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Abstract. In this paper, we study a model of deformations of a beam with elastic supports and nonlinear
boundary conditions under the influence of an external force. The case when the force can be concen-
trated at separate points is considered. The minimization problem of the potential energy functional with
a constraint on the displacement of the beam end is investigated. The correctness of the model is estab-
lished, and the necessary and sufficient conditions for the minimum of the potential energy functional
are proved.
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1. INTRODUCTION

The differential equation
2 2
jp(p%)wu:f (1.1)

with impulse coefficients and the right-hand side was studied in many works; see, e.g., [1, 2, 3,
4,5,6,7,8, 9] and the references therein. It usually arises in the problems of various natural
science. In [3, 4, 5], (1.1) was investigated by means of Schwarz-Sobolev distributions.

Recently, another research direction, associated with the works of [7, 8, 10], is developing.
In the framework of this direction, the equation (1.1) with singularities in the coefficients and
the right-hand side is replaced by the equation with measure derivatives

(P )6 +uQo = Fo, (1.2)
where the measure o is generated by the increasing function & (x), containing the singularities
of the problem. This approach gives the possibility to carry out a pointwise analysis of both
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solutions and relations in (1.2) because Equation (1.2) is defined at each point. However, Equa-
tion (1.1) was considered only with linear boundary conditions in [3, 4, 5, 7, 8]. In this paper,
we develop a pointwise approach in the case of nonlinear boundary conditions. In this way, we
replace Equation (1.2) with the equivalent integro-differential equation

d d*u

d d2
dx P dx2)(

s -l—/udQ Fx) = 0) — F(0)
and consider the nonlinear boundary value problem for this equation. There are many results
devoted to the study of various kinds of nonlinearities described by variational inequalities or
sweeping processes; see, e.g., [11, 12, 13, 14, 15] and the references therein. Using varia-
tional methods, in the present paper, we investigate a problem with a similar type of nonlinear
boundary conditions. Our model is understood in the following sense. Consider the Cartesian
coordinate system Oxy, and suppose the beam is located along the segment [0,/] € Ox (equilib-
rium position). The first end of the beam is assumed to be rigidly fixed. The second end of the
beam is inside the limiter located parallel to the Oy axis.

Suppose the total external load is determined by the function F(x). Under the influence
of the external force directed parallel to the Oy axis, the beam deviates from the equilibrium
position. We denote by u(x) (x € [0,/]) the function describing the deformations of the beam.
The condition of rigid fixation is

u(0) =u'(0) = 0. (1.3)

The restriction on the movement of the second end of the beam can be written as
u(l) e C, (1.4)
where C = [—m,m|. Depending on the applied external force u(!) either remains an internal

point of C or touches the boundary of the set C. As will be shown in Section 3, the potential
energy functional for our physical system can be represented as

l

X I/t//z X l MZ X /
®(u) = / %dw / %dQ(x)— / u(x)dF (x). (1.5)

0 0 0

Here the function Q(x) describes the elastic response of external, and the properties of the beam
material are characterized by the function p(x). The real deformation of the beam up(x) is a
minimum point of Functional (1.5) with respect to conditions (1.3) and (1.4).

In Section 3, we minimize the energy functional ®(u) and establish the necessary condition
for the extremum (Theorem 3.1). We obtain that ug(x) is a solution to the problem

d d2 d  d*u
s +/udQ F(x) = (05 3)(0) = F(0),
u(0) = u'(0) = 0, (1.6)
p(u" (1) =0,
u(l) € C,
| (pu")'(I) € Ne(u(l)),

where N¢(u(l)) is an outward normal cone at the point u(/) to the set C, and the integral is
understood in the Stieltjes sense.
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We suppose that

(i) the functions p(x) and F'(x) have bounded variation on [0, ], and ir[lf | p(x) > 0;
x€|0,]

(ii) the function Q(x) does not decrease on the segment [0, ];

(iii) the functions p(x),Q(x), and F(x) are continuous at the points x = 0 and x = .

(j) We assume that solutions u(x) belong to the set of absolutely continuous functions with
absolutely continuous derivatives on [0,/]. Moreover, we assume that the functions pu” are
absolutely continuous and (pu’)" have bounded variation on [0,].

In Section 4, we prove the theorems of uniqueness (Theorem 4.1) and the existence (Theorem
4.2) of the solution to Problem (1.6). After that we establish the sufficient condition for the
minimum of Functional (1.5) (Theorem 4.3) and study the solution dependence on the size of
the set C (Theorem 4.4).

The analogues of this problem in the case of string deformations were considered in [16, 17,
18, 19, 20].

2. PRELIMINARIES

In this section, we recall some notions and facts which we will need in the sequel.
The space BV[0,1] (see [18, 21, 22, 23]). This space is defined as the set of functions whose

variation
k—1

Vo(w) = sup Y Iw(xipr) —w(xi)]

0<xg<x] <...<x, <l =0

+

is bounded. For any w € BV[0,1], we have w = w™ —w™, where wt and w™ are non-decreasing

functions (Jordan decomposition).
For any w € BV[0,1], at any point s € (0,/] (s € [0,1)), the left-hand (right-hand) limit exists,
that is, w(s —0) = limow(x) and w(s+0) = limow(x). By a jump of w(x) at a point x = s,
X—S5— X—rs+

we mean Aw(s) = w(s+0) —w(s—0) (w(0—0) =w(0) and w(l +0) = w(l)).

In the sequel, we denote by S(w) the set of points, where the function w(x) is discontinuous.
For any function of bounded variation w(x), the set S(w) is at most countable. For w € BV[0,1],
we define the jump function w(x) as ws(x) = Y« (w(s+0) —w(s —0)).

!
The Stieltjes integral (see [18, 21, 22, 23]). This integral / f(x)dg(x) is defined for func-
0
tions f(x),g(x) (x € [0,1]) by passing to the limit in the integral sums

(if(@') (g(xiv1) —g(xi))> :

when max |x; 4| —x;| — 0.
)

The Stieltjes integral / f(x)dg(x) exists if one of the functions f(x), g(x) is continuous and
0

!
the other has a bounded variation. For the Stieltjes integral / f(x)dg(x), the inequality
0

< sup |F(x)|Vi(g)
x€[0,]]

M?@@w
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holds where g € BV[0,/]. We have the formula

[ 1wag) = [ reds+ E 150
s€S(g)
where g.(x) = g(x) — gs(x), f € C[0,!], and g € BV[0,1].
The measure transformation theorem (see [18, 21, 22, 23]). For any ¢ € BV[0,l] and
continuous functions w(x), @(x), we have

l l
[ odut) = [ plomixdo).
0 0

X

where [L(x) = /w(t)dG(t) + const.

0

Absolutely continuous function (see [18, 21, 22, 23]). The function « is said to be absolutely
continuous on [0,/] if, for any € > 0, there is § > 0 such that, for any finite or countable system
of pairwise non intersecting intervals (@;, §;) with a sum of lengths less than 9, i.e.,

Z(B’ — OC,') <0
i
the inequality
2 |(u(B) —u(ow))| < &
1

holds.

The Lebesgue theorem states that the derivative w =’ of the absolutely continuous function
is integrable and

/w(x)dx = u(x) —u(0).

Notice that any absolutely continuous function on [0, /] has bounded variation on [0, [].
Integro - differential equation. The equation

d d2 d d*u
el +/udQ F(x) = 5 (p5)(0) ~ F(0) @.1)

is an analogue of the Euler — Poisson equation for our problem. We need to explain a set,
which x belongs to, so that Equation (2.1) has the correct meaning at singular points. As in
[7, 8, 10, 18, 23], we introduce a special “extension” of the segment [0,7]. We will denote it by
0,1] . Let us describe this construction in an exact way.

Let S be the set of all points at which the functions p(x), Q(x), and F (x) have non-zero jumps.
Consider the set [0,/] \ S, and introduce on this set the metric r(x,y) = |o(x) — o(y)|, where

o(x) =x+0x)+p"(x)+p~ () +F(x) +F (), (2.2)
pt(x), p~(x), F"(x), and F~(x) are non-decreasing functions from Jordan decompositions
of bounded variation functions p(x) and F(x). These functions can be chosen so that o (x)

has discontinuities only at points from the set S. If S # 0, then the metric space [0,7]\ S is
not complete. Its metric completion coincides with [0,7] ; (up to isomorphism) and induces a
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topology on mo. We will denote the elements appearing during the completion instead of
each point s € S as s — 0 and s + 0, respectively. For any x < s, we have s —0 > x. For any
x> s, we have s +0 < x. Thus, on [0, ] o €ach point s of the discontinuity of the functions p, O,
and F is replaced by a pair of points {s — 0,5+ 0}. We will define at these points the functions
p, Q, and F by limit values, i.e., we suppose p(s£0) = lim p(x), Q(s+0) = lim Q(x)
x—s3+0 x—s£0

and F(s£0) = hnjl[oF(x)' We suppose that x in Equation (2.1) belongs to [0,1] ;. Thus, we
X—S

do not allow x to take a value in the set S. The functions p, Q, and F become continuous on
mc. The continuity of the functions u allows us to preserve the usual Stieltjes meaning for
the integral term in (2.1) at x = s — 0 and x = s+ 0. Thus, we consider Equation (2.1) in two
layers: the lower level is for x € [0,/] when speaking about the solutions u(x) themselves (under
the integral sign), and the second level is for the values x in (2.1), where x € mo.

The Equation (2.1) implies the equality

(") (s +0) = (pu") (s = 0) +u(s)(Q(s +0) = Q(s = 0)) = F (s +0) — F (s - 0),
where s € S. Here the left and right derivatives coincide with the limit values of the derivative,

that is, (pu”)"_(s) = (pu")'(s — 0) and (pu")’ (s) = (pu")'(s +0).
We will use the following notions and theorems from [7].

Theorem 2.1. For any real numbers ug, w1, u, u3, and for any point xo € [0,1], there is a
unique solution to the problem

d d2 d , d*u
F( —F
s +/udQ (¥) = - (p5)(0) = F(0),
u(xo) = up,
u'(x0) = uy,
u’ (xo) = ua,
(pu'")' (x0) = us.
Consider the homogeneous equation
d, du [ d, du
= 2.
S0+ [ua0 = (p5)0). 23)

0

It follows from Theorem 2.1 that the space of solutions to Equation (2.3) has dimension 4.
Let us define an analogue W (x) of the Wronski determinant on the set [0,1] ;.

¢1(x) @2 (x) @3 (x) @4(x)
W =| a0 e esl) e

o (x) @5 (x) @3 (x) @) (x) |’

(po) (x) (p9y)'(x) (poy) (x) (p<P4)(x)

where ¢;(x)(i = 1,2,3,4) are solutions to homogeneous equation (2.3).

(2.4)

Theorem 2.2. Let ¢;(x)(i = 1,2,3,4) be solutions to homogeneous equation (2.3). The follow-
ing conditions are equivalent:
1) there is a point xy € [0,1]; such that W (xo) = 0;
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2) W(x) =0 on the set [0,1] ;
3) the functions @ (x), 2(x), @3(x), and @4(x) are linearly dependent on [0,1].

Theorem 2.3. Let @1 (x), ¢2(x), 93(x), and @4(x) be solutions to homogeneous equation (2.3).

Then (pW )(x) = const on the set [0,1].

Let C C H be a closed convex set, where H is a Hilbert space.
Normal cone (see [12]). The set

Ne(x)={Ee€eH: (& ,c—x) <0 VceC}

denotes the outward normal cone to C at x, where x € C.
Notice that if x is an interior point of C, then Nc(x) = {0}. In the present paper, H = R',
norm and scalar product are Euclidean.

3. THE VARIATIONAL MOTIVATION OF OUR APPROACH

Let us explain the representation (1.5) of the potential energy functional for our model of
beam deformations. The beam is located along the segment [0,!] of the Ox axis. Under the
influence of external force, the beam is deformed in the vertical plane. Applying the consider-
ations of Euler, let us assume that the beam is vertically stratified into elementary flat layers.
There is (this is the standard assumption) a layer, which under deformation does not change
its length in any area. This layer is called neutral. Intersection of the neutral layer with the
longitudinal section of the beam forms a neutral line. The deviation of the neutral line from
the equilibrium position is called the deformation of the beam. We denote it by u(x), where
x € ]0,1]. Consider the case of small deformations. For zero deformation of the beam, the
vertical gap occupied by the beam from the neutral line is denoted by [—hg,h;]. Consider an
elementary layer between / and i+ Ah. Denote by dS(h) the cross-sectional area of this layer,
where S(h) is cross-sectional area of the beam at the point x between the levels from —Ag to &;.
Considering a piece of the beam on the interval [x,x + Ax), this layer will have an initial length
I(h) = Ah. Resistance to tensile or compression of this layer exerts according to Hooke’s law
with a force equal to kdI(h), where di(h) is the elongation of the layer under consideration, and
k is the coefficient of elasticity equal to

o E(h)dS(h)
==
where E(h) is Young’s modulus of the material of the layer. The work to overcome the linear

2
T
force k7 on the interval 0 < 7 < 15 1s kjo. Thus the energy dV (h) accumulated by an elementary

layer ( of level &), when the length changes by dI(h), equals

(di(h))* _ E(h)dS(h) (di(h))*
dV(h)=k y = A y

Let us find the elongation dI(h) of the given layer. It is determined by its distance / from the

neutral line and the angle A® between the transverse sections at the points x and x4+ Ax. Up

to small values of the higher order dI(h) = hA®, due to which the energy, accumulated by the

elementary layer at the A level is

E(h)dS(h)h* (A®)?
2 Ax

dv (h) =



A MODEL OF DEFORMATIONS 285

The integration of the latter value over the thickness of the beam in the range from —hy to
hy leads to the energy accumulated by a section of the beam on the interval [x,x + Ax). It is
determined by the value

x) (A®)?
hy
where p(x) = [ E(h)h?dS(h). The angle between the normals is the same as the angle be-
—ho
: p(x)u"(x)
tween the tangents. Thus d®(x) = du'(x). The latter leads (3.1) to the form ————Ax.

7
PO )
2
Consider a partition of the segment [0, ] by points 0 = xp < x| < .... < x, = [. Let us choose
arbitrary numbers &; € [x;,x;11) on each section. We denote Ax; = x; 11 —x;. We will assume
that Ax; = x;+1 — x; are small. The total external load in the range from O to x is determined by
the function F(x). Thus the force F(x;11) — F(x;) acts on the interval [x;,x;;1). The movement
in this section is assumed to be equal to u(&;). The corresponding work is equal to

u(Gi) (F (xiy1) = F (xi))-
l
Thus the work of the external force on [0,!] equals / u(x)dF (x). Notice that the function F (x)

0
will be discontinuous at the points, where concentrated forces are applied. The elastic response

of the external environment is described by the function Q(x). According to Hooke’s law,
when the element [x;,x; 1) is deflected at a distance h, the elastic reaction force is equal to
h(Q(xi+1) — O(x;)). So the work on overcoming this force, when A changes from zero to u(&;)
is equal to

l
Consequently, the bending energy of the beam is [
0

"7 2(E)
/hdh (Qxi+1) = Qi) =~ (Q(xis1) — Q(xi)).
0

1,2
and for the whole [0,/], we have the integral | %d Q. This means that if the beam made a
0

deformation determined by the function u(x), then its potential energy would be

l

" L, !
®(u) = / de / MT(x)dQ(x) - / u(x)dF (x).
0 0 0

We assume that conditions (i), (ii), and (iii) are satisfied. Denote by E the class of absolutely
continuous on [0, /] functions with absolutely continuous derivatives. Moreover, we assume that
the functions u” have bounded variation on [0,1].

We will consider the functional ®(u) on the set of functions u € E satisfying (1.3) and (1.4),
Le.,
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According to the Hamilton — Lagrange principle, the real deformation uo(x) minimizes the
potential energy functional ® with respect to conditions (1.3) and (1.4), i.e.,

i D(u).
o= u(0)=u’(r(r);1:nO,u(l)eC (M)

Let us consider /1 € E satisfying the conditions
h(0)=r(0)=0, h(l)=H(1)=0 (3.2)

and consider the function u(x) = up(x) + Ah(x), where A is a real number. We have u € E,
u(0) = u/'(0) =0, and u(l) = up(l) € C. Thus ®(ug) < ®(up + Ah). Fixing h, let us define
the function @,(A) = ®(up + Ah). Then the inequality ¢,(0) < ¢,(A) holds for all real A.
According to Fermat’s theorem, we have %(ph(l) |a—0 = 0. The last equality has the form

/0 pullh dx + / uohdQ — / hdF = 0.

Denote by
o) = [ mde. (3.3)
Then
/()lpuf)'dh'+/()lhdg—/()lhdF:O,
and
PO B) ~ pO)O(0) — [ Wa(pu) + HDE(D) ~ HO)g(0)

—/lgh’dx—h(l)F(l)—|—h(0)F(O)+/ Fh'dx=0.
0 0

Since we consider the case, when Conditions (3.2) are satisfied, we have

! ! !
/h’d(pug)—i—/gh’dx—/Fh/dx:O.
0 0 0
Denote by g(x) = Ji g(s)ds, F(x) = [j F(s)ds. Thus
/ Hd((pull) +g—F) =0, (3.4)

which holds for any function s € E satisfying (3.2).

Lemma 3.1. Suppose that G(x) is a bounded variation function, where x € [0,1]. Assume, for
any h € E, satisfying (3.2), we have

[
/ HdG = 0. (3.5)

Then there exist numbers a, b such that the identity
G(x—0)=G(x+0)=ax+b
holds for all x € (0,1).
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Proof. Since h'(0) = K (I) = 0, with respect to (3.5), we have /h’dG = —/ Gdh' = 0. Since
0

(3.2) is satisfied, for any numbers a and b, the equality f (ax+b)dh' = 0 holds. Thus f (G(x) —
(ax+b))dh = 0. Then, for

l

It
6l [G(s)ds—12 [ [ G(s)dsdt
0 00
a= 3 :
It l
6 [ [G(s)dsdt —2l [ G(s)ds
p_ 00 0
= B :
and
X t
= //(G(s) —as—b)dsdt,

00
!
we obtain / (G(x) — (ax+b))>dx = 0. Thus, for almost all x, we have G(x) = ax+ b. Denote

0
by S* the set of points x € [0,/] such that G(x) # ax+ b. Consider an arbitrary point s € [0,1).

Since G € BV|[0,1], there exists a sequence of points s, € [0,/]\S* such that s, — s+ 0 and
G(sp) = G(s+0). Thus G(s+0) = as+ b. Similarly, G(s —0) = as+ b. O

This lemma allows us to define the function G(x) on the segment [0, ]
F

by continuity.
Applying Lemma 3.1 to Equality (3.4), we obtain (pug)(x) + g(x) — F(

x)=ax+b,ie.,
(pug)( /F Yds+ax+b— / (3.6)

Hence the function (pu) is absolutely continuous and

(pug) (x) + / uodQ = F (x) + (3.7)

We can rewrite Equality (3.7) as

d d2
plat +/udQ Fx) = S (p53)(0) = F(0).

Let us consider functions & € E such that 4(0) = #'(0) = h(I) = 0 and the function u(x) =
uo(x) + Ah(x), where A € R. Notice that u € E, u(0) = u/(0) =0, u(l) = up(l) € C. Then

®(ug) < Dlug + Ah).
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Define the function @;,(A) = ®(ug+ Ah). Then, for all real numbers A, the inequality ¢,(0) <
¢n(A) holds. Thus ﬁ(ph( |a—o = 0, and we have the equality

/ /
p(l /h/ pug) /gh’dx—k/ Fh'dx =0,
0

where g(x) is defined by (3.3). With respect to (3.6), we have

! !
p(l / W(F(x)+a—g(x ))dx—/ gh/a’x—f—/ FHdx=0.
0 0
Since h(l) = h(0) = 0, we obtain p(I)ug(I)h'(I) = 0. Hence
p(lug (1) =0. (3.8)

Let us fix any element ¢ € C. Consider the function / € E satisfying conditions 2(0) = /#'(0) =0,
h(l) = ¢ —up(l). Suppose u(x) = up(x) + Ah(x). Notice that u € E and u(0) = «’(0) = 0. We
have u(l) = up(l) + Ah(l) = up(l) + A(c —uo(l)) = Ac+ (1 — A)up(l). Since ¢ € C, uyp(l) € C,
the set C is convex, for all A € [0, 1], we have u(/) € C. Thus ®(up) < P(up+ Ah). Fixing h, let
us define the function ¢, (1) = ®(up+ Ah), where A € [0, 1]. Hence ¢,(0) < ¢;,(A). Then, for
the right derivative, we have the inequality %(ph (A)]p=0 >0, 1ie.,

PO 1)~ pOO(0) — [ Ha(pu) + HDE(D) ~ HO)g(0)
(3.9

- gl dx— h(1)F (1) + h(O)F (0) + / Fidx >0,
0 0

where g(x) is defined by (3.3). Using conditions 4(0) = /'(0) = 0, (3.6), and (3.8), Inequality
(3.9) has the form h(1)(g(I) — F(I) —a) > 0. According to (3.7), a = (pugy)' (1) +g(1) — F(I), and
we obtain —(pug)'(1)h(l) > 0, i.e., —(pug)'(I)(c —uo(l)) > 0, where ¢ € C. Thus (pug)'(l) €
Ne(up(1)).

We have proved the following theorem.

Theorem 3.1. Assume that uy minimizes the potential energy functional ®(u) given by (1.5)
with respect to conditions u(0) = u'(0) = 0,u(l) € C. Then uy is a solution to Problem (1.6),

Le.,
.

2 2
T+ / w0~ F(x) = S (pT3)(0)~ F0),
u(0) =0,u'(0) = O,

Pl (1) =0,
u(l) € C,
| () (1) € Ne(u(D),

where x € (0,1] 5, and 6 (x) is defined by (2.2).

4. MAIN RESULTS

In the sequel, we assume that conditions (1), (ii), (ii1), and (j) are satisfied. Consider Problem
(1.6).
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Definition 4.1. By a solution to Problem (1.6), we mean a function u, satisfying Equation

(2.1) for all x € [0,1]; and satisfying conditions u(0) = /(0) =0, p(l)u"(I) = 0, u(l) € C, and
(pu")'(1) € Ne(u(l)).

Theorem 4.1. If a solution to Problem (1.6) exists, then it is unique.

Proof. Assume that u(x) and uy(x) are solutions to Problem (1.6). Then w(x) = u;(x) — uz(x)
satisfies the equation

d . dw r d  d®w

Lt do =20 4.1

dgmwxn+JwQ (5 3)00), @
and satisfies the conditions w(0) =w'(0) =0, p(I)w” (1) = 0. For all ¢ € C, we have (pu})'(I)(c
ui(1)) <0and (puf)' (I)(c —uz(l)) < 0. Since u; (1) € C, uz (1) € C, we have (pu')'(I)(u2(I)
ui(l)) <0and (pufy)'(I)(ui (1) —uz(1)) < 0. Hence (pw”)'(I)w(l) > 0. From Equality (4.1), we
have [y wd(pw") + [} w?dQ = 0. Thus

wm@WW@—AbMWMM+A%%Q:Q
1.e.,
w(l)(pw") (1) —|—/lpw”2dx+/lw2dQ =0.
Hence w = 0. " " U

Theorem 4.2. Let @1, @2, 03, and Q4 be a system of solutions to homogeneous equation (4.1)
and satisfy the conditions:

b1 (O) =1, 902(0) =0, ?3 (O) =0, @4(0) =0,

(P{ (O) =0, QDé(O) =1, (Pé (O) =0, (Péll(()) =0,

@/ (1) =0, @) (1) =0, @y (1) =1, @i (1) =0,

() (1) =0, | (pes) (1) =0; | (p9y)'(1)=0 (pey) (1) =1.
l

IA
X

1 X
uwzﬁﬁﬂwm@!m@ﬁw+@wémwwm+
[
+%m/g@ww+mmkawmm, 4.2)
where )
2 (s) @3 (s) ©4(s) @1(s) @3(s) @4(s)
Ai(s) =~ @) ¢3(s) @i(s) [:Ma(s)=| @i(s) ¢3(s) oy(s) |
p(s)oy(s) p(s)oi(s) p(s)ey(s) p(s)ol(s) p(s)ei(s) p(s)ey(s)
o1(s) ®2(s) ®4(s) ?1(s) ®2(s) ?3(s)
Az(s)=1| @i(s) ?;(s) @4(s)  [:M4(s)=—| o1(s) ?;(s) @5 (s)
p(s)ol(s) p(s)ei(s) p(s)ey(s) p()ol(s) p(s)ei(s) p(s)e3(s)
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! !
Ifm((pl (1) [ AL (s)dF (s)+ @2(1) [ Ax(s)dF (s)) > m, then the solution to Problem (1.6) is
0 0

4.3)

Ifm((pl(l) JAL(s)dF (s) + @a2(1) [ Aa(s)dF (s)) < —m, then the solution to Problem (1.6)
0 0

IA

_ Zmeul) ! X / s s
) = B g (910 [ AP ()

0
X [

+020) [ Ma(s)dF () +93(x) [ Aa(5)dF ()
0 X

+ou(x) / Aa(s)dF (s)) - Pu(x ‘P)l(l) / Ai(s)dF (s)

X 0

l
 e(D)s(x) VdF(s
PO | 40

where the Wronskian W is defined by (2.4).

Proof. Let us show that the system of functions @1, @2, @3, and @4 exists. Consider the problem

X
(pw")' (x) + [ wdQ = (pw")'(0),
0
w(0) =0,w'(0) =0, 4.4)
w'(1) =0,
(pw")'(1) =0.
Note that Problem (4.4) has only the zero solution. Indeed, it follows from the equation in (4.4)
that

l l
/ wd(pw")’ +/ w?dQ = 0.
0 0
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Integrating the first integral by parts two times, we obtain

[ [
/ ow2dx+ / w2dQ =0,
0 0

and hence w = 0. Consider the following problems

[ (WY @)+ IWIdQ (pwY(0),
w(0) = Low 2(0) =0,
\ ( ) 07 (le)( ) 07

() (5)+ [radQ = (3 (0),

wy(0) = 0,wh(0) =1,
wy(0) =0, (pw3)'(0) =0,

~

(pw3)'(x) +fW3dQ (pw3)'(0),
w3(0) = Oawg (0) =0,
[ w5(0) =1, (pw3)’(0) =0,

and
(P (x) +  wadQ = (pw})'(0).

w4(0) = 0,(0) =0,

[ wi(0) =0,(pw})'(0) = 1.

We represent the solution to the equation from (4.4) in the form w = dyw +dywy +dswz +dawa

and substitute it into the conditions (4.4). Since Problem (4.4) has only zero solution, the
determinant of the matrix of this system is not equal to zero, i.e.

w1 (O) Wz(()) w3 (0) Wy (0)

w} (0) w5 (0) 5(0) wy(0)

Wi Wi Wi Wi |7 (42
(pw)' (1) (pwd)' (D) (pW3) (1) (pw))'()
We represent @;(x) in the form @;(x) = cyw;(x) 4+ cowa(x) 4+ c3w3(x) + ca4wa(x). Substituting
into the conditions for ¢ (x), we obtain a system for determining ¢y, ¢, ¢3, and ¢4

c1wi (O) + CQWQ(O) +c3w3 (O) + C4W4(O) =1,
c1w(0) 4+ cawh (0) + c3ws (0) + caw)y (0) =0,
ciw (1) +cawi (1) + c3wj (1) + cawly (1) = 0,

c1(pw)) (1) + ca(pwy) (1) + c3(pw5) (1) + ca(pwy) (1) = 0.
By virtue of (4.5), the latter system has a unique solution. The existence of the functions ¢, @3,
and ¢4 is proved in the similar way. It is easy to see that the system of functions @, ¢,, ¢3, and
¢4 is linearly independent, therefore it is a fundamental system of solutions to homogeneous
equation (2.3). According to Theorem 2.2, we have p(0)W(0) # 0. Consider the case

/ l
o @0 0/ AL ()dF(5) + (1) 0/ Aa(s)dF (5))| < m.
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Let us show that function (4.2) is the solution to Problem (1.6). We must check that (4.2)
satisfies conditions (j). Notice that the integrals on the right-hand side of (4.2) are defined since
A;(s) are continuous. From the representation of u(x) for all points x € S, we have

x+0
Aux) = m<(p1(x+0) / A (s)dF (s)

x+0
+ o(x+0) /Az )dF (s) + @3(x+0) /A3 \dF (s)

x+0
x—0

+ 94(x+0) / A4($)dF (s) — @1 (x— 0) / A1(s)dF (s)
x+0
x—0

— o (x—0) /A2 )AF (s) — @3 (x—0)

X—

Bs(5)dAF (5) = ps(x— 0) [ Aa(s)dF(s))

X

O\N

— \O\N

_ AF(x)
= o) (PRI + R2(082() — 93(x)A3(x) — 1A x
=0,
due to
91 ()81 (x) + @2(x) A2 (1) — 93(x) 43 () — 4(1)As ) (46)
P el el el
Jeow e ek e
o) ) ¢ e
(poy)(x) (p%)() (p3)(x) (p<04)()

Hence the function u(x) can be determined by continuity on the segment [0,/]. Let us show that
u(x) is absolutely continuous. For any «, 8 € [0,1], we have

u(B) —u(a)

1 B ;
:p(o)w(o) <(‘P1(ﬁ>—¢1(0‘)>/0 Al(s)dF(s)+(¢z(ﬁ)—<pz(a))/0 Ay(s)dF (s)

(a) /lAg (s)dF (s)+ (. - Oc))/BlA4(s)dF(s)
+/ 01(a) ~ 91(5)) 81 (s)dF (s +/ @)~ ¢2(5) o ()dF 5)
+ / 0)) A3 (s)dF (s) + / 94(s) — @3(00))Aa(5)dF (s)

< @sAmw+@@mxm—%@>xw—m@manwa)
According to (4.6),

B
@191+ 92(5)82(5) = 93(5)3() = pa(5)84(5)) dF (5) =
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and we obtain that the function u(x) is absolutely continuous. Let us show that

wm%ﬁwwm+¢w[mwww
4.7)

l
049 [ As()F(5) + 64(5) [ M()F())

Denote by Az = z(x+ €) —z(x+0), where € > 0. Let us prove the statement for the right
derivative (for the left derivative the proof is similar). We have
x+€ X+E€

Agu . 1 As‘P] AS(P2
e 0w\ e /AldF+ e /WF
I I
Ac 3 Ae @y
+ AsdF + AydF
e H/g -/
[ BB+ ) () I
c .
Let us show that
i [ @A)+ @A) NG~ WA
=01 Jx+0 &
Observe that
1 xX+€
o [ (@@81) + 920082(5) ~ 93(3)85(5) ~ 4(x)A(5) dF ()
x+0
sup  [@1(x)A1(s) + @2(x)Aa(s) — @3(x)A3(s) — @a(x)As(s)]
g s : V)

Let 7 be a point at which the continuous function

|@1(x)A1(s) + @2(x)Aa(s) — P3(x)A3(s) — Pa(x)A4(s)]
reaches its maximum on the compact set [x + 0,x+ €]. Then the inequality

max  [@1(x)A1(s) + @2(x)A2(s) — @3(x)A3(s) — Pa(x)Asa(s)]

x+0<s<x+e€
£
gm@ﬂﬁ@%ﬂﬁlﬂMwwwwgwm
+W@M%@;%ﬂfﬂMm,%m;%@

2 A (D)01() + 82(2)pa(1) — As ()03 (2) — Aa(T) (o)
holds. Since . | | pute
Lo —o@)l < 2| [olwasi <2 [ Igi(lds <c
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i=1,2,3,4 and (4.6), we obtain that the fraction

max  [@1(x)Ai(s) + @2(x)Az(s) — @3(x)A3(s) — @4(x)As(s)]|

x+0<s<x+€

Y

€

where € > 0, is bounded. Since V;jog(F ) — 0 as € — 07, we obtain Equality (4.8). Thus

Representation (4.7) is true. Similarly, it is proved that the functions «'(x) and (pu”)(x) are
absolutely continuous, and

') = iy 91 ) 0/ )+ 04) [ Aalo)dF(s
+ 05 (x) /l s)+ @y (x / A4(s)dF (s
and x
(pu")'(x) = p(O);V(O) ((pel)' (x) /x A ( +(pey) / Ao (s)dF (s

0

Let us show that function (4.2) is the solution to Equation (2.1). Let us consider the integral
Jo udQ. Note that

[ s 0 [ s 010 [ saric
+/O(p3s/sA3tdFtdQs+/0 qo4s/SA4rdFt)dQ(S))-

Changing the limits of integration, we have

/(p1 /A1 )dF (1)dQ(s) / /A2

= / A1) ((—(pol) (x) + (poy) (1))dF (1) + /O Ao (1) ((—(p@y) (x) + (p@y) (¢))dF (1)

and
/x (s) /1A3 1dF (1)dQ( s)+/Ox(p4(s)/S1A4(t)a’F(t)dQ(s)
l
= [ A= (008) (0)+ (ot OF O+ [ 830~ (p}) @)+ (98 (0)aF (1)

4 [0 po) )+ (o) O)aF(6) + [ o)~ (0} () + (pl) O)aF ()
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It follows that

—l—/ udQ

- W</o (A1) (p!) (1) + Ax (1) (p@3) (1) — A3 (1) (p@¥) (2)

— Ag(t)(p@}) (1) dF (1) + (pgl) / As(1)dF (1) + (pgllY / Ay()dF (1

- m /oxp(t)W(t)dF(f) + (pu")'(0)-

According to Theorem 2.3 p(1)W (t) = p(0)W(0), we obtain
() (1) + [ ud@ = F(x) = F(0) + (pu/ (0

as required. Let us show that the function u(x) satisfies the conditions of Problem (1.6). It is
easy to see that u(0) = u/(0) = p(I)u” (1) = 0. Since

l I
)1 = | iy (010 0/ Ay ($)dF (5) + @2(1) 0/ Mo(s)dF(5))] < m

we have u(l) € C and

(pu") (1) = p(O) ((pey)’ /Al )AF (s)+ (p9y) /Az )dF(s)) =0

as required. Consider the case

! I
1
W((pl(l)o/Al(s)dF(s)+(P2(Z)O/A2(S)dF(s)) > m.

As it is similar to the first case, one can prove that the function defined by Equality (4.3) is a
solution to Equation (2.1) and satisfies u(0) = u/(0) = p(1)u”(I) = 0. Since u(l) = m, we have
u(l) € C = [-m,m]. Let us show that (pu”)'(I) € Nc(u(l)), i.e., (pu”)'(I) > 0. Notice that
@4(1) < 0. Since

(re) )+ [ @1dQ = ()’ (0),
we have
! 11\/ ! 2

/ P4d(poy) +/ ¢;dQ =0,

0 0
i.e.,

I\ 1\/ ! I/ANPN ! 2
2a()(p9})' ()~ 0:(0)(p0} ) (0) = [ (i) glax+ | p}a0 =0.
0 0

Using the conditions for @4 (x), we obtain

/ﬁvfdeL/p d
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If @4(1) = 0, then [j @2dQ + [i p@/>dx = 0 and @4 = 0, but this contradicts the condition
(pey) (1) = 1. Hence @4(I) < 0. Then, for (pu")'(1),

N7y 1 . (Pl(l) l o (P2(l) l s s
(' (1) = oy =iy o M) 50 [ Al (3) 20

as required. The case that

! I
1
W(‘Pl(l)o/Al(s)dF(s)—|—(p2([)0/A2(S)dF(S)) <—m,

can be considered similarly. 0

Theorem 4.3. Let ug(x) be the solution to Problem (1.6). Then uo(x) minimizes the potential
energy functional ®(u) defined by (1.5) with respect to conditions u(0) = u’(0) =0 and u(l) € C.

Proof. Let us show that, for any u € E with u(0) = /(0) = 0 and u(l) € C, the inequality
®(u) — P(up) > 0 holds. We have u(x) = up(x) + h(x), where h(x) = u(x) — up(x). Notice that
h € E and h(0) = 1'(0) = 0. Thus

l h2
—dQ

D(ug+h) — P(up) = ) (pug)’ +/

2

[ 1,2
h_dQ

= (o ) o)+ [ 2
Since u(l) € C and (pug)'(I) € Nc(uo(l)), we have

—(pup) (D) (u(l) — uo(1)) > 0.

Since p(x) > 0, O(x) does not decrease on [0,1], we obtain ®(ug+h) —P(up) > 0 as required.

O
Theorem 4.4. [f m — 0, then the solution uy,(x) to Problem (1.6) tends to the solution to the
problem
(
d d2 d  d’u
F( —F

s +/MQ ()= 2 (p55)(0) ~ F(0),

u(0) = u<>o, 42

p(Du" (1) =

u(l)=0

uniformly on [0,1] .

Proof. Since m — 0, we have

! I
W(‘Pl(l)O/AI(S)dF(S)+<P2(I)O/Az(s)dF(s))’ > m.
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Then

X X

1
fan) iy (9109 0/ M($)dF (s) + pa(x) 0/ Mo (s)dF ()
l [ l

+o3(x) / As(5)dF () + 9a(x) / Au(s)dF (5)) + — 2O ) / A1 (s)dF (s)

X

l
@2 (1) @1 (x)
oW o | 2204

_ ‘m%(x)
®a(1)

‘gcm—>0.

Thus
X

. B 1
) = () = s <(p1 ) 0/ A (s)dF (s)

l

+020) [ Bas)dF () +93(x) [ Aa(5)dF ()
0 X
l l

+ou(x) / Aa(s)dF (s) ) - 9+(x)91(1) / A1 (s)dF (s)

X 0

I
P2(1) @4 (x)
- 0)os(]) O/Az(s)dF(s).

pO)W(

Similarly to Theorem 4.2, we can obtain that u*(x) is the solution to Problem (4.9). O
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