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Abstract. In many real world problems, the simultaneous minimization of many certain goals is needed.
Such problems lead to vector optimization problems with variable domination structure, where the domi-
nation structure is given by a set-valued map. In this framework, one of the most important solution con-
cepts is the concept of nondominated points. In this paper, we propose a steepest descent-like method for
computing nondominated solutions of smooth unconstrained vector optimization problems with variable
domination structure. We obtain that every accumulation point of the generated sequence satisfies a first
order necessary condition. We discuss the consequence of this fact in the convex case.

Keywords. Nondominated solution; Steepest descent-like method; Vector optimization with variable
domination structures.

1. INTRODUCTION

Nowadays vector optimization models do not provide good solutions to certain new eco-
nomical and medical applications. A fixed comparison cone may provide solutions which are
mathematically correct but meaningless from the viewpoint of applications. A classical exam-
ple appears in the process of establishing the diagnosis of the diseases using information from
images. The idea is to transform the collected data with the help of a function 7' and, depending
on its values, the diagnosis is done. Given the original data A, the desired pattern B and the
set of transformations .7, the problem is to find the best transformation. To this aim, m dif-
ferent distance measures are considered and the goal is to find the transformation 7' € .7 that
minimizes them. The model can be described as:

minF (T,A,B), st. T € T (1.1)

where F': R" — R describes the measuring criteria.

The solution of Problem (1.1) via classical weighting technique leads to wrong results. In-
deed, solutions with large values at some objectives functions are obtained. However, if the set
of weights depends on the point 7', better results are reported; see [1]. This can be re-interpreted
in terms of finding a point 7™ such that F(T*,A,B) ¢ F(T,A,B) — [K(F(T,A,B)) \ {0}]. Here
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K(F(T,A,B)) denotes the dual cone of the feasible weights at point 7. So, the ordering in the
space R™ is variable.

In general, the variable domination structure in R is given by the set-valued map K : R" =
R™, where K(y) is a pointed, convex, and closed cone, for all y € R™. We consider the following
vector optimization problem with variable domination structure given by the map K and the
objective function F : R” — R in our paper:

K —minF (x). (VVOP)

The concept of domination structures was established by Yu in [2, 3], where the sets K(y)
are assumed to be cones. Yu considered a domination structure as a family of cones K(y),
while Engau [4] defined it as a set-valued map. Furthermore, Bergstresser, Charnes, and Yu
[5] implemented domination factors in a finite-dimensional framework with convex domination
sets.

We now define two binary relations in R” with respect to the choice of domination sets,
in contrast to vector optimization with a fixed ordering cone. These binary relations will be
employed in the formulation of the solution concepts for (VVOP).

Definition 1.1 (binary relations). Given a domination structure K : R”™ = R", and given vec-
tors y,v € R™, we introduce the following binary relations:

(i) The nondomination-like binary relation denoted by <y;, g is defined by
v<nLk Y= VvEYy—K(y).
(i) The nondomination binary relation denoted by <y g is defined by
v<nkyiE=yev+K(v).
In the following, we use the notions dom F := {x € R" | F(x) # 0} and F (M) := Uyen F (x),
M CR",

Definition 1.2. (nondominated and nondominated-like solutions with respect to domina-
tion structures). Let F : R” — R be a vector-valued function and let K : R” = R™ be a
domination structure in the image space R™. Given x* € dom F', we say that:

(i) x* is a K-nondominated-like solution of F' with respect to K if
Vx € domF, F(x) # F(x*) = F(x) €nr.x F(x"),
which is equivalent to the condition
FR") N (F(x*) - K(F(x"))) = {F(x")}.
(ii) x* is a K-nondominated solution of F with respect to K if
Vx € domF, F(x) # F(x") = F(x) €y x F(x").
The set of all nondominated solutions of Problem (VVOP) is denoted by S*.

Remark 1.1. Note that for a K-nondominated solution x* of (VVOP), we have (see Definition
1.2(ii))

forallx e R": F(x*)—F(x) ¢ K(F(x))\{0}.
This means that for a K-nondominated solution x*, we have F(x*) is not larger than F(x) with
respect to the order given by K(F(x)).
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Although the concept of K-nondominated-like solutions, i.e., x* : F(x) — F(x*) ¢ K(F(x*))\
{0} (see Definition 1.2(i)), is complex, practical problems where the need of computing non-
dominated points arise.

We have already presented the practical application in medical diagnosis [1]. Other important
applications of optimization problems with variable domination structure appear in economics,
portfolio optimization, ecology, radiotherapy treatment in medicine, environmental and behav-
ioral sciences, and location theory; see, e.g., [4, 6].

Iterative methods, such as steepest descent algorithm, proximal points, weighting techniques,
Newton-like, and sub-gradient methods for classical vector optimization models were defined
and studied in [7, 8, 9, 10, 11, 12, 13, 14]. In [15, 16, 17, 18, 19], these approaches were ex-
tended to vector optimization problems with variable domination structures where the solution
concept is the concept of K-nondominated-like solutions; see Definition 1.2(1). However, the
concept of a nondominated solution x* (Definition 1.2(ii)) is more complex because the domina-
tion set K(F (x)) is a set associated with another element x and F (x*) — F(x) shall not belong to
K(F(x))\ {0} whereas a K-nondominated-like solution x* is an element which is not dominated
by another element x with respect to the associated set K(F (x*)) at the K-nondominated-like
solution x*.

In order to have a structure of the set-valued domination map K, we assume that, for y € R,
K (y) is a Bishop-Phelps (BP) cone, that is,

K(y):={zeR" : ||lz| <1(»)"2}, (1.2)

where [ : R™ — R™ is a continuous function. It is well known that the Bishop-Phelps cone is a
pointed, closed, convex cone with nonempty interior if ||/||* > 1, where || - ||* denotes the norm
in the space of continuous functions / : R” — R,

Due to its simplicity and the adaptability to the structure of the vector optimization prob-
lem, in this work, we present a steepest descent-like algorithm for solving vector optimization
problems with variable domination structure given by BP-cones. We obtain the properties of
the limit points of the sequence generated by the proposed algorithm. Then, under a convex
like hypothesis, we guarantee that the sequence is bounded and all its accumulation points are
solutions of (VVOP).

The paper is organized as follows: After some preliminary results, we extend the concept of
convexity of a function to the variable domination case and obtain some properties of this class
of functions. Section 4 is devoted to the presentation of the algorithm and the continuity of the
involved operators. Finally, the convergence of the steepest descent method is demonstrated in
Section 5.

2. PRELIMINARIES

In this section, we present some previous results and definitions. We begin with some nota-
tions.

The inner product is denoted by (-,-) and the norm is denoted by || - ||. The ball centered at x
with radius 7 is B(x,r) = {y : |[y — x|| < r}. Given two sets A and B, we consider dist(A,B) as
the Hausdorff distance, i.e.,

dist(A, B) = max { sup inf d(a,b), sup inf d(a,b) } :

acA beB beEB acA
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bd(A) denotes the boundary of the set A and A€, its complement.

As we have already mentioned, we assume that the domination structure is given by the set-
valued map K : R" = R™, K(y) = {z€ R™: ||z|| < I(y)Tz}, where [ : R" — R™ is a continuous
function. This means that K(y) is a Bishop-Phelps (BP) cone; see (1.2). So, the domination
structure is defined by the functional /. Recall that the norm is the same for all y. As K(y) is a
convex, closed, pointed cone such that int(K(y)) # 0 (see [20]), we will assume ||/||* > 1.

Proposition 2.1. Consider the BP-cone given by (1.2) and suppose that ||l||* > 1. Then, K(y) is
a convex, closed, pointed set, and int(K(y)) # @ for all y € R™. Furthermore, if | is continuous,
then K is B-lsc.

Proof. In [20], it was shown that K(y) is a convex, closed, pointed set, and int(K(y)) # @ for
all y € R™. For the second assertion, take y* € R, k € K(y*), € >0, and B(k,€). As intK # &,
we take k¥ € int(K(y*)). Recalling that K(y) is convex for all y € R™ and ||| < I(y*)Tk,
we obtain, for a < &, k+ a(k® — k) € int(K(y*) N B(k, €). Because of ||I||* > 1, we conclude
|k + a(k® — k)| < 1(y*)T [k + o(k® — k)]. Since [ is continuous, we have ||k + a(k® —k)|| <
1(y)T [k+ ot (k® — k)] for y close enough to y*. O

For each y € R™, the dual cone of K(y) is defined as K*(y) = {y* € R" : (y*,z) > 0, for
all z € K(y)}. As usual, the graph of a set-valued application K is the set Gr(K) = {(y,z) €
R™ x R™: z € K(y)}. We recall that the mapping K is closed if Gr(K) is a closed subset of
R™ x R™.

As in the case of classical vector optimization, related solution concepts such as weakly
efficient and stationary points can be extended. We introduce the weak solution concept corre-
sponding to nondominated solutions in Definition 1.2(ii).

Definition 2.1. The point x* is a weakly nondominated solution of Problem (VVOP) if
forall xe R": F(x)—F(x*) ¢ —int(K(F(x))).
S" denotes the set of all weakly nondominated solutions.

We point out that this definition corresponds with the concept of weakly nondominated points
given in [21].

On the other hand, if F' is a continuously differentiable function, we introduce the following
concept of stationary points.

Definition 2.2. Suppose that F' is a continuously differentiable function. The point x* is sta-
tionary if

Yy e R™: V(F(x*))Tyn—int(K(F(x*))) = 0.
S denotes the set of all stationary points.

A necessary condition for weakly nondominated solutions of (VVOP) in the sense of Defini-
tion 2.1 is given as follows.

Proposition 2.2. Let x* be a weakly nondominated solution of Problem (VVOP) in the sense of
Definition 2.1. If F is a continuously differentiable function, and K is given by the functional |
and a norm || - || (see (1.2)), then there exists

Yy eK(F()) ={yeR" : [[y—I(F(&))[l <1}

such that VF (x*)Ty* = 0. In particular, x* is a stationary point.
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Proof. Consider the weakly nondominated solution of (VVOP). From [22, Theorem 7.10], we
have that there exists y* € K*(F(x*)) with VF(x*)Ty* = 0. Furthermore, from [22, Lemma
1.16], we obtain

K*(F(x")) ={yeR" : [ly=I(F(x")) [ < 1}.
In order to show that x* is a stationary point, we argue by contradiction. We suppose that there
is d € R™ with VF(x*)d € —int(K(F(x*))), i.e., x* is not a stationary point. Then, we have
y*VF (x)d < 0 for y* € K*(F(x*)), which a contradiction to VF (x*)Ty* = 0. O

Next, we deal with the so-called quasi-Fejér convergence and its properties.

Definition 2.3. Let S be a nonempty subset of R”. A sequence {z*} is said to be quasi-Fejér
convergent to S if and only if, for all x € S, there exists k and a summable sequence {&;} C R
such that ||ZF1 —x||? < ||* — x||*> + & for all k > k.

This definition originates in [23] and was further elaborated in [24]. A useful result on the
quasi-Fejér sequences is the following.

Theorem 2.1. If {z*} is quasi-Fejér convergent to S, then
i) the sequence {7} is bounded;
ii) if a cluster point of the sequence {z*} belongs to S, then the whole sequence {Z*} con-
verges.

Proof. See [23, Lemma6] and [25, Theorem 1]. L]

3. A STEEPEST DESCENT-LIKE METHOD

This section is devoted to a steepest descent-like algorithm for solving unconstrained smooth
vector optimization problems with variable domination structure. Some definitions, the algo-
rithm, and some basic properties of the involved functions are given in this section.

Our algorithm makes use of the set-valued mapping G : R”™ = R, which defines, for each
y € R™, the set of the normalized generators of K*(y), i.e., G(y) € K*(y) Nbd(B(0,1)) is a
compact set such that the cone generated by its convex hull is K*(y).

Although K*(y) Nbd (B(0,1)) fulfills those properties, it is possible to take smaller sets in
general; see [26, 27, 28].

On the other hand, we consider the function ¢ : R"” x R” — R defined by

¢ (x,y) = [ly" VF(x)|?,
and for each x € R”, the auxiliary problem

min {9(x,y)}. (P*)
YEG(F ()

We denote the set of integers by Z and the set of nonnegative integers by Z,. For fixed
constants ¢ € (0,1), 6 > 0, and B, > 6 > O for all k, the algorithm is defined as follows.
Algorithm A for generating stationary points of problem (VVOP):

Initialization: Take x° € R” and fy.

Iterative step: Given x* and B, compute a solution y* of (P").
If VF (xX)Ty* = 0, then stop. Otherwise compute a solution v* of the problem
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inf 1[F(H)|VF () v [ VF () v+ v]3/2 3.1)
and
j(k) := min { JEZo: F() + 02 IVF (v — F(&f 4 270k) e K(F(xk—i—Z*jvk))} . (3.2)
Set
ok
with y, = 2=/,

Note that the stopping criteria is given by the necessary condition involved in Proposition
2.2. Furthermore, the iterative step is well defined. First, note that problem (3.1) is convex, so
there are algorithms to solve it. The next proposition shows important properties of generated
solutions V¥ in (3.1).

Proposition 3.1. If VF (xX)y* £ 0, then there exists v’(‘) such that
I(F(X)VE )TV 4 |[VF ()T < 0.
Moreover, V¢ = 0 is unique and

vierﬁ{nl(F(xk))VF(xk)Tv+ IVE ()| +||v]|*/2 < 0.

Proof. Take the set
C:={ueR" : u=VFTI(F*)+VFx)Te:ecB(0,1)}).

C is a convex set and by the hypothesis, it does not contain 0. So, we can strongly separate C
from 0. This means that there exists v: vy < &€ <0 for all y € C. W.lLo.g., we take ||v|| = 1.
Then, for e = 0, v VF (x*)T1(F (x*)) < 0. Thus VF (x)Tv # 0 and in particular v # 0. Since the
objective function of (3.1) is a strong convex function and its limit is +oo when ||v|| — oo, the
existence and the uniqueness of the solution is clear.

Now, we take e := VF (x*)v/||VF (x*)v||. Observe that

VIVEOOTIF () +vT VE () TVF (R /|| VE (5|
= VIVFONTI(F(5) 4 |[VF (5T <0
Thus v € int(—K (F(x¥))). Taking o > 0 small enough, we have
a(VIVF ()T 1(F(R) 4 [|[VF (F)v)) + o ||v]|?/2 < 0.
But ¥ solves (PX) and o is a feasible point. So,
()T VE)TIE () + | VF A+ )12 /2
< a(VIVFONTI(F () +||[VF (5 )|) + o2 |v]|?/2 < 0.
O

As a consequence, we obtain VF (x*)vk € int(—K(F(x*))). With respect to the existence of
Jj(k), the next proposition guarantees it.

Proposition 3.2. j(k) is finite.



STEEPEST DESCENT METHOD FOR VARIABLE DOMINATION STRUCTURES 611

Proof. As VF (xX*)vk € int(—K(F(x¥))), that is, I(F (x*))VF (x*)v* + | VF (x*)v¥|| < 0. By con-
tinuity arguments, we obtain, for x close to xX, I(F (x))VF (x*)vk + || VF (x*)v¥|| < 0. Therefore,
VF (X)W € int(—K(F (x))). (3.3)

On the other hand, F (x* + avf) — F(x) — caVF (xX*)v¢ = (1 — 6)aVF (¥*)vf +o(a). As (1 —
o)VF (xXF)vk € int(—K(F (x*))), by Proposition 2.1 and [19, Lemma 3.8], for o small enough,

(1—0)VF (WK € int(—K(F (" + avh))).

As a consequence, (1 — 0)aVF (x¥*)V* +o(a) € int(K(F (x* + av*))). The desired result fol-
lows. 0J

Proposition 3.3. [fx € R" and fix B > 0, then ||v(x*)|| < 2||{(F (x*))VF (xX)|| + || VF (xX) .
Proof. Taking into account Proposition 3.1, it holds that I(F (x¥))VF (xX)v* + ||VF (x*)vk|| +
[v¥||>/2 < 0. Thus
V17 /2 < —1(F () VE (W~ [ VE DA
< [ UFE @DV I+ [IVE [V
and [[V]] < 2[[1(F (<)) VE () || + [V (H)]]. [

After discussing the continuity of the involved functions, we now present the convergence
results.

4. CONVERGENCE OF THE METHOD: GENERAL CASE

In this section, we investigate the convergence of Algorithm A, presented in the previous
section. First, we consider the general case and then the result is refined for K-convex functions.
From now on, {x*} will denote the sequence generated by Algorithm A. We begin with the
following lemma, where we are dealing with a Daniell cone 7.

Definition 4.1. Let .2~ C R™ be a proper convex cone. .# is called Daniell if every .7 -
increasing and % -upper bounded sequence from R” has a supremum to which it converges.

Furthermore, in the following lemma, we are dealing with the set-valued map G : R —= R"
(the set of the normalized generators of K*(F(x))), where G(F(x)) C K*(F(x)) Nbd (B(0,1))
is a compact set such that the cone generated by its convex hull is K*(F (x)) (see Section 3).

Lemma 4.1. Assume that

(1) UxernK(F(x)) C ', where # C R™ is a Daniell cone.
(ii) The set-valued map G : R™ = R™ is closed.
(iii) There exists L > 0 such that dist(G(F (x)),G(F (x))) < L||x — || for all x,x € R".

If x* is an accumulation point of {x*}, then limy_,.. F (x*) = F (x*).

Proof. Take limy_,.,x** = x*, where {x*} is a subsequence of {x*}. By its definition, it holds
that F (x**1) — F(x*) — o VF (X*)vk € —K(F (x**1)). By (3.3), this means that

F( ) — F (&b € —int(K(F(*T1))). (4.1)

As U,crnK(F(x)) C 2, it holds that, for all x, int(K (F (x))) C int(.#). Thus F (x*) — F(x**1) €
int(.#"). Equivalently, F(x*) is a decreasing sequence with respect to the cone .#". As F is a



612 G.B. ALLENDE, C. TAMMER

continuous function, limy_.. F (x*) = F(x*). In particular, F(x*) is an accumulation point, so
¢ is a Daniell cone; see [29, 30]. It follows that limy_,.. F (xX) = F(x*). O

Theorem 4.1. Suppose that

(i) UxernK(F (x)) C ', where £ is a Daniell cone,
(ii) I(y) is continuous,
(iii) dist(G(F(x)),G(F(%))) < L||x—X||, for all x,% € R",
(iv) VF(x) is a locally Lipschitz function.

If | I(F(xX*)VF ()| 4 [[VF(xX)|| is bounded, then each accumulation point x* of {x} is a
stationary point of Problem (VVOP).

Proof. 1tis clear that, for all a,b € R™,
UF () (a+b) + lla+bl < UF @) a+|lall +1(F ()b +||b]).
By (3.2), one has
U(F (M) F () = FOM) + onVE ()] + || F () = F () + on VE (F)v(x) | = 0.
In particular,
L(FI)FOR) = F O]+ | F ) = FEED |+ 1(F M) [onVF (6)v()]
+[[onVF ()|
> [(F () [F () = F () 4+ onVE ()] + || F () = F) + o nVE (F)v(x) |
> 0.

Thus
IFENFOE) = FEE] + [P () = FEE||

> —OR[(F () VF () + [ VF () ).
Consider the subsequence {x*} — x*, where x* is an accumulation point, the corresponding
direction {v'}, vk := v(x*) and step size yik :=277/%)_ Then,

Jim [(F () [F (%) = F ) + || F () = F D] =0,
due to the facts that [ is a continuous function and F(x*) is a convergent sequence by Lemma
4.1. Therefore, combining the two previous conditions, we have
0> lim—oY [Z(F(xik+1))VF(xik)v(xik) + ][VF(xik)v(xik)]\] :
It follows from (4.1) that
VF (x*)v(x'*) € int(—K(F (x*1))).
So,
[(F (xX* T )VF (x%)v(xk) 4 || VF (x*)v(x)|| < 0.
These facts imply that
0> —o lim y, [[(F (x* 1))V (x)v(x'%) + || VF (x*)v(x'%)||] > 0.

Hence, . , , ) .
lim [L(F (xX* T VF (X ) v(x'*) 4 | VF (x v () ||| =
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As % € (0,1) for all k, limsup,_,., %, > 0. Since x’* is bounded, / € C°, and F € C!,
2| L(F (x* 1)) VF (x’*)|| + || VF (x**)|| is bounded.

By Proposition 3.3, ||v|| is also bounded. As x* converges and

et = = [l < I < (v,
we can assume that x**! is bounded. Without loss of generality, suppose that, for the subse-
quence {i}, {x’}, {xF1} {vi}, and {y;, } converge to x*, x**1, v*, and to y* = limsup;_,. %,
respectively. We will consider two cases y* > 0 and y* = 0.

Case 1: y* > 0. Hence, limy_,o.[(F (x**1))VF (x)v(xi*) + || VF (x*)v(x’*)|| = 0. By conti-

nuity arguments and the facts that [, F are continuous and x*, v, x’s ™1 converge, it holds that:

I(F(x*™D))VF (x*)v* + ||[VF (x*)v*|| = 0. (4.2)
But, as F(x*) and F(x**!) are accumulations points of F(x*) and it is a convergent sequence,
F(x*) = F(x*1). So,

UF(x") = 1(F(x™1)), (4.3)
and we can rewrite (4.2) as [(F (x*))VF (x*)v* + ||VF (x*)v*|| = 0. But, v = 0 is also a feasible
solution of problem (3.1) for x*. As v(x*) solves it,

0> [(F(x"))VE (" )v(x") + | VF (& W(a) | + v (") 2/2 = [v(x)]*/2 = 0.
Therefore,
U(F (x")VE (<" )o(x*) + [ VE (") () |+ ([ () 2/2 = [Iv () 2 /2 = 0.

So, v* = 0. Moreover, by Proposition 3.1, x* is a stationary point.

Case 2: y* =0.
Using the previously defined convergent sub-sequences {x*}, {x**1} {B; }, {v*}, and {y,},
we have that

[(F (D)) VE ()i [ VF (k|| < I(F (D) VE (v [VE (v (| 4 ]2 /2

<0.

Taking limits, it follows

L(F (TD)VE () 4 [[VE ()| < LF (D) VE (7 )v* + ([ VE ()| + v 2 /2

<0.

Combining this with (4.3), we have

I[(F(x*))VF (x*)v* +||VF (x*)v*|| < 0. (4.4)
Fix g € N. Then, for k large enough,
OV F (x'*)vik

F(x* 4 2790%) ¢ F(x'*) + T

— K(F (x'* 4 27%)),

It follows that
' ] ' ; - OV F (xik)yik
1 270 [ 27000 — - OV
OV F (x'*)vik

4 [|F (x* 4 279) — F (xi*) — >

| > 0.
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Taking limits as k tends to +oo and recalling that /, F and VF are continuous functions, we
obtain

[(F(x*+270%)) {F(x* Fay) - F(x) - TV 2(;‘*”*}

O VF (x*)v*

24 > 0.

FFGr 270 — F(x) —

Multiplying by 29, we have
F(x*+279%") — F(x*)

2-9
H F(x*4+279%") — F(x*)

I(F(x* +27%%)) { - GVF(X*)V*]

—oVF(x")v*|| > 0.

2—49
Taking limits as g tends to +oo, we obtain
HF(x*)[(1=0)VFx* W]+||(1—0o)VF(x")v*| > 0.
Dividing by (1 — o) > 0 and using (4.4), we get
0> I(F(x")) [VF(x* V|4 [[VF (x*)v*|| > 0.

Again, as v = 0 is also a feasible solution of problem (3.1) for x* and v* solves it:
U(F () VE W+ [ VE @V + [[v¥]12/2 = [v¥]2/2 < 0.
So, v =0x* € S°. O

This result needs the existence of an accumulation point. The convergence of the sequence
generated by the algorithm is only possible under stronger assumptions. Now, based on quasi-
Féjer theory, we prove the convergence of the sequence in the convex case.

For guaranteeing the convergence of Algorithm A, we need to consider

b= .
* AECEVECOTH IVEGAT

where oy > 0, Y77, oc,f < oo and redefine problem (3.1) as the problem to find a solution v¥ of

inf B |1(F () VF () + HVF(xk)vH] +Iv]2/2. 4.5)

This is only a technicality. So, we only included here to avoid complicated notations in the
proofs of the results presented above. We want to point out that the convergence results are
also valid if this parameter is added. We begin with a result that provides an upper bound of
[k + 1 — xK||2 — ||k — x||%. Here, we suppose that F is a K-convex function in the following
sense:

Definition 4.2. Let F : R” — R™ be a vector-valued function, and let K : R™ = R"™. The
function F is K-convex if, for all A € [0,1] and x!,x* € R, it holds that

F(Ax'4+ (1 =2)x*) € AF(x) 4+ (1 = M)F () —K(F(Ax' + (1= 2)x?)).
Lemma 4.2. Take x € R". If F is a K-convex function and K is a closed map, then
[T = = [ =2 < 2% 1 (F () + 2T ][F (x) = F ()] + o
for some z with ||z||* < 1 and T VF (x*)v = | VF (xX)v]|.



STEEPEST DESCENT METHOD FOR VARIABLE DOMINATION STRUCTURES 615

Proof. First note that
[T =l — [l = 2 = 231 5o =)+ IV (4.6)
but V¥ is a solution of (4.5). As already mentioned in Section 3, the problem in (4.5) is con-
vex. So, 0 = vl +I(F(x*))VF(x*) 4+ I VF (x*) for some z with ||z||* < 1 and 7' VF (x*)v =
|VF (xX)v]||. This together with (4.6) yields
[T =P = [ =] = 20 [ (F (6)) + 2T [VF (&) (5 =) + 1412 (4.7)

From Proposition 2.2, [[(F(x*)) +z7] € K*(F(x)). As F is a K-convex function, it follows
from [15, Proposition 3.4] that F (x) — F (x*) — VF (x*)(x — x*) € K(F (x*)). Moreover,

HEE) +2T] (Fx) — F()) 2 2501 (F () 4+ VF () (- ).
Combining the previous inequality with (4.7) and taking into account that 0 < y, < 1, we have
T =P = [ =2 < 2%l (F () +2T)[F (o) = FOOT+ IV @.8)
On the other hand, by the same arguments as in Proposition 3.3,
IV < 2Bl (F () VE () || + | VF (o) [ ot
Combining (4.8) and the previous inequality, it follows that
[ =2 = [ = xl[? < 2% 1(F (&) + 2T ] [F (%) = F ()] + o
0J

Now, we prove the convergence of Algorithm A for K-convex functions. First, we define the
set
T:={xecR": Vk: F(*) —F(x)eK(Fx)}.
We assume that 7' # (. This hypothesis is closely related with the completeness of F(R”"), and
as reported in [28], the completeness of F(R") ensures the existence of efficient points. That
is why T # 0 is assumed for proving the convergence of several methods for solving classical
vector optimization problems; see, e.g., [10, 12, 31, 32, 33, 34].

Theorem 4.2. Let F be a K-convex function and T # (0. Assume that
(1) UyernK (F (x)) C ', where X is a Daniell cone,
(ii) The mapping G(F (x)) is closed,
(iil) dist(G(F(x)),G(F(%))) < L|jx—Z%||, for all x,% € R",
(iv) VF(x) is a locally Lipschitz function.
Then, there exists x* such that limk_mxik = x*. Moreover, all accumulation points of {xk} are
stationary points of Problem (VVOP).

Proof. By Lemma 4.2, we obtain

e M2 — [ = < 2p 1 (F (o)) + T [F () = F(65)] + o
where z € R” with ||z|| < 1 and 77 VF (x*)v = ||VF (x*)v||. Since x € T, it follows that [F (x*) —
F(x)] € K(F(x*)) and 2% [I(F (xX)) 4+ zT|[F (x) — F (x*)] < 0. Thus [|x¥+1 — xK||2 — |2k — x> <
y,foc,g. As o <1land )} , Oc,g < oo, {xX} is a quasi- Féjer sequence with respect to T, and, by
Theorem 2.1(1), x* is bounded. So, it has an accumulation point, which is denoted as x*. Finally,
x* is a stationary point by Theorem 4.1. U
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Remark 4.1. In order to prove the convergence of the whole sequence using Theorem 2.1 (ii),
we need to show that there exists an accumulation point x* of {x*} such that x* € T. The main
difficulty is that, due to the variability of the cones, we can only guarantee F(x*) — F(x) €
bd(K(F(x*))) for all x € T. However, in vector optimization, the main goal is to reconstruct the
set of solutions. So, in the case that the sequence {x*} has different accumulation points, a clus-
tering technique such as K-means (see [35]) can be used to identify the different accumulation
points.

5. ILLUSTRATIVE EXAMPLES

At the end of this article, we illustrate our results by employing Algorithm A (see Section 3)
in two examples. In all cases, we considered 10 randomly generated, feasible points as initial
solutions. The algorithm was implemented in MatLab R2012 and ran at a Intel(R) Atom(TM)
CPU N270 at 1.6GHz.

Example 5.1. Compute K-nondominated solutions of F(x) = (x+ 1,x*> 4+ 1)7 with respect to K
s.t. x€[0,1], where K(y) = {z€ R?: ||z]» < y121}, y € R%.

Although the problem has a constraint, the algorithm can be easily adapted. We only need
to take the set of feasible directions in point x* as the set of feasible solutions of problem (3.1).
The results were

[Instances | 1 | 2 [ 3 [ 4 [ 5 | 6 [ 7 [ 8 [ 9 [ 10 |
Initial 02581 [ 0.4087 [ 0.5949 [ 0.2622 [ 0.6028 [ 0.7112 | 0.2217 [ 0.1174 | 0.2967 | 0.3188
Point

Solution 0.8143 | 0.8065 | 0.8120 | 0.8144 | 0.8121 | 0.8145 | 0.8140 | 0.8131 | 0.8145 | 0.8147

CPUTime | 1.7188 | 0.7500 | 0.7813 | 0.6875 | 0.3594 | 0.3750 | 0.7500 | 0.7344 | 0.6250 | 0.5781

N°. 3 2 2 3 2 2 3 3 3 3
Iterations

We point out here that all the computed solutions are nondominated points. Although the
number of iterations is small, the CPU times are larger due to the optimization auxiliary prob-

lems that need to be solved.
Example 5.2. Compute K-nondominated solutions of F(x) = (x!,x?)7 with respect to K s.t.

T < x% +x% < 2w, where
2 1
k)= {ce®ifdb sy % ol yer

First note that the model has non-linear constraints. So, problem (3.1) has to be adapted.
Now, the set of feasible solutions is the set of feasible directions at x*. The results were

[Instances [ 1 [ 2 [ 3 | 4 | 5 [ 6 [ 7 [ 8 [ 9 [ 10 |
Initial 13392 [ 1.6822 [ 1.3713 [ 0.5814 | 2.3587 | 1.7285 [ —1.6341 | —1.8039 | —2.1224 | —0.1958
Point 1.3911 | 1.5305 | 1.4589 | —1.8980 | —0.7054 | —0.9709 | 12554 | 1.2707 | —0.1666 | —1.7657

Solution 1.2044 | 1.2416 | 1.1766 | 0.5814 1.5672 1.3952 | —1.6341 | —1.8039 | —2.1224 | —0.1958
1.3000 | 1.2646 | 1.3257 | —1.8980 | —0.8274 | —1.0932 | 1.2554 1.2707 | —0.1666 | —1.7657
CPU Time | 3.0000 | 0.9219 | 1.7500 | 0.0781 | 781.7031 | 0.5781 0.1719 0.2813 0.1406 0.4375

Ne. 7 6 7 1 5468 7 1 1 1 1
Iterations
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Note that in 6 cases, the solution is close to the nondominated set, x% —|—x% = 7. Indeed, the
norm of the computed points is smaller than 0.015. We realize that if x < 0 the algorithm is not
working properly. The steps are too small and the initial point is taken as solution. This fact
illustrates the need of a more accurate algorithm for the restricted case.

The CPU-times are large. The solution of the auxiliary problems (non linear in general)
consumes a lot of computational resources. An inexact variant should be studied.

6. CONCLUSIONS

In our paper, we derived a steepest descent method for generating approximately nondom-
inated solutions of the vector optimization problems with variable domination structures. For
further research, it would be interesting to combine our method with an adaptive solution pro-
cedure to obtain an overview on the set of approximately nondominated solutions of the prob-
lem. We recall that the steepest descent method is one of the oldest, classical, and more basic
schemes for solving optimization problems. Despite its computational shortcomings, it sets the
foundations of future more efficient algorithms, like projected gradient, Newton-like method,
and inexact variants.
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