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Abstract. Let n,k ∈N, T > 0, and F : [0,T ]× (Rn)k→ 2Rn
be a lower semicontinuos and bounded mul-

tifunction with nonempty closed values. We prove that there exists a bounded and upper semicontinuous
multifunction G : R× (Rn)k → 2Rn

with nonempty compact convex values such that every generalized
solution u : [0,T ]→ Rn of the differential inclusion u(k) ∈ G(t,u,u′, . . . ,u(k−1)) is a generalized solu-
tion to the differential inclusion u(k) ∈ F(t,u,u′, . . . ,u(k−1)). As an application, we prove an existence
and qualitative result for the generalized solutions of the Cauchy problem associated to the inclusion
u(k) ∈ F(t,u,u′, . . . ,u(k−1)). In particular, we prove that if F is lower semicontinuous and bounded with
nonempty closed values, then the solution multifunction admits an upper semicontinuous multivalued
selection with nonempty compact connected values. Finally, by applying the latter result, we prove an
analogous existence and qualitative result for the generalized solutions of the Cauchy problem associated
to the differential equation g(u(k)) = f (t,u,u′, . . . ,u(k−1)), where f is continuous. We only assume that g
is continuous and locally nonconstant.
Keywords. Cauchy problem; Differential inclusions, Differential equations; Generalized solutions, Se-
lections.

1. INTRODUCTION

Let n,k ∈ N, T > 0, and p ∈ [1,+∞]. As usual, we denote by W k,p([0,T ],Rn) the space
of all functions u ∈ Ck−1([0,T ],Rn) such that u(k−1) is absolutely continuous in [0,T ] and
u(k) ∈ Lp([0,T ],Rn). Let F : [0,T ]× (Rn)k→ 2Rn

be a given multifunction. It is known that a
generalized solution to the differential inclusion

u(k) ∈ F(t,u,u′, . . . ,u(k−1))

in [0,T ] is a function u ∈W k,1([0,T ],Rn) such that

u(k)(t) ∈ F(t,u(t),u′(t), . . . , ,u(k−1)(t)) for a.e. t ∈ [0,T ]. (1.1)

If the multifunction F is bounded, then every generalized solution of (1.1) in [0,T ] belongs to
W k,∞([0,T ],Rn).
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The study of the differential inclusion (1.1) is of fundamental importance in the study of sev-
eral problems arising in several different areas of mathematics (for an introduction to the theory
of differential inclusions, we refer to the classical books [1, 2]). As explicitly remarked in [3],
differential inclusion (1.1) was studied under two different and separate kind of assumptions,
that is,

(i) F is upper semicontinuous with nonempty compact convex values;
(ii) F is lower semicontinuous (or continuous) with nonempty compact values.

In most literatures, the results and the techniques available for these two classes of differential
inclusions are substantially different. In [3], Bressan proved an equivalence result for first-
order differential inclusions, which allowed to treat this two kinds of differential inclusions in a
unified way. The following is Bressan’s result.

Theorem 1.1. (The Theorem at p.22 of [3]). Let F : R×Rn → 2Rn
be a bounded and lower

semicontinuous multifunction with nonempty compact values. Then there exists an upper semi-
continuous multifunction G : R×Rn → 2Rn

with nonempty compact convex values such that
every generalized solution u : [α,β ]→ Rn of the differential inclusion u′ ∈ G(t,u) in [α,β ]
(with [α,β ] real compact interval) is also a generalized solution to u′ ∈ F(t,u) in [α,β ].

In substance, Theorem 1.1 allowed to apply to first-order lower semicontinuous differential
inclusions, and many results are valid for the upper semicontinuous convex-valued case. In
particular, it is possible to obtain new existence and qualitative results for the first-order Cauchy
problem associated with a lower semicontinuous multifunction F (see, e.g., [3, Theorem 4.2 ]).

The aim of this paper is to extend Theorem 1.1 to the higher-order differential inclusion (1.1).
Such an extension is not trivial, and requires a different technical construction. In particular, we
remark that the original proof of Theorem 1.1 is based on an existence result for directionally
continuous selections. Our proof, conversely, is based on a recent existence result for Riemann-
measurable selections (that is, the selections which are a.e. continuous), recently proved in [4].
As an application, we prove an existence and qualitative result for the generalized solutions of
the Cauchy problem {

u(k) ∈ F(t,u,u′, . . . ,u(k−1)) in [0,T ],
u(i)(0) = ξi, i = 0,1, . . . ,k−1

(1.2)

(where ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k is a given vector), associated to a lower semicontinuous
multifunction F . Among the others, we give the conditions under which the multifunction

ξ ∈ (Rn)k→
{

u ∈W k,1([0,T ],Rn) : u is a generalized solution of (1.2)
}

admits an upper semicontinuous (with respect to a suitable topology) multivalued selection with
nonempty compact connected values.

Finally, applying the above results, we prove an existence and qualitative result for the gen-
eralized solutions of the Cauchy problem{

g(u(k)) = f (t,u,u′, . . . ,u(k−1)) in [0,T ]
u(i)(0) = ξi, i = 0,1, . . . ,k−1,

(1.3)
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where ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k is a given vector. In particular, we give the sufficient
conditions under which the solution multifunction

ξ ∈ (Rn)k→S (ξ ) :=
{

u ∈W k,1([0,T ],Rn) : u is a generalized solution of (1.3)
}

admits an upper semicontinuous multivalued selection with nonempty compact connected val-
ues. As a matter of fact, we only require the continuity of f and g, and that g is locally noncon-
stant.

2. PRELIMINARIES

Let n,k ∈ N. If [a,b] is compact interval, we consider the space W k,∞([a,b],Rn) with the
initial topology τ

[a,b]
n,k that makes the function

u ∈W k,∞([a,b],Rn)→ (u,u(k)) ∈Ck−1([a,b],Rn)×L∞([a,b],Rn)

continuous, where the space Ck−1([a,b],Rn) is considered with its strong topology, and the
space L∞([a,b],Rn) with its weak-star topology.

In the following, we often make the obvious identification (Rn)k =Rnk. For all j = 0,1, . . . ,nk,
we denote by Π j : R×Rnk→R the projection over the j-th axis. That is, if (t,x) = (t,x1,x2, . . . ,

xnk) ∈ R×Rnk, we put

Π j(t,x) =

{
t if j = 0,
x j if j ∈ {1,2, . . . ,nk}.

For every j ∈ N, we denote by m j the j-dimensional Lebesgue measure in R j. Moreover, we
denote by B and L ([a,b]), respectively, the Borel family of R and the family of all Lebesgue
measurable subsets of the interval [a,b].

If m ∈ N, x ∈ Rm, and r > 0, we denote by Bm(x,r) (resp., Bm(x,r)) the open (resp., closed)
ball in Rm, centered in x with radius r with respect to the Euclidean norm ‖·‖m of Rm. Moreover,
if A⊆ Rm, we denote by conv(A) the closed convex hull of the set A.

The following result, which concerns some qualitative properties of first-order upper semi-
continuous differential inclusions, summarizes some results proved in [1, pp.103-109], and will
be a central tool in the sequel.

Theorem 2.1. Let x∗ ∈ Rn, and let Ω ⊆ R×Rn be an open set such that (0,x∗) ∈ Ω. Let
G : Ω→ 2Rn

be an upper semicontinuous multifunction with nonempty compact convex values.
Assume that there exist M > 0, b > 0, and T > 0 such that

Q := [0,T ]×Bn(x∗,b+MT )⊆Ω and G(Q)⊆ Bn(0,M).

Then,
(i) for every ξ ∈ Bn(x∗,b), the solution set

S G
[0,T ](ξ ) :=

{
u ∈W 1,1([0,T ],Rn) : u(0) = ξ and u′(t) ∈ G(t,u(t)) a.e. in [0,T ]

}
is nonempty. Moreover, the multifunction ξ →S G

[0,T ](ξ ) is upper semicontinuous from

Bn(x∗,b) to W 1,∞([0,T ],Rn) with nonempty, compact and connected values;

(ii) The multifunction ξ → A G
[0,T ](ξ ) := {u(T ) : u ∈ S G

[0,T ](ξ )} is upper semicontinuous
from Bn(x∗,b) to Rn with nonempty compact connected values.
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For the basic facts and definitions about multifunctions, we refer the reader to [2, 5].

3. MAIN RESULTS

The following is our main result.

Theorem 3.1. Let n,k ∈ N, T > 0, and F : [0,T ]× (Rn)k→ 2Rn
be a given multifunction. As-

sume that F is bounded and lower semicontinuous with nonempty and closed values. Then, there
exists a bounded and upper semicontinuous multifunction G : R× (Rn)k→ 2Rn

with nonempty
convex and compact values such that

(a) G(R× (Rn)k)⊆ conv(F([0,T ]× (Rn)k));

(b) every generalized solution u ∈W k,∞([0,T ],Rn) of the differential inclusion

u(k) ∈ G(t,u,u′, . . . ,u(k−1))

in [0,T ] is also a generalized solution to the differential inclusion

u(k) ∈ F(t,u,u′, . . . ,u(k−1))

in [0,T ].

Proof. Put S := [0,T ]× (Rn)k. Let M > 0 be such that F(S) ⊆ Bn(0,M). Let y∗ ∈ Rn be the
vector whose components are all equal to 2M. Let F∗ : S→ 2Rn

be the multifunction defined
by, for each (t,ξ ) = (t,ξ0,ξ1, . . . ,ξk−1) ∈ S,

F∗(t,ξ ) = y∗+F(t,ξ0−
y∗

k!
tk,ξ1−

y∗

(k−1)!
tk−1, . . . ,ξk−2−

y∗

2!
t2,ξk−1− y∗ t).

By [5, Theorems 7.3.11 and 7.3.15 ], the multifunction F∗ is lower semicontinuous. Moreover,
one has

F∗(S)⊆ Λ := {x = (x1, . . . ,xn) ∈ Rn : M ≤ xi ≤ 3M for all i = 1, . . . ,n} .
We can consider the multifunction F∗ as defined on R×Rnk by means of the obvious identifi-
cation (Rn)k = Rnk. By [4, Lemma 2.4], there exist two sets H0,H ∈B with H0 ⊆ [0,T ] and
m1(H0) = m1(H) = 0, and a function f : S→ Rn such that

(i) f (t,ξ ) ∈ F∗(t,ξ ) for all (t,ξ ) ∈ S;
(ii) f is continuous at every point

(t,ξ ) ∈ ([0,T ]\H0)× (R\H)nk .

Fix any point z∗ ∈ f (S), and let f ∗ : R×Rnk→ Rn be defined by

f ∗(t,ξ ) =

{
f (t,ξ ) if (t,ξ ) ∈ S,
z∗ if (t,ξ ) ∈ (R×Rnk)\S .

Hence, f ∗(R×Rnk) = f (S)⊆ F∗(S)⊆ Λ. Let

Z :=
[
(H0∪{0,T})×Rnk

]
∪
[
S∩

nk⋃
l=1

Π
−1
l (H)

]
.

Observe that Z ⊆ S. We claim that f ∗|(R×Rnk)\Z is continuous. To see this, fix (t,ξ ) ∈ (R×
Rnk) \ Z. First, assume that (t,ξ ) ∈ S. Since (t,ξ ) /∈ Z, it follows that t ∈]0,T [ and t /∈ H0.
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Moreover, ξ ∈ (R \H)nk. Therefore, by (ii), f is continuous at (t,ξ ). Since f |]0,T [×Rnk =

f ∗|]0,T [×Rnk , it follows that f ∗|]0,T [×Rnk is continuous at (t,ξ ). Hence, f ∗ is continuous at (t,ξ ),
and thus f ∗|(R×Rnk)\Z is continuous at (t,ξ ), as desired.

Conversely, assume that (t,ξ ) /∈ S. Since (R×Rnk)\S is open in R×Rnk and f ∗|(R×Rnk)\S is
constant, we obtain that f ∗ is continuous at (t,ξ ). Hence, f ∗|(R×Rnk)\Z is continuous at (t,ξ ),
as desired.

Let D ⊆ (R×Rnk) \ Z be a countable set, and be dense in R×Rnk. It is obvious that D
exists due to m1+nk(Z) = 0. Let G∗ : R×Rnk→ 2Rn

be the multifunction defined by, for each
(t,ξ ) ∈ R×Rnk,

G∗(t,ξ ) :=
⋂

m∈N
conv

( ⋃
(λ ,η)∈D

‖(λ ,η)−(t,ξ )‖1+nk≤
1
m

{ f ∗(λ ,η)}
)
.

From the definition of G∗ and the above construction, we have

G∗(R×Rnk)⊆ conv(F∗(S)), (3.1)

which yileds
G∗(R×Rnk)⊆ Λ. (3.2)

By [6, Proposition 2.6], taking into account that f ∗|(R×Rnk)\Z is continuous, we have the follow-
ing facts

(i)′ the multifunction G∗ has closed graph and nonempty closed convex values (hence, it is
upper semicontinuous by (3.2) and [5, Theorem 7.1.16]);

(ii)′ for every (t,ξ ) ∈ (R×Rnk)\Z,

G∗(t,ξ ) = { f ∗(t,ξ )}.

Since f ∗|S = f , we have

G∗(t,ξ ) = { f (t,ξ )} for all (t,ξ ) ∈ S\Z . (3.3)

We can regard the multifunction G∗ as defined on R× (Rn)k by means of the identification
(Rn)k = Rnk. Let G : R× (Rn)k → 2Rn

be the multifunction defined by, for each (t,ξ ) =
(t,ξ0,ξ1, . . . ,ξk−1) ∈ R× (Rn)k,

G(t,ξ ) =−y∗+G∗(t,ξ0 +
y∗

k!
tk,ξ1 +

y∗

(k−1)!
tk−1, . . . ,ξk−2 +

y∗

2!
t2,ξk−1 + y∗ t).

Let us present that the multifunction G satisfies our conclusion. It is obvious that G has
nonempty compact and convex values. By (i)′ and [5, Theorems 7.3.11 and 7.3.15], the multi-
function G is upper semicontinuous. Moreover, taking into account (3.1), we have

G(R× (Rn)k)⊆ convF(S).

Now, let u ∈W k,∞([0,T ],Rn) be a generalized solution to the differential inclusion

u(k) ∈ G(t,u,u′, . . . ,u(k−1)) in [0,T ].

Let v : [0,T ]→ Rn be the function defined by

v(t) = u(t)+
y∗

k!
tk.



590 P. CUBIOTTI, J.C. YAO

It is obvious that v ∈ W k,∞([0,T ],Rn). It can be easily checked that v is a solution to the
differential inclusion

v(k) ∈ G∗(t,v,v′, . . . ,v(k−1)) in [0,T ].
That is, there exists a Lebesgue measurable set U0 ⊆ [0,T ] with m1(U0) = 0 such that

v(k)(t) ∈ G∗(t,v(t),v′(t), . . . ,v(k−1)(t)) for all t ∈ [0,T ]\U0 . (3.4)

By (3.2), we see that
v(k)(t) ∈ Λ for all t ∈ [0,T ]\U0 . (3.5)

Fix i ∈ {1, . . . ,n}, and let vi be the i-th component of the function v. By (3.5), we have that
v(k)i (t)≥M for all t ∈ [0,T ]\U0. Therefore, the absolutely continuous function v(k−1)

i is strictly
increasing in [0,T ] (with a.e. positive derivative). By [7, Theorem 2], the function (v(k−1)

i )−1 is
absolutely continuous. Hence, if we put

Ci,k−1 := (v(k−1)
i )−1(H) = {t ∈ [0,T ] : v(k−1)

i (t) ∈ H},

then we find from [8, Theorem 18.25] that m1(Ci,k−1) = 0. Since v(k−1)
i is strictly increasing in

[0,T ], there exists a partition

0 = tk−1,0 < .. . < tk−1, jk−1 = T

(with jk−1 ≤ 2) of [0,T ] such that the function v(k−1)
i has constant sign over each interval

]tk−1,l−1, tk−1,l[ (in particular, v(k−1)
i (t) 6= 0 on each interval ]tk−1,l−1, tk−1,l[). Therefore, for

every l = 1, . . . , jk−1, the function v(k−2)
i |[tk−1,l−1,tk−1,l ] is strictly monotone. Then, for each

l = 1, . . . , jk−1, by [7, Theorem 2] the function

(v(k−2)
i |[tk−1,l−1,tk−1,l ])

−1

is absolutely continuous. Again by [8, Theorem 18.25], for every l = 1, . . . , jk−1, the set

(v(k−2)
i |[tk−1,l−1,tk−1,l ])

−1(H) =
{

t ∈ [tk−1,l−1, tk−1,l] : v(k−2)
i (t) ∈ H

}
has null Lebesgue measure. Thus it follows that the set

Ci,k−2 := (v(k−2)
i )−1(H) = {t ∈ [0,T ] : u(k−2)

i (t) ∈ H}

has null Lebesgue measure. Again, since the function v(k−2)
i is strictly monotone on each inter-

val [tk−1,l−1, tk−1,l] with l = 1, . . . , jk−1, there exists a partition

0 = tk−2,0 < .. . tk−2, jk−2 = T

(with jk−2 ≤ 4) of [0,T ] such that the function v(k−2)
i has constant sign over each interval

]tk−2,l−1, tk−2,l[ (in particular, v(k−2)
i (t) 6= 0 on each interval ]tk−2,l−1, tk−2,l[). It follows that,

for every l = 1, . . . , jk−2, the function v(k−3)
i |[tk−2,l−1,tk−2,l ] is strictly monotone. Then, by [7,

Theorem 2 ], for each l = 1, . . . , jk−2, the function

(v(k−3)
i |[tk−2,l−1,tk−2,l ])

−1

is absolutely continuous. Consequently, reasoning exactly as above, by [8, Theorem 18.25], we
easily obtain that the set

Ci,k−3 := [v(k−3)
i ]−1(H) = {t ∈ [0,T ] : v(k−3)

i (t) ∈ H}
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has null Lebesgue measure. If we apply recursively the same argument, we finally obtain that,
for every j = 0, . . . ,k−1, the set

Ci, j := [v( j)
i ]−1(H) = {t ∈ [0,T ] : v( j)

i (t) ∈ H}

has null Lebesgue measure. Now, put

C := {0,T}∪H0∪U0∪
[ ⋃

i=1,...,n
j=0,...,k−1

Ci, j

]
.

It is obvious that m1(C) = 0. Choose a point t ∈ [0,T ] \C =]0,T [\C. By the definition of the
sets Ci, j, we have that, for every i = 1, . . . ,n and every j = 0, . . . ,k−1,

v( j)
i (t) /∈ H.

Hence,
(t,v(t),v′(t), . . . ,v(k−1)(t)) ∈ S\Z.

By (3.3), we arrive at

G∗(t,u(t),u′(t), . . . ,u(k−1)(t)) = { f (t,u(t),u′(t), . . . ,u(k−1)(t))} .

Taking into account (i) and (3.4), we then have

v(k)(t) = f (t,v(t),v′(t), . . . ,v(k−1)(t)) ∈ F∗(t,v(t),v′(t), . . . ,v(k−1)(t)) .

Consequently, since m1(C) = 0, the function v is a generalized solution in [0,T ] to the differen-
tial inclusion

v(k) ∈ F∗(t,v,v′, . . . ,v(k−1)).

At this point, by the definition of F∗, it is routine matter to check that the function u is a
generalized solution in [0,T ] to the differential inclusion

u(k) ∈ F(t,u,u′, . . . ,u(k−1)).

The proof is now complete. �

As an application of the previous result, we now prove an existence and qualitative result for
higher-order lower semicontinuous differential inclusions.

Theorem 3.2. Let n,k ∈ N, T > 0, and F : [0,T ]× (Rn)k → 2Rn
be a given multifunction.

Assume that F is bounded and lower semicontinuous with nonempty closed values. Then, for
every ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k, the solution set

S F
[0,T ](ξ ) :=

{
u ∈W k,1([0,T ],Rn) : u is a generalized solution of (1.2)

}
of problem (1.2) is nonempty. Moreover, there exists a multifunction

Φ : (Rn)k→ 2W k,∞([0,T ];Rn)

such that
(a) Φ(ξ )⊆S F

[0,T ](ξ ) for all ξ ∈ (Rn)k;

(b) Φ is upper semicontinuous (with respect to the topology τ
[0,T ]
n,k of W k,∞([0,T ];Rn)), with

nonempty, compact, and connected values;
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(c) the multifunction
ξ ∈ (Rn)k→{u(T ) : u ∈Φ(ξ )}

is upper semicontinuous with nonempty, connected, and compact values;
(d) the multifunction

ξ ∈ (Rn)k→{u(k) ∈ L∞([0,T ],Rn) : u ∈Φ(ξ )}

is upper semicontinuous (with respect to the weak-star topology of L∞([0,T ],Rn)) with
compact connected values.

Proof. As before, put S := [0,T ]× (Rn)k. Let M > 0 such that F(S)⊆ Bn(0,M). We divide the
proof into two steps.

Step 1. We assume that T < 1. By Theorem 3.1, there exists a bounded and upper semi-
continuous multifunction G : R× (Rn)k → 2Rn

with non empty convex compact values such
that

(i)′′ G(R× (Rn)k)⊆ conv(F(S))⊆ Bn(0,M);
(ii)′′ every generalized solution u ∈W k,∞([0,T ],Rn) of the differential inclusion

u(k) ∈ G(s,u,u′, . . . ,u(k−1))

in [0,T ] is also a generalized solution in [0,T ] to the differential inclusion

u(k) ∈ F(s,u,u′, . . . ,u(k−1)).

Let Λ : R× (Rn)k→ 2(R
n)k

be the multifunction defined by, for every (s,ξ ) = (s,ξ0,ξ1, . . . ,
ξk−1) ∈ R× (Rn)k,

Λ(s,ξ ) = Λ(s,ξ0,ξ1, . . . ,ξk−1) := {ξ1}×{ξ2}× ·· ·×{ξk−1}×G(s,ξ ).

By [5, Theorem 7.3.14], the multifunction Λ is upper semicontinuous. For every fixed ξ =
(ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k, let us consider the first-order Cauchy problem{

y′ ∈ Λ(s,y) in [0,T ]
y(0) = ξ .

(3.6)

Moreover, let

S Λ

[0,T ](ξ ) :=
{

y(s) = (y0(s),y1(s), . . . ,yk−1(s)) ∈ (W 1,1([0,T ],Rn))k :

: y(s) is a generalized solution of (3.6)
}

be the solution set to problem (3.6), and let

A Λ

[0,T ](ξ ) :=
{

y(T ) = (y0(T ),y1(T ), . . . ,yk−1(T )) : y ∈S Λ

[0,T ](ξ )
}

be the attainable set to the same problem. Fix ξ ∗ ∈ (Rn)k and any b > 0. Since T < 1, we have

lim
L→+∞

[
L2−

(
(b+LT +‖ξ ∗‖nk)

2 +M2)]=+∞.

Consequently, we can choose L∗ > 0 in such a way that

(b+L∗T +‖ξ ∗‖nk)
2 +M2 < (L∗)2. (3.7)
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Our aim is now to demonstrate that

Λ
(
[0,T ]×Bnk(ξ

∗,b+L∗T )
)
⊆ Bnk(0,L∗). (3.8)

To this aim, fix s ∈ [0,T ] and ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k with

‖ξ −ξ
∗‖nk ≤ b+L∗T.

Let ζ = (ζ0,ζ1, . . . ,ζk−1) ∈ Λ(s,ξ ). By the definition of Λ, there exists z ∈ G(s,ξ ) such that
ζ = (ξ1,ξ2, . . . ,ξk−1,z). Taking into account that

‖ξ‖2
nk ≤ (b+L∗T +‖ξ ∗‖nk)

2,

we find from (3.7) that

‖ζ‖2
nk ≤ ‖ξ1‖2

n +‖ξ2‖2
n + · · ·+‖ξk−1‖2

n +‖z‖2
n ≤

≤ ‖ξ‖2
nk +M2 ≤M2 +(b+L∗T +‖ξ ∗‖nk)

2 < (L∗)2.

Thus inclusion (3.8) is proved. Consequently, we can apply Theorem 2.1 to problem (3.6).
We then have that, for every ξ = (ξ0, . . . ,ξk−1) ∈ (Rn)k with ‖ξ − ξ ∗‖nk < b, the solution set
S Λ

[0,T ](ξ ) is nonempty. Moreover, the multifunction ξ → S Λ

[0,T ](ξ ) is upper semicontinuous
from Bnk(ξ

∗,b) to
W 1,∞([0,T ],Rnk) =

(
W 1,∞([0,T ],Rn)

)k

with nonempty compact connected values (it is routine matter to check that the topology τ
[0,T ]
nk,1

coincides with the product topology (τ
[0,T ]
n,1 )k). Finally, the multifunction ξ →A Λ

[0,T ](ξ ) is upper
semicontinuous in Bnk(ξ

∗,b) with nonempty compact connected values. By the arbitrariness of
the point ξ ∗ ∈ (Rn)k, we obtain that

(i)′′′ the set S Λ

[0,T ](ξ ) is nonempty for every ξ ∈ (Rn)k;

(ii)′′′ the multifunction

ξ ∈ (Rn)k→S Λ

[0,T ](ξ )⊆ [W 1,∞([0,T ],Rn)]k

is upper semicontinuous in (Rn)k, with nonempty compact and connected values;
(iii)′′′ the multifunction

ξ ∈ (Rn)k→A Λ

[0,T ](ξ )⊆ (Rn)k

is upper semicontinuous in (Rn)k, with nonempty compact connected values.
For each v ∈W k,∞(I,Rn), let yv : [0,T ]→ (Rn)k be defined by putting, for every s ∈ I,

yv(s) = (v(s),v′(s), . . . ,v(k−1)(s)),

and let
E :=

{
yv : v ∈W k,∞([0,T ],Rn)

}
.

Moreover, let
P :
[
W 1,∞([0,T ],Rn)

]k→W 1,∞([0,T ],Rn)

be the first projection. It is not difficult to check that E is a closed subset of the space [W 1,∞([0,T ],Rn)]k,
P(E) =W k,∞([0,T ],Rn), and the function

P|E : (E,(σ [0,T ]
n,1 )k)→ (W k,∞([0,T ],Rn),σ

[0,T ]
n,k )
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is continuous. Now, for each ξ = (ξ0,ξ1, . . . ,ξk−1)∈ (Rn)k , let us consider the Cauchy problem{
u(k) ∈ G(t,u,u′, . . . ,u(k−1)) in I
u(i)(0) = ξi,

(3.9)

and let

S G
[0,T ](ξ ) :=

{
u ∈W k,1([0,T ],Rn) : u is a generalized solution of (3.9)

}
.

The boundedness of G implies that S G
[0,T ](ξ ) ⊆W k,∞([0,T ],Rn) for all ξ ∈ (Rn)k. Fix ξ =

(ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k , and let

w(s) = (w0(s),w1(s), . . . ,wk−1(s)) ∈S Λ

[0,T ](ξ )⊆
[
W 1,∞([0,T ],Rn)

]k
.

Hence, w′(s) ∈ Λ(s,w(s)) for a.e. s ∈ [0,T ]. Therefore, by the definition of Λ, for a.e. s ∈ I, we
have

w1(s) = w′0(s), w2(s) = w′1(s), . . . , wk−1(s) = w′k−2(s),

w′k−1(s) ∈ G(s,w0(s), . . . ,wk−1(s)) .

Since the functions w0,w1, . . . ,wk−1 are absolutely continuous, by a standard argument, it fol-
lows that w0 ∈Ck−1(I,Rn), and, for every s ∈ [0,T ],

w1(s) = w′0(s), w2(s) = w′′0(s), . . . wk−1(s) = w(k−1)
0 (s).

Hence, w0 ∈W k,∞([0,T ],Rn)) and

w(k)
0 (s) = w′k−1(s) ∈ G(s,w0(s), . . . ,w

(k−1)
0 (s))

for a.e. s ∈ [0,T ]. Moreover, one has

w( j)
0 (0) = w j(0) = ξ j for every j = 0, . . . ,k−1.

Hence w0 ∈S G
[0,T ](ξ ) and w= yw0 ∈E. Thus we have proved that, for every ξ =(ξ0, . . . ,ξk−1)∈

(Rn)k,
S Λ

[0,T ](ξ )⊆ E, and P(S Λ

[0,T ](ξ ))⊆S G
[0,T ](ξ ). (3.10)

By (i)′′′ and (ii)′′′, taking into account (3.10) and the continuity of the function

P|E : (E,(τ [0,T ]n,1 )k)→ (W k,∞([0,T ],Rn),τ
[0,T ]
n,k ),

we obtain that the multifunction

ξ ∈ (Rn)k→ P(S Λ

[0,T ](ξ ))

is upper semicontinuous (with respect to the topology τ
[0,T ]
n,k of the space W k,∞([0,T ],Rn)), with

nonempty, compact, and connected values. If we denote by Π : (Rn)k→ Rn the first projection
from (Rn)k to Rn, it is easily seen by the above construction that, for every ξ = (ξ0, . . . ,ξk−1) ∈
(Rn)k,

{u(T ) : u ∈ P(S Λ

[0,T ](ξ ))}= Π(A Λ

[0,T ](ξ )).

Thus by (ii)′′′ and by the continuity of Π1, the multifunction

ξ ∈ (Rn)k→{u(T ) : u ∈ P(S Λ

[0,T ](ξ ))}
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is upper semicontinuous in (Rn)k with nonempty, compact, and connected values. At this point,
taking into account (3.10) and that

S G
[0,T ](ξ )⊆S F

[0,T ](ξ )

for every ξ ∈ (Rn)k, it suffices to take, for every ξ ∈ (Rn)k,

Φ(ξ ) := P(S Λ

[0,T ](ξ )).

By the above construction, it follows at once that the multifunction Φ satisfies the conclusion
(conclusion (d) follows at once by conclusion (b) and by the continuity of the function

u ∈W k,∞(I,Rn)→ u(k) ∈ L∞(I,Rn) ,

where the last space is considered with its weak-star topology). Therefore, our claim is proved
for the special case T < 1.

Step 2. We now prove the result in its full generality.
Let I := [0,1/2], and let F∗ : I× (Rn)k → 2Rn

be defined by putting, for each (s,ξ0,ξ1, . . . ,
ξk−1) ∈ I× (Rn)k,

F∗(s, ξ0 ,ξ1, . . . ,ξk−1) = 2kT k F( 2T s, ξ0,
1

2T
ξ1,

1
22T 2 ξ2, . . . ,

1
2k−1T k−1 ξk−1 ) .

Consider the function f : I× (Rn)k→ [0,T ]× (Rn)k defined by putting, for each (s,ξ0,ξ1, . . . ,
ξk−1) ∈ I× (Rn)k,

f (s, ξ0 ,ξ1, . . . ,ξk−1) = (2T s, ξ0,
1

2T
ξ1,

1
22T 2 ξ2, . . . ,

1
2k−1T k−1 ξk−1 ).

It is obvious that f is continuous. Moreover,

F∗(s, ξ0 ,ξ1, . . . ,ξk−1) = 2kT k F( f (s, ξ0 ,ξ1, . . . ,ξk−1))

for every (s,ξ0,ξ1, . . . ,ξk−1) ∈ I× (Rn)k. Hence, by [5, Theorem 7.3.11 ], the multifunction F∗

is lower semicontinuous with nonempty closed values, and also

F∗(I× (Rn)k)⊆ Bn(0,2kT kM).

By Step 1, there exists a multifunction

Ψ : (Rn)k→ 2W k,∞(I;Rn)

such that
(a)′ Ψ(ξ )⊆S F∗

I (ξ ) for all ξ ∈ (Rn)k;
(b)′ Ψ is upper semicontinuous (with respect to the topology σ I

n,k of W k,∞(I;Rn)), with
nonempty, compact, and connected values;

(c)′ the multifunction
ξ ∈ (Rn)k→{u(1/2) : u ∈Ψ(ξ )}

is upper semicontinuous with nonempty connected and compact values;
(d)′ the multifunction

ξ ∈ (Rn)k→{u(k) ∈ L∞(I,Rn) : u ∈Ψ(ξ )}
is upper semicontinuous (with compact connected values) with respect to the weak-star
topology of L∞(I,Rn).
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Let h : (Rn)k→ (Rn)k be the continuous functions defined by putting, for each ξ =(ξ0, . . . ,ξk−1)∈
(Rn)k,

h(ξ ) = (ξ0, 2T ξ1, 22T 2
ξ2, . . . , 2k−1T k−1

ξk−1).

Moreover, let
φ : (W k,∞(I,Rn),τ I

n,k)→ (W k,∞([0,T ],Rn),τ
[0,T ]
n,k )

be defined by putting, for each u ∈W k,∞(I,Rn),

φ(u)(t) = u
( 1

2T
t
)

for every t ∈ [0,T ] .

It is not difficult to check that φ is continuous. Moreover, one has

φ(S F∗
I (h(ξ )))⊆S F

[0,T ](ξ ) for every ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k. (3.11)

To see this, fix ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k and a function v ∈ φ(S F∗
I (h(ξ ))). Therefore,

there exists u∈S F∗
I (h(ξ )) such that v= φ(u). By the definition of φ(u), for every j = 0, . . . ,k−

1 we have
v( j)(t) =

1
2 jT j u( j)

( t
2T

)
for all t ∈ [0,T ].

Moreover, there exists a set K ⊆ I with m1(K) = 0 such that

v(k)(t) =
1

2kT k u(k)
( t

2T

)
for all t ∈ [0,T ]\ (2T K)

and
u(k)(s) ∈ F∗(s,u(s),u′(s), . . . ,u(k−1)(s)) for all s ∈ I \K. (3.12)

Consequently, for every j = 0, . . . ,k−1, we have

v( j)(0) =
1

2 jT j u( j)(0) = ξ j.

Moreover, for every t ∈ [0,T ]\ (2T K), taking into account (3.12), one has

v(k)(t) =
1

2kT k u(k)(
t

2T
) ∈

∈ 1
2kT k F∗(

t
2T

,u(
t

2T
),u′(

t
2T

), . . . ,u(k−1)(
t

2T
)) =

=
1

2kT k F∗(
t

2T
,v(t),2T v′(t), . . . ,2k−1T k−1v(k−1)(t)) =

= F(t,v(t),v′(t), . . . ,v(k−1)(t)).

Hence v ∈S F
[0,T ](ξ ), as claimed.

Now, let Φ : (Rn)k → 2W k,∞([0,T ],Rn) be the multifunction defined by setting, for each ξ ∈
(Rn)k,

Φ(ξ ) = φ(Ψ(h(ξ ))) .
By (b)′ and by the continuity of φ and h, it follows that Φ is upper semicontinuous (with re-
spect to the topology σ

[0,T ]
n,k of W k,∞([0,T ],Rn)) with nonempty, compact, and connected values.

Moreover, by (3.11), we have that Φ(ξ )⊆S F
[0,T ](ξ ) for every ξ ∈ (Rn)k.

In order to prove conclusion (c), we observe that, for every ξ ∈ (Rn)k,

{v(T ) : v ∈Φ(ξ )}= {u(1/2) : u ∈Ψ(h(ξ ))}.
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Consequently, conclusion (c) follows by the continuity of h and by (c)′. For conclusion (d), it
follows by conclusion (b) and (taking into account the definition of the topology τ

[0,T ]
n,k ) by the

continuity of the function

v ∈W k,∞([0,T ],Rn)→ v(k) ∈ L∞([0,T ],Rn)

(where, as before, L∞([0,T ],Rn) is considered with its weak-star topology). The proof is now
complete. �

4. AN APPLICATION

As announced in the first section, we now apply the above results to obtain the qualitative
result for the generalized solutions of the Cauchy problem associated with an implicit ordinary
differential equation.

Let n,k ∈N, T > 0, and Y ⊆Rn be a nonempty set. Let g : Y →R and f : [0,T ]× (Rn)k→R
be two given functions, and let ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k. It is known that a generalized
solution to the Cauchy problem{

g(u(k)) = f (t,u,u′, . . . ,u(k−1)) in [0,T ],
u(i)(0) = ξi, i = 0,1, . . . ,k−1,

(4.1)

is a function u ∈W k,1([0,T ],Rn) such that

u(k)(t) ∈ Y and g(u(k)(t)) = f (t,u(t),u′(t), . . . ,u(k−1)(t)) for a.e. t ∈ [0,T ],

and u(i)(0) = ξi for every i = 0,1, . . . ,k− 1. For each fixed ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k, we
denote by

S (ξ ) =
{

u ∈W k,1([0,T ],Rn) : u is a generalized solution of (4.1)
}

the solution set of problem (4.1). If Y is bounded, then every generalized solution of problem
(4.1) belongs to W k,∞([0,T ],Rn).

The following is our result.

Theorem 4.1. Let n,k ∈ N and T > 0. Let Y a nonempty, compact, connected, and locally
connected subset of Rn. Let g : Y → R and f : [0,T ]× (Rn)k→ R be two continuous functions
such that

(i) f ([0,T ]× (Rn)k)⊆ g(Y );
(ii) for every r ∈] infg(Y ), supg(Y )[ , one has intY (g−1(r)) = /0.

Then, for every ξ = (ξ0,ξ1, . . . ,ξk−1) ∈ (Rn)k, the solution set S (ξ ) of problem (4.1) is
nonempty. Moreover, there exists a multifunction

Φ : (Rn)k→ 2W k,∞([0,T ];Rn)

such that

(a) Φ(ξ )⊆S (ξ ) for all ξ ∈ (Rn)k;
(b) Φ is upper semicontinuous (with respect to the topology τ

[0,T ]
n,k of W k,∞([0,T ];Rn)), with

nonempty, compact, and connected values;
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(c) the multifunction
ξ ∈ (Rn)k→{u(T ) : u ∈Φ(ξ )}

is upper semicontinuous with nonempty, connected, and compact values;
(d) the multifunction

ξ ∈ (Rn)k→{u(k) ∈ L∞([0,T ],Rn) : u ∈Φ(ξ )}

is upper semicontinuous (with compact connected values), with respect to the weak-star
topology of L∞([0,T ],Rn).

Proof. Put S := [0,T ]× (Rn)k. By assumption (ii) and by [9, Theorem 2.4], the function g
is inductively open on Y . That is, there exists a set Y ∗ ⊆ Y such that g(Y ∗) = g(Y ) and the
function g|Y ∗ : Y ∗→ g(Y ) is open. Let F : S→ 2Y be the multifunction defined by setting, for
each (t,ξ ) = (t,ξ0,ξ1, . . . ,ξk−1) ∈ S,

F(t,ξ0,ξ1, . . . ,ξk−1) = g−1( f (t,ξ0,ξ1, . . . ,ξk−1))∩Y ∗.

By the above construction, by assumptions (i) and [5, Proposition 7.3.3], the multifunction F
is lower semicontinuous with nonempty closed values. Moreover, the set F(S)⊆ Y is bounded
by the compactness of Y . Therefore, the multifunction F satisfies all the assumptions of The-
orem 3.2. Consequently, there exists a multifunction Φ : (Rn)k → 2W k,∞([0,T ],Rn) satisfying the
conclusion of Theorem 3.2.

Now, we claim that Φ(ξ ) ⊆ S (ξ ) for every ξ ∈ (Rn)k. To this aim, fix ξ ∈ (Rn)k and
u ∈Φ(ξ ). Hence, there exists a Lebesgue measurable set K ⊆ [0,T ] with m1(K) = 0 such that

u(k)(t) ∈ F(t,u(t),u′(t), . . . ,u(k−1)(t)) for all t ∈ [0,T ]\K.

Hence,
u(k)(t) ∈ Y for all t ∈ [0,T ]\K.

Consequently, for every t ∈ [0,T ]\K, taking into account the definition of F , the continuity of
g and the closedness of Y , we obtain

u(k)(t) ∈ g−1( f (t,u(t),u′(t), . . . ,u(k−1)(t)))∩Y ∗ ⊆

⊆ g−1( f (t,u(t),u′(t), . . . ,u(k−1)(t))) =

= g−1( f (t,u(t),u′(t), . . . ,u(k−1)(t))) .

Hence,
g(u(k)(t)) = f (t,u(t),u′(t), . . . ,u(k−1)(t)) for all t ∈ [0,T ]\K.

Thus u ∈S (ξ ), as claimed. This completes the proof. �

For other existence results concerning generalized solutions of implicit differential equations,
we refer to [10]-[25] and to the reference therein.
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[12] S. Carl, S. Heikkilä, On discontinuous implicit evolution equations, J. Math. Anal. Appl. 219 (1998), 455-

471.
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