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PERTURBATION ANALYSIS OF GLOBAL ERROR BOUNDS FOR PIECEWISE
LINEAR CONIC INEQUALITIES
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Abstract. For a piecewise linear system of conic inequalities, we establish the stability of its global error
bound when the piecewise linear vector-valued objective function undergoes small linear perturbations.
In particular, our results improve the corresponding ones about linear conic inequalities in the literature.
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1. INTRODUCTION

Let X,Y be normed spaces and let .Z’(X,Y ) denote the space of all continuous linear operators
from X to Y. For (T,b) € £ (X,Y) xY and a closed convex cone K C Y, consider the following
linear conic inequality:

(LCIE) Tx <gb.
Recall that (LCIE) has a global error bound if there exists T € (0, 4oo) such that
d(x,S(T,b,K)) <td(Tx,b—K) VYxeX,

where S(T,b,K) =T~ (b—K). In 1994, in the finite-dimensional case, Luo and Tseng [1] first
studied stability of the global error bound for (LCIE) and proved the following result.

Theorem 1.1. Let T € Z(R™ R") and b € R". Then the following statements are equivalent:
(i) Either Tx <r" 0 is solvable or Tx <R" b is solvable and the solution set S(T,b,R}) of
(LCIE) is bounded.

(ii) There exist T,0 € (0, 4-oo) such that

d(x,S(T', b/, R")) < 1d(T'x,b —R") VxeR"
whenever (T',b') € L (R™,R") x R" satisfies |T' —T||+||b—b'|| < 8.

In 2005, Zheng and Ng [2] extended the theorem above to the case that X and Y are infinite-
dimensional spaces and K C Y is a general closed convex cone with a nonempty interior. Un-
doubtedly, the linearity assumption is restrictive. To overcome the restriction of linearity, one
sometimes adopts the piecewise linear functions (cf. [3, 4, 5, 6, 7, 8]). The family of all piece-
wise linear functions is much larger than that of all linear functions and there exists a very
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wide class of functions that can be approximated by piecewise linear functions. Moreover, in
practical applications, one often uses piecewise linear functions for math modeling. Hence it is
valuable to study piecewise linearity in both theory and application. This paper is devoted to
extend Luo and Tseng’s result to the piecewise linear case. Recall that a subset P of X is called
a convex polyhedron if there exist x; € X* and r; € R (i € 1n:= {1,---,n}) such that

P={xeX: (x,x) <ryi€cln}.

Recall that a vector-valued function f: X — Y is piecewise linear if there exist convex polyhedra
P, in X, continuous linear operators 7; € .Z(X,Y) and points b; € Y (i € 1m) such that

m
X=|JP and f(x)=Ti(x)—b; Vx€ Pandi€ Im. (1.1)
i=1
For a piecewise linear function f : X — Y, consider the following piecewise linear conic in-
equality:

(PLCIE) f(x) <k O.

We say that piecewise linear conic inequality (PLIE) has a global error bound if there exists
K € (0, +o0) such that

d(x7S(f7K)) < Kd(f(x)a_K) Vx €X,

where S(f,K) := f~'(—K) is the solution set of (PLIE). In this paper, we consider the stability
of global error bounds for (PLIE) in the following sense: there exist k,d € (0, +o0) such that
forany T € Z(X,Y) with |T| < 8,

d(x,S(f+T,K)) < kd(f(x)+T(x),-K) VxeX.

We will provide some sufficient conditions to ensure that piecewise linear conic inequality
(PLIE) has a stable global error bound and extend the main results in Luo and Tseng [1] and
Zheng and Ng [2] from the linear case to the piecewise linear one.

2. PRELIMINARIES

For normed spaces X and Y, recall that £ (X,Y) is the space of all continuous linear operators
from X to Y. In the remainder, let .7 (X,Y) denote the family of all piecewise linear functions
from X to Y in the sense of (1.1). For f € Z.Z(X,Y), take T; € £ (X,Y), b; € Y and convex
polyhedra P, in X (i = 1,--- ,m) such that (1.1) holds. If the interior int(P;) of P, is empty, then

the first equality of (1.1) implies X = cl ( U Pj|,andsoX = |J P;(because every
jetm\{i} Jjelm\{i}

polyhedron is closed). Hence we can assume that each P; in (1.1) is of a nonempty interior. In

fact, it is known that for each f € &2.Z(X,Y) there exist convex polyhedra P, in X, T; € Z(X,Y)

and b; € Y (i € 1m) such that

m
X =|JP, PNint(Py) =0 and f|p =Ti|p—b; Vi,i' € Imwithi' #i 2.1)
i=1

(see [9, Proposition 3.2]).
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For a polyhedron P = {x € X : (x},x) <r;,i € 1n}, let P* denote the recession cone of P,
that 1s,

PP={xeX: (x/,x)<0,i=1---,n}.

LetX;:={x€X: (x/,x) =0, i=1---,n}. Then X; is a closed subspace of X with codimen-
sion codim (X)) < n, that is, there exists a finite subspace X, of X with dim(X») < n such that
XiNX;={0}and X =X; +Xp. Let P={xr € Xy : (x7,x) <rj, i=1---,n}. Then Pisa
convex polyhedron in the finite dimensional space X» and P = X; + P. Noting that every convex
polyhedron in a finite dimensional space is finitely generated (cf. [10, Theorem 19.1]), we have
the following lemma.

Lemma 2.1. Let P be a convex polyhedron in a normed space X. Then there exist x1,- -+ ,xn, € X
such that P = co{xy, -+ , X} + P

For (T,b) € £ (X,Y) x Y and a convex polyhedron P in X, let

y(T,P,K):= sup sup{r>0: By(Tx,r) C —K} (2.2)
xEBx NP>
and
y(T,P,b,K) := sup sup{r >0: By(Tx—b,r) C —K}. (2.3)

x€T~1(b—int(K))NP

The following proposition is immediate from (2.2) and (2.3).

Proposition 2.1. Let T : X — Y be a continuous linear operator, P be a convex polyhedron in
X and b be a point in Y. The following statements hold:

(i) The conic strict inequality Tx <k 0 is solvable on P if and only if y(T,P,K) > 0.

(ii) The conic strict inequality Tx <k b is solvable on P if and only if y(T,P,b,K) > 0.

In the case when P =X, y(T,P,K) > 0 if and only if Tx <k 0 is solvable, while y(7,P,b,K) >
0 if and only if 7x <g b is solvable.

We conclude this section with the following lemma, which will play a key in the proof of our
main results.

Lemma 2.2. Let S be a nonempty closed convex set in a Banach space X and let A be a subset
of S such that S = A+ 8%, where S* :={h € X : S+ R h C S} is the recession cone of S. Then,
forany y€ (0,1) and x € X \ S, there exist a € A and h € S such that

/ _ JE—
d(a+m+t@ a—h)

—,S) >y’ vt €R,. (2.4)
lx—a—h|

Lemma 2.2 is a consequence of [11, Lemma 3.1]. In (2.4), setting r = 1 and ¢’ = s||x —a — A||
and noting that u := a+ h € S, we have the following corollary.

Corollary 2.1. Let S be a nonempty closed convex set in a Banach space X. Then, for any
Y€ (0,1) and x € X\ S, there exists u € S such that

du+s(x—u),S) > ys|x—u|| VseR;.
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3. NONCONVEX CASE

Recall that a multifunction F between normed spaces X and Y is convex if its graph gph(F) :=
{(x,y): x€X andy € F(x)} is a convex set in the product X x Y. It is known and easy to verify
that F' is convex if and only if

tF(x1)+ (1 —1)F(x2) C F(tx; + (1 —1t)x3) Vxj,xp € X and Vr € [0, 1].

To prove the main results in this paper, we need the following lemma, which is a variant of [12,
Theorem 2].

Lemma 3.1. Let F be a closed convex multifunction between Banach spaces X and Y. Let
(x0,0) € gph(F) and r € (0,+o0) be such that

rBy CF(X() —|—Bx). (3.1)

Suppose that A is a convex subset of F~1(0) such that F~'(0) = A+ F~1(0)*. Then, for any
x € X\ F~1(0), there exists a € A such that

d(0,F(x))

d(x,F~1(0)) < (1+[la—xol|).

Proof. Since F is a closed convex multifunction, F~1(0) is a closed convex set. Let y € (0, 1)
and x € X \ F~!(0). Then, by Lemma 2.2, there exist a € A and & € F~!(0)> such that

/ J— —_
d(ﬁmM,
|x—a—hl|

F“(O)) >yt Vit €R,.
Setting ¢’ = t||x — a — h||, one has
dla+t(x—a),F1(0)) > yt|x—a—h|| VteR,.
Sincea+h € A+F~1(0)* = F~1(0),
da+t(x—a),F~1(0)) > yrd(x,F~1(0)) VreR,. (3.2)
By (3.1) and [12, Theorem 2], one has

d(0,F(a+t(x—a)))

da+t(x—a),F1(0)) < -

(14 la+t(x—a)—x|) Ve€eRy. (3.3)
Since F' is a convex multifunction,
Fla+t(x—a)) DtF(x)+(1—1t)F(a) DtF(x) Vte]0, 1].

Hence d(0,F(a+t(x—a))) <d(0,tF(x)) =td(0,F(x)) for all # € [0, 1]. It follows from (3.2)
and (3.3) that

d(0,F
d(x,F*I(O)) < W(l+ la+t(x—a)—xol|) Vrelo0,1].
r
Letting ¢ — 0%, one has d(x,F~'(0)) < W(l + ||la — xp]|). Since ¥ is arbitrary in (0, 1),
this shows d(x, F~1(0)) < d(o’—f(x))(l + |la — xo||). The proof is complete. O

In the remainder, we assume that X and Y are Banach spaces.
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Theorem 3.1. Let f : X — Y be a piecewise linear function and let P, T; and b; (i € 1m) be such
that (2.1) holds. Suppose that y(f,K) := miny(T;, P,,K) > 0, where each y(T;,P,,K) is defined

i€lm

by (2.2). Then, foranyn € (0, 1), T € Z(X,Y) with ||T|| < (1 —=n)v(f,K) and any b € Y,
d(fTb(x>7_K)
d(x,S(frp,K)) < ————5— WxeX, 3.4
(x, S(frp,K)) 17(f.K) x € (3.4)
where
fTb(x) = f(x) + T(x) —-b VxeX. 3.5)

Proof. Let (n,T,b) € (0, 1) x Z(X,Y) x Y be such that ||T|| < (1 —n)y(f,K). Then, there
exists rg € (0, y(f,K)) such that ||T|| < (1 —n)rg. For any r € (rg, ¥(f,K)) and i € 1m,
Y(T;, P;,K) > r, and hence there exists ; € Bx N P such that T;(h;) + rBy C —K. Noting that
T (hi)|| <||IT]| < (1—=mn)r, it follows that

(T;+T)(h;) +nrBy C T;(h;) +rBy C —K Vi€ 1m,
and hence
nrBy C Ti(h)+T(hj)+K Vi€ Im. (3.6)
Take a point %; in P; and ¢t > 0 such that ||T;(%;) + T (x;) — b; — b|| <t. Then &; + ’ni; € P, and

(Ti—FT) <Xi+;—}l’i) —bi—b = Ti(fl‘)—l-T()fi)—bi—b—l—%(Ti(hi)—l—T(hi))

n Nr(Ti(x;) + T (X;) — b; —b)>

t

t
T (Ti(/’li)—l—T(hi)
e —K.
This shows that % + % € P,1 (T4 T) ! (bi+b —K), and hence
PO(T+T) Y (bi+b—K) #0. (3.7)

For each i € 1m, we claim that
1
d(x,PN(T;+T) ' (bi+b—K)) < n—d(T,-(x) +T(x)—b;—b,—K) Vx€P. (3.8)
r
To prove this, let F; : X =2 Y be such that

0, if x € X\ P.

Then, since 7; and T are continuous linear operators, it is easy to verify that gph(F;) is a closed
convex set in X x Y. Let x be an arbitrary point in P, and ¥ be an arbitrary number in (0, 1).
Then, by (3.7) and Corollary 2.1 (applied to S = P,N (T; + T )~ (b; + b — K)), there exists a; €
PN (T;+T)~ ! (b;+ b — K) such that

1t||x —ail| < d(a,'—i—t(x—a,-),Piﬂ(T,-—FT)_I(meb—K)) vt € [0, 1]. (3.10)
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Thus, T;(a;) + T (a;) € bij+b—K, and so T;(a;) + T (a;) — b; — b+ K D K. It follows from (3.6)
that
Fi(aj+Bx) = (T;+T)(ai+Bx)—bi—b+K
O (Ti+T)(ai+hi)—bi—b+K
D Ti(hi))+T(hi)+K
D MNrBy.
Hence, by [12, Theorem 2], one has
d(0,Fi(u))
nr
Noting that F;~'(0) = P,N (T;+T) "' (b; + b —K) and
Fi(aj+t(x—a;)) DtF(x)+ (1 —1)Fi(a;) DtFi(x) =t(T;(x) + T (x) —b; —b+K)
for all t € [0, 1], this and (3.10) imply that
d(0,(T;(x)+T(x) —bi—b+K)

d(u,F,1(0)) < (1+|lu—al) VueX.

vt ||x — ail| nr (1+ |la;i +t(x —a;) —ail|)
td(0,T;(x)+T(x) —bj—b+K
_ (0, Ti() f?’ ) (1t tx—al)

for all 7 € [0, 1]. Hence
dx,PN(G+T) (b +b—K)) < |x—a
d(0,T;(x)+T(x) —bi—b+K)
mr

<

(1t —ail])

forall 7 € [0, 1]. Letting t — 0™, one has
d0,T;(x)+T(x)—b;—b+K)
mr
d(T(x) + T(x) — b —b,—K)
ynr '
Since ¥ is arbitrary in (0, 1), this shows that (3.8) holds. For any x € X, there exists ip € 1m
such that x € P,,. Hence, by (2.1) and (3.5),

d(frp(x),—K)  d(T;y(x)+T(x) —bi, — b, —K).

nr nr

Noting that S(frp,,K) = U BN (T;+T)~ ! (b; + b — K), it follows from (3.8) that
i=1

d(x, PN (T +T) ' (bi+b—K)) <

d(x,S(frp,K)) < d(x,Py N (Ty +T) " (biy +b— K)) < W_

Since r is arbitrary in (rg, Y(f,K)),
d _
d(x,S(fr.K)) < d(x, Py N (Tiy + )" (byy + b~ K)) < %

The proof is complete. U
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Under the boundedness assumption on the solution set, we have the following sufficient con-
dition for the stability of global error bounds for piecewise linear conic inequalities.

Theorem 3.2. Let f, P; and (T;,b;) (i € 1m) be such that (2.1) holds. Suppose that
M :=sup{||x|| : x € S(f,K)} < +e0 and ¥(f,K) := min Y(T;, P;,b;,K) >0,

iclm
where each y(T;, P, b;,K) is defined by (2.3). Then, for any 1 € (0, 1),
(6M +2)

d(x,S(frp, K)) < Wd(fTb(x)u_K) VxeX (3.11)

whenever (T,b) € £(X,Y) x Y satisfies |T| + ||b|| < %ﬁ({ﬂ)’ where fry is as (3.5).

Proof. Let (n,T,b) € (0, 1) x Z(X,Y) xY be such that |T|| + ||p|| < %ZE{’K). Take r €
(0, ¥(f,K)) sufficiently close to ¥(f,K) such that

(1-n)r
6M+1 "

1T+ 2]l < (3.12)

Then, by the definition of ¥(f,K), for each i € 1m there exists i; € S(f,K) N P; such that
By (Ti(@;) — bi,r) C —K, and so

rBy C Ty(i;) — bi+ K. (3.13)

We claim that
sup{||u|| : u € S(frp,K)} <max{5M,1}. (3.14)
Indeed, if this is not the case, there exists u € S(f7,,K) such that

||u|| > max{5M,1}. (3.15)

m R
Then 14l < ||”H3;42M. Since X = |J P, there exists i € 1m such that u € P,. Hence frj(u) =
i=1

(Ti+T)(u)— (bi+b) € —K and

) 3M(u—ﬁl-)) lul—2M M
T+ ) — by = S 2 (T () — by) + ———— (Ti(u) — by).
( ull + M [ az T =60+ g (1) =)

By (3.12), one has

Ti(u) =bi € (Ti+T)(w) = (bi+b)+ (T [|[ull +[b]])By

e ul[(T=m)rBy(0,1)
C —K+ oM

oy Ulul[=2M)(1 —n)rBy (0,1)
C —K+ M ,

and so

(o M=) o u] —2M
Tl( ) b

[ul| + M i W(Ti(ﬁi)_bi—FBY(O,(l—n)r))—K_
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. . ' 3M (u—it;)

This and (3.13) imply that T; (ul—i— Tul ™ ) b; € —K. Noting that u,i; € P; and Tl +8 H+M €
(0, 1) (thanks to (3.15)), one has i; + ||u(Hu—|—1\L/tIl) € P.. Hence

_ 3M(u— ;) _ 3M( )

f(u-+— € —K and @ € S(f,K).
R Tl

It follows from the definition of M that

_ 3M(u— ;) 3M||u— )| _ 3M(||ul| —M)

M > ||a; + > =l > —— = — M,
Jull +M [Jull +M Jul +M

contradicting (3.15). This shows that (3.14) holds. For each i € 1m, let F; be as in (3.9). Then,
by (3.13),

Fi(is) = Ty(@@) + T () — bi— b+ K > By (0,r) + T () — b (3.16)
By the definition of M and &; € S(f,K), one has

I (i) = bl < T [[fl@]] + 161 < AT+ oDl + 1) < (1 +M)T |+ [|5]])-
This and (3.12) imply that |7 (@) — b|| < "L < (1 —5)r. Thus, by (3.16), one has
Fi(ii;) D By (0,nr). This and Lemma 3.1 imply that for any x € X there exists u; € F, ' (0) such
that
d(0,Fi(x)))
nr
Since F;~1(0) = BN S(frp, K), we have ||u;|| < 5M + 1. Noting that ||i;|| < M, it follows that
(6M +2)d (0, Fi(x)))
nr

d(x,F;'(0)) < (1 + [Ju; — ;).

d(x,P,NS(frp,K)) < Vx e X.

By the definition of f7; and F;, one has
Fi(x)=Ti(x)+T(x)—bi—b+K= frp(x)+K VxeP.

m
It follows that d(x, S(frp,K)) < (6M+2)d(nfrT”(x)’_K) for all x € P;. Thus, since X = |J P,
i=1

d(x,S(frp,K)) < (6M +2)d(f7s(x), —K)
) , < o

Noting that r is arbitrary in (0, 7(f,K)), this shows that (3.11) holds. The proof is complete. [J

VxeX.

4. CONVEX CASE

In Theorem 3.1, the assumption

Y(f,K) := miny(7;,P,,K) >0
i€lm

means that there exist 7 > 0 and h; € P (i € 1m) such that
By (T;(h;),r) C —K Vi€ 1m.
For each i € 1m, take a point &; in P; and ¢ > 0 such that ||T;(%;) — b;|| < t. Then &; + % € P and

f (XH- %) =Ti(x;) _bi‘F;Ti(hi) _L (Ti(hi) +w) € —K.

t
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It follows that &; + % € PNS(f,K) for all i € 1m. Hence the assumption y(f,K) > 0 implies
PNS(f,K)#0 Vic lm. 4.1)
Similar to the above proof, it is easy to verify that the assumption

V(. K) = miny(T;, P, bi,K) > 0

i€lm

in Theorem 3.2 also implies (4.1), which is restrictive. Let
I(f,K) = {i € Tm: BNS(f,K) # 0},

where f and P, is as in (2.1). It is natural to ask the following question: Are Theorems 3.1 and
3.2 still true if y(f,K) > 0 and y(f,K) > 0 are weakened respectively to rr(lin )}/(T,-,Pi,K) >0
icl(f,K

and min Y(T, P, b;,K) > 0?
iEI(f,K)

The following examples show that the answer to this question is in general negative.

Example 4.1. Let X =Y =R, K =R, and define f : R — R such that

X x€P = (—co, 1],
ﬂx)z{l X € Py =1, Hoo).

Then f is piecewise linear, I(f,K) = {1}, —1 € P;° and n(l}n )}/(T,-,P,-,K) =1>0. On the
icl(f,K

other hand, since S(f,K) = (—oo, 0], d(k,S(f,K)) =k and d(f(k),—K) = 1 for all k € N. This
shows that (3.4) does not hold with 7 = 0 and » = 0. Hence Theorem 3.1 does not necessarily
hold if y(f,K) > 0 is weakened to min ¥(7;,P;,K) > 0.

iel(f,K)
Example4.2. LetX =Y =R, K =R, Py = (—oo,—1], b, = [—1,1], and P; = [1,+o0). Define
f:X—=Yby

—x—2 x€P,
flx)= X xePB,
1 x € Ps.

Then f is piecewise linear, S(f,K) = [—2,0] and I(f,K) = {1,2}. It follows that
’}/(Tl,Pl,bl,K) = sup sup{r>0: By(Tlx—bl,r)C—K}
x€T; (b —int(K))NPy

= sup sup{r>0: (—x—2—r, —x—2+7r) C (—o0,0)}
xe(—2,—1]

=1
and
YT, Ps,b2,K) = sup sup{r >0: By(Tox—by,r) C =K}
x€Ty ! (by—int(K))NP

= sup sup{r>0: (x—r,x+r) C (—o,0)}
x€[—1,0)

= 1,
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where Tj(x) = —T(x) = —x forallx € R, by =2 and b, = 0. Hence

min Y(7;,P;,b;,K)=1>0.
iel( f,K)y( i B, bi, K)
On the other hand, d(k,S(f,K)) =k and d(f(k),—K) = 1 for all k € N. This shows that (3.11)
does not hold with 7 = 0 and b = 0. Hence Theorem 3.2 does not necessarily hold if ¥(f,K) >0
is weakened to min ¥(7;,P,,b;,K) > 0.
i€l(f.K)

However, under the K-convexity assumption on f, we will show that Theorem 3.2 is still true

even if 7(f,K) > 0 is weakened to rrEax )}/(Y},Pi,b,',K) >0 (i.e. 0 € int(f(X) +K)).
icl(f K

Theorem 4.1. Let X and Y be Banach spaces, K be a closed convex cone, and let f : X —Y
be a closed K-convex function (i.e. epig(f) :={(x,y): f(x) <k y} is a closed convex set in
X xY). Suppose that S(f,K) is bounded. Then 0 € int(f(X) + K) if and only if there exist
K,0 € (0, 4+o0) such that, for any (T,b) € L(X,Y) xY with ||T|| + ||b|| < 9,

d(x,S(frp,K)) < kd(0, frp(x) +K) VxeX. 4.2)

Proof. First suppose that there exist k,0 € (0, +oo) such that (4.2) holds for any (7,b) €
Z(X,Y) xY with ||T||+||b|| < 6. Then, setting T = 0, S(fop,K) # 0 for all b € By(0,9),
that is, By (0,6) C f(X)+ K. Hence O € int(f(X) + K).

Now suppose that 0 € int(f(X) + K). Then, by the Robinson-Ursescu theorem, there exist
i € X and r > 0 such that

O€ f(a)+K and rBy C f(a+Bx)+K. 4.3)
Let (n,T,b) € (0, 1) x Z(X,Y) x Y be such that
nr
T b 4.4
1701+ < 5, @
where M := sup{||u|| : u € S(f,K)}. To prove the necessity part, it suffices to show that
(2M +1)d(0, frp(x) + K)
d K)) < X. 4.5
(X,S(fTb, )) = (1 _277)21” Vx € ( )
Noting that iz € S(f,K), one has
_ _ nr(1+M)
T(@)—b| < ||T <|\\T||M < T
1T (@) = bl < ITllall + 1l < T IM + (1]l < === <
Thus, by (4.3),
(1—=n)rBy C f(a+Bx)+T (@) —b+K C Gry(ii+ Bx), (4.6)
where
Grp(x) = frp(x) +K = f(x)+T(x) —b+K VxeX. 4.7)

Since gphg(f) is a closed convex set, it is easy to verify that Gy, is a closed convex mul-
tifunction. Let x be an arbitrary element in X. Then, by (4.6) and Lemma 3.1, there exists
a € G (0) = S(frp,K) such that

d(0,Grp(x))

d(x,Gr,(0) < ==

(1+[la—al]).
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Since d(x,S(frp, K)) = d(x,G;,(0)) and d(0, Gry(x)) = d(0, frs(x) + K), one has
d(oafTb(x)+K)

d(x,S(frp.K)) < (—n)r (1+la—al). (4.8)
We claim that . v
sup{lu 10 (a0} < TS 49

Granting this and noting that a € S(frp,K) and @ € S(f,K), (4.8) implies that
d(vaTb<x) +K)
(I=m)r

< A0S +K) [ nt(-mM
(I=m)r 1-2n
(2M +1)d(0, frp(x) + K)
- (1-2n)3r ’
This shows that (4.5) holds. It remains to prove that (4.9) holds. To prove this, set 7 = 0 and
b=0in (4.8). Then, a € S(f,K) and hence

d(0, f(x)+K) (2M +1)d(0, f(x) + K)
(= (=)

Let u be an arbitrary point in S(frp,K). Then b — T (u) € f(u)+ K and so
< @M AD[b—T ()| _ M+ ([l + [|T[}) (L + [lul)

d(x,S(frp,K)) <

(1+ [lall + |}

(1 llall +[lal]) < Vx € X.

I

d(u,S(f,K)) < <
(1—=m)r (1=m)r
This and (4.4) imply that d(u,S(f,K)) < n(i%u]””) By the definition of M, one has ||u|| —M <
d(u,S(f,K)). Hence [ju|| —M < n(ll%l%ul\), that is, [ju|| < % Since u is arbitrary in
S(frp,K), this shows that (4.9) holds. The proof is complete. O

For two sets A} and A, in a Banach space X, we use J#(A1,A;) to denote the Hausdorff
distance between A; and A», that is,

H(A1,Ar) = max {sup{d(a1,A2) a1 €A1}, sup{d(az,A1):ar € As}}.
The following theorem establishes the continuity of solution sets.

Theorem 4.2. Let X and Y be Banach spaces, K be a closed convex cone, and let f : X —Y
be a closed K-convex function. Suppose that S(f,K) is bounded and 0 € int(f(X)+K). Then
there exist L, 8 € (0, o) such that

%(S(fT’bvi)as(fTbaK)) < L(HT - T/H + ”b—b/H) (4.10)
forall T,T' € Byx y)(0,8) and b,b’ € By(0,5).

Proof. By Theorem 4.1, there exist k,6 € (0, +e0) such that for all T € By x y)(0,6) and
b € By(0,9)

d(x,S(frp,K) < xd(0, frp(x) +K) VxeX.
By (4.9), without loss of generality, we can assume that

B :=sup{Mry: T € By(xy)(0,6) and b € By (0,8)} < +oo,
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where My, := sup{||x[| : x € S(frs,K)}. Let T, T’ € B.o(x y)(0,6) and b,b" € By (0, 5). Noting
that T(u') —b— (T'(u') —1') € frp(u) +K for any u’ € S(f71,K), one has
d(',S(frp,K)) < k|T@)—b—(T'(u')=b)]
< k(1+ [ [DAT =T+ 15— 5"Y))
< k(BT =T +]b—0')
for any u’ € S(f71y,K). Similarly, one also has

d(u,S(frw,K) < k(14 B)(IT = T'| +[|b=b'])  Vu € S(frp,K).
It follows that (4.10) holds with L = k(1 + 3). O

Corollary 4.1. Let f, P; and (T}, b;) (i € 1m) be such that (2.1) holds. Suppose that f is K-convex
and that y(f,K) = n%?x)y(T,-,Pi,bi,K) > 0, where each y(T;,P;,b;,K) is defined by (2.3).
icl(f,K

S
Further suppose that X is finite dimensional and S(f,K) is bounded. Then exists 6 € (0,+<o)
such that

S(fre.K)C |J P Y(T,b) € L(X,Y)xY with ||T| +]b| < &, (4.11)
lEI(fK)

where I(f,K) :={i € Im: S(f,K) NP # 0}.

Proof. By the definition of I(f,K), one has S(f,K)N  |J P, =0. Noting that S(f,K) is a
iclm\I(f,K)
bounded closed set and U P, is a closed set in the finite dimensional space X, it follows
iclm\I(fK)

that r:=d [ S(f,K), U P, | > 0. Hence, by the first equality in (2.1),
i€Im\I(f.K)

S(f,K)+Bx(0,r)c |J P (4.12)
i€l(f,K)

By Theorem 4.2, there exist L, § € (0, +o0) such that LS < r and (4.10) holds for all T, T’ €
By (xy)(0,8) and b,b" € By(0,3). Hence, setting (7’,5') = (0,0) in (4.10), one has

HS(f,K),S(frp,K)) <L(|T||+||b]]) <r VT € Bg(xyy)(0,5)andb € By(0,90).
This and (4.12) imply that (4.11) holds. O

Relaxing the boundedness assumption on the solution set S(f,K), we have the following
result.

Theorem 4.3. Let f, P and (T;,b;) (i € 1m) be such that (2.1) holds. Suppose that f is K-
convex and that there exists i € 1m such that y(T;y, B,,K) > 0, where y(T;,, P, K) is defined
by (2.2). Further suppose that K be a convex polyhedral cone. Then, for any n € (0,1), b €Y
and T € L(X,Y) with |T|| < (1—n)Y(T;,,P,,K), there exists krp € (0,4o0) such that

d(x,S(Fru.K)) < krpd(frp(x),—K) Vx € X. (4.13)



PERTURBATION ANALYSIS OF GLOBAL ERROR BOUNDS 673

Proof. Let (n,T,b) € (0,1) x £(X,Y) x Y be such that ||T|| < (I —n)Y(T,,P,,K). Then,
there exist r € (0, ¥(7;,, P, K)) and h;, € Bx NPy, such that ||T|| < (1 —mn)r and By(0,r) C
T;,(hiy) + K. Hence || T (hj,)|| < (1 —n)r and

By(0,mr) C T;, (hio) + T(hio) +K. 4.14)
Thus, similar to (3.7) in the proof of Theorem 3.1, one has
Py OS(frp,K) =Py N (T;y +T) " (bjy +b—K) #0.

Since K is a convex polyhedral cone in Y, b; +b — K is a convex polyhedron in Y and hence
there exist (y],1),--+, (V5. t) € Y™ x R such that

bl+b_K:{y€Y <y>]k,y> Stja J= L. 7k}
Hence
(T+T) ' (bi+b—K)={xeX: (G+T)(y;),x) <tj, j=1,--- k}.

Since P, is a convex polyhedron in X, P, (T;+T)~'(b; + b —K) is a convex polyhedron in X.
By the K-convexity of f, S(frp,K) is closed convex set in X. Noting that

S(fre.K) = JPN(L+T) "' (bi+b—K),
i=1

it follows from [10, Theorem 19.6] that S( f75, K) is a convex polyhedron in X. Thus, by Lemma
2.1, there exist uy,--- ,u; € S(frp,K) such that

S(fre,K) = cof{ur, - ,ux} +S(frs,K)”. (4.15)
Take a it;, € P,, N S(frp,K). Then,
Jro(itiy) = Ty (i) + T (i13,) — biy —b € —K,
and so K C T;,(i;,) + T (#j,) — bi, — b+ K. This and (4.14) imply that
Grp(itiy + hiy) = (Tiy +T) (it;, + hiy) — biy —b+K
> Ty (hiy) + T (hi)) + K
D By(0,nr),

where Gty 1s as in (4.7). Thus, by (4.15) and Lemma 3.1, for any x € X, there exists a €
co{uy,--- ,ux} such that

d(0,Grp(x)) d(0,Grp(x))

d(x,G;}(0)) < (1+ lla— iy — hig|) < Trp————-,

nr nr
where 77y, == sup {|[u]| : u € co{ur,---,u}} + |itjy|| + 2. Hence (4.13) holds with &y, = %
0
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