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Abstract. A family of Bergman-Morrey type spaces in the unit disc are introduced. The boundedness of
the embedding from Bergman-Morrey type spaces to a class of tent spaces is studied. The boundedness,
compactness, norm and essential norm of Volterra integral operators on Bergman-Morrey type spaces
are also investigated in this paper.
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1. INTRODUCTION

Let D be the open unit disc in the complex plane, and let H(DD) be the set of all analytic
functions in ID. For 0 < p < oo, a function f € H(DD) belongs to the Bergman space A? if
1 £11%» = Jp |f(2)|PdA(z) < oo, where dA denotes the normalized area measure on D. The Bloch
space 8 consists of all f € H(DD) for which || f|| = | £(0)| +sup,ep(1 —|z[*)|f'(z)| < o. The
little Bloch space % consists of all f € H(D) such that lim;|_,o(1 — 121?)| £ (z)| = 0. Let H*
denote the bounded analytic function space. It is well known that H* C A.

Let 0 < p <o, =2 < g < oo, and 0 < s < oo, A function f € H(D) belongs to the general
function space F(p,q,s), which introduced by Zhao in [1], if

1117 gy = 1S OP Hsup [ [/ (@)[P(1 = [2*)4(1 —[0a(2) |*) dA(z) < oo,
ach /D
where 0,(z) = {=%. When g+ s > —1, the space F(p,q,s) is nontrivial. By the classical

Littlewood-Paley formula, F(p, p,0) is just the Bergman space A”, F(p,p — 2,0) is the Besov
space B, F(p,q,0) is the Dirichlet type space 2}, and F (2,0, 1) is the BMOA space. If s > 1,
then F(p,p—2,s) = A.

Let g, f € H(ID). The Volterra integral operators 7, and I, induced by g are defined by

/f w)dw, I, f(z) /f w)dw, z€ D,
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respectively. The operators T, and I, are closely related the multiplication operator M, as T, f +
Lf =M,f — £(0)g(0), where Mof(z) = f(z)g(z), f € H(D). Moreover, the operator T, is the
generalization of the Cesaro operator. The operator 7, was introduced by Pommerenke in [2].
In [2], Pommerenke showed that 7T, is bounded on the Hardy space H 2 if and only if g € BMOA.
In [3], the authors proved that 7, is bounded on H”(p > 1) if and only if g € BMOA. Recently,
the boundedness, compactness, norm and essential norm of 7, and I, between various function
spaces were investigated; see, e.g., [3]-[19] for more results of 7, and /.

Throughout this paper, we always assume that K : [0,00) — [0,0) is a nondecreasing and
right-continuous function, not identically zero. In [20], Wulan and Zhou defined a Morrey type
space Hz, which consisting of all f € H(DD) such that

Lo 1—la?
u —
ach K(1=aP)
H} = BMOA when K(t) =t. When K(t) =1*(0 < A < 1), Hz gives the Morrey space .Z>*,
which was introduced and studied by Wu and Xie in [21]. In [8], the authors studied the bound-
edness of T, and I, on .#>*(0 < A < 1). In [14], Qian and Li investigated the boundedness of
T, and I, on the space H, I% In [16], Shi and Li investigated the essential norm and compactness
of T, and I, on HIZ(

Let 0 <A <2and p > 0. Recently, Yang and Liu in [18] defined a Bergman-Morrey space
AP* _which consists of all f € H(ID) such that

1£06a() — F(@)|2n < o

| Allans = 1£(O)|+sup(1 ~a?) 7| f 0 64— (@) |ar < oo.

acD

Moreover, A?"? = AP. They characterized the boundedness of the identity operator I, : A? Ay
(1) and studied the boundedness, compactness, norm and essential norm of operators T,
and I, on AP

In this paper, inspired by [14, 16, 17, 18, 20], we define a new Bergman-Morrey type space
APK as follows. Let f € H(D) and 0 < p < oo. We say that f belongs to the Bergman-Morrey
type space APK if

(1—la[*)?

( ’ ‘ )HfOGa(Z) _f(a)Hip < oo,

A1, = 1£(0 )!”+SUP
If K(t) =t*, 0 < A <2, then APK = APA,
Let 0 < p < oo, U be a positive Borel measure on D, and |/| be the normalized arc length of
1. We denote by .77 (1) the set of all measure functions f on ID such that

15 = 90 0 i @ <
In this paper, we investigate some basic properties of Bergman-Morrey type spaces A”"X and
study the boundedness of the identity operator I, : APX — T (u). Moreover, we completely
characterize the boundedness, compactness, norm and essential norm of the operators 7, and /,
on APK,
In this paper, we say that f < g if there exists a constant C such that f < Cg. The symbol
f =~ g meansthat f < g < f.
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2. EMBEDDING MAPS FROM APK 10 7 (1)

In this section, we consider the boundedness of the identity operator I; : APX — T (u).
First, let us state some notations and some lemmas, which are used in the proof of main results.
Let u be a positive Borel measure on ID. u is called a K-Carleson measure if (see [17])

p REW)
Ik = <o,
rean K(T)
where S(I) = {z=re® cD:1—|I| <r< 1,6 cI}.IfK(t) =1°(0 < s < %), then p is called
1(S(1))

an s—Carleson measure and ||it||s = sup;op G
For our purpose, in the rest of this paper, we assume that K satisfies (see, e.g., [17, 22])

* @k (x)
e dx <o, § >0, (2.1)
where K(5x)
SX
X)= su 0<x<oo.
Px(x) 0<s51 K(s)’

Lemma 2.1. [17, Theorem 2.1] Let K satisfy (2.1) for some 6 € (0,2). u is a K-Carleson
measure if and only if

: /(1_|a|2)td (2) <o0,8 <t <
Su — Z o, ~ oo,
b K(—JaP) Jo\[1—=az ) ¥

Proposition 2.1. Let 0 < p < oo, f € H(D), and K satisfy (2.1) for some & € (0,2). Then
f € APX if and only if

1 /
sup Ty VDI PP A) <

1con K
Proof. Given any arc I C dD, leta = (1 —|1|)&, where & is the center of I. We have
I1—az|~1—|af?* = |I], z€ S(I).
Let dus(z) = |f'(2)|P(1 — |z|*)PdA(z). By Lemma 2.1, we obtain

o (L 1a)? (P
11k ~ SUp ||)||f00a(2) f(@)lar

=sup———5— (1—al)? /\f )P (1=|z*)?|os(z) PdA(z)

ae]D)K 1—|a]
2

= s b O (g 'Z'A) e
L[ (1o

z:ﬂ%m_m,z)/p(“_m) e
~ sup M

oK)

1

= Ssup
ean K(T)

KT o /AP =Py aAG)
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Then the desired result immediately follows. U

Remark 2.1. From the proof of Proposition 2.1, we see that the following statements are equiv-
alent.

(i) f e APK;
(ii)
a
Ml_supK || /\f )IP(1—12]*)P|0,(2) PdA(z) < oo
achD
(ii1)
a _
My = sup e " 5 [ QPO kP2 - o)) <
ae]D)K
Moreover,

£ 13 = My = Mo

Lemma 2.2. [23] Let s,t >0, r> —1,ands+t—r > 2. Ift <2+r <s, then

(1—|z?)" 1
- dA(z) < — a,b € D.
L™ g

Lemma 2.3. [17] Let 0 < o < B < oo and K satisfy (2.1) for some 6 € (0,2). Then, for
sufficiently small positive constants ¢ < 9,

o— 1)
KB) _ (BY " _ (B
K(a) ~ \«o “\a/)
Proposition 2.2. Let 0 < p < oo, b € D and K satisfy (2.1) for some & € (0,2). Then the function

(1—[p2)7 K7 (1— [b2)
(l—l;z)%

fo(2) = ,z€D,

belongs to AP'X. Moreover,

Proof. Using Lemmas 2.2 and 2.3, we have

lle € sup L8 [ 2920~ (o PPaace)

(1— jal?)*K (1 —|b]

. bZ 2 1— 2\p

< sup 2)( |b|*) / (1—z%) dA()

acD K(1—lal?) D |1 —bz[*P[1 —az|*
< sup (1—la)*K(1—[b[*)(1— |b]?)? 1
™ 4eD K(1—lal?) (1—1b[?)%[1 —ab|*
<SupK(|l—ab| <1—ya|2)4

acp K(1—lal?) \ |1 —ab|

4—

Ssup<1_’a|2) <24—8§1’

acD ‘l_ab‘

as desired. ]
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Proposition 2.3. Let 0 < p < oo and K satisfy (2.1) for some & € (0,2). Then, for any f € APK,

Ko (1 |Z|)
(1-[z)?

Proof. Forz€Dand r > 0, set D(z,r) = {w e D: B(z,w) < r}. From [24], we see that

A—lzP? 1 1

~

[T—zw* 7 (1= w2 ™ (1 [zP)>

f (&)= FO)] < 1f]laris z € D.

when w € D(z,r). Hence,

O S T e 0= 2040
S 8 o MO = P20 = )P )
K(1—|z?
S S U
Therefore,
roIs KUy,
(1|3t

By Lemma 2.3, there exists a constant ¢ € (0,2 — §) such that

hmm—m%

~laz?)?*

@)~ 1@ =a [ Fa2)ie] < Wl d

(1 JaP)
<UL = [0 o)) 5 aja
AuwwﬂA
1—
S ALEITRTPIN

(1—la?)»
0

Proposition 2.4. Let 0 < p < co. Then APX C AP, Moreover, APX = AP if and only if K(0) > 0.

Proof. Let f € APX. By Remark 2.1, we have

>%Kﬂi|ﬂf|Per%4MwWMw
B 1—|al? »(1—lal*)?
ﬁKpmpﬂf'”4|>umeW

> iy L OO = ) daw).

So, f € AP, that is, APKX C AP,
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Next, we prove that APX = A” if and only if K(0) > 0. First, we assume A”X = AP, For any

Y € D, set
2 (1—|y]?)dw
o= U-lrdw . ep.
O (I—pw)™"r
Applying Lemma 3.10 in [24], one has

(=)
It = [ 150010 = lePyraa) = [ =T — R yraae <1
Thus fy € AP. Tt follows that

oo > || fyllhr = nyHApK_SuP |a||a’ /\fy NP(1—=12)%)P2(1 —|0.4(2)[*)%dA(z)

1—
2 S [ 1A@P0 - 220 - o aat)

SRt vl G o S
K =[71?) Joer [1=72?*0
N 1
TRy
which implies that K(0) > 0.
Conversely, assume that f € A” and K(0) > 0. Using the monotonicity of K, one has

(1—laf*)? / 17( p(L=lal?)?
sup ———|| foou(z < —————dA(z
ae]gK(l_|a’2)||f (1( ) ( )HAP |f | | ) ‘1—CZZ|4 ( )
< /D If’(Z)I”(l ~[eP)dA(e) <
Therefore, f € APK_ Furthermore, APX = AP, This completes the proof. OJ

Lemma 2.4. [25] Let 1 < p < oo,5 > —1,t > 0 such thatt <2+s. If f € H(D), then

(1—|Z\ 1—|z| )”P
/D!f(z)—f( el /If WP el dA(z), w e D.

Now we are in a position to state and prove the main result in this section.

Theorem 2.1. Let 1 < p < oo, U be a positive Borel measure on D, and K satisfy (2.1) for some
8 €(0,2). Then 1, : APX — TP (1) is bounded if and only if 1 is a 2-Carleson measure.

Proof. Assume that u is a 2-Carleson measure. For any I C dID, let & be the center of I and
a=(1—|I|)E. For any f € APK,

1 1 1
RO o VP8 S s [ V@) + s [ 176) = r(@)au(a
=G+ Gs.

By Proposition 2.3, one has

1 1 K(|1
[, lr@ran) < o [ S U sdn(@ S 11y

=R Jsw K1)
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Since u is a 2-Carleson measure, we see from [24] that I; : A? — LP(u) is bounded. By the fact
that fp|f(2)|PdA(z) = Jp |f'(2)|P (1~ |2]*)PdA(z), we have

__! (1—laP)* @) - rf@|
2= m/sm )= faPar) S W/s(n (-az)h e
—lal?)* _ tla P
< ‘1(<1<_1—‘r|a‘\)2>/m a’%% (1= |2*)PdA(z).
Since

d fm)—fla) _ f&) +ﬁf(2)—f(a)
dz (1_a)p  (1—-a)r P (1—ag)rt

we deduce that G, < Q +J, where

_ (A=faP)?* 1 1f@F
0= i1 o (1~ A
and
_ (I=laP)* 12— fla)l”
J_K(1—|a|2) D |1 —az|*tp (1= L") dA).
Clearly,

1_
bl [ 1@~ 2200~ o) PPdAG) S 11

K(1—la]?)
Making the change of variable w = 0,(z), by Lemma 2.4, we obtain

(1—laP)* [ 1)~ f(@)”

K(i—|aP) Jo [1—az*r

o (1= w2 (1~ la2)?
= i oot - roaop U 4y )

|1 —aw|P

Cwl2)22(1 — 1al2)2
< gz J oo o S

J=

(1-|z)PdA(z)

|1 —awl|P

w2 a2
/le’(%(W))lp(l—IGa(W)IZ)”(l L da)

~K(1—|aP) D
B o e
- |a||a| [ir@r 1"Z‘ 2”<|p+4|a| > unie
z(<1<1_ |a||a| L@ 1_|ﬂ 2’)(’1,,;4‘“' ? iAo
<(1_|a!‘a| LI @1 =222~ [ou@) PPAAR) S 115

Thus Gy < || f]|%,«- Therefore, for all f € APK, 1A 72 ) S 11 lac, as desired.
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Conversely, assume that I; : APX — ZF () is bounded. For I C 9D, let £ be the center of /
and b = (1 —|I])&. It is known that

11 —bz| = 1—|b> = 1], ze S(I).

Using the function f3, given in Proposition 2.2, we find

psm) 1
T O o POV S Ul

S ol x < oo,

which implies that u is a 2-Carleson measure. 0

3. INTEGRAL OPERATORS Tg AND Ig

In this section, we characterize the boundedness, compactness and essential norm of the
operators T, and I, on APK.

Theorem 3.1. Let g € H(D),1 < p < o0 and K satisfy (2.1) for some 8§ € (0,2).
APK — APK s bounded if and only if g € B. Moreover, | T || ~ | g|| %-

Then T, :

Proof. Assume that g € . From [1], we have

lgll% = sup [ 1&'(2)|P(1—121*)"2(1 = |ou(2)|*)dA(z)
ach/D
1 : 2 )
zsup—/ g ()P (1 —1z]7)PdA(z) = sup —>—>—"=,
BT Sy 18 PR Sap P

where p, = |g'(z)|P (1 — |z|*)PdA(z). This means that i, is a 2-Carleson measure. By Theorem
2.1, 1y : APK — TP () is bounded. Letting f € APX, we have

HTngAPKNSup _‘ | /‘ gf ‘p |Z’2)p_2(1—’Ga(z)‘z)sz(z)
_ 1_|a| ( |Cl| )
b K(1—aP?) /'f W1 QI (1= 2 dAG)
= SUD 1) oy VO QP 1= 2P

|1
~ sup !
u
“rcon K(1))

=71y S MW

SIS l18ll5 < oo

Therefore T, : APK 5 APK is bounded.
Conversely, suppose that 7, : APX — APK is bounded. For any b € D, let

Joy a2

He(S(D))
17

—[b)

fo(2) =

, 2€D.
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By Proposition 2.2, f, € APX and || f,||l4px S 1. Thus | Ty fillarx S | Tellll follarx S || Tell. For
any r > 0,

0> [T foll g

>Sup1{1—’01|‘| /' Tofy) ()P (1= |2*)P 72 (1 = |0u(2)[*)dA(2)

ach

1_|b||b! /\fb )PIE' @) P (1= 2P 2(1  |oy(2)[2)2dA(2)

>/D(b )Ig @IP (1= [2*)P72(1 — |op(2)*)*dA(2)

,r
2 18/ (B)IP(1—1b)P,
which implies that g € 2. From the above proof, we see that ||T|| ~ ||g|| 2. O

Theorem 3.2. Let g € H(D),1 < p < o and K satisfy (2.1) for some & € (0,2). Then I, :
APK — APK is bounded if and only if g € H*. Moreover; 2|l = ||8]]oo-

Proof. Let g € H”. For any f € APX we have

s o~ s1p s [ 106 @1 (1= 2)7aA)

1 /
NISCIBI:I)D)K(|I|)/ 7 (@)IPlg(2)[P (1 [z*)PdA(z)

S I 181IE

which implies that I, : A”X — APK is bounded and ||/5|| < ||g]|<o-
Conversely, assume that I, : AP — APK is bounded. For any 0 # b € D and r > 0, take f;,
in Proposition 2.2. By the Proposmon 4.13 in [24], we arrive at

11 2 ol s = sup S0 [ 0Plato (1 a2 lo) P
(204
- [ %mwu - |z|2>P|o,;<z>|2dA<z>
- / (1~ )71~ o)A

2 571 o, A Z O

Since b is arbltrary, we obtain ||I,|| 2 ||gl|e. The proof is complete. O
Finally, we study the essential norm of T, and /.

Lemma 3.1. [26, Theorem 3.9] For g € %, limsup,_,;- [|g — gl ~ limsupy,_,; |¢'(z)[(1 —
2|?) where g,(z) = g(rz),0 < r < 1,z€D.

Similar to the proof of [19, Lemma 5], we have the following result.

Lemma 3.2. Let g € H(D), 1 < p < oo, and K satisfy (2.1) for some & € (0,2). If0 <r <1
and g € B, then Ty, : AP K APK is compact.



368 X.ZHU, E. ABBASIL D. QU

Theorem 3.3. Let g € H(D), 1 < p < « and K satisfy (2.1) for some & € (0,2) such that
T, : APK — APK s bounded. Then ||Ty ||, sk prx = limsup,_,; |g'(2)[(1 - 1Z]?).

Proof. For 0 < r <1, by Lemma 3.2, we see that Ty, : APK 5 APK s compact. Then, by
Theorem 3.1,

I Telleprx—sarx < [T = Tg | = | T | = g — &/l -

Using Lemma 3.1, we have

| Tello prk s ara S limsup [[g — grl| = limsuplg'(2)| (1 — |2]).
r—1- |z|—1

On the other hand, let {c;} C D such that lim;_,. |c;| = 1. For each j, let
2 1
(L—Jej?)7KP (1—=ej)
fj(Z) = ! z Le
(1-cjz)r
It is easy to check that f; € APK and { fj} converges to zero uniformly on every compact
subsets of . Let K : AKX — APK be a compact operator. Using [27, Lemma 2.10], we have
lim s [ K ] an6 = 0. So
1T, — K| 2 limsup [ (T — K) £l arx
J—reo

Zlimsup (|| T fllarx — 1K fjllapx) = limsup || Ty f]| apx

Jre J—reo

1

zimsup (&I [ e @p0 - P20~ o P Paa))

joreo |CJ|

Zlimsup|g'(c))[(1 = |¢;*),

Jeo
which implies that

. 2
1 Tell¢.ark arx 2 limsup|g'(2)[(1— |2[*).
lz]—1

The proof is complete. UJ

It is clear that 7 : X — Y is compact if and only if |||, x—y = 0. The following result can
be directly obtained by Theorem 3.3.

Corollary 3.1. Let g € H(D), 1 < p < o0 and K satisfy (2.1) for some 6 € (0,2). Then Ty :
APK — APK s compact if and only if g € By.

Theorem 3.4. Let g € H(D), 1 < p < oo and K satisfy (2.1) for some 8 € (0,2). If I, : APK —
APK is bounded, then ||I;||e ~ ||g]|-

Proof. By Theorem 3.2, we have || I,||, = infx ||I; — K|| < ||| < ||g]]c-
Next we prove that ||| 2 [|g||e. Let {c;} C D such that |c;| — 1 as j — co. Set

(1= les )P K (1= fes?)
(1-cjz)

fi(z) =

1
4
P
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From the proof of Theorem 3.3 we see that f; € AP K and {f i} converges to zero uniformly on
every compact subsets of D. By the proof of Theorem 3.2 , we have

—la 2\2
% L1511 (1 = 27 04(:) PdA) 2 el

Let K : APX — APK be a compact operator. By [27, Lemma 2.10], we have
g — K1| 2 timsupl|(Z — K) filLanx > timsup(l e lLan — 1K filLar)

Je Jre

> limsup [ fll o
Jree

12 fill}ypx = sup
ach

Therefore, ||g||e 2 limsup;_,., |g(c;)|. Since {c;} is arbitrary, we obtain that || I, ||, 2 ||g[|«. The
proof is complete. O

The following result can be directly obtained by Theorem 3.4.

Corollary 3.2. Let g € H(D), 1 < p < o and K satisfy (2.1) for some § € (0,2). Then I, :
APK 5 APK s compact if and only if g = 0.

Remark 3.1. From Corollaries 3.1 and 3.2, we see that M, : AP K _s APK is bounded if and
only if g € H*. M, : APX — APK ig compact if and only if g = 0.
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