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Abstract. In this paper, we deal with the control systems governed by the systems of fractional evolution
hemivariational inequalities involving Riemann-Liouville fractional derivatives. We establish suitable
sufficient conditions to guarantee the existence of mild solutions. Under these conditions, the approx-
imate controllability of the associated fractional evolution systems involving Riemann-Liouville frac-
tional derivatives is formulated and proved.
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1. INTRODUCTION

Hemivariational inequalities have important applications in mechanics and engineering, espe-
cially in nonsmooth analysis and optimization; see, e.g., [1, 2, 3]. In recent years, under various
assumptions, the existence theorems and well-posedness results for hemivariational inequalities
have been proven by many authors; see, e.g., [4, 5, 6, 7] and the references therein.

Let H be a separable Hilbert space with inner product (-,-)y and norm || - ||z, and let A :
D(A) C H — H be the infinitesimal generator of a uniformly bounded compact Cy-semigroup
{T(t)};>0 on H. Let E be a reflexive Banach space, u : [0,b] — E a control function, and
B : E — H a bounded linear operator. The notation J°(z,-;-) stands for Clarke’s generalized
directional derivative [1] of a locally Lipschitz J(z,-) : H — R. Denote by P(E) the collection
of all nonempty subsets of E. We use the following notations:

Ps(e)(E) :=={Q C E : Qis nonempty, closed (convex)};

Piyi(e) (E) :={Q C E : Qis nonempty, (weakly) compact (convex)}.

In 2015, Huang, Liu and Zeng [3] studied the existence of solutions of the following evolution
hemivariational inequality:

(=X (t) +Ax(t) +Bu(t),v)g +J°(t,x(t);v) >0, ae.t€]0,b],VveH,
x(O) =xo€H.
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Moreover, they were also concerned with the existence of feasible pairs of the following feed-
back control problem:

(=X (¢) +Ax(t) +Bu(t),v)g +J°(t,x(t);v) >0, ae.t€]0,b],VveH,
u(t) € % (t,x(t)),
x(0) =xp € H,

where % : [0,b] x H — P(E) is a multimap.
On the other hand, Liu and Li [8] investigated the approximate controllability of the following
fractional evolution control problem involving Riemann-Liouville fractional derivative:

{Df‘x(t) = Ax(t) +Bu(t)) + f(t,x(t)), t € (0,b], 0 < < 1, 0

1%%(t)) =0 = x0 € X,

where Dy denotes the Riemann-Liouville fractional derivative of order o with the lower limit
zero, A : D(A) C X — X is the infinitesimal generator of a Cp-semigroup 7'(¢) (¢ > 0) on a Ba-
nach space X, and f : [0,b] x X — X is a given function. The control function u takes values
in LP([0,b];Y), p > <, Y is a Banach space, and B is a linear operator from LP([0,b];Y) into
LP([0,b];X). In addition, fractional differential equations were proved to be valuable tools in
the modeling of many phenomena because they are more accurate than integer-order models.
Since fractional derivatives provide an excellent instrument for the description of memory and
hereditary properties in a model, they found many applications in the mathematical modeling
of systems and processes in the fields of physics, aerodynamics, electrodynamics of complex
medium, viscoelasticity, heat conduction, electricity mechanics, control theory, and so forth.
For more details on this topic, we refer to [9] and the references therein. From the definition of
Riemann-Liouville fractional derivatives or integrals, initial conditions play an important role
in some practical problems. Heymans and Podlubny [10] demonstrated that it is possible to
attribute physical meaning to initial conditions expressed in terms of Riemann-Liouville frac-
tional derivatives or the integrals on the field of the viscoelasticity, and such initial conditions
are more appropriate than physically interpretable initial conditions. The concept of the con-
trollability, first introduced by Kalman [11], has become an active area of investigation due to
its great applications in the field of physics. There are various results on complete controllabil-
ity of systems represented by differential equations, integrodifferential equations, differential
inclusions, neutral fractional differential equations, and impulsive differential equations in Ba-
nach spaces; see, e.g., [12, 13, 14]. The main approach used by Liu an Li [8] is to convert
the controllability problem into a fixed point problem. However, it is worth to mention that
the complete controllability results of abstract control problems were obtained under the as-
sumption that the controllability operator has an induced inverse on a quotient space and even
restricted the finite dimensional spaces when the semigroup 7'(¢) is compact. Therefore, the
concept of complete controllability is too strong in infinite dimensional spaces. In order to es-
tablish more appropriate conditions about controllability, more and more authors are concerned
with approximate controllability; see [15, 16, 17]. In particular, the control problems governed
by Caputo fractional evolution equations were extensively studied; see, e.g., [14, 15, 16, 18].
However, there are few results on the approximate controllability of fractional evolution dif-
ferential equations with Riemann-Liouville fractional derivatives in the literature. In 2015, Liu
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and Li [8] gave some suitable sufficient conditions for the existence and uniqueness of mild so-
lutions and approximate controllability results for the fractional abstract Cauchy problems with
the Riemann-Liouville fractional derivatives.

Let @ € (0,1], I = [0,b] for some 0 < b < 0, V =V X V5, and U = U; x Uy, where V; is a
separable Hilbert space, and U; is a reflexive Banach space for i = 1,2. Endowed with the norm
defined by ||x||y := ||x1]]v, + ||x2||v, for all x = (x1,x2) € V, V is a reflexive Banach space; see
e.g., [19]. Inspired by the results in [3, 8], the aim of this paper is to provide some suitable
sufficient conditions for the existence of mild solutions and approximate controllability of the
following fractional evolution control system involving Riemann-Liouville fractional deriva-
tives, which is formulated below:

Find (Xl,)Cz) S lea(l, Vl) X lea(I,V2> such that

(=Dfx1(t) +Arxi () +Brui (t),vi)v, +J7(,x1(2),x2(t)) >
(=Dfxa(t) +Axx2(t) + Boua(t),v2)v, +J5 (¢, x1(t),x2(2)) >
Itl_axi(l)|t:() =Xi0 € Vi7 i= 1727

0, ae.tel, Vv eV,
0, ae.tel,Yvy eV,

(1.2)
where DY denotes the Riemann-Liouville fractional derivative of order & with the lower limit
zero. For i = 1,2, A;: D(A;) CV; — V; is the infinitesimal generator of a uniformly bounded
compact Cy-semigroup 7;(z) (t > 0) on V;, the control function u; takes values in LP(I;U;), p >
%, and B; is a linear operator from L”(I;U;) into L”(I;V;). For I,k = 1,2 and [ # k, the notation
J; (t,x1,x2;vy) stands for the partial Clarke’s generalized directional derivative [7] of a locally
Lipschitz J(¢,-,-) : V] x Vo, — R w.r.t. the /th variable at x; in the direction v; for the given x;.
It is worth to point out that the approximate controllability for the systems of fractional evolu-
tion hemivariational inequalities with Riemann-Liouville fractional derivatives is still untreated
topic in the literature and hence this fact is the motivation of this paper.

The remainder of this paper is assigned below. In Section 2, we present some basic defini-
tions and preliminary facts, which are used throughout the following sections. In Section 3,
some sufficient conditions are established for the existence of mild solutions of system (1.2). In
Section 4, we study the approximate controllability of the systems of fractional evolution hemi-
variational inequalities with Riemann-Liouville fractional derivatives. We present an example
to demonstrate our main results in Section 5. Finally, we give a concluding remark in Section
6, the last section.

2. PRELIMINARIES

In this section, we introduce some basic definitions and preliminaries, which are used through-
out this paper. The norm of a Banach space X is denoted by | - ||x. Lp(X,Y) denotes the
space of bounded linear operators from X to Y. For the uniformly bounded Cp-semigroup
T(t) (t 2 0), we set M := sup;c(.c) [| T (#)]|1,(x) < o Let C(1,X) denote the Banach space of
all X-valued continuous functions from 7 = [0, 5] into X with norm ||x||¢(; x) = sup,/ [|x(t)||x-
Let AC(I,X) be the space of functions f, which are absolutely continuous on / and AC™(I,X) =
{f:1— X and f"V(x) € AC(1,X)}. To define the mild solutions of system (1.2), we
also consider the Banach space C;_q(I,X) = {x: t!7%x(¢) € C(I1,X),0 < a < 1} with norm
1xlle, x) = sup{t!~%||x(t)||x : t € 1,0 < o < 1}. Obviously, C;_¢(I,X) is a Banach space.
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First, let us recall the following concepts from fractional calculus (see [9] for more details).
For a function f(¢) given on the interval [0, o), the integral

) = Fgy [ =9 s, a0,

is called the Riemann-Liouville fractional integral of order ¢, where I' is the gamma function.
Meanwhile, the expression

1 d n ! n—o—
Forma ) [ a=syetssyas,

where n = [a] + 1 and [a] denotes the integer part of number ¢, is called the Riemann-Liouville
fractional derivative of order . Give o >0 and m = [&|+ 1. For i = 1,2, let x;,,_q(f) =
I %x;(t) be the fractional integral of order m — . Whenever x;(t) € L (1,V;) and x; y—q(t) €
AC™(1,V;), one sees from [9] that the following equality holds:

D f(1) =

m ")

I°D%;(t) = x;(t) = ) — 1
v k;r(a—kﬂ)

a—k

For i = 1,2, the Laplace transform formula for the Riemann-Liouville fractional integral is
defined by L{I*x;(t);A} = Qf—aﬁ(l), where X;(A) is the Laplace of x; defined by

x(A) = / e Mxi(t)dr, Reld >, and ||xi(1)||y; < c;ie®, ciis a constant.
0
Lemma 2.1. [8, Lemma 2.4] For i = 1,2, let a € (0,1] and h; € LP(1,V;), p > +. If xi(t) €
LY(1,V;), xi1-a(t) € AC(1,V;), and x; is a solution to

Dtaxl'(l‘)ZA,'xl'(l‘)—f—h,'(t), t e (O,b],
17 %%(t) =0 = xi0 € Vi,

then x; satisfies the following equation
t
xlt) = 19 T g ()i + / (t — )% Tt — s)hi(s)ds, tel,
0

where
Tialt) :a/ 0Eq(6)T:(1%6)d0,
0

1 717L_ 1

ga(e):ae “@q (0" ),

Wy (0) = i(—l)”‘le_”a_lwsin(nﬁa), 6 € (0,00),
n=1

n!

and Ey, is a probability density function defined on (0,0), that is,
£4(6) >0, 6 € (0,0), and / E4(0)d6 = 1.
0

Now, let us proceed to the concept of Clarke’s generalized subdifferential for a locally Lips-
chitz h : X — R, where X is a Banach space with its dual X* (see [1]) and (-,-)x is the duality
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pairing between X * and X. We denote by 4°(x;v) the Clarke’s generalized directional derivative
of h at the point x € X in the direction v € X, that is,

h Av)—h
h°(x;v) ;= limsup (+Av) —h() )
A—=0t y—x A

Recall also that Clarke’s generalized subdifferential (or Clarke’s generalized gradient) of & at
x € X, denoted by dh(x), is the subset of X* formulated below

Oh(x) :={x" € X" :h°(x;v) > (x*,v)x, VveEX}.

Lemma 2.2. [1, Proposition 3.23] If h : X — R is locally Lipschitz on an open subset Q of X,
then

(i) (x,v) = h°(x;v) isw.s.c. from Qx X into R, i.e., forallxe Q, ve X, {x,} CQ, {v,} CX
such that x, — x in Q and v, — v in X, one has limsup,_, ., h°(x,;v,) < h°(x;v);

(ii) for every x € Q, the gradient dh(x) is a nonempty, convex and weakly* compact subset of
X*, and ||x*||x+ < £y for any x* € dh(x) (where £y > O is the Lipschitz constant of h near x);

(iii) the graph of dh is closed in X x X\.;

(iv) for every v € X, h°(x;v) = max{(x*,v)x : x* € dh(x)};

(v) the multimap Jh is u.s.c. from Q into X ..

Let E| and E; be nonempty subsets of a Banach space X. The Hausdorff metric 77(-,-) be-
tween E| and E, is formulated by .7 (E,E;) = max{e(E|,E,),e(E,,E)}, where e(E,Ey) =
SUpye, d(x, Ex) with d(x, E) = infyeg, ||x — y||. According to [20], one knows that if £ and E»
are compact subsets in X, then Vx € E|, Jy € E; s.t. ||[x—y|| < H(Ey, Ey).

The key tool in one of our main results is the fixed point theorem below.

Theorem 2.1. [20] (Nadler’s Fixed Point Theorem for Multivalued Contraction Maps.) Let A be
a nonempty, closed, and convex subset of a Banach space X, and let CB(A) be the collection of
all nonempty, closed, and bounded subsets of A. If % : A — CB(A) is a multivalued contraction
map, then F has a fixed point.

In order to investigate the existence of solutions of system (1.2), we need the following con-
ditions.

(HT): T;(¢) (r > 0) is a compact operator for i = 1,2.

LetJ : I x V) xV, — R be a functional satisfying the following conditions:

(HJ1) the function 7 — J(¢,x1,x;) is measurable for all (x1,xp) € V| X Vp;

(HJ2) the function (x,x) — J(¢,x1,x2) is locally Lipschitz on V| x V, for a.e. t € I,

(HJ3) for i = 1,2, there exist a function ¢;(-) € L?(I,R"), p > é, and a constant ¢; > 0 such
that ||8,-J(t,x1,x2)||vi = sup{||i_,’,~||vi : Ci S 8,-J(t,x1,x2)} < (P,'(Z‘) —f—Citl*aHx,'HVi for a.e. t €I and
all (x1,xp) € V) X Vp;

(HI4) J(t,x1,x2) +J(t,y1,y2) =T (t,x1,y2) +J(t,y1,x2) fora.e. t € [ and all (x1,x7), (y1,y2) €
V1 X Vz;

(HJ5) for i = 1,2, there exists a constant L; > 0 such that ||§; — n;||v, < Li||x; — yi||lv, for any
(x1,X%2), W1,52) € Vi x Va, & € 9iJ(t,x1,x2) and m; € 9 J (t,y1,¥2).

Lemma 2.3. [7, Lemma 3.6]. Suppose that the functional J : I x Vi x V, — R satisfies the
hypotheses (HJ2), and (HJ4). Then, for any sequence X" = (x,x5) € V.=V x V, converging
strongly to X = (x1,x2) € V and y} € V; converging strongly to y; € V;, limsup,,_,., J7 (t,x],x5;y!) <
J?(t,x1,%2;i), a.e. t €I, fori=1,2.
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Lemma 2.4. [1, Proposition 3.44] Let E be a separable reflexive Banach space, 0 < b < oo, and
h:(0,b) X E — R be a function such that h(-,x) is measurable for all x € E, and h(t,) is locally
Lipschitz on E for all t € (0,b). Then the multifunction (t,x) € (0,b) X E +— dh(t,x) C E* is
measurable, where dh denotes the Clarke’s generalized gradient of h(t,-).

Suppose that both X and Y are topological spaces, and F : X — 27 is a multivalued mapping.
According to [21], one knows that there hold the statements below.

(1) If F is u.s.c. and closed-valued, then F' is closed.

(ii) If F is compact-valued, then F is u.s.c. at x € X if and only if, for any net {x } C X with
x¢ — X, and for any net {yq} C Y with yq € F(x¢) for all o, there exist y € F(x) and a subnet
{vg} of {ya} such that yg — y.

(iii) F is l.s.c. at x € X if and only if, for any y € F(x), and for any net {xq} with x4 — x,
there exists a net {yq } with yo € F(x¢) for all a such that yo — y.

The following theorem is useful to the proof of the main results in this paper.

Theorem 2.2. [22, Theorem 2.2.1] (Kuratowski-Ryll Nardzewski Selection Theorem) If (Q,X) is
a measurable space, X is a Polish space (i.e., separable completely metric space), and F : Q —
P¢(X) is measurable, then F (-) admits a measurable selection (i.e., f : Q@ — X (measurable),
s.t. f(x) € F(x), Vx € Q).

Proposition 2.1. [1, Proposition 3.16] Let (Q,X, 1) be a G-finite measure space, E be a Ba-
nach space, and 1 < p < oo. If fu,f € LP(QE), fu — f weakly in LP(Q,E) and f,(x) €
G(x) for u-a.e. x € Q and all n € N where G(x) € Py (E) for u-a.e. x € Q, then f(x) €
conv(w—limsup{ f,(x) }nen) for t—a.e. on x € Q, where conv denotes the closed convex hull
of a set.

Next, fori = 1,2, we formulate the superposition multimap .47 : C(I,Vy) x C(I,V,) — P(LP(1,V;)),
p> é below

Ni(x1,x2) = {w; € LP(1,V;) :wi(t) € 9iJ (t,x1(t),x2(t)) a.e. t € I},

for all (x1,x2) € C(I,V1) x C(1,Va).

Let € = C(I,V1) x C(I,V2). Endowed with the norm formulated by x|l := [lx1llczv,) +
%2/l c@z,v,) for all x = (x1,x2) € € =C(I,V1) x C(I,V2), € is a reflexive Banach space; see e.g.,
[19].

We have the following property for the operator .4; fori = 1,2.

Proposition 2.2. If conditions (HJ1)-(HJ4) are satisfied, then, for every (x1,x2) € C(I,V}) X
C(1,V,), Ai(x1,x2) has nonempty, convex, and weakly compact values fori=1,2.

Proof. The main idea of the proof comes from [1, Lemma 5.3] and [2, Lemma 2.6]. First
of all, for i = 1,2, from the reflexivity of V; and Lemma 2.2 (ii), we know that, for every
(t,x1,x2) € I x V1 x Vo, 9i(t,x1,x2) is nonempty, convex, and weakly compact in V;, and the
multifunction d,J is P.(V;)-valued. Therefore, it is not difficult to check that, for i = 1,2,
Ai(x1,x2) has convex and weakly compact values. Next, we show that, for i = 1,2, A;(x1,x2)
is nonempty. Indeed, let (x;,x;) € C(I,Vy) x C(1,V3). Then, for i = 1,2, there exists a sequence
{9} C C(1,V;) of step functions such that

@' (t) — xi(t) in C(1,V;), ae.t €1. (2.1)
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From hypotheses (HJ1) and (HJ2) and Lemma 2.4, we conclude that, for i = 1,2, (f,x,x2) —
9iJ (t,x1,x2) is measurable. Thus, fori = 1,2, 1+ dJ (¢, 9] (t), ¢5(¢)) is measurable from / into
P(V;). For i = 1,2, applying Theorem 2.2, for every n > 1, there exists a measurable function
¢! : 1 — V; such that {"'(r) € diJ (1,9} (t), 94 ()) a.e. t € I. Next, from hypothesis (HJ3), we

obtain that, for i = 1,2, ||{"||lzrav) < [19ill o v+ +cib1_%\|(pi”||Lp(17Vi). Hence, for i = 1,2,
{¢!"} remains in a bounded subset of L”(I,V;). Thus, for i = 1,2, by passing to a subsequence if
necessary, we may suppose that " — {; weakly in L”(1,V;) with §; € LP(1,V;). Then it follows
from Proposition 2.1 that, fori = 1,2,

Gi(t) eco(w—limsup{&"(¢)},>1), ae.t€el (2.2)

We claim that for a.e. 7 € I, the multifunction (x1,x3) — diJ(f,x1,x7) is u.s.c. from V| x V; into
(Vi)w, where, for i = 1,2, (V;),, is the space furnished with the w-topology of V;. Indeed, for
any sequence {(x},x5)} CV; x Vo with (x},x3) — (x1,x2) in V =V; x V;, and for any sequence
{y'} CV; with y! € 9iJ(t,x],x5) for all n > 1, we infer from the definition of partial Clarke’s
generalized gradient d;J(t,x,x5) of a locally Lipschitz J(t,-,-) : Vi x Vo — R that (y?,v;)y, <
J?P (8, X, x55vi), Vv € V;. Since (x],x5) — (x1,x2) in V| x V3, it follows from hypotheses (HJ2)
and (HJ4), and Lemma 2.3 that, fori = 1,2,

limsup(y},vi)y, <limsupJ; (t,x7],x5;v;i) < J7(t,x1,x23vi), Vv € V. (2.3)
n—oo n—oo
Also, for i = 1,2, from hypothesis (HJ3) and y} € d;J(z,x|,x5), we obtain ||y}||v, < ¢;(z) +
1

cib' v ||x?{|v;, which together with the boundedness of {x}} implies that {y”} is bounded. Tak-
ing into account the reflexivity of V;, we know that there exists a subsequence {y*} of {y"}
such that y?* — y; weakly in V;. So, it follows from (2.3) that

(yi,viy = lim (y*, viy, <limsup(y},viyy, <J7(t,x1,x2;vi), Vv €V,

k—yo0 n—roo
which yields y; € d;J(t,x1,x2). Therefore, in terms of Lemma 2.2 (ii), we deduce that, for a.e.
t € I, the multifunction (x,x;) — 9;J(¢,x1,x2) is u.s.c. from V| x V; into (V;),,, with i = 1,2.
Noticing that the graph of an u.s.c. multifunction with closed values is closed (due to Lemma
2.2 (i)), we obtain that, fori = 1,2 and a.e. r € I, if f]' € 9J (¢, (], &), fI € Vi, fI' — fi weakly
inV, {"eC(1,V;), ¢" — §in C(1,V;), then f; € 9J (¢, {1, (o). Therefore, it follows from (2.1)
that
w—limsupdiJ (¢, (1), 85 (1)) C diJ(t,x1(t),x2(2)) ae.tel, (2.4)

where the Kuratowski limit superior (see [1, Definition 3.14]) is formulated below

w —limsup dJ (¢, 9 (1), 93 (1))
={GeVi: G=w—lm{™, §"* cdJ(t,oi"(1), 03" (1)), ni <+ <mp <---}.
So, from (2.2) and (2.4), we obtain, fori = 1,2,
Gi(t) €co(w—limsup{{/'(t)}n>1)

C co(w —limsup diJ (1, @7 (t), 95 (1))
C aiJ(t,x1(t),x2(t)), ae.rtel.

Since, for i = 1,2, §; € LP(I,V;) and §;(¢) € 9;J(¢,x1(t),x2(t)) a.e. t €1, it is clear that §; €
Ni(x1,x2). Therefore, .4;(x],x2) is nonempty. O
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Proposition 2.3. If conditions (HJ1)-(HJ4) are satisfied, then, for i = 1,2, A; is closed in
€ x LL(1,V;), where Li(1,V;) is the space furnished with the w-topology of LP (I, V;).

Proof. By Proposition 2.2, we know that, for each x = (x1,x,) € € = C(I,V}) x C(1,V;), the
set .4;(x1,x2) has nonempty, convex, and weakly compact values for i = 1,2. Utilizing the
similar arguments to those in the proof of Proposition 2.2, we can prove that, for i = 1,2,
N1 € =C(1,Vy) x C(1,Va) — P(LP(1,V;)) is u.s.c. from € = C(1,Vy) x C(1,V3) into L (1, V;).
So, it follows from Proposition 2.1 (ii) that, for i = 1,2, the graph of the u.s.c. multifunction
A; with closed values is closed (due to Lemma 2.2 (i)), which hence implies that, for i = 1,2,
if X" = (x],x3) = x = (x1,x2) in € = C(I,Vi) x C(I,V»), w! — w; weakly in LP(I,V;), and
wi € A(x],x5), then w; € A;(x1,x2). O

Inspired by [8, Definition 2.5], we now formulate the mild solution of system (1.2).

Definition 2.1. A pair of functions x = (x1,x2) € C1_q(I, V1) X C1_(I,V>) is called a mild
solution of system (1.2) if it satisfies the following system of fractional integral equations:

x1(t) =t g (O)x10+ Jo(t — )% T o(t — 5)Bruy (s)ds
+ [o(t = )% T o (t — 5) f1(s)ds,

xz(t) =21 Tz’a(t)xl() + fé(t — S)a_]TLa(t — s)Bzuz(s)ds
+ [o(t = )% 1T o (t — 5) fa(s5)ds,

where (f1, f2) € M1 (X) X A3(x) with
Ni(x) = {w; € LP(1,V;) : wi(t) € diJ (t,x1(t),x2(t)) ae.t €1}, i=1,2.

Definition 2.2. Let x := x(#;0,X0,u) be a solution to system (1.2) from the initial value xo =
(x10,X20) €V =V; x V, at time ¢ corresponding to the control u(-) = (ui(-),uz(-)) € U =
Ui x U. The set Kp,(f) = {x(6;0,x¢,u) : u(-) € U}, where f = (f1, 2) € A1(X) X M2(X), is
called the reachable set of system (1.2) at terminal time b. If K, (f) =V Vxo € V, then system
(1.2) 1s said to be approximately controllable on /.

3. THE EXISTENCE OF MILD SOLUTIONS

This section is devoted to the study of the existence results for a class of systems of fractional
evolution hemivariational inequalities involving Riemann-Liouville fractional derivatives. Ac-
cording to [18], we can obtain the following.

Lemma 3.1. For i = 1,2, the operator T; o(t) in Lemma 2.1 has the following properties:
(i) for any fixed t > 0, T; o(t) is a linear and bounded operator, i.e., for any x; € V,
T o (Oxillv < ——11xilv:,
1750 (8)xil|v; < I'(0) [ |v;
where M; := sup;cio ) | Ti(2) ||, (v;) < o5 for every t >0, Ti o(t) is also a compact operator if
Ti(t) (t > 0) is compact.
(ii) Tj o, (t) (t > 0) is strongly continuous.
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Lemma 3.2. [23, Lemma 3.5] If condition (HT) holds, then, for i = 1,2, the operator G; :
LP(1,V;) — C(1,V;) for some p > 1, formulated below

(Gif)( / Ti(-—5)fi(s
is compact for f; € LP(1,V;).
Corollary 3.1. If condition (HT) holds, then, for i = 1,2, the operator G;:LP (1,V;) = C(1,V;)
for some p > 1, formulated below
Gif)() = [ Tal-=9)fi)ds.
is compact for f; € L (1,V;).

Proof. For i = 1,2, since condition (HT) means that 7;(r) (¢ > 0) is compact, we know by
Lemma 3.1 that 7; o(¢) (¢ > 0) is also compact. From Lemma 3.2, we obtain the desired result
immediately. U

Next, for i = 1,2, we formulate the operator Q; : LP(1,V;) — C(I,V;) below

(0if)() = /0 ()% T (- — 5) fi(s)ds

for fj € LP(1,V;). Let €1_q := Ci—a(I,V1) X Ci1—(I,V>2). Endowed with the norm ||x||¢,_, :=
|x1 HCl—a(Ivvl) + ||x2||cl—a(l7V2) for all x = (x1,x2) € €1_q«, €1—« is a Banach space.
Now, we are in a position to present the main result of this section.

Theorem 3.1. Assume that hypotheses (HT), and (HJ1)-(HJS5) are satisfied. Then, for each
control function u(-) = (u1(-),us(-)) € U = Uy x Uy, control system (1.2) has at least one mild
solution on € _ o provided that F(a)max{rL('ZA;‘)’LzMz}b <1, and fori=1,2 and any X = (x1,x;) €

€, the operator Q; is compact on N;(X) from the L, (1,V;)-topology to the C1_ (I, V;)-topology.

Proof. Note that € C 6]_¢. Moreover, it is not hard to check that % is a closed subspace of
% —q. Consider the multimap .7 : € — P(%) formulated below
F(x) ={y=01,n) €€ : H=(f1,12) € M(X) X A(X) s.t.
yi(r) =197 g (1)x10+ fo(r =) Tt a(t — ) (Brui (s) + fi(s))ds
y2(1) = 1% D g ()x20+ fo (1 = )% o0t — ) (Baua () + fa(s))ds },
for all x = (x1,x2) € €. We divide the proof into four steps to verify that . has a fixed point in
€.
Step 1. .% (x) is convex for each x = (x1,x;) € €.
Indeed, if y!,y* € Z(x) with y' = (y1.1,y2.1) and y*> = (y1.2,y222), then there exist f!, 2 €
N (X) x A5 (x) with f! = fi1,/2.1) and f2 = (f1,2,/22) such that, for every r € I,

{yi,l(r) — 1%7VT; o (0)xi0+ Jo (0 — )% T (1 — 5) (Biwi(s) + fi1 (s))ds, i=1,2,
Vio(t) =t T o (O)xi0+ 5t — )T o (t — ) (Biui(s) + fin(s))ds, i=1,2.
Let0<d < 1. Then, fori=1,2andeveryt €[,

(dyig +(1=d)yi2)(1)

— la_l’E‘,a(l‘)xi,O + /Ot(t — s)a_l'Tl"a(l — S) (Bil/tl'(S) + (dfi71 + (1 _d)fi,Z)(s))ds
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For i = 1,2, it follows from Proposition 2.2 that .#{(x) is convex. Hence dfi; + (1 —d)fi2 €
Ni(x). Consequently, dy' + (1 —d)y? € .Z(x).

Step 2. For every X = (x1,x) € €, .7 (x) C % is bounded in €] _q.

Indeed, for any ¢ = (@1, ¢2) € .7 (x), there exists f = (fi, f2) € A41(x) X A3(x) such that

@1(t) = 1% 1Ty o (t)x10+ [ (t — ) 1Ty o (t — 8) (Brus (s) + f1(s))ds
0(t) = t“*ITz,a(t)xz,o + fé (t— s)“*szﬂ(t —5)(Boua(s) + f2(s))ds

By (HJ3) and the Holder inequality, we obtain that, for i = 1,2 and every r € [,

M)l < [Tialt)iolly +1'% fy (=5 Tt = 9)Ba(s) uds
U )| T (0~ 5) fi(s) v
< B lllolly,+ 1% fo(e — 5) | Bai(s) lds
U 5% (gl o) eist ) )i

< FJK?[ +(pp]11]) b b ?(||Biui| o vy + | 9ill Lo (7.8 +))
+cib “fo( 5)%” O‘sz( )||wdS]
Srjzﬁ?[ (L)% 5 (Bl oy + 191l r )
+cib Su?fl * it )||V.f0(t—s)°‘*1ds]

te
< ij)[ + (5 1) ke (||Bi”i||Lﬁ(1,V,»)+||¢i||Lp(1,R+))
+o C, ”.)]
:Eh

which hence yields

H(pH%Jl—(x = Hq)lHCl,a(l,V])+H(P2HC1,OC(I,V2)
= supt'~%{|@1 (1) |, +supt'~*[[@2(1) |1,
tel tel

<ty +45.
Consequently, .Z (x) is bounded in €] _g.
Step 3. For every X = (x1,x2) € €, .7 (x) C € is closed in €] _q.

Indeed, assume that {@"} C .#(x) with @" = (@1 ,,¢2,) and Q" — @ in €|_o With ¢ =
(@1, ¢2). Then there exists f* = (f1 n, f2.,) C A1 (X) X A2(x) such that

(3.1)

tl_a(plyn(l‘) = T17a(l‘))€1’() —|—l‘1_a fé(t —S)a_lTLa(t —S)(Bll/t](s) +f1.,n<S))dS
00 u(t) = Toa(t)x0+1% Jo(t — )% 1T 6t — 5) (Boua(s) + fan(s))ds

In terms of Proposition 2.2, we know that, for i = 1,2, the set .4;(x) is a nonempty, convex, and
weakly compact subset in L”(1,V;), which together with { f; ,} C .4;(x) implies that there exists
a subsequence { f; , } of {f;»} such that f; ,, — f; € Ai(x) weakly in L”(1,V;). Meantime, from
(3.1), we have
1770, (6) =T o (t)x10+117% [5(t — )% 1T o (t — ) (Brui (s) + fin (5))ds, 3.2)
1@, (1) = T (t)x20+1' 7% Jo(t = )% o0 (1 — ) (Baua(s) + fon, (5))ds. '
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Set f:= (f1, f2). Then f € 4] (x)x € A3(x). For i = 1,2, since the operator Q; is compact on
A{(x) from the L, (1, V;)-topology to the Cy_q(1,V;)-topology, we deduce that, as k — o,

1Qifin, — Qifille, v
=supt!~¢ I fé(t — s)“*lTLa(t —8) fin (8)ds — fé(t — s)"‘*sz?a(t — ) fi(s)ds|ly, = 0.
rel

In view of ¢ — ¢ in €] _¢, We can see easily that, fori = 1,2,

H(pi,nk (PlHC] MIAD) —supt aH(pl’lk( ) (Pi(t)HVi — 0.

rel
Therefore, it is clear from (3.2) that, as k — oo,

117 (t) = Tiq(t)x10+17% [§(t —5)* 1T o (t — 5)(Brur (s) + f1(s)
117y (1) = Too ()20 + 11 7% [§(t —5)* 1T o (t — 5) (Baua(s) + fo(s)

~—

ds,
ds,

~—

that is,

P1(t) = 1% Ty a(t)x10+ fo(t —5)% ' T1a(t = s)(Brur(s) + fi(s))ds,
02(t) =% o ()20 + [§(t — ) 1 Tog(t — ) (Baua(s) + fo(s))ds.
This means that ¢ = (@1, ¢2) € % (x). Thus .% (x) is closed in € _q.
Step 4. .7 : € — CB(%) is a multivalued contraction map in 6] _g.
Indeed, take any x,y € € with x = (x1,x) and y = (y1,y2), ¢ € Z(x), and y € F(y)

with @ = (@1, @) and ¥ = (1, ). Then there exist & = (&1,&) € A (X) x A5(x) and N =
(N1,M2) € A1(y) x A3(y) such that, fori = 1,2,

@i(1) =1 T o (1)xi0 + Jo(t =) T ot — ) (Biwi(s) + &i(s) ) ds
ilt) =t T o (t)xio + Jo(t — )% T a(t —5) (Biui(s) +1i(s))ds.
So, by (HJS), we conclude that, for i = 1,2 and every r € I,

i) =l <1 o —s5)*" 1HTza(t—S)(é‘z() ni(s))lv,ds

Sﬁa;tl @ Lot — ) s g (s) — yils) v ds

I'(o)LiM;t
(—r( 15 = yille,_qvi)s

IN

which immediately yields

I'(a)LiM;b*
1o = Wille, wav) < Tla)lnxi—)’iﬂcl_a(aw)'

So, it follows that
lo —wlig_, =supt! %@y (t) — wi(t)|lv, +supt' %@z — v v,
tel

tel

(o)L M, b* (o)L, Myb
< DB | — Yille gy + B2 s = yaley (1)
r LiMy,LyMy }b*
< Tt ML ey —illey g + 22 = 2lley g vs)
_ T(a)max{LiMy,L,M}b* Ix—y]
I[2a) Yll41_q
= K[Ix—ylle;_q-
where K := F(O‘)max{lf(%l)’LzMZ}ba < 1. Thus J(Z (x),. Z(y)) < k||x—¥|l%_,. VX,y € €. This

means that .%# is a multivalued contraction map in %]_q. In terms of Theorem 2.1, .% has a
fixed point in €. Therefore, system (1.2) has at least one mild solution on %] _. [
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Remark 3.1. From [24, Lemma 2.3.2 and Lemma 2.4.2], one knows that if the Cy-semigroup
T (t) is compact or differentiable for z >ty > 0, then 7'(¢) is continuous in the uniform operator
topology for t > ty. Therefore, compared with hypothesis H(1) in [8], our hypothesis (HT) is
stronger than H(1). By using the modified version of Banach’s contraction mapping principle,
Liu and Li [8] proved the existence of mild solutions of frictional evolution control problem
(1.1) involving Riemann-Liouville fractional derivative. Actually, Nadler’s fixed point theorem
for multivalued contraction maps plays a key role in the demonstration of the existence of
mild solutions of system (1.2) because, for the treatment of the existence of fixed points of
multimaps, such a theorem is more advantageous than Banach’s contraction mapping principle
and its modified versions.

4. APPROXIMATE CONTROLLABILITY RESULTS

In this section, we are concerned with the approximate controllability results of the fractional
evolution control system with Riemann-Liouville fractional derivatives.
For i = 1,2, we define the bounded and linear operator &; : L”(1,V;) — V; by

b
Gh; /0 (b— )" Toa(b—s)hils)ds, () € LP(I,Vy).

From Definition 2.2, we know that if, for any Xo = (x10,x20) € V=V xV, and u(-) =
(1 (+),u2(+)) € U =U; x Uy, F(f): V, where f = (f1, f2) € A1(X) X A3(X), then system (1.2)
is approximately controllable on /. Equivalently, if, for every desired final state { = ({;,8,) €V
and any € > 0, there exists a control function ug(-) = (u1 ¢(-),u2¢(-)) € U = U; x U such that
the mild solution of system (1.2) satisfies ||{; —b* T o (b)xi 0 — Y fi.e — G:Biuie|v, < €, where
Xe = (¥1,¢,%2.¢) With X¢(t) =: X(#;0,X0,u¢),7 € [0,0] and fe = (f1¢, fre) € N (Xe) X A(Xe),
then system (1.2) is approximately controllable on /.

In what follows, to discuss the approximate controllability of system (1.2), we suppose the
following assumptions.

(HJS') for i = 1,2, there exists a constant L; > 0 such that ||& — n;lv; < Lit'=%||x; — yi|v;, for
any (Xl,.xz), (yl,yz) eV xV,, 5[ c 8,-J(t,x1,x2) and n; € ai.](l,yl,yz);

(HA) fori = 1,2, any € > 0 and ¢;(-) € LP(1,V;), there exists a u;(-) € L?(I,U;) such that

1% 0i — 4;Biui|lv, < €, 4.1)

and || Biu; (")l e (1,v;) < Nill@i(-)llzr(1,v;), Where N; is a constant, which is independent of ¢;(-) €
LP(1,V;), and

I'N: — -1 1

Ai(L&];” (ppa _11 )7 b TP EL (ML) < 1. (4.2)

Since condition (HJ5’) is stronger than (HJ5) and by Theorem 3.1, it is obvious that, for each

control function u(-) = (u;(+),uz(-)) € U = U; x Ua, control system (1.2) has at least one mild

solution on %|_ if all the hypotheses in Theorem 3.1 hold except that (HJ5) is replaced by
(HIS).

In order to discuss the approximate controllability of system (1.2), we need the following
lemma.

Lemma 4.1. Assume that the hypotheses (HJ1)-(HJ4) and (HJ5') hold. Then, any mild solutions
of system (1.2) satisfy the following inequalities: for i = 1,2 and any u(-) = (u1(-),u2(+)),
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ui(-) = (u1,1(-),u2,1(+)) and wa () = (w1 2(-),u22()) in U = Uy x U,
[xi (50, %0,w) e, ,z.vi) < KiEa(Micib),

1 () =xi20)lley_pv) < PiEa(MLID)||Biwi 1 (-) = Bitti 2 ()l 1o (1,v1)

where

M; p—1  pt 1—1 M, p—1 =1 (_1
K = ——|||xio0llv: B; b = > b
1= Frag ol Co) ™ (Bl +10ra )b 7). pi= g (o) 7 07
and E, is the Mittag-Leffler function defined by

oo Zk

Ea(2) :k;)r(kaﬂ)‘

Proof. If x = (x1,x) is a mild solution to system (1.2) w.r.t. u(-) = (u(+),u2(:)) EU on €} _q =
Ci—a(I,V}) X C1_a(I,V5), then
x1(t) =t g (O)x10+ Jo(t =) T o(t —5)Biuy (s)ds
+ Jot —5)* 7Ty o (t — 5) f1(5)ds
x(t) =t g(t)xa0+ ot —5)* To ot — 5)Baua(s)ds
+ [o(t = )% 1T o (t — 5) fa(s)ds
where (fi, f2) € A1(x) X A2(x) with
Ni(x) ={w; € LP(1,V;) : wi(t) € 9iJ (t,x1(t),x2(t)) ae.t €1}, i=1,2.
By (HJ3) and the Holder inequality, we obtain that, for i = 1,2 and each r € I,

(), < [ Tia(®)xiollv +11 7% 5t =5)* " Tt — 5)Biui(s) v ds
+ *“f( $)* N Tia(t =) fi(s)lvds
< Fagllxiollv +117% 5t =) Biui(s) | vids
1( o o—1 -« (4.3)
+17% [o (e =) (@ils ) 4cism Exils)llv)ds] '
< 1243[||x10||v+(pa Sl bl“(HB”zHLP 1vy) +119illr g r+))
+eib! =% ot —5)* st |xi(s)[lv,ds).
For i = 1,2, let W;(t) = t=%]|x;(¢)||;. In view of (4.3), we have

M,'Cl'blia /[ a—1
4+ — t—s Wi(s)ds.
o =)
It follows from [25, Corollary 2] that W;(¢) < k;Eq(Mic;b). Therefore

Wi(t) < x;

Ixille, oy = supt' ¥ [|xi(t)|lv; < KiEq(Micib).
tel

Similarly, we obtain that, for i = 1,2,

1 () =xi20)lley pv) < PiEa(MLiD)||Biwi 1 (-) = Bitti 2 ()l 1o (1,vy)-

By the definition of the operators 7T; ,i = 1,2, it is easy to show the following lemma.
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Lemma 4.2. [8, Lemma 4.2] For i = 1,2, let T;(t) be a differentiable semigroup generated by
A;. Then, for x; €V,

Tia(t)xi € D(Ai) V1 >0, Tra()Tra(s) = Tia(5)Tia(t) Vi,s 2 0,

and
d T7, (1)x; d T a(1)xi
Ta TR o (e
dt dt
Theorem 4.1. Suppose that hypotheses (HJ1)-(HJ4), (HJ5'), and (HA) are satisfied. Then

system (1.2) is approximately controllable on 1 if, for i = 1,2, A; generates a differentiable
semigroup T;(t) on a Hilbert space V;.

1> 0.

Proof. Since, for i = 1,2, the domain D(A;) of the operator A; is dense in V}, it is sufficient to
show that D(A}) x D(A;) C Kp(f), that is, for any € > 0 and n = (11,12) € D(A1) X D(A),
there exists a ug(-) = (u1 ¢(+),u2¢(-)) € U = U x Uy such that, fori = 1,2,

1M — 6% ' T, 0 (b)xi 0 — Gi fie — GiBittie||v: < &, (4.4)

where Xe = (x1.¢,x2¢) With Xg(7) 1= x(¢;0,X0,0¢),7 € [0,] and fe = (fi ¢, fre) € M (Xe) X
M (xg). First, for any xo = (x1,0,x20) € V =V x V,, we know that b“’ll}7a(b)x,~70 € D(A))
because 7;(t) is differentiable for i = 1,2. Therefore, for any given 1 = (1;,1m2) € D(A}) X
D(A3), it can be seen that there exists a function @(-) = (@1(-), @2(+)) € LP(I,V}) x LP(I, V)
such that, fori = 1,2, %0, =1, — b“’lﬂ7a(b)x,~70, for example,

20 l—a
o) = O o) 2 T 17 ), € 0.0),

Next, we prove that we can obtain a control function Ug(-) = (u1 ¢(+),u2¢(-)) €U =U; x U,
such that inequality (4.4) holds. In fact, for any given € > 0 and w;(-) = (u1,1(-),u2,1(-)) € U,
we see that from hypothesis (HA) that there exists a uy () = (u12(-),u22(+)) € U such that, for
i=1,2,

||ni_ba_1Ti,a( )XZO {éfl gB ”12||V < 22’
where x; (1) :=x(t;0,X0,u;),7 € [0,b] and f; = (fi.1,f2,1) € A1 (X1) X A2(X1). Denote X, () :=

x(#;0,X0,m2),7 € [0,b]. By hypothesis (HA) again, one sees that there exists wa () = (wy 2(-),w22(-))
€ U such that

|%i(fiz — firl = 9iBiwialv, <
where f5 = (fi2, f22) € A1(X2) X A3(X2), and
|Biwi2(Wlrayy < Nill fiz() = fia()llv,
SNiL;llia”xi,Z(’)l_xi,l(')HVi
M;LN; [N =Ly P
S F((x) (pIZx 1) 7b "’Ea(MiLéb)HBi”i,l(') _Biui,Z(')HLP(I,V,-)-
Now, we define us(r) = uy () — wa(z), us(-) € U. It follows that, for i = 1,2,
IMi —b* 1T o (b)xi0 — % fi 2 — 4iBiui 3lv;
<||ni—b* T a(b )x10 Gifin —9Biuis|lv, + |iBiwio — (i fio — Yifinlllv;
< (55 + 7)€

S
?7
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By induction, we can obtain the sequence {u,(-)} C U, which follows that, fori = 1,2,

;i —b* lTi,tx( )%i0 = i fin — GiBittint1||v; < (22 e 2n> ’
where x,,(-) := X(-;0,X0,,),7 € [0,b] and £, = (f1 n, fon) € N (Xn) X A5(xX,), and

MLIN;, p—1
(Vi) < I(a) (pOC—l
From (4.2), we know that, for i = 1,2, {Bju;,}._, is a Cauchy sequence in the Banach space
LP(1,V;). Therefore, for i = 1,2, there exists a y;(-) € LP(1,V;) such that lim, . Bjut; 5 (-) =
y;(+) in LP(1,V;). Then, for any € > 0, there exists a positive integer N > 1 such that, for
i= 1,2, H%—B-u,-NH _g'B'uiNHVi < §_ Fori=1 2,

1M = 6% 'T; o (b)xi0 — %ifi v — GiBitti v ||v,
<H77 —b%*” lTloc() xi0—%ifin —9Biui N+1||v, + || 4iBiui n+1 — GiBiuin ||y
<(pt-tawe+s

< E.

)7 b Ea(MiLib) |Bitio) = Bt 1 (Vpr.)

||Bitti n-1 —

This proves the approximate controllability of system (1.2). 0J

Remark 4.1. Liu-Li’s result [8, Theorem 4.3] for the approximate controllability of the frac-
tional evolution differential equation (1.1) with Riemann-Liouville fractional derivative is ex-
tended to develop our Theorem 4.1 for the approximate controllability of the system of frac-
tional evolution hemivariational inequalities with Riemann-Liouville fractional derivatives un-
der some similar conditions to those in [8, Theorem 4.3], for example, the conditions (HJ3),
(HJ5"), and (HA) are similar to the ones H(2), H(3") and H(4) in [8, Theorem 4.3], respectively.

5. AN EXAMPLE

As an application of our main results, we consider the following control system described
by the system of fractional parabolic hemivariational inequalities with Riemann-Liouville frac-
tional derivativeS'

)

(— Dgxl(t Y+ 5 L x1(t,y) + Biur (1), v1)v, +J5 (1,51 (8,9),%2(1,3);v1) > 0,
tel=1[0,1], y€[0,7], ¥v; € V| = L?[0, 7],
2

<_Dt3x2(tay) + a_y2x2(t>y) +BZu2(t)7V2>V2 +J§(tax1 (l‘,y),)Q(t,y);Vz) >0, (5.1)
tel=1[0,1], y€[0,x], Vvs € V5 = L?[0, ],
xi(t,0) =x(t,m) =0, tel=[0,1],i=1,2,
\ ]l+ “xi(t,y)i=0 =xio(y), ye€l[0,x],i=1,2,
where, fori, j=1,2 and i # j, J; (¢, 01, 62;v;) denotes the partial Clark’s generalized directional
derivative (see [7]) of a locally Lipschitz J(z,-,-) : V| x V, — R w.r.t. the i-th variable at the
point 6; € V; in the direction v; € V; for the given 6; € V;.
For i = 1,2, take V; = H; = L*[0, 7t] and the operator A; : D(A;) C V; — V; is defined by
Aix; = x}, where the domain D(4;) is given by

D(A;) := {x; € V; : x;,x} are absolutely continuous, x; € V;, x;(0) = x;(w) = 0}.

Then, for i = 1,2, A; can be written as A;jx; = —Y 1nz(x,,x,ﬁxn, x; € D(A;), where x,(y) =
/2/msin(ny) (n =1,2,...) is an orthonormal basis of V;. It is well known that, for i = 1,2,
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A; is the infinitesimal generator of a differentiable semigroup 7;(z) (¢ > 0) in V; given by
Ti(t)x; = Z;’f:le_”z’<x,~,xn>xn, x; € Vi, and ||T;(t)|| < e~! < 1 = M;. Moreover, for i = 1,2 and
any u;(-) € U; = L*(I, H;), we have u;(t) = Yoo ttj n (£)Xns i n(t) = (ui(t),x,). Fori = 1,2, define
the operator B; as Bju;(t) = Y~ U; »(t)x,, where

0, 0<r<1—4,
_ _ < - _
Uin(t) { in(t), 1_n_12§t§1’ n=1,2,..

Then, one can easily obtain that ||Biu;(-)[| ;2 vy < [[ui(+) ||y, which implies that B; € L(U, L*(1,V))).
First, by the definition of the operators B;,i = 1,2, the corresponding linear system of (5.1) is
as follows

D

D X2 n(l)+n2X27n(l‘) = ﬁzjn(t), 1-— r% <t <1,
I xin(t) =0 =xi0 € Vi, i=1,2.

Next, we check that hypothesis (HA) is satisfied. To check these, let us denote, for i = 1,2,

$1alt) 121 (0) = a0, 1= <1< 1,

oo Th

1 1 0
hi = /0 (1=5)737,2(1=5)gi(s)ds = Y hiwn, hin = (hi,xn), for every gi(-) € LA(1V).
n=1

In fact, for i = 1,2, we can choose u; ,(t), which follows from

_ 2n?
uiﬂ(t) = 1_—nefzhin€_n2(1_t)7 1-—=<t<1

and

Based on this, we define, for i = 1,2, u;(t) = Y| tj »(¢)xn, where

0 0<r<1l—4
i = N’ - n=’ =1,2,....
uz,n(t) { ui,n(t)a 1— ,%2 <t<l1, n y 49

Therefore, for i = 1,2 and any given function g;(-) € L?([0,1],V;), there exists u;(-) € U; such
that

1 1 1 1
/(1—s)_3Tl.7§(1—s)B,'ui(s)ds:/O (1—s)_§Tl.7%(l—s)gi(s)ds,

0
which implies that condition (4.1) of (HA) is satisfied. Moreover, for i = 1,2, we obtain

|| Biui(-) ||L21V Zfl |”tn |dl

=(1—e 122n2h§n
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Hence, it can be seen that conditions (HA) are satisfied, and then system (5.1) is approximately
controllable on 7, if
3V3

23 (1 —e*z)*lL;E% (L) <1
3

holds fori =1, 2.

6. CONCLUDING REMARK

This paper is concerned with the existence of mild solutions and complete controllability for
control systems described by a class of systems of fractional stochastic evolution hemivaria-
tional inequalities in Hilbert spaces. Firstly, we introduced the concept of mild solutions for the
systems of hemivariational inequalities. Then the existence results were obtained, and the con-
trollability was formulated and proved by using stochastic analysis techniques, fractional calcu-
lation, the fixed point theorem of multivalued maps, and the properties of partial Clarke’s gen-
eralized subdifferential. It is known that the approximate controllability problem is one of the
most fundamental issues in the field of control engineering; see e.g., [2, 3, 6, 8, 14, 15, 16, 18]
for more details. In the forthcoming paper, we shall consider approximate controllability results
for systems of fractional stochastic evolution hemivariational inequalities with nonlocal initial
conditions in the Hilbert spaces.
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