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Abstract. The goal of this paper is to study optimal feedback control for a class of non-autonomous
second-order evolution inclusions with Clarke’s subdifferential in a separable reflexive Banach space. We
only assume that the second order evolution operator involved satisfies the strong continuity condition
instead of the compactness, which was used in previous literature. By using the properties of multimaps
and Clarke’s subdifferential, we assume some sufficient conditions to ensure the existence of feasible
pairs of the feedback control systems. Furthermore, we also prove the existence of optimal control pairs.
Keywords. Clarke’s subdifferential; Feedback control; Feasible pair; Optimal control; Second order
evolution inclusion.

1. INTRODUCTION

In recent years, feedback control theory has made great progress due to its wide applications
in science, engineering, and other real world. Feedback control systems are everywhere around
us, including trajectory planning of robotic manipulators, guidance of moving targets by tactical
missiles, and control of room temperature and chord vibration; see, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15] and the references therein for more details.

The hemi-variational inequality is a popular research field in applied mathematics. At present,
more and more authors begin to pay attention to the optimal control problems of hemi-variational
inequalities and subdifferential inclusions, one can find [11, 12, 13, 16, 17, 18] for more details.

It is worth mentioning that the applications of linear operator semigroup theory to the optimal
control of first-order nonlinear systems have yielded good results. Feedback control of first-
order evolution equations was studied by many people; see, e.g., [5, 6, 11, 12, 13] and the
references therein. For example, the existence results of pulse feedback control systems were
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given in [3]. With the deepening of the research, the research of differential inclusion type
feedback controls is sought after by people. For example, new results of optimal feedback
control and controllability for hyperbolic evolution inclusions of Clarke’s subdifferential type
were given in [5]. In fact, the Clarke’s subdifferential plays an important role in the control
theory; see, e.g., [6, 19, 20, 21, 22, 23, 24, 25, 26] for more properties and knowledge about
Clarke’s subdifferential.

Let X be a separable reflexive Banach space and X∗ be the dual space of X . In this paper, we
firstly consider the following second order evolution differential inclusion:{

x′′(t) ∈ A(t)x(t)+Bu(t)+∂F(t,x(t)), t ∈ J = [0,b],
x(0) = x0,x′(0) = y0,

(1.1)

where x0,y0 ∈ X and A(t) : D(A(t)) ⊂ X → X is a closed densely defined operator. The nota-
tion ∂F stands for the Clarke’s subdifferential of a locally Lipschitz function F(t, ·) : X → R.
Further, B ∈L (V,X), where L (V,X) is the collection of all bounded linear operators from a
separable reflexive Banach space V to X , and u ∈ L2(J,V ) is a control function.

Furthermore, we deal with the existence of feasible pairs of second-order evolution inclusions
with feedback control of the following form:

x′′(t) ∈ A(t)x(t)+Bu(t)+∂F(t,x(t)), a.e. t ∈ J = [0,b],
u(t) ∈U(t,x(t)), a.e. t ∈ J = [0,b],
x(0) = x0,x′(0) = y0,

(1.2)

where U : [0,b]×X →P(V ) is a feedback multifunction.
The novelties of this paper are following: First, for the first time, we study an abstract feed-

back control system described by a second-order non-autonomous system with Clarke’s subd-
ifferential, which is still poorly discussed in the literature.

Second, we consider the optimal feedback control systems of second-order non-autonomous
systems with Clarke’s subdifferential. As far as we know the optimal control of feedback control
system (1.2) have not been studied before in the literature. Here, we fill a gap in the studies and
provide an existence result of optimal pairs for general abstract feedback control system (1.2).

Third, we work under general assumptions on the data. The second-order evolution oper-
ator only satisfies the strong continuity, the assumption that evolution operators often used in
previous literature are compact operators is ignored.

The rest of this paper is organized as follows. In Section 2, we introduce some useful prelim-
inaries for our main results. In Section 3, we introduce some important lemmas and theorems,
and present the existence of mild solutions of problem (1.1). In Section 4, we present some
sufficient conditions to guarantee the existence of feasible pairs of problem (1.2). Furthermore,
we give the existence results of the optimal control pair of problem (1.2). In the last section,
Section 5, an example will be shown to illustrate our main results.

2. PRELIMINARIES

We first recall some useful notations and well-known results which are used in the article.
The norm of a Banach space X is denoted by ‖ · ‖X , and 〈·, ·〉X stands for the duality pairing
between X and its topological dual X∗. The notation C(J,X) represents the Banach space of
all continuous functions from J = [0,b] into X equipped with the norm ‖x‖C := ‖x‖C(J,X) =
supt∈J‖x(t)‖X . We denote by ”→ ” the strong convergence and ” ⇀ ” the weak convergence
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in any Banach spaces. Let Ew be the space E endowed with the weak topology. For a set
D ⊂ E, the symbol Dw denotes the weak closure of D. Denote by P(Y ) [Pc(Y ),Pcv(Y )] the
collections of all nonempty [respectively, nonempty closed, nonempty closed convex] subsets
of any set Y .

Definition 2.1. Let X and Y be two Banach spaces. A multi-valued map F : X→Pc(Y ) is said
to be
(i) sequentially closed if, for any (xn,yn) ∈ Gr(F) := {(x,y) ∈ X ×Y : x ∈ X ,y ∈ F(x)} with
xn→ x in X and yn→ y in Y , (x,y) ∈ Gr(F);
(ii) weakly sequentially closed if, for any (xn,yn) ∈ Gr(F) with xn ⇀ x in X and yn ⇀ y in Y ,
(x,y) ∈ Gr(F);
(iii) weakly compact if it maps bounded set in X into relatively compact set in Yw.

We recall the following well-known result [27, Theorem 4.3.].

Proposition 2.1. Let X be a reflexive Banach space. A sequence {xn} ⊂ C(J,X) weakly con-
verges to an element x ∈C(J,X) if and only if

(i) There exists N > 0 such that, for every n ∈ N and t ∈ J,‖xn(t)‖ ≤ N;
(ii) For every t ∈ F,xn(t)⇀ x(t).

A function h : X→R defined on a Banach space X is called locally Lipschitz if, for all u∈ X ,
there exists a neighborhood N (u) of u such that

|h(y)−h(z)| ≤ Ku‖y− z‖X for all y,z ∈N (u) with Ku > 0.

Then, we denote by h0(u;v) the Clarke’s generalized directional derivative of h at the point
u ∈ X in the direction v ∈ X defined by

h0(u;v) = limsup
y→u,λ↓0

h(y+λv)−h(y)
λ

.

Recall also that the Clarke’s subdifferential or the generalized gradient of h at the point u,
denoted by ∂h(u), is a subset of X∗ given by

∂h(u) := {u∗ ∈ X∗ : h0(u;v)≥ 〈u∗,v〉, ∀v ∈ X}.

Moreover, we collect some significant properties of the generalized gradient and generalized
directional derivative of a locally Lipschitz function which will be used in the next sections.

Proposition 2.2. [28] Let X be a Banach space. If h : X → R is a locally Lipschitz function on
X, then

(i) for every u∈ X, the set ∂h(u) is a nonempty, convex, and weakly∗ compact subset of X∗.
More precisely, ∂h(u) is bounded by the Lipschitz constant Ku > 0 of h near u;

(ii) the graph of ∂h is closed in X×(w∗−X∗) topology, namely, if {uk} ⊂ X and {ζk} ⊂ X∗

are sequences such that ζk ∈ ∂h(uk) and uk → u in X, ζk → ζ weakly∗ in X∗, then
ζ ∈ ∂h(u), where w∗−X∗ denotes the space X∗ equipped with weak∗ topology;

(iii) the multivalued map X 3 u 7→ ∂h(u)⊆X∗ is upper semicontinuous from X into w∗−X∗;
(iv) for each v ∈ X, there exists zv ∈ ∂h(u) such that

h0(u;v) = max{〈z,v〉 | z ∈ ∂h(u)}= 〈zv,v〉;
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(v) the function X 3 v 7→ h0(u;v) ∈ R is finite, positively homogeneous, and subadditive on
S, and satisfies |h0(u;v)| ≤ Ku‖v‖X ;

(vi) h0(u;v) as a function of (u,v) is upper semicontinuous, and as a function of v alone is
Lipschitz of rank Ku on X.

(vii) h0(u;−v) = (−h)0(u;v) for all u,v ∈ X.

At first, we study the following Cauchy problem{
x′′(t) = A(t)x(t)+σ(t), t ∈ J = [0,b],
x(0) = x0,x′(0) = y0.

(2.1)

We assume that the operator A(t) : D(A(t))⊂ X → X is closed and densely defined, the domain
of A(t) does not depend on t ∈ J and is denoted by D(A), and for each x ∈ D(A), the function
t → A(t)x is continuous on J. Moreover, there exists an evolution operator {S(t,s)|t,s ∈ J}
associated with the family {A(t)|t ∈ J} possessing the following properties.

Definition 2.2. [29] A family {S(t,s)|t,s ∈ J}, where S(t,s) : X → X is a bounded linear op-
erator, is said to be an evolution operator generated by the family {A(t)|t ∈ J} if the following
conditions are fulfilled.

(S1) For each x ∈ X , the mapping (t,s)→ S(t,s)x is of class C1,and

(a) for each t ∈ J,S(t, t) = 0;

(b) for all t,s ∈ J and x ∈ X ,
∂

∂ t
S(t,s)x|t=s = x and

∂

∂ s
S(t,s)x|t=s =−x.

(S2) For all t,s ∈ J, if x ∈ D(A), then S(t,s)x ∈ D(A), the mapping (t,s)→ S(t,s)x

is of class C2, and

(a)
∂ 2

∂ t2 S(t,s)x = A(t)S(t,s)x;

(b)
∂ 2

∂ s2 S(t,s)x = S(t,s)A(s)x;

(c)
∂ 2

∂ s∂ t
S(t,s)x|t=s = 0.

(S3) For all t,s ∈ J, if x ∈ D(A), then
∂

∂ t
S(t,s)x ∈ D(A). Furthermore, there exist

∂ 3

∂ t2∂ s
S(t,s)x and

∂ 3

∂ s2∂ t
S(t,s)x, and

(a)
∂ 3

∂ t2∂ s
S(t,s)x = A(t)

∂

∂ s
S(t,s)x;

(b)
∂ 3

∂ s2∂ t
S(t,s)x =

∂

∂ t
S(t,s)A(s)x,

and the mapping (t,s)→ A(t)
∂

∂ s
S(t,s)x is continuous.
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For the sake of conveniences, we introduce the operator C(t,s) =− ∂

∂ sS(t,s). In addition, we
may find that there exists a positive constant K such that

sup
0≤t,s≤b

‖C(t,s)‖ ≤ K and sup
0≤t,s≤b

‖S(t,s)‖ ≤ K. (2.2)

And, we denote by K1 a positive constant such that ‖S(t + τ,s)−S(t,s)‖ ≤ K1|τ| for all s, t,s+
τ ∈ J. Following [20, 29], if σ : J→ X is integrable, then a mild solution of problem (2.1) is
given by x(t) =C(t,0)x0 +S(t,0)y0 +

∫ t
0 S(t,s)σ(s)ds.

3. MAIN RESULTS

In this section, we provide an existence result of mild solutions for Problem (1.1).

Definition 3.1. Given u ∈ L2(J,V ) and B ∈ L (V,X), a function x ∈ C(J,X) is called a mild
solution to Problem (1.1) if there exists f ∈ L2(J,X) with f (t) ∈ ∂F(t,x(t)) for a.e.t ∈ J such
that

x(t) =C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[Bu(s)+ f (s)]ds for all t ∈ J.

To obtain our main results, in what follows, we make the following hypotheses on the data of
our problem.

H(F) : The function F : J×X → R satisfies the following assumptions:

(i) for a.e. t ∈ J,x→ F(t,x) is locally Lipschitz on X ;

(ii) for all x ∈ X , t→ F(t,x) is measurable on J;

(iii) there exist a function α ∈ L2(J,R+) and a constant β ∈ R+ such that

‖∂F(t,x)‖X∗ := sup{‖ f‖X∗| f ∈ ∂F(t,x)} ≤ α(t)+β‖x‖X ,

for a.e. t ∈ J and all x ∈ X ;

(iv) the multimap ∂F(t, ·) : X →P(X∗) is weakly sequentially closed for a.e.t ∈ J,

i.e., it has a weakly sequentially closed graph.

Next, we define a multi-valued map Q : C(J,X)→P(L2(J,X∗)) by

Q(x) = {w ∈ L2(J,X∗)| w(t) ∈ ∂F(t,x(t)) for a.e. t ∈ J} for x ∈C(J,X).

Also, we know the following properties about the multi-valued map Q.

Lemma 3.1. [28, Lemma 5.3] If H(F) holds, then, for each function x∈C(J,X), the multifunc-
tion Q has nonempty, convex, and weakly compact values.

Lemma 3.2. [30, Lemma 11] If H(F) holds, then the operator Q satisfies the following close-
ness property: if xn ⇀ x in C(J,X), wn ⇀ w in L2(J,X∗) and wn ∈Q(xn), then w ∈Q(x).

Let {S(t,s)}t,s∈J be an evolution operator generated by the family {A(t)}t∈J in a separa-
ble reflexive Banach space X . We consider the following fundamental Cauchy operator GS :
L1(J,X)→C(J,X) defined by

GS f (t) =
∫ t

0
S(t,s) f (s)ds, t ∈ J = [0,b], f ∈ L1(J,X).
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Lemma 3.3. [31] The fundamental Cauchy operator GS satisfies the following properties:
(i) ‖GS f (t)−GSg(t)‖ ≤ K

∫ t
0 ‖ f (s)−g(s)‖ds, t ∈ J, ∀ f ,g ∈ L1(J,X);

(ii) The map GS is weakly continuous from L2(J,X) to C(J,X).

Lemma 3.4. [6, Lemma 2.3] Let X be a Banach space and let C be a nonempty, weakly compact,
and convex subset of X. If F :C→Pv(C) is weakly sequentially closed, then F has a fixed point.

In order to show the existence of mild solutions of system(1.1), for a given u ∈ L2(J,V ), we
may introduce a multi-valued map Γ : C(J,X)→ 2C(J,X) as follows:

Γ(x) = {ϕ ∈C(J,X)|ϕ(t) =C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[Bu(s)+ f (s)]ds, f ∈Q(x)}

and an equivalent norm on the Banach space C(J,X) defined by

‖x‖r = sup
t∈J
‖x(t)‖e−rt , ∀x ∈C(J,X)

where r > Kβ (K and β are defined in (2.2) and H(F)(iii), respectively). We also denote by
BR := {x ∈C(J,X)| ‖x‖r ≤ R} the closed ball of radius R at the origin in C(J,X), where

R≥ Kr
r−Kβ

(‖x0‖X +‖y0‖X +‖α‖L2(J,R+)

√
b+‖B‖‖u‖L2(J,V )

√
b).

In what follows, we denote ΓR = Γ|BR : BR→C(J,X) the restriction of the multi-valued map Γ

on the set BR.

Lemma 3.5. If B ∈L (V,X) and H(F) hold, then, for each u ∈ L2(J,V ), Γ(BR)⊂ BR.

Proof. In fact, for all x ∈ BR,ϕ ∈ ΓR(x), using H(F) and the Hölder’s inequality, there exists
f ∈Q(x) such that

e−rt‖ϕ(t)‖X = e−rt‖C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[ f (s)+Bu(s)]ds‖X

≤ K‖x0‖X +K‖y0‖X + e−rtK
∫ t

0
‖ f (s)‖X ds+ e−rtK‖B‖

∫ t

0
‖u(s)‖V ds

≤ K(‖x0‖X +‖y0‖X)+K‖α‖L2(J,R+)

√
b+ e−rtKβ

∫ t

0
‖x(s)‖X ds

+K‖B‖‖u‖L2(J,V )

√
b

≤ K(‖x0‖X +‖y0‖X +‖α‖L2(J,R+)

√
b+‖B‖‖u‖L2(J,V )

√
b)

+e−rtKβ

∫ t

0
‖x(s)‖X ds

≤ K(‖x0‖X +‖y0‖X +‖α‖L2(J,R+)

√
b+‖B‖‖u‖L2(J,V )

√
b)

+e−rtKβ

∫ t

0
erse−rs‖x(s)‖X ds

≤ K(‖x0‖X +‖y0‖X +‖α‖L2(J,R+)

√
b+‖B‖‖u‖L2(J,V )

√
b)+

KβR
r

≤ R.

Hence, ‖ϕ‖r ≤ R, which implies Γ(BR)⊂ BR. �
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Theorem 3.1. If B ∈L (V,X) and H(F) hold, then, for each u ∈ L2(J,V ), system (1.1) has at
least a mild solution on J.

Proof. From Lemma 3.5, one has Γ(BR)⊂BR. In virtue of [32, Proposition 4.2. and Proposition
4.4.], the multi-valued map ΓR has convex, weakly compact values, and a weakly sequentially
closed graph. According to the Lemma 3.4, we obtain that the operator Γ has a fixed point, i.e.,
system (1.1) has at least a mild solution on J. The proof is complete. �

4. OPTIMAL FEEDBACK CONTROL

In this section, we consider the following feedback control problem.
x′′(t) ∈ A(t)x(t)+Bu(t)+∂F(t,x(t)), a.e. t ∈ J,
u(t) ∈U(t,x(t)), a.e. t ∈ J,
x(0) = x0,x′(0) = y0,

where the control function u takes values in a separable reflexive Banach space V , and U :
J×X →P(V ) is a feedback multifunction.

Set

VJ = {u : J→V |u(·) is measurable },
XJ = {(x,u) ∈C(J,X)×VJ|(x,u) satisfies (1.2)}.

We call a pair (x,u) is feasible if (x,u) ∈ XJ .
Now we introduce the following concepts of weakly-open neighborhoods of x0 in X : ∀ fi ∈

X∗, i = 1,2, ...k and ε > 0, we define

ow( f1, f2, ..., fk;ε) := {x ∈ X
∣∣ |〈 fi,x− x0〉|< ε,}

Ow(x0) = {ow( f1, f2, ..., fk;ε)
∣∣∀ fi ∈ X∗, i = 1,2, ...k,∀k ∈ N,∀ε > 0}.

For more details, we refer to [33, Proposition 3.4].
Similar to [14, 34], we may introduce a weak-Cesari property as follows.

Definition 4.1. Let X be a Banach space and Y be a metric space. Let F : X →P(Y ) be a
multifunction. We say that F possesses the weak-Cesari property at x0 ∈ X if⋂

ow∈Ow(x0)

coF(ow) = F(x0),

where coF denotes the closed convex hull of F . If F has the weak-Cesari property at every
point x ∈ Z ⊂ X , we simply say that F has the weak-Cesari property on Z.

Also, we assume that the feedback multi-valued map U : J×X →P(V ) satisfies the follow-
ing conditions H(U):

(i) there exist a function α1 ∈ L2(J,R+) and a constant β1 > 0 such that

‖U(t,x)‖= sup
v∈U(t,x)

‖v‖V ≤ α1(t)+β1‖x‖X for a.e. t ∈ J, ∀x ∈ X .

(ii) for a.e. t ∈ J,U(t, ·) : X → 2V has the weak-Cesari property, i.e.,⋂
ow∈Ow(t,x)

coU(ow) =U(t,x).
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Theorem 4.1. If H(F) and H(U) hold, then the solution set of Problem 4 is nonempty, i.e.,
XJ 6= /0.

Proof. For any n ∈ N, let τ j =
j
nb, 0≤ j ≤ n−1. Set

un(t) =
n−1

∑
j=0

u j
χ[τ j,τ j+1)(t) a.e. t ∈ J,

where χ[τ j,τ j+1) is the characteristic function of interval [τ j,τ j+1). The sequence {u j} is con-
structed as follows.

Firstly, we take u0 ∈U(0,x0). By Theorem 3.1, there exists xn(·), which is given by

xn(t) =C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[ fn(s)+Bu0

χ[τ0,τ1)(s)]ds, t ∈ [τ0,τ1].

where fn(t) ∈ ∂F(t,xn(t)) a.e. t ∈ [τ0,τ1]. Then take u1 ∈U(τ1,xn(τ1)) such that

xn(t) =C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[ fn(s)+Bu0

χ[τ0,τ1)(s)+Bu1
χ[τ1,τ2)(s)]ds,

t ∈ [τ0,τ2].

We can repeat this procedure to obtain xn on [τ0,τ j+1] for j = 0,1, · · · ,n−1. By induction, we
end up with the following:xn(t) =C(t,0)x0 +S(t,0)y0 +

∫ t

0
S(t,s)[ fn(s)+Bun(s)]ds, t ∈ J.

u j ∈U(τ j,xn(τ j)), 0≤ j ≤ n−1.

where fn(t) ∈ ∂F(t,xn(t)) a.e. t ∈ J.
Now we prove that there exists a constant r0 > 0 such that ‖xn‖C ≤ r0. Using H(F)(iii),

H(U)(i), and the Hölder’s inequality, we have

‖xn(t)‖X = ‖C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[ fn(s)+Bun(s)]ds‖X

≤ K‖x0‖X +K‖y0‖X +K
∫ t

0
‖ fn(s)‖X ds+K‖B‖

∫ t

0
‖un(s)‖V ds

≤ K‖x0‖X +K‖y0‖X +K
∫ t

0
(α(t)+β‖xn(s)‖X)ds+K‖B‖

∫ t

0
(α1(t)+β1‖xn(s)‖X)ds

≤ K‖x0‖X +K‖y0‖X +K‖α‖L2(J,R+)

√
b+Kβ

∫ t

0
‖xn(s)‖X ds

+K‖B‖‖α1‖L2(J,R+)

√
b+K‖B‖β1

∫ t

0
‖xn(s)‖X ds

≤ ζ +θ

∫ t

0
‖xn‖X ds,

where

ζ = K(‖x0‖+‖y0‖+‖α‖L2(J,R+)

√
b+‖B‖‖α1‖L2(J,R+)

√
b),

θ = K(β +‖B‖β1).
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Then, by the Gronwall inequality, we can easily obtain that ‖xn(t)‖X ≤ ζ eθ t , Therefore,

‖xn‖C ≤ r0 := ζ eθb. (4.1)

Again by H(F)(iii), H(U)(i), and (4.1) there exist r1,r2 > 0 such that

‖ fn‖L2(J,X∗) ≤ r1, ‖un‖L2(J,V ) ≤ r2.

Thus there are two subsequences of { fn} and {un}, denoted still by { fn} and {un}, respectively,
such that

fn ⇀ f in L2(J,X∗), un ⇀ u in L2(J,V ). (4.2)

Let

x(t) =C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[ f (s)+Bu(s)]ds.

Due to Lemma 3.3(ii), we have from Proposition 2.1 that, for any t ∈ J,∫ t

0
S(t,s)[ fn(s)+Bun(s)]ds ⇀

∫ t

0
S(t,s)[ f (s)+Bu(s)]ds in X .

Hence, one has

xn(t)⇀ x(t) in X , ∀t ∈ J. (4.3)

Combining (4.1) and (4.3) and Proposition 2.1, we obtain xn ⇀ x in C(J,X). Therefore, for any
weakly open neighborhood ow(x) of x in C(J,X) , there exists a n0 > 0 such that

xn ∈ ow(x),n≥ n0. (4.4)

Next, we need to prove that f (t) ∈ ∂F(t,x(t)) for a.e. t ∈ J. By Mazur Theorem (cf. [14,

Corollary 2.8]), there exist λin ≥ 0 and
mn
∑

i=1
λin = 1 such that

f̃n(·) =
mn

∑
i=1

λin fi+n(·)→ f (·) in L2(J,X∗),

which implies, up to a subsequence,

f̃n(t)→ f (t) in X∗ for all t ∈ J \ J0, (4.5)

where J0⊂ J with Lebesgue measure zero. Denote by B(r0) the closed ball in X with zero as the
center and r0 as the radius. Now we claim that f (t)∈ ∂F(t,x(t)), ∀t ∈ J \J0. For ∀t̄ ∈ J \J0, we
assume, by contradiction, that f (t̄) 6∈ ∂F(t̄,x(t̄)). In virtue of H(F)(iii),(iv), and the reflexivity
of X , we easily obtain that ∂F(t̄, ·) : B(r0)→P(X∗) is weakly compact and a weakly closed
multimap. By [35, Theorem1.1.5], it is weakly u.s.c. Due to ∂F(t̄,x(t̄)) being closed and
convex and Hahn-Banach Theorem, there exists a weakly open convex set ow ⊃ ∂F(t̄,x(t̄))
such that f (t̄) 6∈ ow. In virtue of the weak upper semi-continuity of ∂F(t̄, ·), there is a weak
neighborhood N of x(t̄) such that ∂F(t̄,x) ⊂ Ow for all x ∈N ∩B(r0). Combining (4.4) and
(4.5), there exists N > 0 such that xn ∈N ∩B(r0) for n≥ N. And so, fn(t̄) ∈ ∂F(t̄,xn(t̄))⊂ ow

for n≥ N. Therefore, f̃n(t̄) ∈ ow for all n≥ N by use of the convexity of ow, which implies that
f (t̄) ∈ ow. This is a contradiction. Hence, f (t) ∈ ∂F(t,x(t)) for a.e. t ∈ J. On the other hand,
for any ow ∈ Ow(t,x(t)), by the definition of un(·) for n large enough, we have

un(t) ∈U(τ j,xn(τ j))⊂U(ow) for all t ∈ [τ j,τ j+1), 0≤ j ≤ n−1. (4.6)
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Secondly, by (4.2) and Mazur Theorem, there exist ail ≥ 0 and
ln
∑

i=1
ail = 1 such that

φl(·) = ∑
i≥1

ailui+l(·)→ u(·) in L2(J,V ).

Then, there is a subsequence of {φl}, denoted by {φl} again, such that φl(t)→ u(t) in V, a.e.
t ∈ J. Hence, from (4.4) and (4.6), for l large enough, φl(t) ∈ coU(ow), a.e. t ∈ J. Thus, for any
ow ∈ Ow(t,x(t)), u(t) ∈ coU(ow), a.e. t ∈ J. By H(U)(ii), we have u(t) ∈U(t,x(t)), a.e. t ∈ J.
Therefore, (x,u) is a feasible pair in J. The proof is complete. �

Next, we consider an optimal control problem stated as follows.

Problem (Ψ): find a pair (x0,u0) ∈ XJ such that

Ψ(x0,u0)≤Ψ(x,u), ∀(x,u) ∈ XJ,

where Ψ(x,u) =
∫ b

0
ϕ(t,x(t),u(t))dt.

We make the following assumptions on ϕ :
(ϕ1) the functional ϕ : J×X×V → R

⋃
{±∞} is Borel measurable in (t,x,u);

(ϕ2) ϕ(t, ·, ·) is weakly lower semicontinuous on X ×V for a.e.t ∈ J and there exists a con-
stant M1 > 0 such that

ϕ(t,x,u)≥−M1, (t,x,u) ∈ J×X×V.

For any (t,x) ∈ J×X , we set

ε(t,x) = {(z0,z1) ∈ R×V |z0 ≥ ϕ(t,x,z1), z1 ∈U(t,x)}.

In order to obtain the existence result of optimal state-control pairs for Problem (Ψ), we also
need the assumption:

(Hε) : for a.e. t ∈ J, the map ε(t, ·) : X →P(R×X×V ) is such that⋂
ow∈Ow(t,x)

coε(t,ow) = ε(t,x), ∀x ∈ X .

Theorem 4.2. Assume that all the assumptions of H(F), H(U), (ϕ), and (Hε ) are satisfied.
Then Problem (Ψ) admits at least one optimal state-control pair.

Proof. We only need to assume that inf{Ψ(x,u)|(x,u) ∈ XJ} = m < ∞. By (ϕ2), we have
Ψ(x,u) ≥ m ≥ −M1b > −∞. Then there exists a subsequence {(xn,un)}n≥1 ⊂ XJ such that
Ψ(xn,un)→ m. From the proof of Theorem 4.1, we obtain that xn ⇀ x in C(J,X), and

un ⇀ u in L2(J,V ), fn ⇀ f in L2(J,X∗) with fn(t) ∈ ∂F(t,xn(t)) a.e. t ∈ J.

where

x(t) =C(t,0)x0 +S(t,0)y0 +
∫ t

0
S(t,s)[ f (s)+Bu(s)]ds, f ∈ ∂F(t,x), t ∈ J.
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Then, by Mazur Theorem again, there exist bil ≥ 0 and
ml
∑

i=1
bil = 1 such that

φl(·) =
ml

∑
i=1

bilui+l(·)→ u(·) in L2(J,V ).

Furthermore, there exist qkl ≥ 0 with
nl
∑

k=1
qkl = 1 such that

ψl(·) =
nl

∑
k=1

qklϕ(·,xk+l(·),uk+l(·)),

ϕ(t) = liml→+∞ψl(t)≥−M1, a.e.t ∈ J.

For any ow ∈ Ow(t,x) and l large enough, from (ϕ2) we have (ψl(t),φl(t)) ∈ coε(t,ow), a.e.
t ∈ J. Then (ϕ(t),u(t)) ∈ coε(t,ow), a.e. t ∈ J. From (Hε ), we have (ϕ(t),u(t)) ∈ ε(t,x(t)),
a.e.t ∈ J. That means, {

ϕ(t)≥ ϕ(t,x(t),u(t)), t ∈ J,
u(t) ∈U(t,x(t)), t ∈ J.

Since f ∈ ∂F(t,x), then (x,u) ∈ XJ. By Fatou’s Lemma, we obtain

∫ b

0
ϕ(t)dt =

∫ b

0
liml→+∞ψl(t)dt ≤ liml→+∞

∫ b

0
ψl(t)dt

= liml→+∞

∫ b

0

nl

∑
k≥1

qklϕ(t,xk+l(t),uk+l(t))dt

= liml→+∞

nl

∑
k≥1

qkl

∫ b

0
ϕ(t,xk+l(t),uk+l(t))dt

= liml→+∞

nl

∑
k≥1

qklΨ(xk+l,uk+l)

= m

Therefore, m≤ ϕ(x,u) =
∫ b

0 ϕ(t,x(t),u(t))dt ≤ m, i.e.,∫ b

0
ϕ(t,x(t),u(t))dt = m = inf

(x,u)∈XJ
Ψ(x,u).

Thus, (x,u) is an optimal state-control pair. The proof is complete. �

5. AN APPLICATION

In this section we provide an example. We consider

A(t) = A+ Ã(t),

where A is the infinitesimal generator of a cosine function C(t) with associated sine function
S(t), and Ã(t) : D(Ã(t))→ X is a closed linear operator with D ⊆ D(Ã(t)),∀t ∈ J. We take
the space X = L2(T,C), where the group T is defined as the quotient R/2πZ, and we denote
by L2(T,C) the space of 2π periodic 2-integrable functions from R to C. Also, we use the
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identification between functions on T and 2π periodic functions on R. Furthermore, H2(T,C)
denotes the Sobolev space of 2π periodic from R to C such that x′′ ∈ L2(T,C).

We consider the operator: A : D(A)⊂ X → X defined by Ax(t) = x′′(t) with domain D(A) =
H2(T,C), Then, A can be written as

Ax =−
∞

∑
n=1

n2〈x,wn〉wn, x ∈ D(A),

where wn(t) = 1√
2π

eint(n ∈ Z) is an orthonormal basis of X . It is well known that A is the
infinitesimal generator of a strongly continuous cosine function C(t) on X . The cosine function
C(t) is given by

C(t)x =−
∞

∑
n=1

cos(nt)〈x,wn〉wn, t ∈ R,

with associated sine function

S(t)x =−
∞

∑
n=1

sin(nt)
n
〈x,wn〉wn, t ∈ R,

It is clear that ‖C(t)‖ ≤ 1 for all t ∈ R, so it is uniformly bounded on R.
Consider the following second-order Cauchy problem:



∂ 2

∂ t2 x(t,y) ∈ ∂ 2

∂y2 x(t,y)+b(t)
∂

∂ t
x(t,y)+µ(t,y)+Q(t,x(t,y)), t ∈ J = [0,b],y ∈ [0,π],

u(t) ∈U(t,x(t,y)), a.e.t ∈ J = [0,b],y ∈ [0,π],

x(t,0) = x(t,π) = 0, t ∈ J = [0,b],

x(0,y) = x0(y),
∂

∂ t
x(0,y) = x1(y), y ∈ [0,π],

(5.1)
where b : R → R is continuous, and U : [0,b]× X → P(V ). Now let t > 0 and fix λ =
sup0≤t≤b|b(t)|. Here x(t,y) represents the temperature at the point y ∈ [0,π] and t ∈ J = [0,b].
It is supposed that Q = F1 +F2, where F2 is given, and F1 is a known function of the tem-
perature of the form

−F1 ∈ ∂F(t,x(t,y)), (t,y) ∈ J× [0,π],

where F = F(t,x(t,y)) is a locally Lipschitz energy function that is generally nonsmooth and
nonconvex, and ∂F denotes the generalized Clarke’s gradient in the third variable ψ ([21]).
The simple example of a function F , which satisfies hypothesis H(F) is F(ψ) = min{H1(ψ),
H2(ψ)}, where Hi : R→ R(i = 1,2) are convex quadratic functions ([36]).

Now we take Ã(t)x(y) = b(t)x′(y) defined on H1(T,C). It is easy to see that A(t) = A+ Ã(t)
is a closed linear operator. Initially, we will show that A+ Ã(t) generates an evolution operator.
It is well known that the solution of the scalar initial value problem

p′′(t) =−n2 p(t)+q(t),

p(s) = 0, p′(s) = p1,
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is given by

p(t) =
p1

n
sinn(t− s)+

1
n

∫ t

s
sinn(t−σ)q(σ)dσ .

Therefore, the solution of the scalar initial value problem

p′′(t) =−n2 p(t)+ inb(t)p(t), (5.2)

p(s) = 0, p′(s) = p1, (5.3)

satisfies the following equation

p(t) =
p1

n
sinn(t− s)+ i

∫ t

s
sinn(t−σ)b(σ)p(σ)dσ .

Applying the Gronwall-Bellman lemma, we can see that

|p(t)| ≤ |p1|
n

ec(t−s) (5.4)

for s≤ t and c is a constant. We denote by pn(t,s) the solution of (5.2)-(5.3). We define

S(t,s)y =
∞

∑
n=1

pn(t,s)〈y,wn〉wn.

It follows from the estimate (5.4) that S(t,s) : X→X is well defined and satisfies the condition of
Definition 2.2. We set x(t) = x(t, ·), that is, x(t)(y) = x(t,y), t ∈ J,y ∈ [0,π], and u(t) = µ(t, ·),
where µ : J × [0,π]→ [0,π] is continuous. Then let us define the bounded linear operator
B : V → X by

Bu(t)(y) = µ(t,y), t ∈ J ,y ∈ [0,π].

Assume these functions satisfy the requirement of the hypotheses. From the above choices of
the functions and evolution operator A(t) with B, system (5.1) can be formulated as system (1.2)
in X . Also, all the hypotheses of Theorem 3.1 are satisfied, we know that system (1.1) has a
mild solution on J. So, combining the necessary conditions, Theorem 4.1 and Theorem 4.2 can
be applied to problem (5.1).
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