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Abstract. In classical analysis, Lebesgue first proved that R has the Lebesgue property (i.e., each Rie-
mann integrable function from [a,b] into R is continuous almost everywhere). Though the Lebesgue
property may be breakdown in many infinite dimensional spaces including Banach or quasi Banach
spaces, to determine spaces with this property is still an interesting issue. This paper is devoted to the
study of metrizable vector spaces with the Lebesgue property. As the main results in the paper, we prove
that /!'(T") (I" uncountable) has the Lebesgue property and R?, the countable infinite product of R with
itself equipped with the product topology, is a metrizable vector space with the Lebesgue property. In
particular, /7, (1 < p < +o0), as a subspaces of R?, is proved to have the Lebesgue property although
they are Banach spaces with no such property.
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1. INTRODUCTION

The study on the Riemann integration of functions from a closed interval into a Banach
space was first studied by Graves [3]. We refer the readers to [1, 2, 4, 10] for more details
on Riemann integration. One interesting problem concerning the Riemann integration is to
determine the spaces with the Lebesgue property, that is, every Riemann integrable function is
continuous almost everywhere. In 1970s, Nemirovski, Ochan, and Rejouani [7] and da Rocha
[10] showed that /! has the Lebesgue property. In 1980s, Haydon [4] proved that, for a stable
Banach space with uniformly separable types, the Lebesgue property is equivalent to the Schur
property (that is, each weakly null sequence converges in norm). In 1990s, Gordon [2] listed
many classical Banach spaces including [7(1 < p < +o0), ¢, and LP(1 < p < +o0) that do not
have the Lebesgue property, and provided a non-classical space with the Lebesgue property;
the Tsirelson space T. In 2008, Naralenkov [6] extended Gordon’s results, and prove that an
asymptotic /! Banach space has the Lebesgue property.
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This paper is to study the Riemann integration and Lebesgue property in the context of metriz-
able vector spaces. As main results in the paper, we prove that /!(I") (I' uncountable) has the
Lebesgue property, and R? equipped with the product topology is a metrizable vector space
with the Lebesgue property. Further, we prove that /”(p > 1), as subspaces of R?, have the
Lebesgue property though /P (1 < p < 4-o0) are Banach spaces with no such property.

The remainder of this paper is organized as follows. Section 2 is devoted to preliminaries used
in this paper. We consider the Riemann integration of functions in metrizable vector spaces.
Several properties on the Riemann integration are provided. Two fundamental theorems of
calculus and primitives on Riemann integration are proved. Section 3 contains the main work
of this paper. We show that /! (I') (I" uncountable) and R® equipped with product topology have
the Lebesgue property. The conclusion of this paper is given in Section 4, the last seection.

2. PRELIMINARIES

Let X be a vector space over the real field R, and it is equipped with a metric d. The metric
d is complete if every Cauchy sequence in X converges to some point in X, and d is invariant
if d(x+z,y+z) =d(x,y) for any x,y,z € X. A subset set Q in X is bounded if there exists
L € (0,+o0) such that d(0,x) < L for all x € Q.

Definition 2.1. Let [a, D] be a closed interval. A partition of [a, b] is a finite set of points {z; : 0 <
i < N} that satisfy a =19 < 1] < --- <ty_1 <ty = b. A tagged partition of [a,b] is a partition
{t; : 0 <i < N} of [a,b] together with a set of points {s; : 1 <i < N} satisfying s; € [t;_1,1,] for
each i.

Let A = {(s;,[ti—1,]) : 1 <i < N} be a tagged partition of [a,b]. The points {z; : 0 <i < N}
are said to be the points of the partition, the intervals {[t;_1,%] : 1 < i < N} are said to be the
intervals of the partition, and the points {s; : 0 <i < N} are said to be the tags of the partition.
Denote |A| ;= maxj<j<y(t;i —ti_1).

Let A; and A, be tagged partitions of [a,b]. The tagged partition A; is a refinement of the
tagged partition A, if the points of A, form a subset of the points of A;. In this case, we say that
A refines Aj.

Definition 2.2. Let X be a vector space equipped with a complete and invariant metric d and
f:[a,b] — X. The function f is said to be Riemann integrable on [a, b] if there exists a vector
X € X with the following property: for any € > 0, there exists 6 > 0 such that whenever A =
{(si,[ti1,8]) : 1 <i < N}is atagged partition of [a,b] with |A| < 8, one has

d(f(A),x) <e, (2.1)
where

f(A) = (tl’ — tifl)f(si)- (2.2)

=

I
—_

1

In this case, we say that X is the Riemann integral of f on [a,b] and it is denoted as ¥ = [ ab f(t)dr.

Definition 2.3. Let X be a vector space equipped with a complete and invariant metric d and
¢ : [a,b] — X. The function ¢ is said to be differentiable at ¢ € [a,b] if there exists a vector
Xx; € X such that

d(0,0(t+s) — @(t) —sx;) = o(s). (2.3)
We denote it by ¢'(¢) = x;.
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It is not hard to verify that a Riemann integrable function must be bounded. We first obtain
a characterization for Riemann integration via the following proposition. We give its proof for
the sake of completeness.

Proposition 2.1. Let X be a vector space equipped with a complete and invariant metric d such
that

d(Ax,Ay) < Ad(x,y) forall A €[0,1) and x,y € X. (2.4)

Let f : [a,b] — X be a function. Then f is Riemann integrable if and only if there exists a
vector X € X with the following property: for any € > 0, there exists a partition A¢ such that
d(f(A),x) < € whenever A= {(s;,[ti—1,4]) : 1 <i <N} isatagged partition of [a,b] that refines
Ae.

Proof. The necessity part follows from the Riemann integration in Definition 2.2.

The sufficiency part. Let X € X satisfy the corresponding property. Then one can check that
f is bounded and let L > 0 be a bound for the range of f on [a,b]. Let € > 0 and take a partition
Ae = {t; : 0 <i < N} of [a,b] such that

d(f(A),x) < (2.5)

whenever A is a tagged partition of [a, b] that refines Ag.
Choose 6 := min{ 7,1} and take any tagged partition A of [a,b] with |A| < §. We next
prove that

d(f(A),%) < e. (2.6)

Put points of A and A, together and yield a new partition Aj. We take the tags of A; as follows:

1° the tag of each interval of A; that coincides with an interval of A is the same as the tag
of A;
2° the tags of A; for the remaining intervals can be taken arbitrarily.

Without loss of generality, we can assume that {[cy,d;] : 1 < k < K} are the intervals of A that
contain points of Ag, saying {u¥: 1 <i<m— 1} C (ck,dy). Then K < N and

ck:ug<u11‘<--- <uﬁk,1 <ul,‘lk:dk. (2.7)

Suppose that s, is the tag of A for [cy,d;| and vif is the tag of A; for [uf.‘_l , uf‘] for each i. Then
by (2.7), one has

fA)=f(A) =
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This and (2.4) imply that

S
=

d((uf —ui_y) f(se), (uf —ufy) F(V))

1=

d(f(A),f(A1)) <

)
I
-
i
I

(uf —uf_)A(f(s0), £(vF))

IA
M=
(gl

VAN
b
Il
~ T

2L Y (dy—cp)

S
ST

<

(07}

<

\S}

as L is the bound for the range of f on [a,b]. Since A refines Ag, it follows from (2.5) that

A(f(8),%) < A(F(A), £(A) +d(F(A1), ) < 5+ =&

This means that (2.6) holds. The proof is complete. 0

The following proposition presents several equivalent criteria for the Riemann integration
whose proof follows from the Riemann integration in Definition 2.2 and Proposition 2.1.

Proposition 2.2. Let X be a vector space equipped with a complete and invariant metric d such
that (2.4) holds, and f : [a,b] — X be a function. Then the following statements are equivalent:

(i) The function f is Riemann integrable on |a,b|;
(ii) for any € > 0, there exists 6 > 0 such that d(f(Ay), f(A2)) < € for all tagged partition
Ay and A; of [a, b satisfying max{|A],|Az2|} < O;
(iii) for any € > 0, there exists a partition Ag such that d(f (A1), f(Az)) < € for all tagged
partition Ay and A; of [a,b] that refine Ag;
(iv) for any € > 0, there exists a partition Ag such that d(f(Ay), f(A2)) < € for all tagged
partition Ay and A; of [a,b] that have the same points as Ag.

Proof. (iv)=-(iii): Let € > 0. Then there exists a partition A; = {t; : 1 < i < N} such that

d(f(A1),f(Az)) < § for all tagged partition A; and A, of [a, b] that have the same points as Ae.

Let Ao := {(t;,[ti—1,t]) : 1 <i <N} be the tagged partition of [a,b|. For each i, let
Aii={{ti—ti1)f (1) :1 € [tio1, 6]},

and A := Zé\LIAi. We claim that

d(0,x) < g Vx € co(A —A). 2.8)

Indeed, let x € co(A —A). Then there exist A; € [0,1] and yj,z; €A, j=1,--- ,m such that

m m
Aj=1and x=Y Ai(y;—z)).
j=1 j=1
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By virtue of (2.4), one obtains that

d(0,x) = d(0, i%’(w —zj)) = d(iljyja iljz,'))

< d< Z Ajyi, Az + Z Aj}’j)) +d<7‘«121 + Z Ajyj, Z ljzj)
J=1 =2 =2 =l
= d(My1, Miz1) +d(2 Ajj, Z Ajzj)
==

< /hd(yl,z1)+d(' zlij,zzlﬂj)
J= J=

< Y Ad0jz) < Y Ay =5
& &2 2

Let A := {(vg, [ur—1,ux]) : 1 <k < K} be a tagged partition of [a,b] that refines A¢. Then, for
each i, we can assume that u,, = ;. Consequently,

ti-1 = Up_y <Up_ 41 < <Up—] < Up = ti,

and

1

((t,- —to)ft)— Y, (m— ukA)f(Vk))

k=n;_1+1

f(Ao)—f(A) =

=

N
I
—_

1

Z M((ti —ti)f(t) = (ti—t;i1) f(k))

Tk=n, q+1 L li—1

I
M=

~

€ ico(A,- —A;j) Cco(A—A),
which together with (2.8) impllzeis that
A(F(80). £(8)) = d(£(B0) — £(4),0) < 5.
Hence, for any tagged partition A and A; of [a, b] that refine A¢, one has
A(F (A1), £(A2)) < A(F(A1), £(A0) +(f(A0), f(A2)) < 5 +5 = &.
This means that (iii) holds. The proof is complete. 0

Remark 2.1. For the case that X is a Banach space, the metric can be given by the norm and
this metric is complete and invariant and (2.4) is satisfied. Then Propositions 2.1 and 2.2 are
valid and reduce to [2, Theorem 3] and [2, Theorem 5], respectively.

The following proposition provides a sufficient condition for Riemann integration in metriz-
able vector spaces.

Proposition 2.3. Let X be a vector space equipped with a complete and invariant metric d such
that (2.4) holds and f : [a,b] — X be a function. Suppose that

supd (0, Y(£(d)) — £(c)) 29)
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is finite, where the supremum is taken over all finite collections {[c;,d;|} of nonoverlapping
intervals in [a,b]. Then f is Riemann integrable on [a,b].

Proof. Let € € (0,1). Suppose that L > 0 is the bound of the supremum in (2.9) taken over all
finite collections of nonoverlapping intervals in [a,b]. Take N € N such that £(h—a) < € and

let Ag := {t; =a+ 5 (b—a) : 0 < i < N} be a partition of [a,b]. Suppose that
Ay = {(us, [ti-1,1]) : 1 <P <N},
and
Ag = {(vi, [ti-1,ti]) : 1 <i< N}
are two tagged partition of [a,b]. Then partitions A; and A, have the same points as A¢ and

b—a
N

N N
f(A) = f(A2) = ;(fi —ti-1)(f (i) = f(vi)) = ;(f(”i) —f(vi))-

Thus

d(f(A1),f(A2)) = d(0,f(A1) = f(A2))
b—a N
a0, Y () — ()

i=1

<

L
< N(b—a) < E.

Then Proposition 2.1 (iv) implies that f is Riemann integrable on [a,b]. The proof is complete.
0

The following theorem shows the existence of primitives on Riemann integration in metriz-
able vector spaces.

Theorem 2.1. Let X be a vector space equipped with a complete and invariant metric d such
that (2.4) holds and f : [a,b] — X be Riemann integrable on [a,b]. Define F(t) := [! f(s)ds for
anyt € [a,b]. Then for any t at which f is continuous, F is differentiable and F'(t) = f(t).

Proof. Lett € [a,b] be such that f is continuous at  and € > 0. Then there exists » > 0 such
that

d(f(t+5),f(1)) < g Vs € (—r,7). (2.10)

Suppose that s € R with |s| < r. Without loss of generality, we can assume that s > 0. Then
there exists & > 0 such that, for any tagged partitions A; of [a,f + s] and A, of [a,t] with
max{|Aj],]Az]} < 6,

d(F(t+5), f(A1)) < %g and d(F (1), f(As)) < ie. 2.11)

Choose N, K € N such that "T" <dand  <0.Let A :={(t;,[ti-1,t]) : 1 <i < N} be a tagged
partition of [a,t] with t; := a+ Ii\',(t—a)(i =0,1,---,N) and A := {(sg, [sk—1,8]) : 1 <k <K}
be a tagged partition of [r,7 + 5] with s : =1+ %s(k =0,1,---,K) . Then Ag :=AjUAy is a
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tagged partition of [a,z + 5] and |A¢| < &. By virtue of (2.4), (2.10), and (2.11), one has
d(0,F(t+s) —F(1) —sf(t))

K
= d(O,F(H— s)— f(Ae) + (A1) — Z, Sk — Sk—1) Sk)—f(f))>
K
< A0F ()= £(80) 0. £(81) = F0) +a (0. F ok —se-) () =S 0)
K
< —£+i£ Z d(0, f(sx) — f(t))

K
s s 1
< =€ ——€ = €.
2 +/§’1 k2-
This means that

d(0,F(t+s) = F(t) —sf(1)) = o(s)
and consequently F'(¢) = f(t). The proof is complete. O

The following result provides the theorem of calculus on Riemann integration in metrizable
vector spaces.

Theorem 2.2. Let X be a vector space equipped with a complete and invariant metric d such
that (2.4) holds and F : [a,b] — X be differentiable on [a,b]. If F' is continuous on |a,b), then

/TF’(s)ds:F(T) —F(a), V7 € la,b]. (2.12)

Proof. Let T € [a,b] and € > 0. Noting that F’ is continuous on [a, b], it follows that [/ F'(s)ds
exists and it is denoted by x;. Then there exists § > 0 such that
€
d(0,x; — F'(A)) < > (2.13)

holds for any tagged partition A of [a, ] with |A| < 8. Lett € [a, 7]. By the definition of F’(z),
there exists r; € (0,0) such that

d(0,F(t+s)—F(t)—sF'(t)) < d g, Vse (—r,n). (2.14)
2(b—a)
Since [a,b] is compact, there exist t1,--- ,#, € |a,b] such that
" 1 1
[a,b] C | J(ti = 570 ti+ 57)- (2.15)
et 2 2
Without loss of generality, we can assume thata <t} < --- <t, < 7. By (2.15), we can choose
1 1
u; (tiati + Ert[) N (ti - Erti7ti+l>7i = 17 M= 1 (216)

and ug := a,uy ;= T. Let Ay, := {(t;, [ui—1,ui]) : 1 <i<m}. Then A, is the tagged partition of
la, ] with [Ay,| < 6 as uj —ui—1 =uj —t;+1t; —uj—1 < r, < for any i. Note that
(i — ui—1)F' (t;) — F (u;) + F (1)
= (I/l,' —tl')F/(l‘l') — F(u,') —f—F(l‘[) + (l‘l' — ui,l)F/(t,-) —F(ll') +F(u,~,1).
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By virtue of (2.14) and (2.16), one has
d(O,F/(ti) (l/tl' — l/t,'_l) — F(ui) +F(u,~_1))
d((), (I/tl' - ti)F/(li) - F(u,) + F(t,')) + d(O, (l,' — Ui )F/(ti) - F(l‘,') + F(ui_l ))

<
€
< 2b—a) (ui — ;) + m(h‘ —Ui1)
= 2oy
Note that
xe—(F(1) = F(a)) = xt = F'(An) + F'(An) — (F(7) — F(a))
= Xz —F/(Am) + Z((u,' — ui_l)F/(ti) —F(Lti) +F(ui—l))-
i=1
Therefore
d(0,x; — (F(7) = F(a)))
< d(0,x; — F'(Aw)) + Y 4(0, (i — ui—1)F'(t;) = F (u;) + F (ui—1))
i=1
£ &« &
< §+lzl 2(b—a) (”i_ui—l)
< E&.
By taking the limit as € — 0™, one finds d(0,x; — (F () — F(a))) =0, Thus, x; = F (1) — F(a).
This means that (2.12) holds. The proof is complete. 0J

3. MAIN RESULTS

In this section, we study the relationship between continuity and Riemann integrability of a
function in metrizable vector spaces. As the main results, we prove that /! (I') (I uncountable)
and R? equipped with product topology are metrizable vector spaces with the Lebesgue prop-
erty (see Definition 3.2). For the convenience to study Riemann integrability and continuity of
functions, we introduce some notations.

Let X be a vector space with a complete and invariant metric d and f : [a,b] — X. For any
closed subinterval / in [a, D], denote by

o(f,1) = sup{d(f (), f(v)) :u,v € I}

the oscillation of f on the interval /. For each partition A = {t;: 0 < i < N} of [a,b], let

N
o(f,A) =Y o(f,[ti1,6]) (i —ti1).
i=1

For each t € (a,b), denote by
o(f,t):= lim o(f,[t—3,t+6])

0—0*
the oscillation of f at ¢ and let
o(f,a):= alir(r)1+a)(f, [a,a+ 8]) and o(f,D) := lim w(f,[b—5,b]).
—

6—0t
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It is easy to verify that f is continuous at ¢t € [a,b] if and only if w(f,7) = 0, and the set
{t € [a,b] : o(f,t) > r} is closed for any r € R.

Definition 3.1. Let X be a vector space equipped with a complete and invariant metric d and
f :]a,b] — X be a function. The function is said to be Darboux integrable if, for any € > 0,
there exists a partition A of [a, b] such that ®(f,A) < € whenever A is a partition of [a,b] that
refines Ag.

The following proposition is on the continuity almost everywhere of functions in metric vec-
tor spaces. The proof is inspired by that of [2, Theorem 18], and we present it in details for the
sake of completeness.

Proposition 3.1. Let X be a vector space equipped with a complete and invariant metric d and
f :]a,b] = X be a function. Then f is Darboux integrable if and only if f is bounded and
continuous almost everywhere on |a,b].

Proof. The necessity part. It is easy to verify that f is bounded. For each r > 0, let E, := {t €
[a,b] : o(f,t) > r}, and let
E:={t €la,b]: o(f,t) > 0}. (3.1)

Then E = |J,~oE,. To complete the proof of the necessity part, we only need to show that
m(E) = 0.

Suppose on the contrary that m(E) > 0. Then there exists » > 0 such that m(E,) > 0 as
E =U,~oE. Let A be any partition of [a,b] and Aj be a partition of [a,b] refining A. Denote
by {Ij :1 < j < p} the all closed intervals of A; such that I;NE, # 0. Then

p )4 P
=m(|JI;NE,)) < Zlm(ljﬂEr) < Zlm I
j= j=

j=1
This implies that

p
fAlEZ >r2m ) > rm(E,) >0,

which is a contradiction to the Darboux 1ntegrab1hty of f.
The sufficiency part. Let L > 0 be a bound for f and € > 0. Choose N € N such that bN;“ <5
Let

Ey = {t € [a,b]: o(f,1) > ]lv}

Then m(Ey) = 0 as f is continuous almost everywhere on [a,b]. Since Ey C [a,b] is closed and
bounded, it follows that there exist finite open intervals, say {(c;,d;) : 1 <i < p}, in [a,b] such
that
P
di<ciz1,i=1,---,p—1, EyC ci,d;) and ) . 32
i i+1 p N IL_JI( i di Z i L ( )
Let Al :={[ci,dj]: 1 <i< p}.

Let [u,v] be an interval in [a,b] contiguous to the intervals of Al such that [u,v] N Ey = 0.
Then, for any t € [u,v], there exists & > 0 such that o(f,[t — &, + &]) < 1. This implies
that the collection {(t — &,7+ &) : ¢ € [u,v]} is an open cover of [u,v] and thus there exists a
finite subcover. Choose endpoints of the intervals from the finite subcover that belong to (u,v),
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which together with u and v forms a partition of [u,v]. Do this process for all intervals in [a, b]
contiguous to the intervals of A} that do not intersect Ey. Denote by A2 all of these intervals.
Then the intervals of AL and A2 form a partition of [a,b], and it is denoted by Ag.

Now, let A be a partition of [a, b] that refines A¢. Let Al and A? be the intervals of A that are
entirely contained within intervals of Al and A2, respectively. Then, by (3.2), one has

o(f,a) = ) o(f.hml)+ Y, o(f.Dm()

IeA! IeA?
< 2L -— b—
< 4 7 —I— N( a)
< £ —|— =&
2 2 7
This means that f is Darboux integrable on [a,b]. The proof is complete. 0

The following corollary follows from Propositions 2.1 and 3.1.

Corollary 3.1. Let X be a vector space equipped with a complete and invariant metric d such
that (2.4) holds and f : [a,b] — X be a function. If f is continuous almost everywhere on |[a,D),
then f is Riemann integrable on |a,b].

From Corollary 3.1, it is an interesting problem to determine metrizable vector spaces in
which every Riemann integrable function is continuous almost everywhere. This is equivalent
to determine spaces with the property that the Riemann integrability of functions is equivalent
to the Darboux integrability. This property is known as the Lebesgue property since Lebesgue
first proved that R has such property. In the context of metrizable vector space, we consider the
following definition.

Definition 3.2. Let X be a vector space with a complete and invariant metric d. We say that
X has the Lebesgue property if every Riemann integrable function f : [a,b] — X is continuous
almost everywhere on [a, D).

The following proposition is a useful tool in determining if a space has the Lebesgue property.
The proof is easy to obtain and thus it is omitted.

Proposition 3.2. Let X be a vector space with a complete and invariant metric d and Y be a
subspace of X.

(1) If X has the Lebesgue property, then Y has the Lebesgue property.
(1) If Y does not have the Lebesgue property, then X does not have the Lebesgue property.

In the context of Banach spaces, Lebesgue first proved that R has the property in Definition
3.2. By arguing in each coordinate, every finite Euclidean space has the Lebesgue property. The
following two examples show that I”(1 < p < +e0) do not have the Lebesgue property.

Example 3.1. Let p € (1,+00) and {r,} be all rational numbers in [0, 1]. Define f : [0,1] — I?
as f(t) = 0 if ¢ is irrational and f(¢) = e, if t = r,. Note that f is bounded on [0, 1] (see [2,
Definition 6 and Theorem 9]) and then the Riemann integrability f is a consequence of the

inequalities
1

I£(a n<<2 i) ) < A7
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However, it is clear that f is not continuous at all irrational numbers and thus not continuous
almost everywhere on [0, 1]. Furthermore, this conclusion on f shows that /” does not have the
Lebesgue property .

Example 3.2. Let f: [0,1] — [ be defined as f(¢) := (ck(t))5_, € [* for any

[

=) i) c[0,1],

k
k=1 2

where each of the digits ¢, (¢) is 0 or 1. Then one can verify that f is Riemann integrable on
[0, 1] by Proposition 2.2. However, f is not continuous at any ¢ € [0, 1]. Hence, [ does not have
the Lebesgue property .

Further, da Rocha [10] proved that infinite dimensional and uniformly convex Banach spaces
do not have the Lebesgue property and consequently neither do infinite dimensional Hilbert
spaces and L”[a,b](1 < p < o0). Therefore, to seek spaces with the Lebesgue property is a
natural and interesting problem. It is known that Nemirovski, Ochan and Rejouani [7] and
da Rocha [10] proved that the space /! has the Lebesgue property, and da Rocha [10] further
proved that the Tsirelson space has the Lebesgue property. In this section, we further prove
that /! (I')(I" uncountable) also possesses the Lebesgue property. We first recall the definition of
I'(T")(T" uncountable).

Let I” be an uncountable index set. The space I'(I") consists of all elements that vanish at all
but a countable number of members of I" and are absolutely summable, that is,

x= (xq)aer & {a €' : xq # 0} is countable and Z |xa | < oo
acl’
Let ||x|| := Yger [Xa| for any x = (xq)ger € I1(T). It is easy to verify that /!(T") is a Banach
space and consequently a metrizable vector space.

Remark 3.1. The Banach space /!(T") (T uncountable) is different from /! since /! is separable
but /! (I") is not. From [8, Example 1.4], the norm in /! is Gateaux differentiable at those points
x = (x,,) for which x,, # 0 for all n; while the norm in /! (I") is not Gateaux differentiable at any
point.

Theorem 3.1. The space 1'(T) has the Lebesgue property.

Proof. Without loss of generality, we can only consider functions from [0, 1] into /! (T"). For
each € T and x € [!(I"), denote by 74 (x) := x4 the projection mapping on /!(T"). Let f :
[0,1] — {'(T') be a Riemann integrable function. Then the range of f is a bounded subset of
I'(T"). Suppose on the contrary that f is not continuous almost everywhere on [0, 1]. We next
show that f is not Riemann integrable, which is a contradiction. Let

E:={t€0,1]: o(f,t) > 0}.
Then E has positive measure and thus there exists r > 0 such that m(E,) > 0, where
E.:={t€0,1]: o(f,t) >r}. (3.3)
(Otherwise, m(E,) = 0 for all » > 0 and consequently E has measure zero as E = |J,,_ E L,

which is a contradiction). Let &) := % > 0 and 6 > 0 be arbitrarily given. Choose N € N
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such that % < 8, and let
I .
AN::{N:O§1§N}
be a partition of [0,1]. Denote by {[ck,di] : 1 < k < p} the all intervals in Ay satisfying
m([ck,di] NE,) > 0. Then

p
m(E,) = m< U lew.di) NE )
k=1

For each o € T, let G, be the set of all discontinuous points of mg o fon [0,1]. If m(Gg) >0

for some o € I', then 7y o f is not Riemann integrable as R has the Lebesgue property and
consequently f is not Riemann integrable.

We next consider the case that m(Gy) = 0 for all @ € I'. Let [y C I be a countable subset

and Ip = 0. Then Gy := Uger, Go has measure zero. Note that m([c1,d;]NE;) > 0 and then we

can take u; € (E,\Go) N (cy,d;) such that @(f,u;) > r. Thus there exists v; € (¢1,d;) such that

1f () = FO) ]| > =

m([cr,dy]) ]Bv. (3.4)

I Mm

2
Let x! := f(u1) — f(v1) = (x},)qer. Then there exists I'; C ' countable such that
x, =0,Yo e \I. (3.5)
Take a finite index subset /; C I'; such that
Y bkl <2 (3.6)

ael’ \11

Let G| := Uger,ur, G- Then m(Gy) = 0 and thus we can choose u € (E,\G1) N (c2,dz) such
that w(f,uy) > r. Since 7y o f is continuous at up for each a € I'yUI'}, there exists v, € (¢2,d>)
such that

r &0
1f (u2) = f(2)ll = 5 and Y [Wa 0 f(v2) = a0 f(u)] < 55 (3.7)
2 acl; 2
Let x* := f(u2) — f(v2) = (x%)aer. Then there exists I'; C I countable such that
x2,=0, Voel\l,. (3.8)
Take a finite index subset I, C I such that
&
aeF2\12
2
LetGy:=|J U Gg. Thenm(G,) = 0 and thus we can choose u3 € (E,\G»)N(c3,d3) such that
i=0acl;

2
o(f,u3) > r. Since my o f is continuous at u3 for each a € |J I, then there exists v3 € (¢3,d3)
i=0
such that

1f (u3) = f(v3)l| =

N~

and

Y |mgo f(vs) — T f(us)] < o

-
achul 2
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Let x3 := f(u3) — f(v3) = (x),)acr. We continue this process for p steps to obtain sequences
{Gk,Fk,Ik,uk,vk,xk) 1<k< p} in [0, 1] xI'x T x (Er\Gk) N (Ck,dk) X (Ck,dk) X l‘(F) such
that

k
Iy C I countable, I, C Iy finite, G := | J |J Ga with m(Gy) =0, (3.9)
i=0ael;
O(f.u) = rdk = () = f() = (h)aer with ¥ bl <. (310
OCGFk\Ik
and
&
£ () — F )| > — and Z Z |7to 0 f(vk) — g 0 fug)| < 5% (3.11)
i=lacl;
Foreachk:1 <k <p,let
o= Y xge,
I \koll-
ocly = i

where e® is a vector in [!(I) satisfying mg(e®) = 1if B = o and 7g(e®) = 0 if B # a. By
(3.10) and (3.11), one has

k=1
€0
=Y Y el X kel <5 (3.12)
i=1 ael; ael"k\lk
and .
0
A = 141 = =540 = 5 = 5 (3.13)
This implies that
p p p
Zxk > Z Z y —xk)
k:1 : :
p p
= ) Il - Z(y — )
k=1 =

v
Mm

Al ley —

r 2 g
E_W)_,;F

> —2&.

~
I

1

>

NEEME

Let A} and A; be two partitions of [0, 1] that have the same points as Ay. The tags of A; and A,
are uy, and vy respectively in the intervals [cg, di] for 1 <k < p and the tags of A and A, are the
same in the remaining intervals. By virtue of (3.4), one has

P
Y =
N

k=1

> pro 28 > rm(E;)  rm(Ey) _ rm(E;) S0
2N N 2 4 4

(A1) = f(A2)]| =

By virtue of Proposition 2.2, one obtains that f is not Riemann integrable. The proof is com-
plete. U
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Let R® be the countably infinite product of R with itself, that is,
R®:=]]xX (3.14)
icN
where X; = R for each i. Let R® be equipped with the product topology that is denoted by 7.
Then the product space (R®, 7%) is a vector space. Further, let d : R® x R® — R be defined as

i 1 i71
d(x,y) i sup TP I L o )y = (e € RO, (3.15)

i>1 l

It is easy to verify that d in (3.15) is a complete and variant metric and by [5, Theorem 20.5], the
metric d on R? is compatible with the product topology .7z. As one main result of this paper,
we prove that (R®, d) has the Lebesgue property. Before this, we need the following lemma.

Lemma 3.1. Let d be given as (3.15) and f : [a,b] — (R®,d). Then f is continuous if and only
if mio f : [a,b] — R is continuous for each i, where 1; : R® — X; = R is the projection mapping
associate with the index j, that is, ;((x;)ieN) = X;j.

Proof. Note that the projection mapping 7; is continuous and thus the necessity part holds.
The sufficiency part. Let ¢ € [a,b] and € > 0. Choose N € N such that Ne > 1. Since
mio f : [a,b] — R is continuous for each i, then there exists 6 > 0 such that

|7i(f(s) — m(f(2))]
i
Then, for any s € (t — 8,7+ 9), it follows from (3.16) that

d(f(s), f(t)) = sup min{|m;(f(s)) = m(f(2))],1}

<ég Vse(t—06,t+06)andVi=1,--- N. (3.16)

i>1 i
< max{ max |7Ti(f(S))—‘7Ti(f(t))|7l}
1<i<N i N
< €

(thanks to Ne > 1). Hence f is continuous at t. The proof is complete.
O

Theorem 3.2. The space R® equipped with the product topology Ty has the Lebesgue property.

Proof. Let f : [a,b] — R® be a Riemann integrable function. Then one can verify that ;o f :
[a,b] — R is Riemann integrable for each i. Since R has the Lebesgue property, then, for each
i, one has that m; o f is continuous almost everywhere on [a,b] and

E;:={t € [a,b] : m;o f is discontinuous at ¢ }

has measure zero. Let E := |J;_; E;. Then the measure of E is zero and it follows from Lemma
3.1 that the set with all continuous points f in [a,b] is [a,b]\E. This implies that f is continuous
almost everywhere on [a,b] and consequently R® equipped with the product topology .7 has
the Lebesgue property. The proof is complete. 0

The following corollary follows from Proposition 3.2 and Theorem 3.2.

Corollary 3.2. Let d be defined as in (3.15). Then [P (1 < p < 4o0), as subspaces of (R®,d),
have the Lebesgue property.
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Remark 3.2. It is known from Examples 3.1 and 3.2 that I” (1 < p < 4-o0) are Banach spaces
with no Lebesgue property. However, as said in Corollary 3.2, these spaces equipped with
subspace topology of (R®,d) possess the Lebesgue property.

4. CONCLUDING REMARKS

This paper is devoted to the study of the Riemann integration and the Lebesgue property in
the framework of metrizable vector spaces. Many of the real-valued results concerning the Rie-
mann integration are still valid, and we discovered that R® equipped with product topology has
the Lebesgue property. This enables us to consider the issue of Riemann integration and the
Lebesgue property in the general topological vector spaces. Such issue may be more difficult
and challenging. For example, let R?® in (3.14) be equipped with the box topology 75 (dif-
ferent from product topology 77) and one can consider the Riemann integration of functions
as Definition 2.2 via the box topology. Consider a function f : [a,b] — (R?®, ) defined by
f@&):=(@,---,t,---,) foranyr € [a,b]. It is not hard to verify that f is Riemann integrable with
respect to the box topology whereas f is not continuous on [a,b]. This means that the Lebesgue
property of R® may not remain valid in the sense of the box topology.
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