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Abstract. This paper is devoted to a generalized time-dependent variational-hemivariational inequal-
ity with history-dependent operators. First, we introduce a new concept of gap functions to the time-
dependent variational-hemivariational inequality under consideration. Then, we consider a regularized
function, which is proved to be a gap function of the inequality problem, and establish several impor-
tant properties to the regularized function. Furthermore, an global error bound to the time-dependent
variational-hemivariational inequality, which implicitly depends on the regularized gap function, is ob-
tained. Finally, a quasi-static contact problem with the constitutive law involving a convex subdifferential
inclusion and long memory effect is studied as an illustrative application.
Keywords. Gap function; Global error bound; History-dependent operator; Quasi-static contact prob-
lem; Locking material.

1. INTRODUCTION

Variational and hemivariational inequalities have became useful and powerful mathematical
tools in the study of both the qualitative and numerical analysis of nonlinear boundary value
problems of PDEs arising in mechanics, physics, and engineering science. Essentially speak-
ing, the theory of variational inequalities is based on arguments of monotonicity and convexity,
including the properties of the subdifferential of convex functions, see [1, 2, 3, 4] for the numeri-
cal analysis of variational inequalities and their applications in mechanics and engineering. The
notion of hemivariational inequalities started by Panagiotopoulos [5, 6, 7] studies the boundary
value problems for PDEs governed by nonconvex and nonmonotone potentials. The research of
hemivariational inequalities, including existence and uniqueness results, and numerical analy-
sis, can be found in [8, 9, 10, 11]. For a description of various problems arising in mechanics
and engineering science which lead to hemivariational inequalities, we refer to [1, 12].
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Variational-hemivariational inequalities represent a special class of variational inequalities
and hemivariational inequalities, in which both convex and nonconvex potentials are involved.
The motivation of investigation on variational-hemivariational inequalities comes from various
mechanical problems, for example, the unilateral contact problems with nonmonotone and mul-
tivalued constitutive laws, nonsmooth transportation problems, nonconvex semipermeability
problems, and the delamination problems with multilayered composites; see, e.g., [13, 14, 15].
On the other hand, history-dependent operators could model both in the constitutive law of
the material and in the interface boundary conditions. Some classical applications of history-
dependent operators are the memory terms in the viscoelastic constitutive laws, the total slip,
the total slip rate, and the accumulated penetration. So, more and more scholars were attracted
to explore variational-hemivariational inequalities involving various history-dependent opera-
tors recently. For example, Migórski-Ochal-Sofonea [16] proved the existence and uniqueness
to a history-dependent variational-hemivariational inequality by using the arguments of sur-
jectivity for pseudomonotone operators and the fixed point principle, and applied these theo-
retical results to a new model of viscoelastic frictionless contact, in which both the instanta-
neous and the memory effects of the foundation were taken into account. For other results on
variational-hemivariational inequalities with history-dependent operators, the reader may con-
sult [17, 18, 19, 20, 21] and the references therein.

A popular approach to solve variational inequalities is to transform the considered variational
inequality into an optimization-related problem by means of gap functions. In this way, it
can apply the descent algorithms with global convergence to obtain the global error estimates.
Auslender [22] first introduced the notion of gap function h : Rn→R to the variational inequality

〈H(u),v−u〉 ≥ 0 for all v ∈ K, (1.1)

and suggested that variational inequality (1.1) is equivalent to a minimizing problem with the
cost function h in K:

h(u) := sup
v∈K
〈H(u),u− v〉 for all u ∈ K,

where u ∈ K ⊂ Rn, H : Rn → Rn, and 〈·, ·〉 is the scalar product in Rn. It is obvious that u
solves variational inequality (1.1) if and only if u minimizes h on K and h(u) = 0. Whereas, the
function h in general is nondifferentiable even if H is differentiable. In order to overcome the
flaw, Fukushima [23] considered the regularized gap function hξ : Rn→ R defined by

hξ (u) := sup
v∈K

{
〈H(u),u− v〉− ξ

2
‖v−u‖2

}
,

where ξ is a positive constant. The major advantage of the regularized gap function hξ is that
hξ is differentiable whenever H is differentiable and this gap function could help us to consti-
tute a constrained differentiable optimization problem, which is reformulated by the considered
variational inequality. Based on the idea of the regularized gap function hξ , Fukushima [23]
developed a descent algorithm for the equivalent optimization problem and proved its global
convergence. Thereafter, Yamashita-Fukushima [24] explored the following function called
Moreau-Yosida regularized gap function θhξ ,η

: Rn→ R:

θhξ ,η
(u) := inf

w∈K

{
hξ (w)+η‖u−w‖2} ,
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where η is a positive parameter. The unconstrained differentiability leads to that the optimiza-
tion problem driven by Moreau-Yosida regularized gap function is equivalent to the correspond-
ing variational inequality. Moreover, the authors in [24] established several global error bounds
to the variational inequality under consideration.

Furthermore, the theory of error bounds not only provides the upper estimates of the dis-
tance between an arbitrary feasible point and the solution set of inequality problem, but also
delivers the convergence rate of iterative algorithms for solving optimization problems; see,
e.g., [25, 26, 27]. Based on this motivation, different gap functions and the corresponding error
bounds have been extended to a lot of problems with constraints, for instance, quasi-variational
inequalities, vector variational inequalities, hemivariational inequalities, equilibrium problems,
and optimization problems. More recently, Fan-Wang [28] and Tang-Huang [29] developed the
regularized gap functions for a set-valued variational inequality by using the projection opera-
tor method. Aussel-Correa-Marechal [30] defined a new kind of gap functions through an ax-
iomatic approach, and provided several error bounds for quasi-variational inequalities and gen-
eralized Nash equilibrium problems, respectively. Li-Ng [31] presented some error bounds to a
class of generalized D-gap functions for nonsmooth and nonmonotone variational inequalities
and introduced a derivative-free descent method. Hung-Migórski-Tam-Zeng [32] investigated
the gap functions and global error bounds for a class of variational-hemivariational inequalities
and applied those abstract results to a nonsmooth semipermeability obstacle problem. For more
details on this topic, we refer to [33, 34, 35, 36, 37, 38] and the references therein.

Let (V,‖ · ‖V ) and (X ,‖ · ‖X) be reflexive Banach spaces. Also, let 0 < T < ∞ and K be
a nonempty, closed, and convex subset of V . In what follows, we denote by 〈·, ·〉 the duality
pairing between V ∗ (the dual of V ) and V . In this paper, we are interesting in the study of the
following generalized variational-hemivariational inequality with history-dependent operator:

Problem 1.1. Find function u : [0,T ]→ K such that

〈g(t,u(t))+(Ru)(t),v−u(t)〉+ J0(γu(t);γ(v−u(t)))+ϕ(v,u(t))≥ 〈 f (t),v−u(t)〉 (1.2)

for all v ∈ K and a.e. t ∈ [0,T ].

Here, functions g : [0,T ]×V →V ∗, J : X→ R, γ : V → X , ϕ : V ×V → R, R : C([0,T ];V )→
C([0,T ];V ∗), and f ∈C([0,T ];V ∗) will be specialized in Section 3.

The rest of the paper is organized as follows. In Section 2, we survey some preliminary ma-
terials and impose the assumptions on the data of Problem 1.1. In the meanwhile, we prove
an equivalent result on the solution of Problem 1.1. Section 3 is devoted to the concept of gap
functions to Problem 1.1, and to a regularized function, which is shown a gap function to Prob-
lem 1.1. In addition, via delivering several important properties to the regularized gap function,
we establish an global error bound to Problem 1.1, which implicitly relies on the regularized
function. Finally, in Section 4, we employ the theoretical results obtained in Section 3 to study
a quasi-static contact problem in which the constitutive law of the locking material with long
memory effect is considered.

2. PRELIMINARIES AND HYPOTHESES

In this section, we briefly review some preliminary materials, which are used in the next
sections (these can be found in [8, 11, 14, 39]), and we impose the hypotheses on the data for
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Problem 1.1. Moreover, an existence and uniqueness theorem to Problem 1.1 is recalled, and
an equivalence result to Problem 1.1 is proved.

Let X be a reflexive Banach space with its dual X∗. We denote by ‖ · ‖X and 〈·, ·〉X∗×X the
norm of X and the duality pairing between X∗ and X , respectively. A function f : X→R∪{+∞}
is said to be

(i) proper if f (u)<+∞ for some u ∈ X ;
(ii) convex if f (λu+(1−λ )v)≤ λ f (u)+(1−λ ) f (v) for all λ ∈ [0,1] and all u,v ∈ X ;

(iii) lower semicontinuous (l.s.c. for short) if it holds f (u) ≤ liminf
n→∞

f (un) whenever the

sequence {un} ⊂ X is such that un→ u in X ;
(iv) upper semicontinuous (u.s.c. for short) if it holds limsup

n→∞

f (un) ≤ f (u) whenever the

sequence {un} ⊂ X is such that un→ u in X .
A function J : X → R is said to be locally Lipschitz continuous at u ∈ X if there exist a

neighborhood N(u) of u and a constant Lu > 0 such that

|J(w)− J(v)| ≤ Lu‖w− v‖X for all w,v ∈ N(u).

Definition 2.1. Let J : X → R be a locally Lipschitz function. We denote by J0(u;v) the gen-
eralized (Clarke) directional derivative of J at the point u ∈ X in the direction v ∈ X defined
by

J0(u;v) = limsup
λ→0+,w→u

J(w+λv)− J(w)
λ

.

The generalized gradient in the sense of Clarke of J : X → R at u ∈ X is given by

∂J(u) =
{

ζ ∈ X∗ | J0(u;v)≥ 〈ζ ,v〉 for all v ∈ X
}
.

The generalized gradient and generalized directional derivative of a locally Lipschitz function
enjoy nice properties and rich calculus. Here we collect some basic results; see, e.g., [11,
Proposition 3.23].

Proposition 2.1. Assume that J : X → R is a locally Lipschitz function. Then the following
assertions hold:

(i) for every u ∈ X, X 3 v 7→ J0(u;v) ∈ R is positively homogeneous and subadditive, i.e.,
J0(u;λv) = λJ0(u;v) for all λ ≥ 0,v ∈ X and J0(u;v1 + v2)≤ J0(u;v1)+ J0(u, ;v2) for
all u,v1,v2 ∈ X.

(ii) for every v ∈ X, it holds J0(u;v) = max{〈ζ ,v〉 | ζ ∈ ∂J(u)}.
(iii) X×X 3 (u,v) 7→ J0(u;v) ∈ R is upper semicontinuous.
(iv) for every u ∈ X, ∂J(u) is a nonempty, convex, weakly∗ compact subset of X∗, which is

bounded by the Lipschitz constant Lu > 0 of J near u.

The following proposition reveals that a proper and convex function is bounded below by an
affine continuous function; see, e.g., [40, Proposition 1.10]).

Proposition 2.2. Let (X ,‖ · ‖X) be a reflexive Banach space. Assume that ϕ : X → R∪{+∞}
is a proper, convex, and lower semicontinuous function. Then ϕ is bounded from below by an
affine function, i.e., there exist l ∈ X∗ and a constant α ∈ R such that

ϕ(v)≥ l(v)+α for all v ∈ X .
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Furthermore, we recall the concept of history-dependent operators and provide an important
result concerning fixed point property to history-dependent operators (see, e.g., [14, Theorem
67]).

Definition 2.2. Let X and Y be Banach spaces. An operator R : C([0,T ];X)→C([0,T ];Y ) is
called history-dependent if there exists a constant LR > 0 such that

‖(Ru)(t)− (Rv)(t)‖Y ≤ LR

∫ t

0
‖u(s)− v(s)‖X ds

for all u, v ∈C([0,T ];X) and t ∈ [0,T ].

Lemma 2.1. Let X be a Banach space, and let R : C([0,T ];X)→ C([0,T ];X) be a history-
dependent operator. Then there exists a unique function u∗ ∈C([0,T ];X) such that R u∗ = u∗.

We are now in a position to make the following assumptions on the data to Problem 1.1.

H(K): K is a nonempty, closed, and convex subset of V .

H(K′): K is a nonempty, bounded, closed, and convex subset of V .

H(J): J : X → R is a locally Lipschitz function such that
(i) there exist constants αJ ≥ 0 and bJ > 0 satisfying

‖∂J(w)‖X∗ ≤ αJ +bJ‖w‖X for all w ∈ X ;

(ii) there exists a constant mJ ≥ 0 such that

J0(u;v−u)+ J0(v;u− v)≤ mJ‖u− v‖2
X for all u,v ∈ X .

H(g): g : [0,T ]×V →V ∗ is such that

(i) for all t ∈ [0,T ], the mapping u 7→ g(t,u) is continuous, and is strongly monotone, i.e.,
there exists a constant mg > 0 such that the following inequality holds

〈g(t,u)−g(t,v),u− v〉 ≥ mg‖u− v‖2
V

for all u,v ∈V and all t ∈ [0,T ];
(ii) there exists a constant Lg > 0 such that

‖g(t1,u)−g(t2,u)‖V ∗ ≤ Lg|t1− t2|

for all t1, t2 ∈ [0,T ] and all u ∈ K.

H(ϕ): ϕ : V ×V → R is a bounded function such that

(i) v 7→ ϕ(v,u) is convex and lower semicontinuous for all u ∈V ;
(ii) u 7→ ϕ(v,u) is concave and upper semicontinuous for all v ∈V ;

(iii) for all v ∈ K, we have ϕ(v,v) = 0.

H(γ): γ : V → X is a linear, bounded, and compact operator.

H(R): R : C([0,T ];V )→C([0,T ];V ∗) is a history-dependent operator.

H( f ): f ∈C([0,T ];V ∗).

H(0): mg > mJ‖γ‖2
L (V,X).
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For the simplicity of calculating, in what follows, we assume that 0V ∈ K. Arguing as in the
proof of [19, Theorem 5], [16, Theorem 16] and [41, Theorem 3.10], we have the following
existence and uniqueness theorem to Problem 1.1.

Theorem 2.1. Assume that H(g), H(J), H(ϕ) with ϕ(u,v)+ϕ(v,u)≤ 0 for all u,v ∈ K, H(γ),
H(R), H( f ), H(K), and H(0) are satisfied. Then, Problem 1.1 has a unique solution u ∈
C([0,T ];K).

In order to reveal the essential reason why we can assume that the constraint set K is bounded,
(namely, in the sequel, we suppose that H(K′) is satisfied), we end this section to provide the
following theorem, which shows that, for k ∈ N large enough, the solution of the following
inequality, problem (2.1), coincides with the unique solution of Problem 1.1:
find function u : [0,T ]→ Kk such that

〈g(t,u(t))+(Ru)(t),v−u(t)〉+ J0(γu(t);γ(v−u(t)))+ϕ(v,u(t))≥ 〈 f (t),v−u(t)〉 (2.1)

for all v ∈ Kk and a.e. t ∈ [0,T ], where Kk ⊂ K is defined by

Kk := {u ∈ K | ‖u‖V ≤ k}.

Theorem 2.2. Assume that H(g), H(J), H(ϕ) with ϕ(u,v)+ϕ(v,u)≤ 0 for all u,v ∈ K, H(γ),
H(R), H( f ), H(K), and H(0) are satisfied. Then,

(i) for each k ∈N such that Kk 6= /0, problem (2.1) has a unique solution uk ∈C([0,T ];Kk).
(ii) there exists a constant k0 ∈ N large enough such that, for each k ≥ k0, the solution of

problem (2.1) coincides with the unique solution of Problem 1.1.

Proof. (i) It can be proved directly via using Theorem 2.1.

(ii) Let k ∈ N and uk ∈ C([0,T ];Kk) be the unique solution to problem (2.1). Recall that
R : C([0,T ]; V )→C([0,T ];V ∗) is a history-dependent operator, so we can see that it is contin-
uous. Indeed, if {un} ⊂ C([0,T ];V ) is a convergent sequence, namely, there exists a function
u ∈C([0,T ];V ) such that un(t)→ u(t) in V as n→ ∞ for all t ∈ [0,T ]. Hence,

‖(Run)(t)− (Ru)(t)‖V ∗ ≤ LR

∫ t

0
‖un(s)−u(s)‖V ds

for all t ∈ [0,T ]. Passing to the limit as n → ∞ in the above inequality and invoking the
Lebesgue-dominated convergence theorem, it yields

lim
n→∞

sup
t∈[0,T ]

‖(Run)(t)− (Ru)(t)‖V ∗ ≤ lim
n→∞

LR

∫ T

0
‖un(s)−u(s)‖V ds

≤LR

∫ T

0
lim
n→∞
‖un(s)−u(s)‖V ds = 0.

This implies (Run)(t)→ (Ru)(t) in V ∗ as n→ ∞, i.e., R : C([0,T ];V )→C([0,T ];V ∗) is con-
tinuous.

We assert that there exists a constant k0 ∈ N large enough such that the unique solution of
problem (2.1) with k = k0 satisfies the following inequality

‖uk0(t)‖V < k0 for all t ∈ [0,T ]. (2.2)
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Arguing by contradiction, for each k ∈ N, there exists tk ∈ [0,T ] such that ‖uk(tk)‖V = k. This
points out ‖uk(tk)‖V →+∞ as k→ ∞. Taking v = 0V ∈ Kk in (2.1) implies

〈g(t,uk(t))+(Ruk)(t),uk(t)〉− J0(γuk(t);γ(0V −uk(t)))≤ ϕ(0V ,uk(t))+ 〈 f (t),uk(t)〉.

Applying hypotheses H(g) and the definition of R, we have

〈g(t,uk(t))+(Ruk)(t),uk(t)〉 (2.3)

=〈g(t,uk(t))−g(t,0V ),uk(t)−0V 〉+ 〈g(t,0V )−g(0,0V ),uk(t)〉+ 〈g(0,0V ),uk(t)〉
+ 〈(Ruk)(t)− (R0V )(t),uk(t)〉+ 〈(R0V )(t),uk(t)〉

≥mg‖uk(t)‖2
V −‖g(t,0V )−g(0,0V )‖V ∗‖uk(t)‖V −‖g(0,0V )‖V ∗‖uk(t)‖V

−LR

∫ t

0
‖uk(s)‖V ds‖uk(t)‖V −‖(R0V )(t)‖V ∗‖uk(t)‖V

≥mg‖uk(t)‖2
V −LgT‖uk(t)‖V −‖g(0,0V )‖V ∗‖uk(t)‖V −LR

∫ t

0
‖uk(s)‖V ds‖uk(t)‖V

−‖R0V‖C([0,T ];V ∗)‖uk(t)‖V .

Moreover, assumptions H(J) and H(γ) indicate that

− J0(γuk(t);γ(0V −uk(t))) (2.4)

=− J0(γuk(t);γ(0V −uk(t)))− J0(γ0V ;γ(uk(t)−0V ))+ J0(γ0V ;γuk(t))

≥−mJ‖γ‖2
L(V,X)‖uk(t)‖2

V + J0(γ0V ;γuk(t))

≥−mJ‖γ‖2
L(V,X)‖uk(t)‖2

V −‖ζγ0V ‖X∗‖γ‖L(V,X)‖uk(t)‖V
≥−mJ‖γ‖2

L(V,X)‖uk(t)‖2
V −αJ‖γ‖L(V,X)‖uk(t)‖V

for all ζγ0V ∈ ∂J(γ0V ). It follows from hypothesis H(ϕ)(ii) that u 7→ −ϕ(v,u) is convex and
lower semicontinuous. Using Proposition 2.2, we have

−ϕ(0V ,uk(t))≥−αϕ‖uk(t)‖V −βϕ (2.5)

for some constants αϕ ,βϕ ≥ 0 which are independent of k. Notice that

〈 f (t),uk(t)〉 ≤ ‖ f (t)‖V ∗‖uk(t)‖V ≤ ‖ f‖C([0,T ];V ∗)‖uk(t)‖V . (2.6)

Using the Young’s inequality with ε =
mg−mJ‖γ‖2

L(V,X)

4 , Hölder inequality, and inequalities (2.3)–
(2.6), one has(

mg−mJ‖γ‖2
L(V,X)−2ε

)
‖uk(t)‖2

V (2.7)

≤ 1
4ε

[
LgT +‖g(0,0V )‖V ∗+‖R0V‖C([0,T ];V ∗)+αJ‖γ‖L(V,X)+αϕ +‖ f‖C([0,T ];V ∗)

]2
+βϕ +

L2
RT
4ε

∫ t

0
‖uk(s)‖2

V ds

for all t ∈ [0,T ]. Let α0 > 0 be such that

α0 :=
2

mg−mJ‖γ‖2
L(V,X)

max{α1,α2},
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where α1,α2 > 0 are defined by

α1 :=
1

4ε

[
LgT +‖g(0,0V )‖V ∗+‖R0V‖C([0,T ];V ∗)+αJ‖γ‖L(V,X)+αϕ +‖ f‖C([0,T ];V ∗)

]2
+βϕ ,

α2 :=
L2

RT
2(mg−mJ‖γ‖2

L(V,X)
)
.

It follows Granwall’s inequality that

‖uk(t)‖2
V ≤ α0 · exp{T α0}

for all t ∈ [0,T ] and all k ∈ N. This contradicts the assumption that ‖uk(tk)‖V →+∞ as k→ ∞.
Therefore, the claim (2.2) is verified.

Let w ∈ K and t ∈ [0,T ] be arbitrary fixed. Then, from (2.2), we can pick a sufficiently small
α > 0 to satisfy

(1−α)uk0(t)+αw ∈ Kk0 .

Putting v = (1−α)uk0(t)+αw into inequality (2.1) with k = k0, we have

〈g(t,uk0(t))+(Ruk0)(t),w−uk0(t)〉+ J0(γuk0(t);γ(w−uk0(t)))+ϕ(w,uk0(t))

≥〈 f (t),w−uk0(t)〉,

where we have used the positive homogeneity of v 7→ J0(u;v), the convexity of v 7→ ϕ(v,u), and
the fact ϕ(v,v) = 0 for all v ∈ K. Because w ∈ K and t ∈ [0,T ] are arbitrary, uk0 is the unique
solution to Problem 1.1 as well. The proof of this theorem is complete. �

Remark 2.1. Note the constraint set K of Problem 1.1 is unbounded in general. However,
Theorem 2.2 reveals that the unique solution to Problem 1.1 with the suitable bounded set Kk0

coincides with the unique solution of the original problem with the constraint set K. Therefore,
it is reasonable to assume that the constraint set K is a bounded in the sequel.

3. GAP FUNCTIONS AND GLOBAL ERROR BOUNDS

This section is devoted to the concept of gap functions to Problem 1.1. Using this concept,
we introduce a regularized function (see (3.1) below) and prove that this regularized function
(3.1) is a gap function to Problem 1.1 which is l.s.c. and uniformly bounded. Finally, we derive
a global error bound of Problem 1.1 described by the regularized gap function (3.1).

We first give the exact definition of gap functions for Problem 1.1 as follows.

Definition 3.1. A real-valued function h : [0,T ]×C([0,T ];K)→ R is said to be a gap function
for Problem 1.1 if it satisfies the following properties:

(a) h(t,u)≥ 0 for all u ∈C([0,T ];K) and all t ∈ [0,T ].
(b) u∗ ∈C([0,T ];K) is such that h(t,u∗) = 0 for all t ∈ [0,T ] if and only if u∗ ∈C([0,T ];K)

is a solution of Problem 1.1.
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Let ξ > 0 be a fixed parameter. Following Fukushima [23] and Yamashita-Fukushima [24],
we construct the function Ξξ : [0,T ]×C([0,T ];K)→ R defined by

Ξξ (t,u) = sup
v∈K

(
〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t))) (3.1)

−ϕ(v,u(t))+ 〈 f (t),v−u(t)〉− 1
2ξ
‖u(t)− v‖2

V

)
for all u ∈C([0,T ];K) and all t ∈ [0,T ].

The following theorem shows that Ξξ is a gap function for Problem 1.1.

Theorem 3.1. Assume that H(J), H(ϕ), H(γ), H( f ), and H(K) are fulfilled. Then, the function
Ξξ defined by (3.1) for any parameter ξ > 0 is a gap function to Problem 1.1.

Proof. For any fixed parameter ξ > 0, we are going to show that Ξξ satisfies the conditions of
Definition 3.1.

(a) Let u ∈C([0,T ];K) be arbitrary. By the definition of Ξξ , we have

Ξξ (t,u)≥〈g(t,u(t))+(Ru)(t),u(t)−u(t)〉− J0(γu(t);γ(u(t)−u(t)))−ϕ(u(t),u(t))

+ 〈 f (t),u(t)−u(t)〉− 1
2ξ
‖u(t)−u(t)‖2

V

=0

for all t ∈ [0,T ]. This means that Ξξ (t,u)≥ 0 for all t ∈ [0,T ] and all u ∈C([0,T ];K).
(b) Assume that u∗ ∈C([0,T ];K) is such that Ξξ (t,u∗) = 0 for all t ∈ [0,T ], namely,

sup
v∈K

(
〈g(t,u∗(t))+(Ru∗)(t),u∗(t)− v〉− J0(γu∗(t);γ(v−u∗(t)))−ϕ(v,u∗(t))

+ 〈 f (t),v−u∗(t)〉− 1
2ξ
‖u∗(t)− v‖2

V

)
= 0.

This implies

〈g(t,u∗(t))+(Ru∗)(t),v−u∗(t)〉+ J0(γu∗(t);γ(v−u∗(t)))+ϕ(v,u∗(t))

≥〈 f (t),v−u∗(t)〉− 1
2ξ
‖u∗(t)− v‖2

V

for all v ∈ K and all t ∈ [0,T ]. Let w ∈ K and t ∈ [0,T ] be arbitrary. For any λ ∈ (0,1), set
vλ := (1− λ )u∗(t) + λw. Because K is convex, vλ ∈ K. Note that v 7→ J0(u,v) is positive
homogeneity, and v 7→ ϕ(v,u) is convex and ϕ(v,v) = 0 for all v ∈ K. Putting v = vλ into the
above inequality gives

λ 〈g(t,u∗(t))+(Ru∗)(t),w−u∗(t)〉+λJ0(γu∗(t);γ(w−u∗(t)))+λϕ(w,u∗(t))

≥λ 〈 f (t),w−u∗(t)〉− λ 2

2ξ
‖u∗(t)−w‖2

V .

Hence,

〈g(t,u∗(t))+(Ru∗)(t),w−u∗(t)〉+ J0(γu∗(t);γ(w−u∗(t)))+ϕ(w,u∗(t))

≥〈 f (t),w−u∗(t)〉− λ

2ξ
‖u∗(t)−w‖2

V .
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Passing to the limit as λ → 0+ for the above inequality yields

〈g(t,u∗(t))+(Ru∗)(t),w−u∗(t)〉+ J0(γu∗(t);γ(w−u∗(t)))+ϕ(w,u∗(t))

≥〈 f (t),w−u∗(t)〉. (3.2)

Because w ∈ K and t ∈ [0,T ] are arbitrary, u∗ ∈C([0,T ];K) is a solution to Problem 1.1.
Conversely, if u∗ ∈C([0,T ];K) is a solution to Problem 1.1, namely, (3.2) holds for all w∈K

and all t ∈ [0,T ]. Then,

Ξξ (t,u
∗) = sup

v∈K

(
〈g(t,u∗(t))+(Ru∗)(t),u∗(t)− v〉− J0(γu∗(t);γ(v−u∗(t)))

−ϕ(v,u∗(t))+ 〈 f (t),v−u∗(t)〉− 1
2ξ
‖u∗(t)− v‖2

V

)
≤ 0.

The latter combined with the fact Ξξ (t,u) ≥ 0 for all u ∈C([0,T ];K) and all t ∈ [0,T ] implies
that Ξξ (t,u∗) = 0. Consequently, Ξξ is a gap function to Problem 1.1. �

The following theorem states some important properties to gap function Ξξ defined in (3.1).

Theorem 3.2. Assume that H(g), H(J), H(ϕ), H(γ), H(R), H(K), H( f ), and H(0) are ful-
filled. Then, for any parameter ξ > 0 fixed, the following statements hold:

(i) for each t ∈ [0,T ], the function u 7→ Ξξ (t,u) is lower semicontinuous.
(ii) if, in addition, K is bounded, then, for each fixed u ∈ C([0,T ];K), the function t 7→

Ξξ (t,u(t)) belongs to L∞
+(0,T ).

Proof. Let any parameter ξ > 0 and any t ∈ [0,T ] be fixed. We consider the function Ξ̂ξ : [0,T ]×
C([0,T ];K)×K→ R defined by

Ξ̂ξ (t,u,v) =〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t)))−ϕ(v,u(t))

+ 〈 f (t),v−u(t)〉− 1
2ξ
‖u(t)− v‖2

V

for all u ∈ C([0,T ];K), v ∈ K, and t ∈ [0,T ]. Let sequence {un} ⊂ C([0,T ];K) be such that
un → u in C([0,T ];K) for some u ∈ C([0,T ];K). Since R : C([0,T ];V )→ C([0,T ];V ∗) and
u 7→ g(t,u) are continuous, u 7→ −ϕ(v,u), and (u,v) 7→ −J0(u;v) are lower semicontinuous, we
have

liminf
n→∞

Ξ̂ξ (t,un,v)

≥ liminf
n→∞

〈g(t,un(t))+(Run)(t),un(t)− v〉− limsup
n→∞

J0(γun(t);γ(v−un(t)))

− limsup
n→∞

ϕ(v,un(t))+ liminf
n→∞

〈 f (t),v−un(t)〉− limsup
n→∞

1
2ξ
‖un(t)− v‖2

V

≥〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t)))−ϕ(v,u(t))+ 〈 f (t),v−u(t)〉

− 1
2ξ
‖u(t)− v‖2

V .
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This points out that u 7→ Ξ̂ξ (t,u,v) is lower semicontinuous. Using the equality

Ξξ (t,u) = sup
v∈K

Ξ̂ξ (t,u,v) for all u ∈C([0,T ];K) and t ∈ [0,T ]

and the lower semicontinuity of u 7→ Ξ̂ξ (t,u,v), we have

liminf
n→∞

Ξξ (t,un) = liminf
n→∞

sup
v∈K

Ξ̂ξ (t,un,v)

≥ liminf
n→∞

Ξ̂ξ (t,un,w)≥ Ξ̂ξ (t,u,w) for all w ∈ K.

Passing to the supremum with w ∈ K for the above estimates, we have

liminf
n→∞

Ξξ (t,un)≥ sup
w∈K

Ξ̂ξ (t,u,w) = Ξξ (t,u).

Therefore, for any parameter ξ > 0 and any t ∈ [0,T ] fixed, the function u 7→ Ξξ (t,u) is lower
semicontinuous.

(ii) For any fixed u ∈C([0,T ];K), we prove that the function t 7→ Ξξ (t,u) is measurable and
essentially bounded. In fact, if we can prove that, for each c ∈ R, the set

Γc :=
{

t ∈ [0,T ] | Ξξ (t,u(t))≤ c
}
6= /0

is closed, then t 7→ Ξξ (t,u) is measurable. Let sequence {tn} ⊆ Γc be such that tn→ t in [0,T ]
as n→ ∞ for some t ∈ [0,T ]. Then, for each n ∈ N,

c≥Ξξ (tn,u)

≥〈g(tn,u(tn))+(Ru)(tn),u(tn)− v〉− J0(γu(tn);γ(v−u(tn)))−ϕ(v,u(tn))

+ 〈 f (tn),v−u(tn)〉−
1

2ξ
‖u(tn)− v‖2

V

for all v ∈ K. Passing to the lower limit as n→ ∞ for the inequality above and employing the
continuity of u : [0,T ]→ K and t 7→Ru(t), we have

c≥ liminf
n→∞

(
〈g(tn,u(tn))+(Ru)(tn),u(tn)− v〉− J0(γu(tn);γ(v−u(tn)))

−ϕ(v,u(tn))+ 〈 f (tn),v−u(tn)〉−
1

2ξ
‖u(tn)− v‖2

V

)
≥〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t)))−ϕ(v,u(t))

+ 〈 f (t),v−u(t)〉− 1
2ξ
‖u(t)− v‖2

V

for all v ∈ K. Taking the supremum in the above inequality with v ∈ K gives

c≥sup
v∈K

(
〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t)))−ϕ(v,u(t))

+ 〈 f (t),v−u(t)〉− 1
2ξ
‖u(t)− v‖2

V

)
=Ξξ (t,u).

This implies that t ∈ Γc, i.e., Γc is closed. Therefore, the function t 7→ Ξξ (t,u) is measurable on
[0,T ].
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Let u ∈ C([0,T ];V ) be fixed. Next, we prove that the function t 7→ Ξξ (t,u) is uniformly
bounded. By virtue of hypotheses H(g) and H(R), we have

〈g(t,u(t))+(Ru)(t),u(t)− v〉 (3.3)

=〈g(t,u(t))−g(0,u(t)),u(t)− v〉+ 〈g(0,u(t)),u(t)− v〉
+ 〈(Ru)(t)− (R0)(t),u(t)− v〉+ 〈(R0)(t),u(t)− v〉
≤‖g(t,u(t))−g(0,u(t))‖V ∗‖u(t)− v‖V +‖g(0,u(t))‖V ∗‖u(t)− v‖V
+‖(R0)(t)‖V ∗‖u(t)− v‖V +‖(Ru)(t)− (R0)(t)‖V ∗‖u(t)− v‖V
≤LgT‖u(t)− v‖V +‖g(0,u(t))‖V ∗‖u(t)− v‖V +‖(R0)(t)‖V ∗‖u(t)− v‖V

+LR

∫ t

0
‖u(s)‖V ds‖u(t)− v‖V

≤
(
LgT +‖g(0,u(t))‖V ∗+LRT‖u‖C([0,T ];V )+‖(R0)(t)‖V ∗

)(
‖u(t)‖V +‖v‖V

)
.

It follows from hypotheses H(J) that

− J0(γu(t);γ(v−u(t))) (3.4)

≤−〈ζγu(t),γ(v−u(t))〉X
≤‖ζγu(t)‖X∗‖γ‖L(V,X)‖v−u(t)‖V
≤(αJ +bJ‖γ‖L(V,X)‖u(t)‖V )‖γ‖L(V,X)(‖u(t)‖V +‖v‖V )

for all ζγu(t) ∈ ∂J(γu(t)). Because ϕ is a bounded map, K is bounded, and u ∈ C([0,T ];V ),
there exists a constant M0 > 0 such that ϕ(v,u(t))≤M0 for all v ∈ K and t ∈ [0,T ]. Combining
(3.3)–(3.4), we have

〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t)))−ϕ(v,u(t)) (3.5)

+ 〈 f (t),v−u(t)〉− 1
2ξ
‖u(t)− v‖2

V

≤
(
LgT +‖g(0,u(t))‖V ∗+LRT‖u‖C([0,T ];V )+‖(R0)(t)‖V ∗+αJ‖γ‖L(V,X)

+bJ‖γ‖2
L(V,X)‖u(t)‖V +‖ f (t)‖V ∗

)(
‖u(t)‖V +‖v‖V

)
+M0

≤
(
LgT +‖g(0,u(·))‖C([0,T ];V ∗)+LRT‖u‖C([0,T ];V )+‖(R0)‖C([0,T ];V ∗)+αJ‖γ‖L(V,X)

+bJ‖γ‖2
L(V,X)‖u‖C([0,T ];V )+‖ f‖C([0,T ];V ∗)

)(
‖u‖C([0,T ];V )+‖v‖V

)
+M0

≤M1 (3.6)

for all v ∈ K, where M1 > 0 is independent of t ∈ [0,T ] and v ∈ K. Passing to the supremum
with v ∈ K for the above estimates, it gives

Ξξ (t,u)≤M1 for all t ∈ [0,T ].

The latter together with the fact Ξξ (t,u)≥ 0 for all t ∈ [0,T ] implies that t 7→ Ξξ (t,u) is essen-
tially bounded. Therefore, for each fixed u ∈C([0,T ];K), the function t 7→ Ξξ (t,u) belongs to
L∞
+(0,T ). The proof of this theorem is complete. �

Under the analysis above, we are now in a position to deliver the following theorem, which
gives a global error bound to Problem 1.1 controlled by the gap function (3.1).
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Theorem 3.3. Let u∗ ∈ C([0,T ];K) be the unique solution to Problem 1.1. Let ξ be positive
parameter such that mg−mJ‖γ‖2

L(V,X) >
1

2ξ
. Assume that H(g), H(J), H(ϕ) with ϕ(u,v)+

ϕ(v,u)≤ 0 for all u,v ∈ K, H(γ), H(R), H(K′), H( f ), and H(0) are satisfied. Then, for each
function u ∈C([0,T ];K), there exists a function Πu ∈ L∞

+(0,T ) such that

‖u(t)−u∗(t)‖V ≤Πu(t) for all t ∈ [0,T ]. (3.7)

Proof. For any u ∈C([0,T ];K) fixed, we have

〈g(t,u∗(t))+(Ru∗)(t),u(t)−u∗(t)〉+ J0(γu∗(t);γ(u(t)−u∗(t)))+ϕ(u(t),u∗(t))

≥〈 f (t),u(t)−u∗(t)〉 (3.8)

for all t ∈ [0,T ]. Since u∗ ∈C([0,T ];K) is the unique solution to Problem 1.1, we have

Ξξ (t,u) =sup
v∈K

(
〈g(t,u(t))+(Ru)(t),u(t)− v〉− J0(γu(t);γ(v−u(t))) (3.9)

−ϕ(v,u(t))+ 〈 f (t),v−u(t)〉− 1
2ξ
‖u(t)− v‖2

V

)
≥〈g(t,u(t))+(Ru)(t),u(t)−u∗(t)〉− J0(γu(t);γ(u∗(t)−u(t)))

−ϕ(u∗(t),u(t))+ 〈 f (t),u∗(t)−u(t)〉− 1
2ξ
‖u(t)−u∗(t)‖2

V .

Applying hypotheses H(g) and H(R), one has

〈g(t,u(t))+(Ru)(t),u(t)−u∗(t)〉 (3.10)

=〈g(t,u(t))−g(t,u∗(t)),u(t)−u∗(t)〉+ 〈g(t,u∗(t)),u(t)−u∗(t)〉
+ 〈(Ru)(t)− (Ru∗)(t),u(t)−u∗(t)〉+ 〈(Ru∗)(t),u(t)−u∗(t)〉

≥mg‖u(t)−u∗(t)‖2
V −‖(Ru)(t)− (Ru∗)(t)‖V ∗‖u(t)−u∗(t)‖V

+ 〈g(t,u∗(t))+(Ru∗)(t),u(t)−u∗(t)〉

≥mg‖u(t)−u∗(t)‖2
V −LR

∫ t

0
‖u(s)−u∗(s)‖V ds‖u(t)−u∗(t)‖V

+ 〈g(t,u∗(t))+(Ru∗)(t),u(t)−u∗(t)〉.

Moreover, hypothesis H(J)(ii) deduces

−J0(γu(t);γ(u∗(t)−u(t)))≥−mJ‖γ‖2
L(V,X)‖u(t)−u∗(t)‖2

V + J0(γu∗(t);γ(u(t)−u∗(t))).(3.11)

Notice that ϕ(u,v)+ϕ(v,u)≤ 0 for all v,u ∈ K. One has

−ϕ(u∗(t),u(t))≥ ϕ(u(t),u∗(t)). (3.12)
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Combining (3.8)-(3.12), we obtain

Ξξ (t,u) (3.13)

≥
(

mg−mJ‖γ‖2
L(V,X)−

1
2ξ

)
‖u(t)−u∗(t)‖2

V −LR

∫ t

0
‖u(s)−u∗(s)‖V ds‖u(t)−u∗(t)‖V

+ 〈g(t,u∗(t))+(Ru∗)(t),u(t)−u∗(t)〉+ J0(γu∗(t);γ(u(t)−u∗(t)))+ϕ(u(t),u∗(t))

+ 〈 f (t),u∗(t)−u(t)〉

≥
(

mg−mJ‖γ‖2
L(V,X)−

1
2ξ

)
‖u(t)−u∗(t)‖2

V −LR

∫ t

0
‖u(s)−u∗(s)‖V ds‖u(t)−u∗(t)‖V .

Employing Young’s inequality with ε =
mg−mJ‖γ‖2

L(V,X)−
1

2ξ

2 , (3.13), and Hölder’s inequality gives

LR

∫ t

0
‖u(s)−u∗(s)‖V ds‖u(t)−u∗(t)‖V

≤ε‖u(t)−u∗(t)‖2
V +

L2
R

4ε

(∫ t

0
‖u(s)−u∗(s)‖V ds

)2

≤ε‖u(t)−u∗(t)‖2
V +

L2
RT
4ε

∫ t

0
‖u(s)−u∗(s)‖2

V ds (3.14)

for all t ∈ [0,T ]. Inserting (3.14) into (3.13), we derive

‖u(t)−u∗(t)‖2
V ≤

Ξξ (t,u)
c0

+
T L2

R

4c2
0

∫ t

0
‖u(s)−u∗(s)‖2

V ds

for all t ∈ [0,T ], where c0 =
mg−mJ‖γ‖2

L(V,X)−
1

2ξ

2 . Invoking Gronwall’s inequality for the above
inequality yields

‖u∗(t)−u(t)‖2
V

≤
Ξξ (t,u)

c0
+

T L2
R

4c2
0

∫ t

0

Ξξ (s,u)
c0

· exp
{

T L2
R

4c2
0
(t− s)

}
ds

for all t ∈ [0,T ]. In addition, Theorem 3.2(ii) indicates that t 7→ Ξξ (t,u) belongs to L∞
+(0,T ).

Then, from the above inequality, we have

‖u∗(t)−u(t)‖V

≤

√
Ξξ (t,u)

c0
+

T L2
R

4c2
0

∫ t

0

Ξξ (s,u)
c0

· exp
{

T L2
R

4c2
0
(t− s)

}
ds

for all t ∈ [0,T ]. Consequently, for each function u ∈C([0,T ];V ), we are able to find function
Πu : [0,T ]→ R+ defined by

Πu(t) :=

√
Ξξ (t,u)

c0
+

T L2
R

4c2
0

∫ t

0

Ξξ (s,u)
c0

· exp
{

T L2
R

4c2
0
(t− s)

}
ds for all t ∈ [0,T ]

such that

‖u∗(t)−u(t)‖V ≤Πu(t)
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for all t ∈ [0,T ]. Whereas, from Theorem 3.2(ii), it is not difficult to see that Πu ∈ L∞
+(0,T ).

Therefore, we conclude that inequality (3.7) is valid. �

4. A FRICTIONAL CONTACT PROBLEM WITH LONG MEMORY EFFECT

In order to illustrate the application of our theoretical results established in Section 3, this
section is concerned with the study of a quasistatic contact mechanics problem with long mem-
ory effect in which the contact problem can be formulated by a variational-hemivariational
inequality with history-dependent operator (see Problem 4.2).

The physical setting of the contact problem is described as follows. An elastic body occupies
an open bounded connected set Ω ⊂ Rd(d = 2,3) with a Lipschitz boundary ∂Ω = Γ. The
boundary Γ is divided into three disjoint measurable parts ΓD,ΓN and ΓC such that meas (ΓD)>
0. Set Q = Ω× (0,T ), Σ = Γ× (0,T ), ΣD = ΓD× (0,T ), ΣN = ΓN × (0,T ), and ΣC = ΓC×
(0,T ), and denote by xxx = (xi) the spatial variable in Ω. Let ννν = (νi) be the outward unit normal
on Γ. Here and below the indices i and j run between 1 and d. We denote by uuu= (ui), σσσ = (σi j),
and εεε(uuu) = (εi j(uuu)) the displacement vector, the stress tensor and the linearized strain tensor,
respectively, where the component εi j of the linearized strain tensor εεε(uuu) is given by

εi j(uuu) =
1
2
(ui, j +u j,i)

with ui, j = ∂ui/∂x j. For a vector field, the normal and tangential components of uuu and σσσ on the
boundary are given by

uν = uuu ·ννν and uuuτ = uuu−uνννν ,

σν = (σσσννν) ·ννν and σσσ τ = σσσννν−σνννν .

Note that, from time to time, we do not indicate the dependence of various functions on the
spatial variable xxx. Furthermore, the symbol Sd stands for the space of symmetric matrices of
order d. The canonical inner products and the corresponding norms on Rd and Sd are given by

uuu · vvv = uivi, ‖uuu‖Rd = (uuu ·uuu) 1
2 for all uuu = (ui),vvv = (vi) ∈ Rd,

σσσ : τττ = σi jτi j, ‖τττ‖Sd = (τττ : τττ)
1
2 for all σσσ = (σi j),τττ = (τi j) ∈ Sd,

respectively. With these preliminaries, the classical formulation of the quasi-static contact prob-
lem is stated as follows.

Problem 4.1. Find a displacement field uuu : Q→ Rd and a stress field σσσ : Q→ Sd such that

σσσ(t) ∈A (εεε(uuu(t)))+
∫ t

0
B(t− s)εεε(uuu(s))ds+∂CIM(εεε(uuu(t))) in Q, (4.1)

Divσσσ(t)+ fff 0(t) = 0 in Q, (4.2)

uuu(t) = 000 on ΣD, (4.3)

σσσ(t)ννν = fff N(t) on ΣN , (4.4)

−σν(t) ∈ ∂ jν(uν(t)) on ΣC, (4.5)

−σσσ τ(t) ∈ ∂ jτ(uuuτ(t)) on ΣC. (4.6)
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We present a short description of the equations and relations in Problem 4.1. Inclusion (4.1)
represents the constitutive law of the locking material with long memory effect in which A
stands for the elasticity operator, B is the relaxation tensor, and IM is the indicator function of
the set M ⊂ Sd , and ∂CIM is the convex subdifferential of IM, where M is defined by

M := {xxxiii ∈ Sd | ‖xxxiii‖Sd ≤ k0} (4.7)

for some k0 > 0. Particularly, if B = 0, then inclusion (4.1) becomes the constitutive law of
the locking material σσσ(t) ∈A (εεε(uuu(t)))+ ∂CIM(ε(uuu(t))), which was studied by Sofonea [42].
Equation (4.2) is the equilibrium equation where Div represents the divergence operator, i.e.,
Divσσσ = (σi j, j), and fff 0 denotes the density of the body forces. Conditions (4.3) and (4.4) are
the classical displacement and traction boundary conditions, respectively.

The contact condition (4.5) is called a multivalued normal contact boundary condition, which
is described by the subgradient of a nonconvex functional jν , where jν is assumed to be locally
Lipschitz in its last variable. On the other hand, the general tangential contact condition (4.6)
is governed by the subgradient of a nonconvex functional jτ . In fact, such kind of contact
conditions have been treated in many papers; see e.g., [43, 44].

In order to establish the variational formulation of contact problem (4.1)–(4.6), we introduce
the following function spaces

V = {vvv ∈ H1(Ω;Rd) | vvv = 000 on ΓD}, H = L2(Ω;Rd), H = L2(Ω;Sd).

It is known that H is a Hilbert space equipped with inner products

〈σσσ ,τττ〉H =
∫

Ω

σi j(xxx)τi j(xxx)dxxx for all σσσ ,τττ ∈H

and associated norm ‖ · ‖H . Besides, since meas (ΓD)> 0, from Korn’s inequality, we can see
that the space V is also a Hilbert space with the inner product given by

〈uuu,vvv〉V = 〈εεε(uuu),εεε(vvv)〉H for all uuu,vvv ∈V

and the associated norm ‖ · ‖V . Also, we denote by γ : V → L2(ΓC;Rd) the trace operator.
Subsequently, the trace of an element vvv ∈V is denoted by vvv. In addition, we consider the space
of the forth-order tensor fields defined by

Q∞ := {E = (Ei jkl) | Ei jkl = E jikl = Ekli j,1≤ i, j,k, l ≤ d}.
It is obvious that Q is a real Banach space with the usual norm

‖E ‖Q∞
= max

1≤i, j,k,l≤d
‖Ei jkl‖L∞(Ω) for all E ∈Q∞.

We list now the assumption on the data to Problem 4.1. Assume that the elasticity operator
A and relaxation tensor B satisfy the following conditions:

H(A ): A : Ω×Sd → Sd is such that

(i) for each εεε ∈ Sd , function xxx 7→A (xxx,εεε) is measurable on Ω;
(ii) for a.e. xxx ∈Ω, function εεε 7→A (xxx,εεε) is continuous in Sd;

(iii) there exist a function a0 ∈ L2(Ω) with a0(xxx) ≥ 0 for a.e. xxx ∈ Ω and a constant a1 > 0
such that

‖A (xxx,εεε)‖Sd ≤ a0(xxx)+a1‖εεε‖Sd

for all εεε ∈ Sd and a.e. xxx ∈Ω;
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(iv) there exists a constant mA > 0 such that

(A (xxx,εεε1)−A (xxx,εεε2)) · (εεε1− εεε2)≥ mA ‖εεε1− εεε2‖2
Sd

for all εεε1,εεε2 ∈ Sd and a.e. xxx ∈Ω.

H(B): B ∈C([0,T ];Q∞).

The potential functions jν and jτ enjoy the following properties:

H( jν): jν : ΓC×R→ R is such that

(i) for each s ∈ R, xxx 7→ jν(xxx,s) is measurable on ΓC, and xxx 7→ jν(xxx,0) belongs to L1(ΓC);
(ii) for a.e. xxx ∈ ΓC, s 7→ jν(xxx,s) is locally Lipschitz continuous;

(iii) there exist a function c0ν ∈ L2(0,T ) with c0ν(xxx) ≥ 0 for a.e. xxx ∈ ΓC and a constant
c1ν ≥ 0 satisfying

|∂ jν(xxx,s)| ≤ c0ν(xxx)+ c1ν |s|
for all s ∈ R and a.e. xxx ∈ ΓC;

(iv) there exists a constant m jν ≥ 0 such that

j0
ν(xxx,s1,s2− s1)+ j0

ν(xxx,s2,s1− s2)≤ m jν |s1− s2|2

for all s1,s2 ∈ R and a.e. xxx ∈ ΓC.

H( jτ): jτ : ΓC×Rd → R is such that

(i) for each ξξξ ∈ Rd , xxx 7→ jτ(xxx,ξξξ ) is measurable on ΓC, and xxx 7→ jτ(xxx,0) belongs to L1(ΓC);
(ii) for a.e. xxx ∈ ΓC, ξξξ 7→ jτ(xxx,ξξξ ) is locally Lipschitz continuous;

(iii) there exist a function c0τ ∈ L2(ΓC) with c0τ(xxx)≥ 0 for a.e. xxx∈ ΓC and a constant c1τ ≥ 0
satisfying

‖∂ jτ(xxx,ξξξ )‖Rd ≤ c0τ(xxx)+ c1τ‖ξξξ‖Rd

for all ξξξ ∈ Rd and a.e. xxx ∈ ΓC;
(iv) there exists a constant m jτ ≥ 0 such that

j0
τ(xxx,ξξξ 1,ξξξ 2−ξξξ 1)+ j0

τ(xxx,ξξξ 2,ξξξ 1−ξξξ 2)≤ m jτ‖ξξξ 1−ξξξ 2‖2
Rd

for all ξξξ 1,ξξξ 2 ∈ Rd and a.e. xxx ∈ ΓC.
The densities of body forces fff 0 and surface traction fff N fulfill the following regularity

fff 0 ∈C([0,T ];L2(Ω;Rd)) fff N ∈C([0,T ];L2(ΓN ;Rd)). (4.8)

We are now in a position to derive the variational formulation of Problem 4.1. Let us consider
the admissible set K of displacement fields defined by

K = {vvv ∈V | εεε(vvv) ∈M in Ω}. (4.9)

By the definition of M, it is not difficult to see that the admissible set K is nonempty, bounded,
closed, and convex in V . Suppose that uuu : Q→ Rd and σσσ : Q→ Sd are two smooth functions
such that (4.1)–(4.6) hold. Because of uuu(t) ∈ K, we have εεε(uuu(t)) ∈M for a.e. (xxx, t) ∈Q, i.e.,
∂CIM(εεε(uuu(t))) = {0} Hence,

σσσ(t) = A (εεε(uuu(t)))+
∫ t

0
B(t− s)εεε(uuu(s))ds in Q. (4.10)
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For any vvv ∈ K fixed, we multiply the equilibrium equation (4.2) by vvv−uuu(t) and then apply the
Green formula (see e.g. [11, Theorem 2.25]), to obtain

〈σσσ(t),εεε(vvv)− εεε(uuu(t))〉H = 〈 fff 0(t),vvv−uuu(t)〉H +
∫

Γ

σσσ(t)ννν · (vvv−uuu(t))dΓ. (4.11)

We take into account the boundary conditions (4.3) and (4.4) to see that∫
Γ

σσσ(t)ννν · (vvv−uuu(t))dΓ

=
∫

ΓC

σσσ(t)ννν · (vvv−uuu(t))dΓ+
∫

ΓD

σσσ(t)ννν · (vvv−uuu(t))dΓ+
∫

ΓN

σσσ(t)ννν · (vvv−uuu(t))dΓ

=
∫

ΓC

σσσ(t)ννν · (vvv−uuu(t))dΓ+
∫

ΓN

σσσ(t)ννν · (vvv−uuu(t))dΓ

=〈 fff N(t),vvv−uuu(t)〉L2(ΓN ;Rd)+
∫

ΓC

σσσ(t)ννν · (vvv−uuu(t))dΓ.

The latter combined with the equation (4.11) implies

〈σσσ(t),εεε(vvv)− εεε(uuu(t))〉H = 〈 fff (t),vvv−uuu(t)〉V ∗×V +
∫

ΓC

σσσ(t)ννν · (vvv−uuu(t))dΓ, (4.12)

where the element fff ∈C([0,T ];V ∗) is defined by

〈 fff (t),vvv〉V ∗×V = 〈 fff 0(t),vvv〉H + 〈 fff N(t),vvv〉L2(ΓN ;Rd) for all vvv ∈V and t ∈ [0,T ]. (4.13)

Note that

σσσ(t)ννν · (vvv−uuu(t)) = σν(t)(vν −uν(t))+σσσ τ(t) · (vvvτ −uuuτ(t)). (4.14)

Taking into account (4.12) and (4.14), we have

〈σσσ(t),εεε(vvv)− εεε(uuu(t))〉H =〈 fff (t),vvv−uuu(t)〉V ∗×V +
∫

ΓC

σν(t)(vν −uν(t))dΓ (4.15)

+
∫

ΓC

σσσ τ(t) · (vvvτ −uuuτ(t))dΓ.

By the definition of generalized Clarke subgradient and boundary conditions (4.5) and (4.6), we
have

−
∫

ΓC

σν(t)(vν −uν(t))dΓ≤
∫

ΓC

j0
ν(uν(t);vν −uν(t))dΓ

−
∫

ΓC

σσσ τ(t) · (vvvτ −uuuτ(t))dΓ≤
∫

ΓC

j0
τ(uuuτ(t);vvvτ −uuuτ(t))dΓ.

(4.16)

Inserting (4.16) and (4.10) into (4.15), we have

〈A (εεε(uuu(t))),εεε(vvv)− εεε(uuu(t))〉H +

〈∫ t

0
B(t− s)εεε(uuu(s))ds,εεε(vvv)− εεε(uuu)(t)

〉
H

+
∫

ΓC

j0
ν(uν(t);vν −uν(t))+ j0

τ(uuuτ(t);vvvτ −uuuτ(t))dΓ

≥〈 fff (t),vvv−uuu(t)〉V ∗×V .

Therefore, we obtain the variational formulation of Problem 4.1 as follows
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Problem 4.2. Find a displacement field uuu ∈C([0,T ];K) such that

〈A (εεε(uuu(t))),εεε(vvv)− εεε(uuu(t))〉H +

〈∫ t

0
B(t− s)εεε(uuu(s))ds,εεε(vvv)− εεε(uuu)(t)

〉
H

(4.17)

+
∫

ΓC

j0
ν(uν(t);vν −uν(t))+ j0

τ(uuuτ(t);vvvτ −uuuτ(t))dΓ

≥〈 fff (t),vvv−uuu(t)〉V ∗×V .

for all vvv ∈ K and t ∈ [0,T ].

Arguing as in the proof of [43, 44], we can apply Theorem 2.1 with ϕ = 0 to obtain the
unique solvability of Problem 4.2 by the following theorem.

Theorem 4.1. Assume that H(A ), H(B), H( jν), H( jτ), and (4.8) are satisfied. If, in addition,
the inequality mA > ‖γ‖2 max {m jν ,m jτ} holds, then Problem 4.2 has a unique solution uuu ∈
C([0,T ];K).

Moreover, we are going to establish a global error bound to Problem 4.1. Let ξ > 0 be a given
parameter. Let us consider the regularized gap function Ξξ : [0,T ]×C([0,T ];K)→ R defined
by

Ξξ (t,uuu) = sup
vvv∈K

(
〈A (εεε(uuu(t))),εεε(uuu(t))− εεε(vvv)〉H +

〈∫ t

0
B(t− s)εεε(uuu(s))ds,εεε(uuu(t))− εεε(vvv)

〉
H

−
∫

ΓC

j0
ν(uν(t);vν −uν(t))dΓ−

∫
ΓC

j0
τ(uuuτ(t);vvvτ −uuuτ(t))dΓ

+ 〈 fff (t),vvv−uuu(t)〉V ∗×V −
1

2ξ
‖uuu(t)− vvv‖2

V

)
(4.18)

for all uuu ∈C([0,T ];K) and t ∈ [0,T ]. Employing Theorems 3.1–3.3 and 4.1, we have the fol-
lowing results.

Theorem 4.2. Let uuu∗ ∈C([0,T ];K) be the unique solution to Problem 4.1. Assume that H(A ),
H(B), H( jν), H( jτ), and (4.8) are satisfied. If, in addition, mA > ‖γ‖2 max{m jν ,m jτ} is
satisfied, then the following statements hold:

(i) For any parameter ξ > 0 fixed, the function Ξξ : [0,T ]×C([0,T ];K)→ R defined in
(4.18) is a regularized gap function for inequality (4.17).

(ii) Let parameter ξ > 0 be such that mA −‖γ‖2m jν > 1
2ξ

. Then, for each function uuu ∈
C([0,T ];K) the estimate holds

‖uuu(t)−uuu∗(t)‖V ≤Πuuu(t) for all t ∈ [0,T ],

where the function Πuuu : [0,T ]→ R+ is defined by

Πuuu(t) :=

√
Ξξ (t,uuu)

c0
+

T L2
R

4c2
0

∫ t

0

Ξξ (s,uuu)
c0

· exp
{

T L2
R

4c2
0
(t− s)

}
ds for all t ∈ [0,T ]

with LR := supt∈[0,T ] ‖B(t)‖Q∞
and c0 =

mA−‖γ‖2 max{m jν ,m jτ }− 1
2ξ

2 .



480 J. CEN, V.T. NGUYEN, S. ZENG

Acknowledgments
This project was supported by the Natural Science Foundation of Guangxi Grants Nos. 2021GX
NSFFA196004 and 2020GXNSFBA297137, the NNSF of China Grant Nos. 12001478, 120262
55 and 12026256, the European Union’s Horizon 2020 Research and Innovation Programme
under the Marie Sklodowska-Curie grant agreement No. 823731 CONMECH, National Science
Center of Poland under Preludium Project No. 2017/25/N/ST1/00611, and the Startup Project
of Doctor Scientific Research of Yulin Normal University No. G2020ZK07. It is also supported
by the Ministry of Science and Higher Education of Republic of Poland under Grants Nos.
4004/GGPJII/H2020/2018/0 and 440328/PnH2/2019.

REFERENCES

[1] W. Han, M. Sofonea, Quasistatic Contact Problems in Viscoelasticity and Viscoplasticity, AMS/IP Stud. Adv.
Math. 30, AMS, Providence, RI, 2002.

[2] Z.H. Liu, D. Motreanu, S.D. Zeng, Positive solutions for nonlinear singular elliptic equations of p-Laplacian
type with dependence on the gradient, Calc. Var. Partial Differential Equations 58 (2019), 28.

[3] P. Cubiotti, J.C. Yao, On the Cauchy problem for a class of differential inclusions with applications, Appl.
Anal. 99 (2020), 2543-2554.

[4] L.V. Nguyen, X. Qin, The minimal time function associated with a collection of sets, ESAIM Control Optim.
Calc. Var. 26 (2020), 93.

[5] P.D. Panagiotopoulos, Nonconvex superpotentials in sense of F.H. Clarke and applications, Aech. Res.
Comm. 8 (1981), 335-340.

[6] P.D. Panagiotopoulos, Nonconvex energy functions, hemivariational inequalities and substationary principles,
Acta. Mech. 42 (1983), 160-183.

[7] P.D. Panagiotopoulos, Hemivariational Inequalities, Applications in Mechanics and Engineering, Springer-
Verlag, Berlin, 1993.
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[16] S. Migórski, A. Ochal, M. Sofonea, History-dependent variational-hemivariatioal inequalities in contact me-
chanics, Nonlinear Anal. 22 (2015), 604-618.
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