies that }(0) > 0 and x(ro) < 0. Thus we use 7 to
denote the unique number 7y € (0, rp) satisfying

ro 1 ) 1
1 —/ L(s)ds — -/ L(s)(Fo — s)ds — ~ 7o = 0.
0 2 Jo 2
Let g be the real-valued function on (0, 7y), defined by

B %fé L(s)sds
" T e~ LR b

for each t € (0,79). (3.2)

Lemma 3.2. ([23] p.220) The functions t — q(t) and t — @ are strictly increasing on (0, 7),
and there is a unique number ry € (0,7) such that g(r;) =1

The notion of Lipschitz conditions with L average in the following definition is an extension
to the nilpotent Lie group setting of the corresponding one in Banach spaces, introduced by
Wang [35, 6]. For similar extensions to general Lie groups, we refer to [18].

Definition 3.1. Let » > 0 and x* € N such thatd fx_*l exists. Then d fx_*ld f is said to satisfy:

(1) the center Lipschitz condition with L average on C,(x*) if ||df=" (dfyexpr — dfir)| <
fOHU” L(s)ds holds for each U € A" with ||U]| < r.

(2) the radius Lipschitz condition with L average on C,(x*) if ||d fxil (dferexpr —Afcrexpev) || <
Ji2)| L(s)ds holds for any € [0, 1] and U € 4" with U] < r.

Obviously, the radius Lipschitz condition implies the center Lipschitz condition.

Lemma 3.3. Let x* € N be such that d fx_*1 exists. Suppose that d fx_*ld f satisfies the center
Lipschitz condition with L average on Cy,(x*). Let x € Cy,(x*) such that x = x*expU with

|U|| < ro. Then df; " exists and satisfies ||df; 'dfe|| = ||d x_*iprdfx*H <(1- OHUHL(s)ds)fl.

Proof. Since d fx_*ld f satisfies the center Lipschitz condition with L average on C,,(x*). If
x =x*expU with |U]| < rp, we can write

i .
lafzt o udfe =T = ldfily o (@fe —dfeepo)] g/o L(s)ds</0 L(s)ds < 1.

Then, we have that df .. épr exists and satisfies

- Il .
Iaf s bpudfell < (1= [ Liods) ™", ves Ul <n.

Newton’s method with initial point xg € N for f is defined as follows:

X1 = xeexp(—dfy (f(x))) k=0,1,---. (3.3)
Our first main theorem is as follows.
Theorem 3.1. Let f : N — A be a C'-mapping, and and let x* € N with f(x*) = 0. Let r €

(0,71]. Suppose that d fxil exists and that d fx_*ld f satisfies the radius Lipschitz condition with
L average on C.(x*). Then, for any xy € C,(x*), the sequence generated by Newton’s method
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(3.3) with initial point x is well defined, and is quadratically convergent to x*. Moreover, the
following estimates hold, for any k =0,1,...,

_ — 0 —1/ %x—
lexp ! (x* lxk+1>|rzz-nggﬂwrexp )12 (3.4)

and .
lexp™ (x| < g5 Il (3.5)
where Uy := exp~ ' (x* 'x0) and

f”UOH L(s)sds
90 := (|| Uoll) = — MM <1
1= fo%l L(s)ds — L [N Lis) (0o — s)ds — L[ o]

Proof. Write
Ue:=exp ' (x* 'x), Vk=0,1,---. (3.6)
Fix k. We first verify the following implication:
[xx exists and ||Uy|| < r] = [xgo1 exists and [|Ugpr || < q(|Ukl) WUl < ||Ukll < 7] (3.7)

To do this, we assume that x; exists and |Ug|| < r. Then, by (3.6), we have x; = x* exp Uy. From
the assumption that d fx_*1 odf satisfies the radius Lipschitz condition in C,(x*), it follows from
Lemma 3.3 that d fle exists, and

~1

. 1l
ldftdfel| < (1—/0 L(s)ds) . (3.8)

Hence, x, 1 = x;exp(—d fle f(xx)) exists. Write Vy = —d fle f(xx). Noting that x, = x*exp Uy,
we find from (2.1) that x; | = x*expUexp Vi = x* exp(Ux + Vi + %[Uk, Vi]). On the other hand,
it follows from (3.6) that xz. | = x* exp U, 1. Since exp is a global diffeomorphism, we have

1

5[k Vid. (3.9)
Furthermore, since .4 is two-step nilpotent Lie algebra, we obtain that Uy, Vi] = [Ug, Vi].
This, together with (3.9), gives that

U1 = U + Vi +

1
U1 = Uk+Vk+§[Uk+1,Vk]- (3.10)
Note that
U+ Vil = U= df ' (F () = £ ()|
I(dfyt odfe) fo df (df, — dfirexpstr,) (Uk)ds (3.11)

< ldfy odfellll fo dfiet (A, — d e expst) (Us)ds]).

Then, we conclude that

H/%M%CWWMWMK//
Combining this, (3.8), and (3.11) gives that

ol il
0)||Us|deds = / L(s)sds.
Ukl 0

fOHUkH L(s)sds

1O Vidl < Ty, S o
— Jo “'L(s)ds

(3.12)
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Furthermore, we observe that

ldf=" (f ()|

2" (7 0s) = £
HfO d x_* o (dfyrexpst, — A ) (Ur)ds + Ug||
fo ldf-" o (dferexpsvie — dfie)llds || Ug | + 1| Ul
S VO () deds || Ul + (| U |

T8 L) 10l - 5)ds + Uil

This together with (3.8) implies that

INIA I

Jo " L (s) (U] = )ds+ Ul
fHUk”L( )ds

Vil < [ldft odfer|[lldf=" (F ()| < (3.13)

Therefore, we have that

Jo L) (1 = s)ds + U]}
( f”UkH () )

H—[Uk+1,Vk]H < _HUk+1HHVk” < || Upia]| 22

Thus it follows from (3.10) and (3.12) that

0l g ()5 ] TP L($) (U] = 5)ds + || U]
T L ()ds 2(1 — 1% L (5)ds)

Observe that ¢ is defined by (3.2). One sees that ||Us1|| < q(||Uk||)||Ukl| < ||Uk|| < r, because
q(|Ukll) < q(r) < gq(r1) =1 by assertions (ii) and (iii) of Lemma 3.2. Hence, implication
(3.7) holds. Below, we show that (3.4) holds for each k = 0,1,---. Let xo € Cr(x*). Then

xo = x*exp(exp~ ' (x* “xp)) = x* expUp and ||Up|| < r. It follows from (3.7) that x; exists and
(U

U1 < g1Vl < |Uoll < r. Moreover, [[U1]| < q(Ioll)|Uol] = Ul U2, Henee,

(3.4) holds for k = 0. Inductively, assume that x; exists and ||U;|| < r. Then, by (3.7), x4

exists and ||U; 1] < q(||U;|)||U;|| < ||Uj|| < r. Thus, it follows that

a(lUll) ;12 — aUlGol))
1UI~ <
U] 1Toll

U411l <

1Ujll < q(IU; DU = U311,
because t — @ is strictly increasing due to Lemma 3.2. Therefore, (3.4) holds for k = j.
Finally, we prove by induction that (3.5) holds. It is clear that (3.5) holds for k = 0. Suppose

that (3.5) holds for k = i, that is, ||U]| < g2 ~"||Up||. It follows from (3.4) that

q0  2i-1 2 _ 2]
1T |l < < (g5 [Uol)” = g5~ [|Uoll;
’ ||U 1Y = Tgr ’
that is, (3.5) holds for k =i+ 1. The proof is complete. 0J

Remark 3.1. There is another approach to estimate the radius of convergence balls for the
Newton method. In fact, in the proof of Theorem 3.1, we could use (3.9), instead of (3.10), to
estimate the norm ||Uy41]| to obtain

1 1
k1]l = 1Tk +Vell + S [0k Vil < 11Uk + Vel + 5 [T T Viell-
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Thus, by (3.12) and (3.13), we have that

U U
Jo™M Lisysds 1 g™ L) (U = )ds+ Ui
U U
- T L 1= [ ™M L(s)as
where the function p on (0, rp) is defined by

(1) = % Jo L(s)sds + % JoL(s)(t —s)ds+ %
Pr-= 1= [TL(s)ds

With a similar arguments to the proof of Lemma 3.2, we can verify that p is strictly increasing

on (0, ), and there is a unique solution r, € (0, rg) such that p(r,) = 1, and the function ¢ — @

is strictly increasing on (0,ry). Moreover, we have that r; = r,. Then, as in the proof, we can

use (3.14) to show by mathematical induction that

plGl)
1Uoll

[Uks1ll <

H il = P(IUDIU, 3.14)

for each t € (0,rp).

p(|%ol))

U1 = lexp™ (" L) 12,
1Uoll

—1/ %1
lexp™ (x* s )| = U] <
and ||exp~! (x* L) || < p(||Uo]| )zk’l |Uo||. However, estimate (3.5) is better than the above one
because g(t) < p(t), Vt € (0,r7).
Our next theorem is concerned with the estimate of the uniqueness ball for zeros of f.

Theorem 3.2. Let f : N — .4 be a C'-mapping and and let x* € N with f(x*) = 0. Let Ry > 0
be such that

Ro
—/ §)(Ro—s)ds < 1. (3.15)

Suppose that d fxil exists and that df . Vdf satisfies the center Lipschitz condition with L average
on Cg,(x*). Then x* is the unique zero of f on Cg,(x™).

Proof. Assume that on the contrary that y* is another zero of f in Cg,(x*). Then, there exists
U € 4 such that y* = x*expU with 0 < ||U|| < Ry. Since d fx_*ld f satisfies the center Lipschitz
condition with L average on Cg,(x*), we have

vl =1l-dr! foldfx exp(e0) 4T+ U
=|- fo dfx* (dfx*exp w) — dfeUdT||
< J fEON L (s)ds)| U | de

— [T L(s) (U] = 5)ds

This gives that 1 < m f“U” L(s)(|JU|| — s)ds. It follows from Lemma 3.1 that

v H 1 [Ro
< U—sds<—/ L(s)(r—s)ds <1,
V< LU =< o [T L=

which is a contradiction. Hence, we have y* = x*. 0

4. APPLICATIONS

This section is devoted to the applications of our main results for some special cases, such as,
the classical Lipschitz condition and the y-condition.
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4.1. The classical Lipschitz condition. Let r > 0 and L > 0. Let x* € N be such that d fx_*1
exists. Recall that d fx_*ld f is said to satisfy ([5]):

(i) the center Lipschitz condition with L on C,(x*) if ||df=" (dfr expu — dfv+)|| < L]|u| holds
for each u € A with [jul| <r.

(ii) the radius Lipschitz condition with L on C,(x*) if ||d fxil (dferexpu — dfrexpru) || < L(1—
7)||u|| holds for any 7 € [0,1] and u € A with ||u|| < r.

Since function L is a constant, we have from (3.2) that

t
)t —L(5)*

q(t):

D= o]~

Tl (L+
As g(r1) = 1, it follows that

— 2
m:(%+U+;%+U+L. .1

The following corollary directly follows from Theorem 3.1.

Corollary 4.1. Let f : N — A be a C'-mapping, and and let x* € N with f(x*) = 0. Let
r € (0,r1], where ry is given by (4.1). Suppose that d fxil exists, and d fxild f satisfies the radius
Lipschitz condition with constant L on C,(x*). Then, for any xo € Cr(x*), the sequence generated
by the Newton method (3.3) with initial point xq is well defined, and is quadratically convergent
to x*. Moreover, the following estimates hold, for any k=0,1,...,

_ —1 q0 - —1
lexp™! (x* xk+1)H§mHexp Mo ) |12

-1

and ||exp~ ! (x* "1y || < q%kil |Uol|, where Uy = exp~™ ' (x* 'x¢), and

511Uol
1= (L+ )| 0ol - £l1Uo]?

q0 :=q(||Uo|) =

Remark 4.1. It was proved in [18, Corollary 3.4] that, under the L-Lipschitz condition, New-
ton’s method (3.3) with initial point xo € C L (x*) is well-defined and convergent. Note that

1 <:—(3L—F1)+» (BL%—UZ—kZL‘¢:>l;> 9
4L L 40°

This means that Corollary 4.1 improves [18, Corollary 3.4] in the case that L > %.
The following corollary directly follows from Theorem 3.2.

Corollary 4.2. Let L > 0. Let f : N — .4 be a C'-mapping, and and let x* € N with f(x*) = 0.
LetO0<r< % Suppose that d fx_*l exists and that d fx_*ld f satisfies the center Lipschitz condition
with constant L on C,(x*). Then x* is the unique zero of f on C,(x*).

Proof. Since L(t) = L, it follows from (3.15) that RLO f(fo L(Ry—s)ds < 1. So Ry < 7. In view
of Theorem 3.2, one immediately concludes the desired conclusion. U
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4.2. The y-condition. Let k be a positive integer, and assume that f : N — .4 is a C¥-map.
Following [18], define the map d*f : 4% — 4 by

ak
d Uy Uy = <—f(x'eXPlkUk'"eXPflUl))
8tk---8t1 fy=-=t;=0
for each (Uy,---,Uy) € Nk In particular,
dk
df r Uk = (@f(»expw)) . YU e,
t=0

Let 1 <i <k. Then, in view of the definition, one has
d AU U =d (A (U - Up)) Uiy - Ug - for each (Uy, -+ Uy) € A (4.2)

In particular, for fixed Uy, -+ ,Ui_1,Upy1, -+ Uy € A, d' LUy - Upimy =d (7 (UL - Uiny)) ()
This implies that, for each i = 1,--- |k, difol ---U;_1u is linear with respect to u € .4, so
is d Uy -+ Ui_juU;y 1 --- Uy by (4.2). Consequently, d*f, is a multilinear map from .4#* to
A because 1 < i < k is arbitrary. Thus we can define the norm of d*f, by || d*f; ||= sup{||
d AU UL - U ||: (U, Uy) € A% with each ||Uj|| = 1},

For the rest, we assume that k = 2, that is, f : N — .4 is a C?>-map. Let y,r > 0 be such
that yr < 1. Following [18], we extend the notion of the y-condition for mappings on two-step
nilpotent Lie groups.

Definition 4.1. Let x* € N be such that d fxi1 exists. f is said to satisfy the y-condition at x* on
B(x*,r) (the open ball at x* of radius r in .#") if, for any x € C,(x*) withx =x*exp(U), U € AN
and ||U|| < r,
2y
(1=vul)’
The following proposition shows that the y-condition implies the radius Lipschitz condition
with L average, where the function L is defined by

2
L(s) := . A T
(1—7s)
Proposition 4.1. Let L be given by (4.4). Let x* € N be such that d fxil exists. Suppose that f

satisfies the y-condition at x* on B(x*,r). Then d fx_*ld f satisfies the radius Lipschitz condition
with L average on Cy(x™).

ldfe'd?fe]l < (4.3)

Vs € [0,r). 4.4)

Proof. Let T € [0,1] and u € .4 with ||U|| < r. Note that

1
dfx*epr —dfy exptU :/ dzfx*exp(sU)UdS' 4.5)
T
Since f satisfies the y-condition at x* on B(x*, r), it follows from (4.3) and (4.5) that
1
||dfx_*1(dfx*epr _dfx*exp’CU)H = dex*l/L_ dzfx*exp(sU)UdsH
1 2yI|U
<[ L,

o e

vl (1—yr)?
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Thus, the conclusion follows and the proof is complete. U

Since the function L is given by (4.4), we have from (3.2) that

Q(l) = 1 7 .
L= (q+4n+ 27+

Sy+4—1/ 1772 +3y+1
> : (4.6)
Ay +y

The following corollary directly follows from Proposition 4.1 and Theorem 3.1.

As g(r1) = 1, it follows that

ry =

Corollary 4.3. Let y > 0. Let f : N+ ¥ be a C'-mapping, and and let x* € N with f(x*) =
0. Let r € (0,r1] with ry given by (4.6). Suppose that d fxil exists and that f satisfies the Y-
condition at x* on B(x*,r). Then, for any xo € C,(x"), the sequence generated by Newton method
(3.3) with initial point xq is well defined and is quadratically convergent to x*. Moreover; the
following estimates hold, for any k =0,1,..., |lexp~ (x* " 1x )| < Hgf_?)HH exp~ (" L) |2,

and || exp (x* “Ixp) || < q(z)k_] |Uo||, where Uy == exp~ ! (x* "xq) and

Yo L
1= G+l + 2+ DIt

q0 == q(||Uol|) =

Remark 4.2. Let ag = 0.080851 --- be the smallest positive root of the equation T"Huz =

3 —2/2. It was improved in [19, Corollary 4.1] that, under the y-condition, Newton’s method
(3.3) with any initial point xg € Cq (x*) is well-defined and convergent.
Y

‘ 57+ —1/17P43y+1%
Note that if y > @, then a7° <r=-— Z{,T

: Vao
proves [19, Corollary 4.1] in the case that y > TO

. This means that Corollary 4.3 im-

Since the radius Lipschitz condition = the center Lipschitz condition, the following corol-
lary is direct from Theorem 3.2 and Proposition 4.1.

Corollary 4.4. Let f : N+ A be a C'-mapping and and let x* € N with f(x*) = 0. Let y,r >0
be such that yr < % Suppose that d fxil exists and that d fxild f satisfies the y-condition at x*
on B(x*,r). Then x* is the unique zero of f on Cp(x*).

Proof. Since d fx?I exists and that d fx_*]d f satisfies the y-condition at x* on B(x*,r), it follows
from Proposition 4.1 that that d fx_*ld f satisfies the center Lipschitz condition with L average on

C(x*), where L is given by (4.4). Thus, it follows from (3.15) that g- [;° (13;)3 (Ro—s)ds < 1.

This gives that Ryy < % Hence, the conclusion follows from Theorem 3.2. U

4.3. Approximate zeros. Throughout this section, we always assume that f is analytic on N.
For x € N such that d fx_l exists, we define

N

df; dif

i!

Y = Y(f,x) = sup

i>2
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Also we adopt the convention that y( f,x) = oo if d f; is not invertible. Note that this definition is
justified and, in the case that df; is invertible, y(f,x) is finite by analyticity. The Taylor formula
for a real-valued function on N can be found in [24, P.95]; and its extension to the map from N
to .4 is trivial.

Proposition 4.2. Let Y= y(f,x0). Then f satisfies the y-condition at xo on B(xy, %,)

This section is devoted to the determination of an approximate zero point of an analytic
mapping. For the purpose, we first recall the notion of the approximate zero of an analytic
mapping F from the domain U in a Banach space to another. The following unified definition
is taken from [5, Definition 7.1]. Consider Newton’s iteration with initial point xq:

Xee1 =Xk —F'(x) "'F (), Vk=0,1,2,---. 4.7

Definition 4.2. Suppose that xo € U is such that Newton’s iteration (4.7) is well-defined for F

k—1
and satisfies ||x; —x*|| < (%)2 lxo — x*||, Vk = 1,2,---, where x* is a solution of F(x) = 0.
Then xq is said to be an approximate zero of F.

The notion of the approximate zero in the sense of ||x,+ — x,|| was introduced in [7]; while
the second kind of approximate zero was defined in the sense of ||x, —x*|| in [7]. A more
reasonable definition for the second kind was given in [28] and [29]. It was also studied by
Wang [30]. The notion of the approximate zero in the sense of ||F’(xo) ' F(x,)| was defined
in [31] and, as shown in [5], it is equivalent to that in the sense of ||x,,1 — x|, or equivalently,
in the sense of ||F’(x,) 'F(x,)|. Definition 4.3 in the following extends the notion of the
approximate zero to the case of the mappings on Heisenberg group N.

Definition 4.3. Suppose xo € N is such that Newton’s method (3.3) is well-defined for f, and
k—1

satisfies [ exp ™! (x* L) || < (%)2 lexp~ ! (x* " 'xo)||, Vk =1,2,---, where x* is a solution of

f(x) = 0. Then x is said to be an approximate singular point of f.

Let v = y(f,xo). Let r; be the smaller solution of
vt

1
t) = = -,
a(t) 1— (3 +4nt+ 2y +5H2 2

6y+1— /2872 +dy+1
— : (4.8)

e Y4y +1)

that is,

Clearly, r; < %,

Corollary 4.5. Let y=y(f,xo). Let f : N+ A be analytic, and and let x* € N with f(x*) = 0.
Let r € (0,r1] with ry given by (4.8). Suppose that df;*l exists. Let xo € Cr(x*). Then xy is an
approximate singular point of f.

Proof. Since f is analytic, it follows from 4.2 that f satisfies the pieces y-condition at xo on
B (xo, 31/) Then, Corollary 4.3 is applicable to conclude that the sequence generated by Newton
method (3.3) with initial point xq is well defined, and is quadratically convergent to x*. More-
over, the following estimate holds, for any k =0, 1, ..., [lexp~ ! (x* lx )| < qgk_l |Uo||, where



LOCAL CONVERGENCE OF THE NEWTON’S METHOD 211

Uy :=exp~ ' (x* xp), and

7|0
90 := q(||Uo]|) = :
1= (3+4Y)[|Uoll + 272+ D) U0

Since ||Up|| < r1, q(r1) = 3, and q(t) is strictly increasing on (0,71), we obtain that, for any

k=0,1,..., |lexp~ ' (x* x| < (%)Zk_1 |Uo||- Hence, xg is an approximate singular point of f.
This completes the proof. 0
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