J. Nonlinear Var. Anal. 6 (2022), No. 4, pp. 299-315
Available online at http://jnva.biemdas.com
https://doi.org/10.23952/jnva.6.2022.4.01

SOME GENERAL HURWITZ-LERCH TYPE ZETA FUNCTIONS ASSOCIATED
WITH THE SRIVASTAVA-DAOUST MULTIPLE HYPERGEOMETRIC
FUNCTIONS

H.M. SRIVASTAVA2:34* R.C. SINGH CHANDEL, H. KUMAR®

' Department of Mathematics and Statistics, University of Victoria,
Victoria, British Columbia V8W 3R4, Canada
2Department of Medical Research, China Medical University Hospital, China Medical University,
Taichung 40402, Taiwan, Republic of China
3Department of Mathematics and Informatics, Azerbaijan University,
71 Jeyhun Hajibeyli Street, Baku AZ1007, Azerbaijan

4Section of Mathematics, International Telematic University Uninettuno, I-00186 Rome, Italy

3Department of Mathematics, D. V. Postgraduate College, Orai 285001, Uttar Pradesh, India
Department of Mathematics, D. A.-V. Postgraduate College, Kanpur 208001, Uttar Pradesh, India

Abstract. In this paper, we introduce and investigate various properties and relations involving some
general families of double and multiple Hurwitz-Lerch type zeta functions which are associated with the
Srivastava-Daoust class of hypergeometric functions in two and more variables. Relevant connections
with other (known or new) results for functions of the analytic number theory are also considered.
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1. INTRODUCTION, DEFINITIONS, AND PRELIMINARIES

Throughout this paper, we make use of the following standard notations:
N:={1,2,3,---}, No:={0,1,2,---} =NU{0},

and
7" i={-1,-2,-3,---} =Z, \ {0}.

Moreover, as usual, Z denotes the set of integers, R denotes the set of real numbers, R* denotes
the set of positive numbers, and C denotes the set of complex numbers.

Various important and potentially useful functions in Analytic Number Theory include, for
example, the Riemann zeta function {(s) and the Hurwitz (or generalized) zeta function { (s, a),
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which are defined, for R (s) > 1, by

o ] 1 = 1
LT By (R()>1)
C(s):= (1.1)

o (__1\n—1
1 Z< L (R(s)>0;s#1)

1-21== n

and _
§(s,a):= Z !

= (n+a)

and (for R (s) < 1; s # 1) by their meromorphic continuations (see, for details, the remarkable
works by Titchmarsh [1] and Apostol [2] as well as the monumental treatise by Whittaker and
Watson [3]; see also [4, Chapter 23], and [5, Chapter 2]).

A substantially more general Dirichlet-type series than those in (1.1) and (1.2) happens to
define the Hurwitz-Lerch zeta function ®(z,s,a) as follows (see, for example, [6, p. 27. Eq.
1.11 (1)]; see also [5, pp. 121 et seq.])

n

- 2
D(z,5,a) =
(z,5,a) ZO TR

(a€C\Zy;s€C when [z <1; R(s) >1 when [z]=1).
In fact, just as in the cases of the Riemann Zeta function {(s) and the Hurwitz (or generalized)
Zeta function {(s,a), the Hurwitz-Lerch Zeta function ®(z,s,a) can be continued meromorphi-
cally to the whole complex s-plane, except for a simple pole at s = 1 with its residue 1 (see also
the recent survey-cum-expository review articles [7] and [8] on various widely- and extensively-
studied families of the Hurwitz-Lerch and related zeta functions). It is also known that [6, p.
27, Equation 1.11 (3)]

1 oo ps—1 o—at 1 oo ps—1 a—(a—1)t

o>} = dr = dr 1.4
(R(a) > 0; R(s) >0 when [z] <1; R(s) >1 when z=1).

We now turn to the two-variable Srivastava-Daoust function defined by (see [9], [10], and

[L1])

(R(s)>1;aeC\Zy), (1.2)

(1.3)

SA:B;B/ (z) _SA:B;B, [(a):0,8]:[(b): w]; (b/ 3‘!’/ ;

/ — / / ! Z7W
C:D:D \w) —"C:DiD | [(¢):8,x]:[(d): ¢]: |(d) : 0
- A:B;B " w'
= Z %C:D;D,(Wl,l’l) %g, (15)

m,n=0

where, for convenience,

A B B / ’
/ T1T (aj+6;m+0n) TLT (b;+ wjm) Hf‘(bj+lyjn>
A:B;B j=1 j=1 j=1
,%”C DD (m,n) := c ) Y . (1.6)
I1 F(cj+5jm+ an) I1 F(dj+¢jm) I"(d/-—f—(l)/n)
J=1 J=1 j=1 s
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Here, and elsewhere in this paper, we tacitly assume the following conditions on the coeffi-
cients and parameters involved:

ijﬂjeR_‘— (.]: 1727"' 7A)a Wj?WIQER—F <.]: 1727"' 7B; k= 1727"' 7Bl>
and
8.k €RT (j=1,2,-,C); QMﬁGR+(j:L2,~Jkk:Ll~WD>.

The convergence conditions of the double hypergeometric series defining the function in (1.5)
are given by (see [11, p. 155, Case I])

|z| < oo and (W] < oo,

provided that
C D A B
1+ ) 8+) 6,-) 6—) v>0
j=1 j=1 j=1 j=1

and

c D A B

+Y +Y 0,—-Y 9-) v;>0.
j=1 j=1 j=1 j=1
In addition to the monumental works by Srvastava and Daoust (see [9], [10], and [11]), extensive
studies of Srivastava-Daoust type hypergeometric functions in two and more variables can be
found in (for example) [12], [13], [14], [15], [16], [17], and [18]. Furthermore, from the detailed
analysis of the convergence conditions of double hypergeometric series defining the function
(1.5), we recall that if

C D A B
I+ ) 8;+) ¢;— ) 60— ) vj=0
j=1 j=1 j=1 j=1
and
c p A B
I+ K+ ) 0,— 20— ) v=0,
j=1 j=1 j=1 j=1
then the series in (1.5) converges provided that

zl<p and  |w|<p,

where p and p’ are given by Srivastava and Daoust [11, p. 155, Eq. (3.13)] after adjusting the
parameters as per the notations used in this paper. On the other hand, if

C D A B
1420+ 6= ) 6=} v <0
j=1 j=1 j=1 j=1
and

C oA B
L) K+ ), 0= ) %= ) v <0,
=1 =1 =1 j

J=1
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then the double hypergeometric series in (1.5) will be divergent except in the trivial case that
z=0andw =0 (see [11, p. 155, Case III]). Furthermore, if we set

c D c D

I % 119, 15 119,
== ==

6= " 5 and = , P

[19; [Ty, [1 9, v,

=1 j=1 ==

and
A C
Q:= Z 19]' - Z Kj,
j=1 j=1

then the double hypergeometric series in (1.5) will converge if, in addition to the following
inequalities:

C D A B
T+ ) 8+ ) ;=) 6= ) vi=0
j=1 j=1 j=1 j=1
and
C D A B
I+Y K+) 60— ) 90— Y v;=0,
j=1 j=1 j=1 j=1

we have (see [11, pp. 156-157])

and

2| [w]

Q=<0 d — 1.
> an max{6,5}<

Analogous convergence conditions for the Srivastava-Daoust hyergeometric functions in n com-
plex variables can be found in [11, p. 157, Section 3].

Remark 1.1. In the special case of (1.5), if
6j=0=1 (j=124) yi=w=1 (j=12 Bk=12-5);
and
§=kj=1 (j=1.2.0): ¢=g=1 (j=12.Dik=12,.0),
then the two-variable Srivastava-Daoust function
SAJlkBi(z),
C:D;D \w

which is defined in (1.5), would reduce immediately to the generalized Kampé de Fériet function

FA:B;B/ Z ’
C:D;D |w
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given by (see, for details, [18])

A:B;B/ [(@): 1,1]:[(b) : 1]; [ (D) = 1]
C:D:D \[(¢): 1,1]: (@) : 1]; [ (d) 1]

1T (a,) TIT(5)) ﬁr(b’)
e = I = T
- C D I
) T T (d; :
jl:]1r(cj> J'Iz]l ( J) ]_1F(dj)

A:B;B (“j)l,A3(bj)1,3;<b/j>1,B';
C:D.D (Cj)LC:(dj)l’D;(d’O

The convergence conditions for the generalized Kampé de Fériet function, which occurs on the
right-hand side of (1.7), can indeed be derived fairly easily from the above-detailed conditions
for the two-varivable Srivastava-Daoust function in (1.5).

Zwl. (1.7)

1,0’

Remark 1.2. Various specialized and confluent cases of both the generalized Kampé de Fériet
function and Srivastava-Daoust functions in two and more variables are potentially useful sev-
eral fields of science and engineering (see, for example, [1], [12], [13], [16], and [17]). More-
over, in a recent work, Pathan and Kumar [19] gave a representation of a multi-parameter
Mittag-Leffler function in terms of the Srivstava-Daoust function in (1.5) and used it in their
analysis of the multivariable Cauchy residue theorem. On the other hand, some authors (see
[20], [21], and [22]) used the Srivastava-Daoust function (1.5) in fractional calculus and in
various other physical problems.

In the existing literature, one can find the studies of several general families of the Hurwitz-
Lerch zeta functions and their applications (see, for details, [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], and [33]; see also the above-cited survey-cum-expository review articles
[7] and [8] on various widely- and extensively-studied families of the Hurwitz-Lerch and related
zeta functions). Motivated by these developments, we first introduce an integral involving the
Srivastava-Daoust function (1.5), and then establish several results related to the Hurwitz-Lerch
type zeta functions in two variables and the Srivastava-Daoust series in the Srivastava-Daoust
class of hypergeometric functions of two variables.

2. A FAMILY OF TWO-VARIABLE HURWITZ-LERCH ZETA TYPE FUNCTIONS

We begin this section by recalling the general Wright function &, g(¢;z) emerged from a
systematic study of the asymptotic expansion of the following Taylor-Maclaurin series, which
obviously provides a rather deep generalization of the two-parameter Mittag-Leffler function
Eq g(2) (see [34, p. 424]):

Cop(9;2) := 2) %Z" (a0, € C; R(a) > 0), 2.1

where @(7) is a function of 7 satisfying suitable conditions. For a reasonably detailed histor-
ical background and other details about the following interesting unification of the definition
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(2.1) and some multi-parameter extensions of several functions occurring in Analytic Number
Theory, the reader is referred, for example, to the recent works [35], [36], and [37]:

o)

gaﬁ(q);Z,S,a) :=ngo <n+a)s(p1£’(l()xn+ﬁ) 2 (OC,B eC: (.K(OC) > 0)’

where, for a suitably-restricted function ¢, the parameters o, 3, s, and a are appropriately
constrained. In fact, in its specialized case that

¢(n)=T(an+p)  (neNo),

the Srivastava function &, g(¢;z,s,a) would reduce immediately to the Hurwitz-Lerch zeta
function ®(z,s,a) defined by (1.3).

We now introduce the following family of two-variable Hurwitz-Lerch type zeta functions by
using the Srivastava-Daoust double hypergeometric function in (1.5):

.p-RB -B-B a:B,ﬁ:b:;b,:,;
oA BB goaimd (@001 0yl (B) v ]
C:D:D C:D:D \ [(c): 8] :[(d): 9]: () : ']
= A:B;B " owt 1
'_mg;o’%ﬂc:D;D/(m’”) m! ! (m+n+1)° 2

/

where the coefficients ji”é g’g/ (m,n) are given by (1.6), R(c) >0, |z] < 1, and |w| < 1.

More generally, we have

oA B o AimB (1@):0.0]:(0): vl; GR7E
= / / / W
C:D:D VDD [():8,x]: (@) 13 [ (d) 0]
- A:B; B " w" 1
A SIS 23
m;o C: DD )m! n! (m+n+)° (23)
A:BB .
where, as above, the coefficients %C DD /(m,n) are given by (1.6), R(c) > 0, R(w) =
14+R(0), |z] < 1, and |w| < 1. Clearly, upon comparing the definitions (2.2) and (2.3), we have
lim 954 BB( ) = oA BB( .
0—1°"C:D;D C:D;D

Theorem 2.1. Let R(c) > 0, R(w) =2 1+NR(0), |z| < 1, and |w| < 1. If the parameters in
(2.3) satisfy the following inequalities:

c D A B
Qp:=) &logd;+ ) ¢;logp;— Y 6;jlogh;— ) wilogy; > 1 2.4)
=l = = =l

and
li /

C D A
Q=Y Kjlogi;+ Y ¢;logd; — Y Bjlog®; — Y wilogy; > 1, @5)
j=1 j=1 j=1 =1



SOME GENERAL HURWITZ-LERCH TYPE ZETA FUNCTIONS 305

then the series in (2.3) is convergent under the conditions given by

C D A B
1+).8+) 6—) 6;—) wj=0
j=1 j=1 j=1 j=1
and
C p A B
1+ZKj+Z¢j—Zﬁj—Zl]/j:O.
j=1 j=1 j=1 j=1

Furthermore, under the above-mentioned conditions, for Q1 and €, defined by (2.4) and (2.5),
respectively, the series in (2.3) converges when

Cc D A B
Z 5j10g5j—l— Z (leoggbj— Z Gjlogej — Z wjlogl//j =0
J=1 Jj=1 j=1 j=1

and
/

c D A
Z Kjlogk;+ Z ¢jloge; — Z ¥;log ¥ — Z y;logy; =0
j=1 j=1 j=1 j=1
under appropriately-constrained values of the arguments z and w.

Proof. Just as we indicated in the case of the convergence of the Srivastava-Daoust double
hypergeometric series in (1.5), the convergence conditions, which are asserted by Theorem 2.1,
would follow by applying Horn’s theorem on convergence of double hypergeometric series. We
choose here to leave the details involved as an exercise for the interested reader (see, for details,

[11]; see also [38]). [
Our next result (Theorem 2.2 below) provides an integral representation for the function
g,sé‘ :: g if;  (z,w) defined by (2.3).

Theorem 2.2. Under the conditions stated in Theorem 2.1 together with the constraints on
Q; and Q) defined by (2.4) and (2.5), respectively, the following integral representation of the

function GS? ng; (z,w), which is given by (2.3), holds true:
A:BB ooA:BE [[@:0,8):((0):ws|(v):v]:
oS (z,w) =S ' L1 w
C:D:D C:D:D \ [(c): 8] :[(): 9]: | (d) : 0']:
1 oo o—-1 —owt
F(G) / e
. n. ; b): /;
s (l@seolery () vl N
C:D:D \ [(c): 8] :[(): 9]: | (d) :9']:

provided that the integral in (2.6) is convergent.

Proof. The derivation of the integral representation (2.6) would run parallel to that of the well-
known result (1.4) for the familiar Hurwitz-Lerch zeta function ®(z,s,a) defined by (1.3). In-
deed, for convenience, we denote by A(z,w) the right-hand side of the formula (2.6). Then, on
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replacing the two-variable Srivastava-Daoust function by its double series given by (1.5), we
find under the hypotheses of Theorem 2.2 that

- o—1 ,—ot
A(z,w) = o) Jo ° e
a8 (l@:0.00: () v (p)w]s )
C:D:D \ [(c): 8] : [(d): 9: | (d) :0)5
c A:B;B 7" w'
:mg‘;Of%&CZD;DI(m,n) —‘ W
1 * o1 —(m+n+o)t
—F(G)/o 7 e dr
> A:B;B 7" w 1

where we used the formula for the Laplace transform of a power function.
We now interpret the second member of (2.7) by means of the definition (1.5) of the two-
variable Srivastava-Daoust function. We thus find from (2.7) that

A:B;B/

A(z,w) = gSC DD

(z,w)
s A BB [l(a):6,0]:[(b):y]; (b' AR

/ !/

:wCID;D/ [(c):6,x]:[(d):9]; <d 10|

Z,w )
which is precisely the left-hand side of (2.6). Our demonstration of Theorem 2.2 is thus com-
pleted under the stated conditions. 0

Remark 2.1. Many special cases and consequences of the definition (2.3) can be deduced fairly
easily. For example, if we replace the parameter @ by 5, we obtain the following relation:

A:B:B — A:B;B 7" w" 1
%S ’ / 3 :20- % ’ s _ .
2S¢, popy &) mzn_o c:pp ™M 2(m+n)+0°

‘We next recall that

[ee]

(1-z)* = Z (l)ni—’: (lz2] < 1; A € C),

n=0
where (A )y denotes the Pochhammer symbol defined (for A,v € C) by

NERUETINE T
n (L) AA+1)-(A+n—1) (v=neN),

in which it is assumed tacitly that the I'-quotient exists and understood conditionally the (0)¢ :=
1. We thus find the following series expansion connecting the functions defined by (2.2) and
(2.3).
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Theorem 2.3. Under the hypotheses of Theorem 2.1, it is asserted that

ogh BB( o A:B.B [l(@):6,9]:((b):y]; (b' Ly .
C:D;D ®°C:D;D [(c):6,k]:[(d): ¢]; <di A
Yy o), s BB 9

provided that each member of (2.8) exists.

Theorem 2.4. Under the hypotheses of Theorem 2.1, the following inequality holds true:

1 A:B:B A:B:B
(a)—l)( Se.pip &w) =S p.p W))

9 [y A:BB
< %{ Scip.p ¢ W>}

provided that each member of (2.9) exists.

) (2.9)

Proof. If we operate upon both sides of the integral representation (2.6) by the partial derivative
operator %, we find that

0 A:B:B B | v
%{ Sc DD(W)}__F(G)/oe !

AgE (L@ 0910 v | (8):v]:

. / , T e ,we dt
C:D:D'\ [(c): 8] :[(): 9]: [ () : 9']:

> A BB’ z’"w_ 1

=—0 H m,n) — .
m;O c: o™ i [(@—1)+m+n+1]"""

Now, by applying the relationship (2.8) asserted by Theorem 2.3, we have

) A:BB
S
aw{ c:p:p © W)}
i ) (0—1) ctrilgA: B;:B
= )1 r! C:D;D

(z,w)

! 3 r —1) A B;B
“w-n &Y w”% TScipip @

which leads us to the following inequality:

315 oy )

L ek BfB,(z,w)> ' (2.10)
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Thus, by applying Theorem 2.3, the above inequality (2.10) immediately gives the inequality
(2.9) asserted by Theorem 2.4. ]

Finally, the following result involves an extension of the function (1.5), which is associated
with the Euler-Zagier type sum.

Theorem 2.5. Let R (a)j) >14+R (Gj), Jj=1,2, and R(u) > 0, and suppose that

o A BB (L@ 001100l (b) v )5
e-®C . D;D [(c):5,1<]:[(d):¢>]; (d, o

—Z

A:B;B w'
—_— H o (m, , 2.11
! m+a)1) r;) C:D;D (m,n) n! (m+ un+ )% (-11)

. R/
where the coefficients ji”g g g, (m,n) are given by (1.6). Then the following inequality holds

true:
000 A B (@) 0,8 (6): wl: [(¥) v .
P27 Cc DD [(c):6,x]:[(d):9]; (d/ :¢>’ S
[(a):e,ﬁ],[zz1,u]:[(b):yf],[2:1];[<b’>:W’J; ZW' o)
[(c);a,x],msn(cz);1,u]:[(d);¢],[1+9%(ol);1];_(d’);¢’];’ rT

provided that each member of inequality (2.12) exists.

A+l B+ 1;8
C+1:D+1:D

Proof. Our demonstration of the inequality (2.12), which is asserted by Theorem 2.5, is based
upon the lines of the proof of Theorem 2.1. The details involved are being omitted here. U

If, in the definition (2.11), we set 61 — 0 and u = 1, we obtain the following limit case in
terms of the function in (1.5):
oo i mi [l 0.01:10): v () ]
lim ¢ oS A1 Lizw
010 | “C DD\ [(0): 8,11 [(d) 913 [ () 0]

A:B,; B’ " w"
— % -
Z C:D; DI m,n) m! n! (m+n+ ap)”

_ oA BB (@) 0,9]:((b): v; () : v Zw
®%c.D;D [(c):8,x]:[(d):¢]; (d’ o]

In the particular case when

A:B;B 0:1;1
’ = ’ —m!n!
2o pp MM =g gplmn) = min,

b
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we have another Euler-Zagier type sum in the form:
O: 1,1 [—:—,—]:[1:1];[1:1]; >
01,02 .
S 1Z,W
*200: 0, o([ —,—1 =il
n

-1 y

= m+w1> = (m+pn+ )

which, for z=w =1 and ®; = ®w, = ®, yields the Matsumoto type double zeta function
&> (01,02; @, 1) given by (see, for details, [39])

o 0141 [ (AT
wl,szO 0()([ —,—]:[—:—];[—:—];'u’l,l>
) 1 b 1

:W;O (m+ o) ;O (m+ pn+ )%

n
= Cz (61 023 (D,,U) :
3. SPECIAL CASES AND CONSEQUENCES

In this section, by suitably specializing the various parameters, which are involved in the
results obtained in Section 2, we derive several other relations associated with the zeta and
related functions.

First of all, upon setting

eJ:ﬂlzl (]:17277A)’ Y= ll/k_l (j:1727"'7B;k:1727""Bl>;
and
5J:K]:1 (j:l,z,...,c); ¢]:¢];:1 (j:1,2,"-,D;k:1,2,-~~,D’>

in (1.5), we have the following relation with the two-variable Hurwitz-Lerch zeta function con-
sidered by Choi et al. [40]:

qr 1T (d: D r(d
U (cj)g (4 )}31 (1) oA ([ L1 [0):1): ’ I
B ,“’C:DD 1 (@)1 (d) 1]
j=1 ]—1
= B8 (@) () bf’*/ w00 |, 3.1)
C:D:D (CA)'(dB), dB’ S
where
cpABB (aa) : (bB); b{;/ G0
D"\ (ea) : (dg)s (dy )
A B B/,
[ (@), 11 (02), TL(5),

Il
S
ek
~
T
~
T
@\ ~

(e}
—a
—
(@
~.
SN—
3
+
S
am]v
—
5
SN—
3

~
I
—_
~.
I
—_
~
I

y m!n! (m+n+o)°’
(),
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provided that all of the applicable conditions, which are listed in Theorem 2.1 and Remark 1.1,
are satisfied.

Next, since an empty product is conventionally interpreted as 1, in the further special case of
the relation (3.1) when

A=C=B=B =1 and D=D =0,

we are led to another relation with the Hurwitz-Lerch zeta function considered by Choi and
Parmar [41] in the form given by (see also [42])

I'(c) 11 [a:1,1]):[b:1]5 |6 < 1]; "
C@T®re)® oS 00<[c L] = _];[[_:J];z, )
:q)ahhc( w,0,0)

_ Z m—l—n() ( ) " w

0 (€) s m!'n! (m+n+w)°

where it is assumed that all of the applicable conditions, which are listed in Theorem 2.1 and
Remark 1.1, are satisfied.

Many other (known or new) special cases and consequences of the definitions and the results,
which we have presented in the preceding sections, can also be deduced.

4. A MULTIPLE HURWITZ-LERCH ZETA FUNCTION BASED UPON THE
SRIVASTAVA-DAOUST HYPERGEOMETRIC SERIES IN SEVERAL VARIABLES

In this section, we first present a further generalization of the double Hurwitz-Lerch zeta
function (1.5) by applying the Srivastava-Daoust hypergeometric series in several variables.

For R(o) > 0 and R(w) = 1 +R (o), a family of multiple Hurwitz-Lerch zeta functions,
which are associated with the Srivastava-Daoust hypergeometric series in n variables (see, for
details, [10]; see also [16] and [38]), is defined by
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_GFA BW;...;B"
e D(l);- ’D(")
(a) 9(1)7 ,e(n) b(l)):y/(l) e p(n) W(n) :
(C> 5(1)7 76(?1) d(1)> ;¢(1) : : d(n) ¢(n) ’Zlﬂ yZn
s A:BW;...; g
- Z o%C:D(l);- ,D(n)(mlv )
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il (et ©)° &1




SOME GENERAL HURWITZ-LERCH TYPE ZETA FUNCTIONS 311

where, for convenience,

. B B ()
IT (a;),m w 11 <b- ) il (b. )
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e bl D) :
IT (a)) s () (d(.])> (d(.”)>
jzl( f)5j m1+...+5j my 0 j (P]('Uml jl;[l J ¢](n)mn

The multiple series in (4.1) converges for

‘Z1|<17"'7|Zn|<1,

provided that
c 150) B
&+ Lo - o -y r1=0 (V=1 m).
j=1 j=1 j=1 j=1

In the particular case when n = 2, upon comparing the definitions in (4.1) and (1.5), we have
following relation:

/ /

A:B.B [l@:0.9):((0): )i |(6):v]:
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If, in the definition (4.1), we set

QJ@): Igf)zl <j:1,2,-~-,A;k:1,2,-~-,B(g);€:1,2,3,--~,n>,

§=1(j=12--,6:4=123,-n) and DV=..=p" =0
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then we have the following multiple Hurwitz-Lerch type zeta function:
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where, for convergence,
‘Zl‘ <1, >|Zn’ <1,

provided that R(c) > 0, R(w) = 14+R(c) andC—A—BY) +1=0,v0=1,--- ,n). For C =
A=BY =1 (Y{=1,---,n), we have the following further multiple Hurwitz-Lerch zeta type
function contained in the definition (4.2):

GFAIB(1)§"‘ :B(") ([(a) 01,01 [(b(l)) : 1] St [(b(”)> : 1] ;Z1 Zﬂ)

C:O;... ;0
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- ¥

' ! ! G
it being assumed, for convergence, that
lz1] < 1, |zal < 1,

R(o) >0, R(w) = 1+R(o).

It is not difficult to apply the methods and techniques, which we have used in the preceding
sections, in order to derive the corresponding results for the family of multiple Hurwitz-Lerch
zeta type functions of this section. As an example, here we give an integral representation which
corresponds to that in Theorem 2.2.

Theorem 4.1. Let R(c) > 0 and R(w) = 1+ R(0). Suppose that |z1] < 1,---,|z4| < 1 and

pU B

)
Yo -ro’-rv'=0 (i=1-n)
=1

C
1+Y 8+
J=1 J= j=

J=1
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Then the following integral representation holds true for the multiple Hurwitz-Lerch type func-
tion in (4.1):

AB(I),,B(”) 1 b 1 —or AB(l)’,B(n)
gFC;Dm;...;D<n><zl""’zn):—r(a)/0 T e E L ... p
(a):00),... oW] b<1>>:w<1> s (b<"> ] 2\ w s
50 s T(amY oM [ . gm], 31 o ome | d (43)
() 9 ) ¢ ) ’ ¢ )

provided that the integral in (4.3) is convergent.

Proof. Our demonstration of Theorem 4.1 follows essentially the same lines as in the proof of
Theorem 2.2, so we skip the details involved. U

5. CONCLUDING REMARKS AND OBSERVATIONS

The present investigation is motivated by the various families of Hurwitz-Lerch zeta type
functions which have appeared in the existing literature in Analytic Number Theory. Here, in
this paper, we unified and generalized many of these Hurwitz-Lerch zeta type functions by mak-
ing use of the Srivastava-Daoust hypergeometric series in two and more variables. The prop-
erties and relations, which we presented in this article, include the existence and convergence
conditions based upon Horn’s theorem on convergence of double series, integral representations
using the Eulerian integral for the Gamma function, and so on. Our main results and their spe-
cial cases and consequences, given in this paper, are potentially useful in scientific problems
and related computational work.
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