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Abstract. In this paper, we consider a nonmonotone gradient method for smooth constrained multiob-
jective optimization problems. Under mild assumptions, we demonstrate the Pareto stationarity of the
accumulation point of the sequence generated by this method, while the convergence of the full sequence
to a weak Pareto optimal solution of the problem is proven when the function is convex. Further, by im-
posing some assumptions on the gradients of the objective functions and the search directions, the linear
convergence of the function value sequence to the optimal value is provided. The initial point in the
convergence results established here can be any one in the constraint set.
Keywords. Gradient method; Linear convergence; Multiobjective optimization; Nonmonotone line
search; Pareto optimality.

1. INTRODUCTION

Multiobjective optimization refers to the process of optimizing several objective functions
simultaneously, which can be formulated in the following form:

min
x∈C

F(x), (1.1)

where C ⊆ Rn is a constraint set and F : Rn → Rm is a vector-valued function. This kind of
problem can be found in various areas, such as engineering, economy, finance, management
science, radiotherapy, and so on [1, 2, 3, 4, 5], and has been widely studied by many researchers
[6, 7, 8].

In view of its extensive applications, the research on the numerical algorithms for solving
multiobjective optimization problems has received a lot of attention and many iterative methods
have been proposed, including projected gradient method [9, 10, 11], steepest descent method
[12, 13], proximal point method [14, 15, 16], conjugate gradient method [17], Newton method
[18, 19], trust-region method [20, 21] and so on.

Among these methods for solving multiobjective optimization, scalarization methods [15, 22,
23] and descent methods [9, 13, 19, 24] are mainly two different kinds of approaches. Based on
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the scalarization technique, scalarization methods compute the Pareto or weak Pareto optimal
solutions by choosing some parameters in advance and reformulating the original vector-valued
problems into the parameterized scalar-valued ones. The weighting method is a widely used
scalarization technique, which minimizes a linear combination of the objectives with the vector
of “weights”. However, as pointed out in [18, 25], when using this method for some problems,
most choices of the parameters may give rise to unbounded (and thus unsolvable) scalar prob-
lems. Usually, descent methods do not require any priori parameter information. In descent
methods, Armijo line search rule is a frequently used search strategy for calculating the itera-
tion stepsize tk (see, for example, [9, 12, 19, 24]): given γ ∈ (0,1), the stepsize tk is defined
as

tk = max
{

2− j : j ∈ N,F(xk +2− jvk)� F(xk)+ γ2− jJF(xk)vk
}
, (1.2)

where vk is the search direction and JF(xk) is the Jacobian matrix of F at xk. Recently, Fliege
et al. [24] studied the gradient descent method for unconstrained multiobjective optimization
problems with each objective function being convex and its gradient being Lipschitz continuous,
in which another line search rule was also considered: given γ ∈ (0,1), the stepsize tk satisfies

tk = max
{

2− j : j ∈ N,F(xk +2− jvk)� F(xk)+2− jJF(xk)vk +2− j γ

2
‖vk‖2e

}
, (1.3)

where e is the vector of ones in Rm.
Under the above line search rules, the sequence of the objective values of the vectorial func-

tion is strictly monotone decreasing, and this monotonicity plays an important role in the con-
vergence analysis of the algorithm. But as stated by Grippo et al [26] for the scalar optimization,
the enforcing monotonicity of the function values can considerably slow the rate of convergence
in the intermediate stages of the minimization process.

To improve this situation, some nonmonotone line search techniques have been proposed in
scalar optimization [26, 27, 28, 29], which have been verified numerically that can increase the
possibility of finding the optimal solution and improve the convergence speed of the algorithms.
Note that the nonmonotone line search technique introduced by Zhang and Hager [29], which
requires that an average of the successive function values decreases, has been shown to be more
efficient than either the monontone or the traditional nonmonotone schemes in terms of taking
fewer function and gradient evaluations on average.

Recently, nonmonotone line search techniques have also been applied to multiobjective op-
timization [11, 30, 31, 32]. Particularly, Fazzio and Schuverdt [33] extended the nonmonotone
line search rule in [29] for scalar optimization to the multiobjective optimization and changed
the Armijo search rule (1.2) as follows: given γ ∈ (0,1), C0 =F(x0), Q0 = 1, 0≤ηmin≤ηmax≤
1, ηk ∈ [ηmin,ηmax], the stepsize tk satisfies

tk = max
{

2− j : j ∈ N,F(xk +2− jvk)�Ck + γ2− jJF(xk)vk
}
, (1.4)

and update

Ck+1 =
ηkQkCk +F(xk+1)

Qk+1
and Qk+1 = ηkQk +1. (1.5)

Based on the line search rule (1.4), the authors in [33] considered a nonmonotone projected gra-
dient method for the constrained multiobjective optimization problem (1.1) when C is a closed
and convex set and F is a continuously differentiable vectorial function. They showed the sta-
tionarity of the accumulation points of the sequences generated by the proposed algorithm, and
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then established the convergence to weak Pareto points when the function F is convex. Very
recently in [11], by adopting the nonmonotone line search rule (1.4), we considered a pro-
jected gradient method with exogenously given square summable sequence in the computation
of the search direction for the same multiobjective optimization problem when F is convex.
We proved the convergence of the full sequence generated by the algorithm to a weak Pareto
optimal point. Furthermore, under some appropriate Lipschitz continuity assumption of the
gradients of objective functions, we established the linear convergence result of the proposed
method.

It should be noted that although some achievements have been made in the research of non-
monotone algorithms in multiobjective optimization, the research about this topic is relatively
recent and insufficient. Therefore, this problem still deserves our continuous and in-depth study.

In this work, we consider the multiobjective optimization problem (1.1) in the case when C
is a closed and convex set, and each objective function fi is continuously differentiable with
the gradient being Lipschitz continuous. By applying the idea in nonmonotone line search
technique (1.4) and (1.5) to the sufficient decrease condition (1.3), we propose a nonmono-
tone algorithm to solve the multiobjective optimization problem that considered herein. Under
suitable assumptions, we show that any accumulation point of the sequence generated by the
proposed method is Pareto stationary, and the whole sequence converges to a weak Pareto op-
timal point when the objective function is convex. Further, under some additional assumptions
on the gradients of the objective functions, the linear convergence result for this method is also
established.

The remainder of this paper is organized as follows. In Section 2, we present the notations and
preliminary results that to be used in the present paper. In Section 3, we propose the nonmono-
tone algorithm, for which the well-definedness is illustrated and some important properties of
the algorithm that will be used in the sequal are provided. Section 4 contains the main results,
where we establish the convergence analysis of the algorithm in different cases when the objec-
tive function is nonconvex, respectively, convex. Finally, some concluding remarks are given in
Section 5.

2. NOTATIONS AND PRELIMINARY RESULTS

The notations used in the present paper are standard (cf. [34, 35, 36]). We denote by 〈·, ·〉 the
inner product of Rn and by ‖ · ‖ its corresponding norm. The closed unit ball of Rn is denoted
by B and the transpose sign is denoted by T . Let Rm

+ and Rm
++ denote the nonnegative orthant

and positive orthant of Rm, respectively. For two vectors x,y ∈Rm, we write x� y (resp., x≺ y)
if and only if y− x ∈ Rm

+ (resp., y− x ∈ Rm
++).

In the present paper, we consider the multiobjective optimization problem (1.1) with C ⊆ Rn

being a nonempty closed and convex set and F : Rn→ Rm being a continuously differentiable
vector-valued function on an open superset of C denoted by

F := ( f1, · · · , fm)
T , (2.1)

where each fi, i = 1, · · · ,m, is a real-valued function and its gradient is Lipschitz continuous
with constant Li > 0 on C, i.e.,

‖∇ fi(x)−∇ fi(y)‖ ≤ Li‖x− y‖, for all x,y ∈C.
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We denote Lmax := max{L1, · · · ,Lm}. The multiobjective function F is said to be continuously
differentiable or convex if each component function fi with i = 1, · · · ,m is continuously differ-
entiable or convex.

We use JF(x) to denote the Jacobian matrix of F at x, that is,

JF(x) = (∇ f1(x), · · · ,∇ fm(x))T .

Definition 2.1. A point x∗ ∈C is said to be
(a) a Pareto optimal point (or Pareto efficient solution) of F on C if there does not exist x ∈C

such that F(x)� F(x∗) and F(x) 6= F(x∗),
(b) a weak Pareto optimal point (or weak Pareto efficient solution) of F on C if there does not

exist x ∈C such that F(x)≺ F(x∗),
(c) a Pareto stationary point (or a Pareto critical point) of F on C if

JF(x∗)(C− x∗)∩ (−Rm
++) = /0.

It is well-known that every Pareto optimal point is also a weak Pareto optimal point, and each
weak Pareto optimal point is also a Pareto stationary point, but the converse is not always true.
However, if F is convex, then Pareto stationarity implies weak Pareto optimality.

We recall the following quasi-Fejér convergence theorem, which has been widely used to
analyze the gradient and subgradient methods; see, for example, [9, 22, 33, 37].

Definition 2.2. A sequence {uk} ⊆ Rn is said to be quasi-Fejér convergent to a nonempty set
U ⊆ Rn if, for each u ∈U , there exists a sequence {εk} ⊆ R+ with ∑

∞
k=0 εk < ∞ such that

‖uk+1−u‖2 ≤ ‖uk−u‖2 + εk.

Proposition 2.1. ([38, Theorem 1]) If {uk} ⊆ Rn is quasi-Fejér convergent to a nonempty set
U ⊆ Rn, then {uk} is bounded. Furthermore, if a cluster point ū of {uk} belongs to U, then
limk→∞ uk = ū.

The algorithm’s quality of convergence will be discussed in terms of linear convergence.
Recall that a sequence {uk} ⊆ Rn is said to converge linearly to its limit u (with rate θ ) if
θ ∈ [0,1) and there is some α ≥ 0 such that ‖uk−u‖ ≤ αθ k for all k.

3. THE ALGORITHM AND PROPERTIES

In this section, by combining Zhang and Hager’s nonmonotone line search technique [29]
with the descent condition (1.3) that was recently considered in [24], we propose the nonmono-
tone gradient algorithm for multiobjective optimization problem (2.1). Then, we present some
basic properties of the algorithm that will be used for convergence analysis in the next section.

The nonmonotone gradient algorithm considered herein is formally stated as follows.

Algorithm 3.1. Step 1 Choose parameters γ ∈ (0,1) and 0 ≤ ηmin ≤ ηmax ≤ 1. Let x0 ∈C be
an arbitrary initial point. Set C0 = F(x0),Q0 = 1, and k = 0.

Step 2 If ∇ fi(xk) = 0 for some i ∈ {1, · · · ,m}, then stop. Otherwise, compute the search direc-
tion vk:

vk := argminv∈C−xk
ϕk(v), (3.1)

where ϕk(v) = max1≤i≤m〈∇ fi(xk),v〉+ ‖v‖
2

2 .
Step 3 If vk = 0, then stop. Otherwise, proceed to Step 4.
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Step 4 Compute a stepsize tk ∈ (0,1] as the maximum of

Tk :=
{

t =
1
2 j | j ∈ N,F(xk + tvk)�Ck + tJF(xk)vk +

γt
2
‖vk‖2e

}
(3.2)

where e = (1, · · · ,1)T ∈ Rm. Then, set

xk+1 = xk + tkvk. (3.3)

Step 5 Choose ηk ∈ [ηmin,ηmax] and define

Qk+1 = ηkQk +1, Ck+1 =
ηkQkCk +F(xk+1)

Qk+1
. (3.4)

Set k = k+1 and go back to Step 2.

Observe that (one can also see [33]) for each k, Ck+1 can be equivalently rewritten as

Ck+1 =
(ηkQk +1)Ck +F(xk+1)−Ck

Qk+1
=Ck +

F(xk+1)−Ck

Qk+1
, (3.5)

and so

Ck−Ck+1 =
Ck−F(xk+1)

Qk+1
. (3.6)

Note that if ηk = 0 for each k, then Ck = F(xk) and the line search (3.2) reduces to the
monotone one that recently considered in [24] for the gradient descent method. While if ηk = 1
for each k, then Ck =

1
k+1 ∑

k
i=0 F(xi) is the average of all the previous function values. Thus,

similar to the selection of the parameters involved in other nonmonotone linear search rules
([11, 33]), the choice of ηk controls the degree of the non-monotonicity of the line search (3.2)
(the line search closely approximates the monotone one as ηk approaches 0, and the scheme
becomes more nonmonotone as ηk approaches 1).

Now, we illustrate the validity of the stopping criteria in Algorithm 3.1. For this, we need to
formulate some useful inequalities first. Note that the function ϕk in (3.1) is strongly convex.
Then, it follows from the first order optimality condition for minv∈C−xk ϕk(v) that there exists
uk ∈ ∂ϕk(vk) such that

〈uk,v− vk〉 ≥ 0, ∀v ∈C− xk. (3.7)
Then, by the expression of ϕk and the formula for the subdifferential of the maximum of convex
functions (see, e.g., [39]), there exist /0 6= Jk ⊆ {1, · · · ,m} and λ k

j > 0 with j ∈ Jk such that

∑
j∈Jk

λ
k
j = 1, 〈∇ f j(xk),vk〉= max

1≤i≤m
〈∇ fi(xk),vk〉, ∀ j ∈ Jk (3.8)

and
uk = vk + ∑

j∈Jk

λ
k
j ∇ f j(xk). (3.9)

Combining (3.7) and (3.9) yields〈
vk + ∑

j∈Jk

λ
k
j ∇ f j(xk),v− vk

〉
≥ 0, ∀v ∈C− xk. (3.10)

Proposition 3.1. If the Algorithm 3.1 stops at iteration k, then xk is a Pareto stationary point,
and further a weak Pareto optimal point when F is convex.
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Proof. Take k ∈ N. If ∇ fi0(xk) = 0 for some i0 ∈ {1, · · · ,m}, then for any x ∈C, 〈∇ fi0(xk),x−
xk〉= 0, and thus JF(xk)(C− xk)∩ (−Rm

++) = /0, i.e., xk is a Pareto stationary point.
In the case when vk = 0, it follows from (3.10) that〈

∑
j∈Jk

λ
k
j ∇ f j(xk),x− xk

〉
≥ 0, ∀x ∈C.

This implies that, for any x ∈C, there exists j ∈ Jk ⊆ {1, · · · ,m} such that 〈∇ f j(xk),x−xk〉 ≥ 0.
Consequently, JF(xk)(C− xk)∩ (−Rm

++) = /0, and xk is a Pareto stationary point. The further
conclusion of the proposition follows immediately from the equivalence between the Pareto
stationarity and the weak Pareto optimality of xk when the objective function F is convex. The
proof is complete. �

Henceforth, we suppose that Algorithm 3.1 does not have a finite termination. The following
result shows the well-definedness of Algorithm 3.1 and a useful relation between the generated
sequence {xk} and {Ck}, where the proof of the conclusion F(xk) � Ck draws on Zhang and
Hager’s technique for scalar optimization [29].

Lemma 3.1. The nonmonotone line search rule (3.2) holds, and so Algorithm 3.1 is well-
defined. The sequence {xk} generated by Algorithm 3.1 belongs to C and F(xk) �Ck for each
k ∈ N.

Proof. We will prove the conclusion of this lemma by induction. First, consider the case when
k = 0. By using the Lipschitz continuity of ∇ fi with i ∈ {1, · · · ,m}, one can obtain that, for all
t ∈ (0, γ

Li
],

fi(x0 + tv0)≤ fi(x0)+ t∇ fi(x0)
T v0 +

Li

2
‖tv0‖2

≤ fi(x0)+ t∇ fi(x0)
T v0 +

γt
2
‖v0‖2.

Thus we have that, for all t ∈ (0, γ

Lmax
],

F(x0 + tv0)� F(x0)+ tJF(x0)v0 +
γt
2
‖v0‖2e. (3.11)

Note that C0 = F(x0). Then, (3.11) implies that the line search rule (3.2) in Algorithm 3.1 holds
for k = 0, and so the stepsize t0 can be computed by the fact that in the backtracking scheme the
stepsize starts at one and is halved each time. And it can be verified that x1 = x0 + t0v0 ∈C by
noting that the initial iterate x0 belongs to C, v0 ∈C− x0 and the convexity of C.

Moreover, by the definition of the search direction and the fact that 0 ∈C− x0, one has that

ϕ0(v0) = max
1≤i≤m

〈∇ fi(x0),v0〉+
‖v0‖2

2
≤ ϕ0(0) = 0,

which means that

t0JF(x0)v0 +
γt0
2
‖v0‖2e� t0

(
JF(x0)v0 +

‖v0‖2

2
e
)
� 0, (3.12)

where the first inequality holds because γ ∈ (0,1). This, together with the line search rule (3.2)
(for k = 0) and the update iterate (3.3), implies that F(x1)�C0 = F(x0).
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Now, let us consider the case when k≥ 1. Without loss of generality, we assume that F(xk)�
Ck−1 and xk ∈C. Similarly to obtaining (3.11), one can obtain by using the Lipschitz continuity
of ∇ fi that

F(xk + tvk)� F(xk)+ tJF(xk)vk +
γt
2
‖vk‖2e for all t ∈

(
0,

γ

Lmax

]
. (3.13)

For each i = 1, · · · ,m, define the function Dk,i : R→ R by

Dk,i(t) =
tCi

k−1 + fi(xk)

t +1
,

where Ci
k−1 is the ith component of Ck−1. It is easy to compute that D′k,i(t) =

Ci
k−1− fi(xk)

(t+1)2 ≥ 0 for
all t (due to the assumption F(xk)�Ck−1), and thus

fi(xk) = Dk,i(0)≤ Dk,i(ηk−1Qk−1) =
ηk−1Qk−1Ci

k−1 + fi(xk)

ηk−1Qk−1 +1
=Ci

k,

which is equivalent to that F(xk) �Ck. Combining this with (3.13) yields that the line search
rule (3.2) holds for k. Then, the stepsize tk can be obtained and so is xk+1 := xk + tkvk, and
xk+1 ∈C can also be checked easily by noting that vk ∈C− xk. The proof is complete. �

Remark 3.1. Similarly to (3.12) in the proof of Lemma 3.1, for all k ∈ N, one can obtain
tkJF(xk)vk +

γtk
2 ‖vk‖2e� 0 by ϕk(vk)≤ 0, and thus F(xk+1)�Ck due to (3.2). Applying this to

(3.5), it follows that, for each k, Ck+1 �Ck, that is, {Ck} is a nonincreasing sequence in Rm.

Next, we show that the stepsize {tk} generated in Algorithm 3.1 has a lower bound.

Lemma 3.2. The stepsize in Algorithm 3.1 always satisfies tk ≥ tmin ≡min
{

γ

2Lmax
,1
}

.

Proof. Fix any k ∈ N. By the definition of tk, we know that 2tk does not satisfy the inequality
in the nonmonotone line search rule (3.2) of Algorithm 3.1. Consequently, there exists an index
i ∈ {1, · · · ,m} such that

fi(xk +2tkvk)>Ci
k +2tk∇ fi(xk)

T vk +
γ

2
2tk‖vk‖2

≥ fi(xk)+2tk∇ fi(xk)
T vk + γtk‖vk‖2,

(3.14)

where the second inequality holds thanks to Lemma 3.1. On the other hand, by the Lipschitz
continuity of ∇ fi, we have

fi(xk +2tkvk)≤ fi(xk)+2tk∇ fi(xk)
T vk +

Li

2
‖2tkvk‖2. (3.15)

Combining (3.14) and (3.15), one obtains tk ≥ γ

2Li
≥ γ

2Lmax
. The conclusion then follows by

noting that tk is never larger than one. �

4. CONVERGENCE ANALYSIS

In this section, we concentrate on the convergence property of Algorithm 3.1, and we consider
it when the function F is nonconvex, respectively, convex. The following technical result will
be used in the convergence analysis.
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Proposition 4.1. Assume that ηmax < 1. Then, for all x ∈C and k ∈ N, there exists {λ k
j }m

j=1 ⊆
[0,1] satisfying ∑

m
j=1 λ k

j = 1, and

‖xk+1− x‖2 ≤ ‖xk− x‖2 +2tk
m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉+

2
1−ηmax

m

∑
j=1

(C j
k −C j

k+1).

Proof. Let x ∈C and k ∈ N. By (3.3), we have that

‖xk+1− x‖2 = ‖xk− x‖2−2tk〈vk,x− xk〉+ t2
k ‖vk‖2

= ‖xk− x‖2−2tk〈vk,x− xk− vk〉+ tk(tk−2)‖vk‖2.
(4.1)

Taking v = x− xk in (3.10) and letting λ k
j = 0 for j /∈ Jk, one can get that

2tk〈vk,x− xk− vk〉 ≥ 2tk
m

∑
j=1

λ
k
j 〈∇ f j(xk),vk〉−2tk

m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉.

By using F(xk+1)�Ck+tkJF(xk)vk+
γtk
2 ‖vk‖2e in the last inequality, and noting that F(xk+1)�

Ck and ∑
m
j=1 λ k

j = 1 with each 0≤ λ k
j ≤ 1 (see (3.8)), it follows that

2tk〈vk,x− xk− vk〉

≥2
m

∑
j=1

λ
k
j

(
f j(xk+1)−C j

k −
γtk
2
‖vk‖2

)
−2tk

m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉

≥2
m

∑
j=1

( f j(xk+1)−C j
k)−2tk

m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉− γtk‖vk‖2.

(4.2)

Applying (4.2) to (4.1), we obtain

‖xk+1− x‖2

≤‖xk− x‖2 +2
m

∑
j=1

(C j
k − f j(xk+1))+2tk

m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉+ tk(γ + tk−2)‖vk‖2

≤‖xk− x‖2 +2
m

∑
j=1

(C j
k − f j(xk+1))+2tk

m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉,

(4.3)

where the last inequality holds since both γ and tk are less than or equal to 1. Moreover, by the
definition of Qk+1 in (3.4), one can compute that

Qk+1 = 1+
k

∑
j=0

j

∏
l=0

ηk−l ≤ 1+
k

∑
j=0

η
j+1

max ≤
∞

∑
j=0

η
j

max ≤
1

1−ηmax
. (4.4)

By this and (3.6), one then gets that

m

∑
j=1

(C j
k − f j(xk+1)) =

m

∑
j=1

Qk+1(C
j
k −C j

k+1)≤
1

1−ηmax

m

∑
j=1

(C j
k −C j

k+1). (4.5)

Thus the desired inequality can be acquired by combining (4.3) and (4.5). �
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4.1. The nonconvex case.

Theorem 4.1. Assume that ηmax < 1 and that F is bounded from below. Then, every accu-
mulation point, if any, of the sequence {xk} generated by Algorithm 3.1 is a Pareto stationary
point.

Proof. Let x∗ be an accumulation point of {xk}. Since {xk}⊆C (by Lemma 3.1) and C is closed,
it follows that x∗ ∈C. Suppose that x∗ is not a Pareto stationary point. Then, by definition, there
exists x̂ ∈C such that JF(x∗)(x̂− x∗) ∈ −Rm

++, i.e.,

max
1≤i≤m

〈∇ fi(x∗), x̂− x∗〉< 0. (4.6)

Applying Proposition 4.1 with x = x̂, we have that, for all k,

‖xk+1− x̂‖2 ≤ ‖xk− x̂‖2 +2tk max
1≤i≤m

〈∇ fi(xk), x̂− xk〉+
2

1−ηmax

m

∑
j=1

(C j
k −C j

k+1). (4.7)

Take N ∈ N. Summing (4.7) from k = 0, · · · ,N, one derives

−2
N

∑
k=0

tk max
1≤i≤m

〈∇ fi(xk), x̂− xk〉

≤
N

∑
k=0

(
‖xk− x̂‖2−‖xk+1− x̂‖2)+ 2

1−ηmax

N

∑
k=0

(
m

∑
j=1

(C j
k −C j

k+1)

)

=‖x0− x̂‖2−‖xN+1− x̂‖2 +
2

1−ηmax

m

∑
j=1

(
N

∑
k=0

(C j
k −C j

k+1)

)

≤‖x0− x̂‖2 +
2

1−ηmax

m

∑
j=1

(C j
0−C j

N+1).

(4.8)

Since F is bounded from below, we can deduce from F(xk)�Ck for all k in Lemma 3.1 that Ck
is also bounded from below. Then, it follows from (4.8) that

−2
N

∑
k=0

tk max
1≤i≤m

〈∇ fi(xk), x̂− xk〉<+∞. (4.9)

Moreover, we know from Lemma 3.2 that tk ≥ tmin > 0 for all k. This, together with (4.9),
implies that

lim
k→∞

(
− max

1≤i≤m
〈∇ fi(xk), x̂− xk〉

)
= 0. (4.10)

However, for any subsequence {x jk} of {xk} such that limk→∞ x jk = x∗, one can obtain by (4.6)
that

lim
k→∞

(
− max

1≤i≤m
〈∇ fi(x jk), x̂− x jk〉

)
=− max

1≤i≤m
〈∇ fi(x∗), x̂− x∗〉> 0,

which is a contradiction to (4.10). Therefore, we conclude that x∗ is a Pareto stationary point.
�
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4.2. The convex case. In this subsection, we consider Algorithm 3.1 in the case when imposing
the convexity assumption on F . To attain stronger convergence results, we need additional
assumption.

It is known that the condition {x ∈C : F(x) � F(xk),∀k ∈ N} 6= /0 has been frequently used
in the convergence analysis of many algorithms for vector optimization, see for example the
projected gradient method [9, 10, 37], steepest descent method [12], proximal point method
[14, 16, 40]. This assumption is related to the completeness of the image of F , namely, all
nonincreasing sequences with respect to � in the image of F have a lower bound. And the
completeness is a standard assumption for ensuring existence of efficient points for vector opti-
mization problems [34].

While for nonmonotone algorithm, by considering Ck instead of F(xk), Fazzio and Schuverdt
[33] used the following assumption to prove the convergence of the algorithm proposed therein:

(A1) The set T := {x ∈C : F(x)�Ck,∀k ∈ N} is nonempty.

Recently, we also used this assumption to show the convergence of another nonmonotone
projected gradient method [11]. Next, by applying the assumption (A1) again, we study the
convergence of Algorithm 3.1 considered in the present paper.

Theorem 4.2. Assume that (A1) holds and ηmax < 1. Then, the sequence {xk} generated by
Algorithm 3.1 converges to a weak Pareto optimal point.

Proof. First, we show that {xk} is quasi-Fejér convergent to T . Take any x ∈ T . By the gradient
inequality of each f j, we have that, for all k,

〈∇ f j(xk),x− xk〉 ≤ f j(x)− f j(xk)≤C j
k − f j(xk).

From this and Proposition 4.1, one can obtain that, for all k,

‖xk+1− x‖2

≤‖xk− x‖2 +2tk
m

∑
j=1

λ
k
j 〈∇ f j(xk),x− xk〉+

2
1−ηmax

m

∑
j=1

(C j
k −C j

k+1)

≤‖xk− x‖2 +2tk
m

∑
j=1

λ
k
j (C

j
k − f j(xk))+

2
1−ηmax

m

∑
j=1

(C j
k −C j

k+1)

≤‖xk− x‖2 +2
m

∑
j=1

(C j
k − f j(xk))+

2
1−ηmax

m

∑
j=1

(C j
k −C j

k+1),

(4.11)

where the last inequality is established by the conclusion F(xk)�Ck in Lemma 3.1, the stepsize
tk ≤ 1 and that λ k

j ≤ 1. For each k, let

εk := 2
m

∑
j=1

(C j
k − f j(xk))+

2
1−ηmax

m

∑
j=1

(C j
k −C j

k+1).

Note that Ck+1 �Ck (see Remark 3.1), so we have εk ≥ 0, and ‖xk+1− x‖2 ≤ ‖xk− x‖2 + εk by
(4.11) for all k.
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We are going to prove that ∑
∞
k=0 εk < +∞. By (4.8) in the proof of Theorem 4.1 and noting

that x ∈ T , we have that, for any N ∈ N,

N

∑
k=0

(
2

1−ηmax

m

∑
j=1

(C j
k −C j

k+1)

)
=

2
1−ηmax

m

∑
j=1

(C j
0−C j

N+1)≤
2

1−ηmax

m

∑
j=1

(C j
0− f j(x)),

and so
∞

∑
k=0

(
2

1−ηmax

m

∑
j=1

(C j
k −C j

k+1)

)
<+∞ (4.12)

by letting N goes to +∞. Moreover, by (3.5) and (4.4), one has that, for each j ∈ {1, · · · ,m}
and k ∈ N,

C j
k − f j(xk) =C j

k−1− f j(xk)+
f j(xk)−C j

k−1

Qk
= (C j

k−1− f j(xk))
Qk−1

Qk

= (C j
k−1−C j

k)(Qk−1)≤ ηmax

1−ηmax
(C j

k−1−C j
k).

(4.13)

Then, by defining C−1 =C0, it follows from (4.13) that, for any N ∈ N,

N

∑
k=0

(
2

m

∑
j=1

(C j
k − f j(xk))

)
≤

N

∑
k=0

(
2ηmax

1−ηmax

m

∑
j=1

(C j
k−1−C j

k)

)

=
2ηmax

1−ηmax

m

∑
j=1

(C j
0−C j

N)≤
2ηmax

1−ηmax

m

∑
j=1

(C j
0− f j(x)).

Thus
∞

∑
k=0

(
2

m

∑
j=1

(C j
k − f j(xk))

)
<+∞.

Combining this with (4.12) yields that ∑
∞
k=0 εk < +∞ and consequently {xk} is quasi-Fejér

convergent to T .
Then, by Proposition 2.1, we have that {xk} is bounded and so has an accumulation point,

denoted by x∗, which is a weak Pareto optimal point thanks to Theorem 4.1 (note that the proof
of Theorem 4.1 still holds when the assumption “F is bounded from below” is replaced by (A1))
and the convexity of F .

In the remaining proof, we show that x∗ ∈ T . By this and Proposition 2.1 again, the conver-
gence of {xk} to x∗ is then obtained. Let {x jk} be a subsequence of {xk} such that limk→∞ x jk =
x∗. Take any k0 ∈ N. By Lemma 3.1 and the nonincreasing property of {Ck}, one has that
for all k ≥ k0, F(x jk) � C jk � Ck � Ck0 . Since F is continuous, one then gets that F(x∗) =
limk→∞ F(x jk)�Ck0 . Thus, x∗ ∈ T as k0 is arbitrary, which completes the proof. �

At the end of this subsection, we give a linear convergence result of Algorithm 3.1. Recently,
we proved the linear convergence of the nonmonotone algorithm studied in [11] by using the
following condition on the search direction and the gradients of fi:

(A2) There exists positive constant c such that, for each i ∈ {1, · · · ,m} and k ∈ N,

〈∇ fi(xk),vk〉 ≤ −c‖∇ fi(xk)‖.
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In the present work, by employing the similar techniques that used in [11], we establish the
linear convergence of Algorithm 3.1. First of all, we can obtain the following useful lemma
under the assumption (A2).

Lemma 4.1. Assume that (A2) holds. Then, there exists α > 0 such that

fi(xk+1)≤Ci
k−α‖∇ fi(xk)‖ for each i ∈ {1, · · · ,m} and k ∈ N.

Proof. Take i ∈ {1, · · · ,m} and k ∈ N. By the definition of the search direction vk and noting
that 0 ∈C− xk, we can obtain by ϕk(vk) ≤ ϕk(0) = 0 that ‖vk‖2

2 ≤ −〈∇ fi(xk),vk〉. Combining
this with the nonmonotone line search rule (3.2) yields

fi(xk+1)≤Ci
k + tk(1− γ)〈∇ fi(xk),vk〉. (4.14)

Then, applying the lower bound of tk in Lemma 3.2 and assumption (A2) to (4.14), one can
obtain

fi(xk+1)≤Ci
k− ctmin(1− γ)‖∇ fi(xk)‖,

where tmin is defined as that in Lemma 3.2. Consequently, the conclusion holds with α :=
ctmin(1− γ). �

Below, we state the linear convergence result of Algorithm 3.1. Applying Lemma 3.1,
Lemma 4.1 and Theorem 4.2, the following theorem can be obtained by using the similar tech-
niques as that used in [11, Theorem 2] and so we omit the proof here for simplicity.

Theorem 4.3. Assume that (A1), (A2) hold and ηmax < 1. Let {xk} be the sequence generated
by Algorithm 3.1. Then, there exits θ ∈ (0,1) such that

F(xk)−F(x∗)� θ
k(F(x0)−F(x∗)) for all k,

where x∗ := limk→∞ xk is a weak Pareto optimal point. Specifically, the convergence rate θ is
given by

θ = 1− α(1−ηmax)

α +(ρ +‖x∗‖)(1+2Lmax)

with α as that in Lemma 4.1, the constant ρ satisfying {xk} ⊆ ρB and Lmax is the maximal
Lipschitz constant Li of ∇ fi, i.e., Lmax := max{L1, · · · ,Lm}.

5. CONCLUSION

It has been verified numerically in the optimization literature that the nonmonotone strate-
gies often perform better than monotone ones. In this paper, we presented a gradient method
equipped with the Zhang and Hager’s nonmonotone line search technique (in multiobjective
case) for smooth multiobjective optimization. We established the Pareto stationarity of the
accumulation points of the sequence generated by the proposed method for nonconvex multiob-
jective optimization problems. When the multiobjective function was convex, the convergence
of the generated sequence to a weak Pareto optimal point and further the linear convergence of
the function values to the optimal value were proved.

The future work includes several aspects. For example, it is of interest to investigate the linear
convergence rate of the sequence generated by the nonmonotone algorithm (rather than the
function value sequence), the accelerated gradient methods, and propose novel nonmonotone
techniques to find good Pareto fronts for multiobjective optimization problems.
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