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Abstract. Let n,k € N, T >0, and F : [0,T] x (R")* — 2R be a lower semicontinuos and bounded mul-
tifunction with nonempty closed values. We prove that there exists a bounded and upper semicontinuous
multifunction G : R x (R")f — 2R" with nonempty compact convex values such that every generalized
solution u : [0,T] — R” of the differential inclusion u®) € G(r,u,u’,...,u*"")) is a generalized solu-
tion to the differential inclusion u®) € F (tyu,u,. .. ,u("*”). As an application, we prove an existence
and qualitative result for the generalized solutions of the Cauchy problem associated to the inclusion
u® e F (tyuid ... ,u<k—1)). In particular, we prove that if F is lower semicontinuous and bounded with
nonempty closed values, then the solution multifunction admits an upper semicontinuous multivalued
selection with nonempty compact connected values. Finally, by applying the latter result, we prove an
analogous existence and qualitative result for the generalized solutions of the Cauchy problem associated
to the differential equation g(u(k)) = f(t,u,u,... ,u(k*”), where f is continuous. We only assume that g
is continuous and locally nonconstant.

Keywords. Cauchy problem; Differential inclusions, Differential equations; Generalized solutions, Se-
lections.

1. INTRODUCTION

Let n,k €N, T > 0, and p € [1,+o]. As usual, we denote by W57 ([0, T],R") the space
of all functions u € CK~1([0,7],R") such that x*~1) is absolutely continuous in [0,7] and
u®) € LP([0,T],R"). Let F : [0,T] x (R")* — 2R" be a given multifunction. It is known that a
generalized solution to the differential inclusion

u®) e F(t,u,u',...7u(k_1))
in [0, 7] is a function u € W%!([0,T],R") such that
uk (@) e Ft,u(t),d(r),...,,u* "V (t)) forae. te[0,T]. (1.1)
If the multifunction F is bounded, then every generalized solution of (1.1) in [0, 7] belongs to

wk=(]0,T],R").
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The study of the differential inclusion (1.1) is of fundamental importance in the study of sev-
eral problems arising in several different areas of mathematics (for an introduction to the theory
of differential inclusions, we refer to the classical books [1, 2]). As explicitly remarked in [3],
differential inclusion (1.1) was studied under two different and separate kind of assumptions,
that is,

(1) F is upper semicontinuous with nonempty compact convex values;
(i1) F is lower semicontinuous (or continuous) with nonempty compact values.

In most literatures, the results and the techniques available for these two classes of differential
inclusions are substantially different. In [3], Bressan proved an equivalence result for first-
order differential inclusions, which allowed to treat this two kinds of differential inclusions in a
unified way. The following is Bressan’s result.

Theorem 1.1. (The Theorem at p.22 of [3]). Let F : Rx R" — 2R be a bounded and lower
semicontinuous multifunction with nonempty compact values. Then there exists an upper semi-
continuous multifunction G : R x R* — 2R" with nonempty compact convex values such that
every generalized solution u : [ot, 3] — R" of the differential inclusion u' € G(t,u) in [a, B]
(with [a, B] real compact interval) is also a generalized solution to u' € F(t,u) in o, B].

In substance, Theorem 1.1 allowed to apply to first-order lower semicontinuous differential
inclusions, and many results are valid for the upper semicontinuous convex-valued case. In
particular, it is possible to obtain new existence and qualitative results for the first-order Cauchy
problem associated with a lower semicontinuous multifunction F' (see, e.g., [3, Theorem 4.2 ]).

The aim of this paper is to extend Theorem 1.1 to the higher-order differential inclusion (1.1).
Such an extension is not trivial, and requires a different technical construction. In particular, we
remark that the original proof of Theorem 1.1 is based on an existence result for directionally
continuous selections. Our proof, conversely, is based on a recent existence result for Riemann-
measurable selections (that is, the selections which are a.e. continuous), recently proved in [4].
As an application, we prove an existence and qualitative result for the generalized solutions of
the Cauchy problem

u® e F(tud,. .. u*=1) in [0,7T], (12)
uWD0)=&, i=0,1,....k—1 '
(where & = (&o,&1,...,&—1) € (R")K is a given vector), associated to a lower semicontinuous

multifunction . Among the others, we give the conditions under which the multifunction
Eec (R = {ue W 1([0,T],R") : u is a generalized solution of (1.2)}

admits an upper semicontinuous (with respect to a suitable topology) multivalued selection with
nonempty compact connected values.

Finally, applying the above results, we prove an existence and qualitative result for the gen-
eralized solutions of the Cauchy problem

{gw(k)) = flt,ud,...,u*=D) in [0, ]

. 1.3
WD0)=&, i=0,1,....k—1, (1)
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where & = (&o,&1,...,&—1) € (R")* is a given vector. In particular, we give the sufficient
conditions under which the solution multifunction

£ e (R — (&) == {uec Wh([0,T],R") : uis a generalized solution of (1.3)}

admits an upper semicontinuous multivalued selection with nonempty compact connected val-
ues. As a matter of fact, we only require the continuity of f and g, and that g is locally noncon-
stant.

2. PRELIMINARIES

Let n,k € N. If [a,b] is compact interval, we consider the space W**([a,b],R") with the

[a,b]

initial topology 7, that makes the function

u e Wo([a,b],R") = (1) € ¢ ([a,bR") x L([a,b],R")

continuous, where the space C¥~!([a,b],R") is considered with its strong topology, and the
space L= ([a,b],R") with its weak-star topology.

In the following, we often make the obvious identification (R")* = R, Forall j =0, 1,...,nk,
we denote by IT; : R x R" — R the projection over the j-th axis. That is, if (¢,x) = (,x1,%2,. ..,

xu) € R x R, we put
t if j =0,
I0;(t,x) = o
x; if je{l1,2,...,nk}.

For every j € N, we denote by m; the j-dimensional Lebesgue measure in R/. Moreover, we
denote by & and £ ([a,b]), respectively, the Borel family of R and the family of all Lebesgue
measurable subsets of the interval [a, D).

If m € N, x € R", and r > 0, we denote by B,,(x,r) (resp., B (x,r)) the open (resp., closed)
ball in R™, centered in x with radius r with respect to the Euclidean norm || ||, of R™. Moreover,
if A CR™, we denote by conv (A) the closed convex hull of the set A.

The following result, which concerns some qualitative properties of first-order upper semi-
continuous differential inclusions, summarizes some results proved in [1, pp.103-109], and will
be a central tool in the sequel.

Theorem 2.1. Let x* € R", and let Q@ C R x R" be an open set such that (0,x*) € Q. Let
G : Q — 2R be an upper semicontinuous multifunction with nonempty compact convex values.
Assume that there exist M >0, b > 0, and T > 0 such that
Q:=[0,T] x B,(x*,b+MT)CQ and G(Q)C B,(0,M).
Then,
(i) for every & € B, (x*,b), the solution set

5’[001](5) ={ue WhL([0,T],R™) : u(0) = & and /(1) € G(t,u(t)) a.e. in 0,77}

is nonempty. Moreover, the multifunction & — #S_ (&) is upper semicontinuous from

[0,7]
B, (x*,b) to W' ([0, T],R") with nonempty, compact and connected values;

(ii) The multifunction & — sz[gﬂ(é) ={u(T):uc LSW[OGT}(@} is upper semicontinuous
from B, (x*,b) to R" with nonempty compact connected values.
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For the basic facts and definitions about multifunctions, we refer the reader to [2, 5].

3. MAIN RESULTS
The following is our main result.

Theorem 3.1. Let n,k € N, T > 0, and F : [0,T] x (R")* = 2®" be a given multifunction. As-
sume that F is bounded and lower semicontinuous with nonempty and closed values. Then, there
exists a bounded and upper semicontinuous multifunction G : R X (R")k — 2R" with nonempty
convex and compact values such that

(a) G(R x (R")¥) C conv (F([0,T] x (R")¥));
(b) every generalized solution u € W*=([0,T],R") of the differential inclusion
u®) e G(t,u,u’,...,u(kfl))
in [0,T] is also a generalized solution to the differential inclusion
u) e F(t,u,u',...,u(kfl))
in [0,T].
Proof. Put S :=[0,T] x (R")*. Let M > 0 be such that F(S) C B,(0,M). Let y* € R" be the

vector whose components are all equal to 2M. Let F* : S — 2R" be the multifunction defined
by, for each (¢,8) = (#,80,81,...,6—1) €,

* *

* * Y ok y k—1 Yo *
F*(t,8) = F(t,50— =t — t cesCln — —t _1—Y'1).
(t,8)=y"+F(,% 0 61 -1 k-2 o1 k-1 — Y1)

By [5, Theorems 7.3.11 and 7.3.15 ], the multifunction F* is lower semicontinuous. Moreover,
one has

F*(S)CA:={x=(x1,...,xn) ER": M<x;<3Mforalli=1,...,n}.

We can consider the multifunction F* as defined on R x R™ by means of the obvious identifi-
cation (R")k = R, By [4, Lemma 2.4], there exist two sets Hy, H € % with Hy C [0,T] and
my(Hy) =m(H) =0, and a function f : § — R” such that

(i) f(t,&) e F*(t,&) forall (1,§) € S;

(i1) f is continuous at every point

(1,8) € ([0, 7]\ Ho) x (R\ H)".
Fix any point z* € f(S), and let f* : R x R"* — R" be defined by
" f(,8) if(1,6) €S,
f (tvg) = * . nk
z if (¢,&) € (RxR™)\S.

Hence, f*(R x R") = £(S) C F*(S) C A. Let

nk
Z:= [(HOU {0,T}) x R”k] U [Sﬂ U n;l(H)] .
=1
Observe that Z C S. We claim that f*|(g,gmy 7 is continuous. To see this, fix (#,§) € (R x
R"%)\ Z. First, assume that (¢,&) € S. Since (¢,€) ¢ Z, it follows that ¢t €]0,T[ and ¢ ¢ H.
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Moreover, £ € (R\ H)". Therefore, by (ii), f is continuous at (¢,&). Since f o7 xRk =
I*o, 7[xwek it follows that [, 7, ge is continuous at (¢, ). Hence, f* is continuous at (¢, ),
and thus f*| (g gey\ 7 is continuous at (7, ), as desired.

Conversely, assume that (¢,&) ¢ S. Since (R x R")\ Sis open in R x R and f* | (RxR7#)\s 18
constant, we obtain that f* is continuous at (#,§). Hence, f*|ggn) 7 is continuous at (#,5),
as desired.

Let D C (R x R")\ Z be a countable set, and be dense in R x R™. It is obvious that D
exists due to my 4, (Z) = 0. Let G* : R x R™ — 2R" pe the multifunction defined by, for each
(t,£) € Rx R,

¢e)=New( U {ram).
meN (A,n)eD
)~ E ke S

From the definition of G* and the above construction, we have
G*(R x R™) C conv (F*(S)), (3.1)
which yileds
G*(RxR™) CA. (3.2)

By [6, Proposition 2.6], taking into account that f*| g, g}z is continuous, we have the follow-
ing facts

(i) the multifunction G* has closed graph and nonempty closed convex values (hence, it is
upper semicontinuous by (3.2) and [5, Theorem 7.1.16]);

(i) for every (t,€) € (Rx R™)\ Z,
G (1,6) ={/"(t,8)}-

Since f*|g = f, we have

G (t,§)={f(t,&)} forall (t,&)eS\Z. (3.3)

We can regard the multifunction G* as defined on R x (R")¥ by means of the identification

(R")* = R, Let G : R x (R")* — 2R" be the multifunction defined by, for each (¢,&) =
(taé():glv"':gk—l) €Rx (Rn)k’

. Yok Y ke ¥

G(t,6)=— G (¢ —t .Gkt

(76) y + (350+k' 7§1+(k_1)' ) 725:/{ 2+2‘

Let us present that the multifunction G satisfies our conclusion. It is obvious that G has

nonempty compact and convex values. By (i)’ and [5, Theorems 7.3.11 and 7.3.15], the multi-
function G is upper semicontinuous. Moreover, taking into account (3.1), we have

G(R x (RM*) Cconv F(S).

fzaék—l +y*t).

Now, let u € W5 ([0, T],R") be a generalized solution to the differential inclusion
u®) e G(t,u,u,... ,u(k_l)) in [0,7].
Let v: [0,7] — R" be the function defined by

v(t) = u(l‘)—i—i—!tk.
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It is obvious that v € W%>([0,T],R"). It can be easily checked that v is a solution to the
differential inclusion
b ¢ G*(t,v,v’,...,v(k_l)) in [0,T].

That is, there exists a Lebesgue measurable set Uy C [0,7] with m; (Up) = 0 such that

VO (1) € G*(1,v(1) V' (1),... v D(1)) forall re0,T]\Up. (3.4)
By (3.2), we see that

v (t)ye A forall 1e[0,T]\Up. (3.5)

Fix i € {1,...,n}, and let v; be the i-th component of the function v. By (3.5), we have that
vl(k) (r) > M forallt € [0,T]\ Up. Therefore, the absolutely continuous function vl(k*l) is strictly
increasing in [0, 7] (with a.e. positive derivative). By [7, Theorem 2], the function (vgkfl))_1 is
absolutely continuous. Hence, if we put

Ci1 = ()T (H) = {r € [0,7] :v{ V(1) e 1},

1

then we find from [8, Theorem 18.25] that m(C;;—;) = 0. Since vl(k*l) is strictly increasing in
[0,T], there exists a partition

O=t10<...<fr—1,,,=T

(with jr_; < 2) of [0,7T] such that the function vl(k*l) has constant sign over each interval
(k—1)

lti—11-1,t%—1,[ (in particular, v;" /(¢) # O on each interval |t;_;;_1,%—_1,[). Therefore, for

every [ = 1,...,jx_1, the function Vz(k_z)’[tk,l,,,l,tk,l j 18 strictly monotone. Then, for each
I=1,...,jk_1, by [7, Theorem 2] the function
(k=2) -1
<Vi ‘[tk—lﬁl—lytk—lﬁl})

is absolutely continuous. Again by [8, Theorem 18.25], for every [ = 1,..., ji_1, the set

k=2 — k=2
(Vl( )|[l‘k,1_[,17tk,171}) I(H) = {t € [tk—l,l—htk—],l] : Vl( )(t) € H}
has null Lebesgue measure. Thus it follows that the set
k—2)\— k—2
Cuz = ()7 (H) = {1 € (0.7): 0/ () € H)
(k=2)

has null Lebesgue measure. Again, since the function v; is strictly monotone on each inter-
val [ty —1,tk—1,] with I =1,..., jr_;, there exists a partition

0= h—2,0 <. 0g—2ji, = T

(with jr_o < 4) of [0,T] such that the function vl(k*z) has constant sign over each interval

Jtki—2.1-1,tk—2,[ (in particular, vl(k_z) (t) # 0 on each interval |tx_»;_1,t—2,[). It follows that,
for every I = 1,..., jx_», the function vl(k_3)|[lk—2‘l—17tk—2.l] is strictly monotone. Then, by [7,
Theorem 2 ], foreach/ =1,..., ji._», the function
(k—3) -
(v; | [tr—2.1—1tk—2.1] )

is absolutely continuous. Consequently, reasoning exactly as above, by [8, Theorem 18.25], we
easily obtain that the set

Cins =PI H) = {0,710 V) e HY
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has null Lebesgue measure. If we apply recursively the same argument, we finally obtain that,
forevery j =0,...,k— 1, the set

Gy =) () = {r € 0.7): v (1) € H)
has null Lebesgue measure. Now, put

Ci= {O,T}UHOUUOU[ U ci,j]

i=1,...,n

Jj=0,...k—1
It is obvious that m(C) = 0. Choose a point ¢ € [0,T]\ C =]0,T[\C. By the definition of the
sets C; j, we have that, for every i =1,...,nand every j=0,...,k—1,
vW(0) ¢ H.

Hence,

By (3.3), we arrive at

G (t,u(t), 1 (), ..,V (0)) = {F (1, u(0) 1 (2., D (0))).
Taking into account (i) and (3.4), we then have
v () = (), (1), vVED(0) € FH(ev(0),V (1), D (1))

Consequently, since m (C) = 0, the function v is a generalized solution in [0, 7] to the differen-
tial inclusion

vh) e F*(t,v,v’,...,v(k_l)).

At this point, by the definition of F*, it is routine matter to check that the function u is a
generalized solution in [0, T] to the differential inclusion

u®) e F(t,u,u/,...,u(k_])).
The proof is now complete. 0

As an application of the previous result, we now prove an existence and qualitative result for
higher-order lower semicontinuous differential inclusions.

Theorem 3.2. Let n,k € N, T > 0, and F : [0,T] x (R")* — 2®" be a given multifunction.
Assume that F is bounded and lower semicontinuous with nonempty closed values. Then, for
every & = (&y,&1,...,&—1) € (RM)X, the solution set

15”[31](5) ={ue W5L([0,T],R") : u is a generalized solution of (1.2)}
of problem (1.2) is nonempty. Moreover, there exists a multifunction
P (Rn)k N 2W"*°"([O,T};R”)
such that
(@) P(&) C S (&) forall & € (R");

(b) D is upper semicontinuous (with respect to the topology TrEOI’cT} of W5=([0,T];R™)), with
nonempty, compact, and connected values;
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(c) the multifunction
§e (RN = {u(T):ue @)}
is upper semicontinuous with nonempty, connected, and compact values;
(d) the multifunction

£ e R = {u® e L([0,T],R") : uec®(&)}

is upper semicontinuous (with respect to the weak-star topology of L= ([0, T],R")) with
compact connected values.

Proof. As before, put S := [0, 7] x (R"). Let M > 0 such that F(S) C B,,(0,M). We divide the
proof into two steps.

Step 1. We assume that 7 < 1. By Theorem 3.1, there exists a bounded and upper semi-
continuous multifunction G : R x (R")¥ — 2R" with non empty convex compact values such
that

(i) G(R x (R")") C conv (F(S)) C B(0,M);
(ii)" every generalized solution u € W**([0,T],R") of the differential inclusion
uk) e G(s,u,u',...,u(kfl))
in [0, 7] is also a generalized solution in [0, 7] to the differential inclusion
u) e F(s,u,u,.. .,u(kfl)).

Let A: R x (R")* = 2(R")" pe the multifunction defined by, for every (s,&) = (s,&0,&1,- - -,
&-1) e Rx (R"),

Als,6) = Als,60,815- -, G-1) == {81} X {&} X+ x {&-1} X G(s,6).

By [5, Theorem 7.3.14], the multifunction A is upper semicontinuous. For every fixed & =
(&0, &1,...,E1) € (RM)X, let us consider the first-order Cauchy problem

{y’ € A(s,y) in[0,T]

Y(0) = E. G0

Moreover, let
S0 (&) = {y(S) = (00(8),31(5), -, yk-1(5)) € (W ([0, 7], R"))*:

:y(s) is a generalized solution of (3.6) }
be the solution set to problem (3.6), and let
(&) = {3(T) = G (T, v (1) : v e A (8) )
be the attainable set to the same problem. Fix £* € (R")* and any b > 0. Since T < 1, we have
lim [L? = ((b+LT +[|§*||i)* +M?) ] = +-oo.

Lo

Consequently, we can choose L* > 0 in such a way that

(b+L*T + || E¥ || ) +M? < (L)% (3.7)
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Our aim is now to demonstrate that

A([0,T] X By (§*,b+L*T)) C By (0,L"). (3.8)
To this aim, fix s € [0,7] and & = (&y,&1,..., &) € (RM)F with

1§ =&l <b+L'T.
Let £ = (8o, 81,---,8c—1) € A(s,&). By the definition of A, there exists z € G(s,&) such that
¢ =(&1,&,...,8_1,2). Taking into account that
1€ 15 < (b+LT + 1§ |w)?,

we find from (3.7) that

181 < NE17 + €Il + -+ 11l + 12117 <
<Nl +M? <M+ (b+LT + &) < (L)
Thus inclusion (3.8) is proved. Consequently, we can apply Theorem 2.1 to problem (3.6).

We then have that, for every & = (&,...,&_1) € (R")* with || — &* ||« < b, the solution set

5”[6\7”(5) is nonempty. Moreover, the multifunction & — 5”[6\7”(5) is upper semicontinuous
from B, (E*,b) to
Wl’w([O,T],Rnk) _ (Wl,ooqo’ T],Rn))k

with nonempty compact connected values (it is routine matter to check that the topology T,E(,)C’{]

coincides with the product topology (T,LO

iﬂ )%). Finally, the multifunction & — 427'[6\T] (&) is upper
semicontinuous in B, (&*,b) with nonempty compact connected values. By the arbitrariness of
the point £* € (R")¥, we obtain that

(i) the set %QT] (&) is nonempty for every & € (R")%;

(i1)"”" the multifunction

& e (R = S5 (&) € WH([0,T],R")*

is upper semicontinuous in (R")¥, with nonempty compact and connected values;
(iii)” the multifunction
& € (R = oy (€) € (R
is upper semicontinuous in (R")¥, with nonempty compact connected values.
For each v € WK=(I,R"), let y, : [0,T] — (R")* be defined by putting, for every s € I,

wols) = (v(s),V/(s), . v (),
and let
E:={y,: ve W*([0,T],R") }.
Moreover, let
P [Wh=(0,7],R"]" = w'=([0,T],R")
be the first projection. It is not difficult to check that E is a closed subset of the space [W ([0, T],R™)J%,
P(E) = W**(]0,T],R"), and the function

Ple: (E, (65T — (WrE=([0,T],R"), 0.5

n,1
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is continuous. Now, for each & = (&, &1,...,&_1) € (R, let us consider the Cauchy problem

u® e G(rud, ... . u*DY  in g
{u(i) (0) =&, (3.9
and let

5/[06,7](5) := {u € WH'([0,T],R") : u is a generalized solution of (3.9)}.
The boundedness of G implies that %(();,T]
(&0,&1,...,&1) € (RMK, and let

w(s) = (wo(s), w1 (s),..., w1 () € S 1y (&) € [Wh([0, 7], R")]".

(&) C Wk=([0,T],R") for all £ € (R")*. Fix & =

Hence, w/(s) € A(s,w(s)) for a.e. s € [0, T]. Therefore, by the definition of A, for a.e. s € I, we
have

wi(s) =wo(s),  wals) =wi(s), ... wici(s) =wia(s),
wi_1(s) € G(s,wo(s),...,wr_1(s)).
Since the functions wg,wy,...,wy_1 are absolutely continuous, by a standard argument, it fol-

lows that wy € C¥~1(I,R"), and, for every s € [0, T],

wi(s) =wy(s), wals) =wi(s), ... wi_1(s)= w(()k_l)(s).
Hence, wg € W*=(]0,T],R")) and

w(()k) (s) = wh_1(s) € G(s,wo(s),...,wy ' (s))

for a.e. s € [0, T]. Moreover, one has
w(j)(O) =w;(0)=¢&; forevery j=0,...,k—1.

Hence wy € 5’[3ﬂ (&) and w =y, € E. Thus we have proved that, for every & = (&y,...,&—_1) €
(R,

@& CE,  and P(Fp () C L (5). (3.10)

By (i) and (ii)"”, taking into account (3.10) and the continuity of the function

[0,7]

Ple: (E, (1 )0 = (W= (0, 7). R"), 1),

n,1

we obtain that the multifunction
e R = P(S5n(8))

is upper semicontinuous (with respect to the topology TIE(?,;T} of the space W5>([0,T],R")), with

nonempty, compact, and connected values. If we denote by IT: (R")* — R” the first projection
from (R") to R”, it is easily seen by the above construction that, for every & = (&, ..., &) €
(R,

[U(T) € P (E)} = T 1y (£)).
Thus by (ii)"” and by the continuity of IT;, the multifunction

e R = {u(T):ue P(Fq(8))}
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is upper semicontinuous in (R")¥ with nonempty, compact, and connected values. At this point,
taking into account (3.10) and that

Z611(8) € Fo1(8)
for every & € (R")%, it suffices to take, for every & € (R")k,
(&) :=P(S7)(8)).

By the above construction, it follows at once that the multifunction & satisfies the conclusion

(conclusion (d) follows at once by conclusion (b) and by the continuity of the function
uewrk(I,R") = u® e L”(1,R"),

where the last space is considered with its weak-star topology). Therefore, our claim is proved

for the special case T < 1.

Step 2. We now prove the result in its full generality.
Let 1 :=[0,1/2], and let F* : I x (R")k — 2R" be defined by putting, for each (s, &y, &1, ...,
1) €1 x (RY),
. ok 1 1 1
F*(s,80,81,...,8-1) =2"T"F(2T's, &, ﬁgla W&z, S Wék—l ).

Consider the function f : I x (R")* — [0,T] x (R")* defined by putting, for each (s, &y, &1, ...,
E1) € 1% (RM,
1 1 1
f(s, 80,815, 81) = (2T s, &, ﬁ&’ Wﬁz, S W&kq )-
It is obvious that f is continuous. Moreover,
F*(S7 507&17"'75/(—1) = 2kaF(f(S7 éo,éla" '76/(—1))
for every (s,&o,&1,...,&_1) € I x (R")X. Hence, by [5, Theorem 7.3.11 ], the multifunction F*
is lower semicontinuous with nonempty closed values, and also
F*(I x (R"%) C B,(0,2*T*M).
By Step 1, there exists a multifunction
W (RYE — VTR
such that
(a) W(E) €7 (€) forall € € (RY);
(b)’ ¥ is upper semicontinuous (with respect to the topology Glﬁ i of wke=(I;R")), with
nonempty, compact, and connected values;
(c)’ the multifunction
e R = {u(1/2) :uec¥()}
is upper semicontinuous with nonempty connected and compact values;

(d) the multifunction
Eec R = (u® e LI R"): ueW(E)}

is upper semicontinuous (with compact connected values) with respect to the weak-star
topology of L*(I,R").
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Let i : (R")¥ — (R™)¥ be the continuous functions defined by putting, for each & = (&,...,&_1) €
(R,
h(§) = (&, 2T &, 2°T* &, ..., 21T g y).
Moreover, let
61 (WL R") 51 ) — (Wh(0. 7). R, 1)

be defined by putting, for each u € W5 (I, R"),

1
o(u)(t) = u( ﬁt> forevery t€[0,7T].
It is not difficult to check that ¢ is continuous. Moreover, one has

0(A (h(&)) € Fo(8) forevery &= (80,81, 1) € (R")". (3.11)

To see this, fix & = (&),&;,...,&_1) € (R")* and a function v € ¢(#F (h(E))). Therefore,
there exists u € .7f (h(£)) such that v = ¢ (u). By the definition of ¢ (), forevery j=0,... ,k—
1 we have

YD) = — ) (L) forall € [0,T].

21TI 2T
Moreover, there exists a set K C I with m;(K) = 0 such that
1 t
k) () — k
v (1) = STk ut )<ﬁ> forall re€[0,T]\ (2TK)
and
u(s) € F*(s,u(s),u'(s),...,u* " D(s)) forall sel\K. (3.12)
Consequently, for every j =0,...,k— 1, we have
1 .
£D0) = &
0(0) = 57 ul(0) = &.

Moreover, for every ¢ € [0,T]\ (2TK), taking into account (3.12), one has

By Lt
V()(,)_Wu()(ﬁ)e

1 w, 1 1t IV (k—1) t -
_ 1 4 / k—=1k—1_ (k—1) (V) _
= s FY (G0, 2TV(0), . 27 T ) =

= F(t,v(t) V' (1),... v, D).

Hence v € ‘%g,T] (&), as claimed.

Now, let ® : (R")* — — QW (OTIRY) be the multifunction defined by setting, for each & €
(R,
D(8) = ¢(¥(h(3)))-
By (b)’ and by the continuity of ¢ and A, it follows that ® is upper semicontinuous (with re-
spect to the topology GYE?,;T] of Wk*([0,T],R")) with nonempty, compact, and connected values.

Moreover, by (3.11), we have that ®(§) C V[gﬂ (&) for every & € (R,

In order to prove conclusion (c), we observe that, for every & € (R")k,

(1) :ved(S)} ={u(1/2): uc¥(h(&))}-
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Consequently, conclusion (c) follows by the continuity of /4 and by (c¢)’. For conclusion (d), it

follows by conclusion (b) and (taking into account the definition of the topology ’L',[lO,’CT]) by the

continuity of the function
v e Wh=(0,T],R") — v e L~([0,T],R")

(where, as before, L([0,T],R") is considered with its weak-star topology). The proof is now
complete. 0

4. AN APPLICATION

As announced in the first section, we now apply the above results to obtain the qualitative
result for the generalized solutions of the Cauchy problem associated with an implicit ordinary
differential equation.

Letn,k €N, T >0,and Y C R” be a nonempty set. Let g: ¥ — Rand f:[0,T] x (R = R
be two given functions, and let & = (&y,&;,...,&_1) € (R"). It is known that a generalized
solution to the Cauchy problem

gy = flrud, ... . u*=1) in [0, 7], (4.1)
M(l)<0):§[7 l.:(),l,...,k_l, .

is a function u € W*1([0,T],R") such that
uP@yey and g™ (1)) = f(r,ult),d(t),...,u*V)) forae. 1e[0,T],

and u') (0) = & for every i = 0,1,...,k— 1. For each fixed & = (&, &1,...,&_1) € (RN, we
denote by

L(E) = {u e WEL([0,T],R™) : u is a generalized solution of (4.1) }

the solution set of problem (4.1). If Y is bounded, then every generalized solution of problem
(4.1) belongs to W&=(]0, T],R™).
The following is our result.

Theorem 4.1. Let n,k € N and T > 0. Let Y a nonempty, compact, connected, and locally
connected subset of R". Let g: Y — Rand f : [0,T] x (R")¥ — R be two continuous functions
such that

@ f([0,T] x (R")) C g(¥);
(ii) for every r €]infg(Y), supg(Y)[, one has inty (g~ (r)) = 0.
Then, for every & = (&y,&1,...,E&_1) € (R")X, the solution set .7 () of problem (4.1) is
nonempty. Moreover, there exists a multifunction
D - (Rn)k s 2Wk*°°([07T};R")
such that
(a) ®(§) € .7(&) forall & € (R");

(b) D is upper semicontinuous (with respect to the topology TrEOI’cT} of W5=([0,T];R™)), with
nonempty, compact, and connected values;
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(c) the multifunction
e (R = {u(T):ue (&)}

is upper semicontinuous with nonempty, connected, and compact values;
(d) the multifunction

Ec R = {u® e L([0,T],R") : uec®(&)}

is upper semicontinuous (with compact connected values), with respect to the weak-star
topology of L*([0,T],R").

Proof. Put S :=[0,T] x (R")X. By assumption (ii) and by [9, Theorem 2.4], the function g
is inductively open on Y. That is, there exists a set Y* C Y such that g(Y*) = g(Y¥) and the
function gly+ : Y* — g(Y) is open. Let F : S — 2 be the multifunction defined by setting, for

each (t,‘g’) = (l,éo,&l,...,ék_l) €S,
F(t,80,61,.--,81) = g1 (f(1,60, &1, ., &—1)) N Y™

By the above construction, by assumptions (i) and [5, Proposition 7.3.3], the multifunction F
is lower semicontinuous with nonempty closed values. Moreover, the set F(S) C Y is bounded
by the compactness of Y. Therefore, the multifunction F satisfies all the assumptions of The-
orem 3.2. Consequently, there exists a multifunction @ : (R")* — QWA ([0.T].RY) satisfying the
conclusion of Theorem 3.2.

Now, we claim that (&) C .7 () for every & € (R")X. To this aim, fix & € (R")¥ and
u € d(&). Hence, there exists a Lebesgue measurable set K C [0, 7] with m; (K) = 0 such that

u® (@) e F(t,u(),d(r),...,u* D)) forall re0,T]\K.
Hence,
uP @) ey forall re0,T]\K.

Consequently, for every ¢ € [0,7]\ K, taking into account the definition of F, the continuity of
g and the closedness of Y, we obtain

<
>—
=~
=
—
-~
N—
m
Oro‘
—_
\":
)
-~
<
~~
-~
N—r
<
~
—~
-~
N—
<
—
T
—_
=
o
-~
N—
SN—
N—r

Y* C

Hence,
g @) = flr,u(),d (1),...,u* V() forall rel0,T]\K.
Thus u € .#(&), as claimed. This completes the proof. O

For other existence results concerning generalized solutions of implicit differential equations,
we refer to [10]-[25] and to the reference therein.
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