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Abstract. The alternating direction method of multipliers (ADMM) is a powerful method to solve con-
strained convex optimization problems with the separable structure. The ADMM with the positive-
indefinite proximal terms, which has ergodic convergent rate 0(%) with the number of iterations K, is
more general than the ADMM with positive-definite proximal terms. In this paper, we propose a new
accelerated positive-indefinite proximal linearized ADMM algorithm with positive-indefinite proximal
matrix by the techniques of extrapolation. We obtain the nonergodic convergence rate 0(%) in the sense
of objective values and the nonergodic convergence rate O(LK) in the sense of iterative sequence of
the proposed method as well as the upper bound of the violation of constraints. Numerical results are
reported to show the efficiency of the proposed method.

Keywords. ADMM; Nonergodic convergence rate; Positive-indefinite proximal linearized ADMM; Sep-
arable convex optimization; Violation of constraints.

1. INTRODUCTION

In this paper, we consider the following separable convex minimization problem:
min{f(x)+g(y)|[Ax+By=b,x€ X,y ¥}, (1.1)

where A € R™"™M B e R™™ peR™ 2 CR™M, and % C R are nonempty closed convex
sets, f: R" — RU {400} and g : R™ — RU{+eo} are two proper convex and lower semicon-
tinuous (not necessarily smooth) functions. Problem (1.1) is assumed to have a solution in this
paper.

The augmented Lagrangian function of problem (1.1) is defined as:

B
2
where A € R™ is the Lagrangian multiplier, and 8 > 0 is a penalty parameter.

The classic alternating direction method of multipliers (shortly, ADMM), which is closely
related to the Douglas-Rachford split algorithm, was first proposed by Gabay, Mercier and

Lg(x,y,A) = f(x)+g(y) = A" (Ax+ By —b) + = ||Ax+ By — b||%, (1.2)
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Glovinski in the mid-1970s [1, 2]. For a given iterate (yj,Ay), the iterative scheme of the
ADMM for solving problem (1.1) is as follows:

Xk4+1 = argmin {.ﬁﬁg(x,yk,lk) |X S %}7
Y1 = argmin { L5 (1,5, 4) [y € '}, (1.3)
Mer1 = A — B(AXpy 1 + Bygr1 — b).

The ergodic convergence rate of the ADMM algorithm was proved to be 0(%) in [3], and the
non-ergodic convergence rate was also proved to be o(\/%?) in [4]. The ADMM was success-
fully applied in various fields, such as statistical learning, computer vision, image processing,
wireless network, and distributed network; see, e.g., [5, 6, 7, 8,9, 10, 11, 12] and the references
therein.

The key point of dealing with ADMM (1.3) is to solve the subproblem to obtain the iteration
point (x;41,yk+1). An effective tactics is to regularize the subproblem by a quadratic proximal
term. Without loss of generality, we just discuss the case where only the y-subproblem of the
ADMM (1.3) is regularized as follows (Generally, it is also probable to consider the situation
when the x-subproblem and y-subproblem are both proximally regularized; see [13].):

X1 = argmin { L3 (x, e, M) [x € 2},
(PD—ADMM) § yiy1 = argmin { L5 (v 1,0 4) + 5y = ellply € 2}, (1.4)
Mir1 = X — B (Axpy 1 +Byky1 —b).

In (1.4), % ||y —y«|3 is the quadratic proximal regularization term and D € R™*"2 is the proximal
matrix that is always required to be positive definite in the literature. PD-ADMM (1.4) is widely
used in various fields, such as image processing, compressive sensing, statistical learning and
so on; see, e.g., [14, 15] and the references therein.

Recently, a possibility of relaxing the positive definiteness requirement of the PD-ADMM
was presented, which implies that it was not necessary to require the positive definiteness of
the proximal matrix in [16]. Motivated by [16], a new positive-indefinite proximal linearized
ADMM (PIPL-ADMM) was proposed to solve problem(1.1) in [17] as follows:

X1 = argmin { L (x,ye, M) [x € 2},
Y41 = argmin {fﬁ (K10, M) + 51y =il |y € 5’/} : (1.5)
Aiy1 = Ak — YB(Axyy1 +Byrr1 —b), ,

where Dy = D — (1 — ) BB B with an arbitrarily given positive-definite matrix D € R"*"2 and

7€ (0,1}, 7€ (0, @) The PIPL-ADMM algorithm relaxed the restriction on the positive def-
initeness of the neighbor matrix, and it was proved that the ergodic convergence rate is o(1/k),
where k is the number of iterations. It is precisely because the PIPL-ADMM algorithm has
more relaxed conditions and is more in line with the reality of life, so it has a wider application
in real life.

To speed up computations, the basic algorithm is generally accelerated, usually starting from
two directions: reducing the number of iterations or shortening the running time. In [18], Li
et al. simplified and improved the acceleration algorithm proposed by Ouyang et al. [19] to
accelerate the ADMM algorithm through Nesterov’s second acceleration scheme, and the new
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acceleration algorithm is as follows:
( 1-6, 1 .
& 6 U
_ 6k (1—6k—1)
Ve =Yt =g Ok = Y1),

Xey1 = argmin, f(x)+<7Lk,Ax>+2%k\|Ax+ka—b||2}, (1.6)
yeer = argming { ¢(v) + (A, By) + o 41 + By —b[?}
(A1 = A+ BY(Axyr + By —b).

Inspired by the works [17, 18, 19], this paper proposes an accelerated PIPL-ADMM (APIPL-
ADMM) algorithm by using the accelerated technique [18, 19] as follows:

(1-6, 1

0, (1—6;_
ve=ye+ B8 (- ye ),

Xep1 = argmin, f(x)+(Ak,Ax>+2£9k|yAx+ka—b|\2}, (1.7)
yesr = argmin, { () + (e, By) + S A% + By = b2+ 3y = vl }
(A1 = A+ BY(Axpy1 + Byrr1 — b)),

where Dy = D — (1 — 7)BB' B with an arbitrarily given positive-definite matrix D € R™*"2,
and 7 € (0,1], y € (0,1], and 6; > 1. By extrapolating a parameter v, the convergence rate of
the APIPL-ADMM algorithm is proved. Since the ergodic average will destroy the sparsity and
low-rank in sparse learning and low-rank learning [18, 20], in order to better apply the algorithm
to practical problems, we analyze the non-ergodic convergence rate of APIPL-ADMM (1.7) so
that it is possible to use in sparse domain and low-rank domain problems.

2. PRELIMINARIES

In this section, we recall some basic definitions and well-known results that are useful for our
further discussions.

Definition 2.1. ([21]) Let f : R" — RU{+-eo} be a proper convex function, and let x € dom(f) :=
{x: f(x) > —eo}. A vector & € R” is called a subgradient of f at x if

fO) > fx)+(&,y—x), VyeR"

The set of all subgradients of f at x is called the subdifferential of f at x and is denoted by
df(x):
df(x) ={E eR": f(y) = f(x) +{§,y—x), VyeR"}.

Definition 2.2. ([18]) Let {xj,...,xx} be a sequence produced by the algorithm. We say a
convergence rate of the algorithm is nonergodic if it measures the optimality at xx directly.

Lemma 2.1. ([20]) For any x,y,z, ® € R", the following equations hold:

20x,y) = [l + Iy = [l =117,

2 2 2 2
2x =2,y = 0) = [x— of]" = [lz— of]* =[x =y[" + [z = ¥[I*.
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Lemma 2.2. ([20]) Let f : R" — R be convex and (x*,1*) be a KKT point of problem:
rr&in f(x)s.t. Ax=">b.
Then
f(x)=f(x")+ (A", Ax—b) >0, Vx.
Lemma 2.3. ([20]) Let f : R" — R be convex and (x*,1*) be a KKT point of problem:
mxin f(x) s.t. Ax=b.
If f(x)— f(x*)+ (A",Ax — D) < oy and ||Ax — b|| < ap, then
—[|A" o < f(x) = f(x") < [[A7[lox + aur.
3. CONVERGENCE RATE ANALYSIS

In this section, we analyze the convergence rate of the APIPL-ADMM (1.7) with positive-
indefinite matrix Dy for solving problem (1.1).
For the sake of simplicity, we give several auxiliary variables:

A1 = M+ 5 (Axgp1 +Bvg —D),

1—6;
d = 7Lk+¥(Axk+BYk—b),
s

- 1 1—6;
k41 = ek}’k+1 6, Yks

9k+1 _ 1 1
and 6 satisfies - O O Yand 6_; = ¥
Lemma 3.1. For the definitions of Ik+1 , ik, Ay Zks Vi1, Vi and 6y, we have

M1 — Mg = G%[AXkH +Byrr1 —b— (1= 6;)(Axg + Byy — b)],

A B K

A1 — Ao = (AXK+1 +Byk1—b)+ By ) (Axi + By —b),
k=1

3 = B
| A1 — Agsr ]| = 9_k||B)’k+1 — By,

Vi — (1 = 6k)yk = Oz

Proof. By the definition of A, ; and l_ekef;fl = eik — ¥, we have

ﬁ(l - 9k+1)(

Ok 11

1
= A1+ <— - ) (Axgt1 +Byky1 —b)

A1 = a1 + AXj41+Bykr1 —b)

= A+ BY(Axgs1 +Byry1 —b) + B (—— )(Axk+1+3yk+1—b)

= Ak‘f’ g (AXk+1 +Byk+] —b) (31)
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Since Ax = A + B ( 0) (Axy + By — b), then
A 1-6
M= M — W(Axk“f‘l;yk_b)
k

and so,

A A 1—-6
A1 =M — me—kk)(Axk + By —b) + Gﬁk(Aka + Byk+1 —b)

=+ eﬁk[Aka + Bygy1 — b — (1= 6)(Axy + Byy — b)].
According to the definition of IH] , it follows from (3.1) that
dnt— Tl = B B
k+1 =~ Mk+1| = 9_k |Byk-+1 — B[ -

By adding A1 = A — EU-® (Ax + By — b) + & (Axy1 + Bygy —b) from k=00 k =K,
we have
K

Akii—Ao =Y (A1 — )
=0

1—-6
=p Z { (Axgy1+Bykr1 —b) — G—kk(Axk""Byk_b)}

k‘

1
=P Z [e—k(Aka +Bygy1 —b) — . (Ax + Byx — b) + y(Axy + Byy — b)}
—0 -

K
51( (Axg41+Byk+1—b)+BY ) (Axe+ By —b).
k=1
Note that
Ok
(1 —6k)yx + Okzi = (1 — Ok )yi + B e — (1 — 6—1)yk—1]
0,(1—6,_
=y + %(}’k_)’k—l)
—1
= V.
Therefore, vy — (1 — 6 )y = Orzx- O

The following lemma plays a key role in the analysis of convergence rate of APIPL-ADMM
(1.7) in the sense of objective values.

Lemma 3.2. For the iterative sequence (xj.y1,Vrr1) generated by Algorithm (1.7), we have
fOoesn) +80u1) — f(x) — 8()
— <Ik+l yAXpi 1+ By —Ax — BY> - 9% (Byi+1— Bvi,Byi11 — By) (3.2)
— (Do(Yk+1 = Yk)s Vi1 = ¥) -
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Proof. Let

A

Vi(xes) = —A A — %AT(Aka +Bv—b) = —A" Ay

and

A

B
Ve(is1) = —B 4 — e_kBT(Axk—H + Byky1 —b) — Do (Y41 — Vi)
=B Apy1 — %BTB(ka — Vi) = Do(Yr+1 —Yk)-

For Algorithm (1.7), we have V f (x¢;1) € 0f (xk11) and Vg(yei1) € 9g(yes1). By the convexity
of f and g, we have

fog1) = flx) < <@f(xk+1)axk+1 —X>

~ (3.3)
= - <A,k+],AXk+1 _Ax> )
and
g0+1) —80) < (V80s) vt —)
=— <xk+1aB)’k+1 —BY> - 9% (Byxy1 — Bvi, Byr1 — By)
— (DoYk+1 —Doyi, Vi1 —Y) - (3.4)
Thus the desired conclusion is obtained by adding (3.3) and (3.4). ]

Lemma 3.3. Let (x*,y*) be a solution to problem (1.1). For the iterative sequence (Xi,y)
generated by Algorithm (1.7),

flksr) +gks1) — f(x7) —g(v") + (A", Axk 11+ Byk 11— b)

L P B 1 , (3.5)
<9 —H 2+ B 1Bz — BYF P + = |Doyo — v |? )
< 0c (5 ="+ Bz -8 + L 1w 1)
and
1 K
G_(AXK+1 +Byg11—b)+ 7Y (Axc+ By, —b)
K k=1 (3.6)

2|5 * * *
< g |20 =27+ 1820~ By" I+ VB IDovo 7]

Proof. Taking (x,y) = (x*,y*) and (x,y) = (xt, yx) in (3.2), respectively, we obtain two inequal-
ities

fxs1) F80ks1) — (X)) —g(v)

< - <Ik+l>Axk+1 + Byy1 —Ax" —By*> g (Byk+1— Bvi, Byr11 — By") (3.7

s
— (Do(Yk+1 —Yk), k1 =",
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and

fg1) +8(vks1) — f(xx) —g(O)
< — (Rks1,Axesr + Byest — Axe — Bye ) — 9% (Byis1 — Bvi, Bye 1 — By) (3.8)
— (Do (V1= Vi) Yk+1— Vi) -

Multiplying the inequality (3.7) by 6; and multiplying the second inequality (3.8) by 1 — 6,
summing them together, and using Ax* + By* = b, we have

Jr1) +80is1) — (1= 60) (f (k) +&(vk)) — Bk (f(x™) +2(v"))
< — <Ik+1ank+1 +Byrr1 —b— (1 —6)(Axi + Byy — b)>

- OEK (Byk+1 — Bvi, Byr1 — (1 — 6;)Byy — 6;By™)

—(Doyi+1—Doyk, Vi1 —Yk) — (DoYi+1 — Doy, O (yk — ")) -

Ok
sides, together with the positive-indefiniteness of Dy, Ax — Ax* = Ax — b+ By*, and Lemmas
2.1 and 3.1, we have

Dividing both sides by 6;, adding <7L*, o (Ax + By — ) — 5% (Ax + By — b)> to both

fOoq1) +8is1) — f(x*) —g(y*) + (A", Axiy 1 +Byiy1 —b)
O

1 ;kek (f () +80vk) — f(x") —8(Y") + (A7, Axx + Byr — b))

Lig B
< _E <Ak+1 _)'*’A'k-ﬁ-l — A«k> — ¥<Byk+1 —ka7Byk+1 _ (1 _ Gk)Byk _ GkBy*>
k
1 *
- 9_k<D0)’k+1 — Doy, Vi1 — Vi) — (Doyis1 — Doy, ye —¥™)
1 by A ~ ~ A —
=38 (I = 2712 = 1 Aess = A% = A= T [P+ et = R |?)
4o (1B (1 0By — By~ B — (1~ 6By — 08" P By — B )
k

1
* 26y ([1Doyx-+1 — Y1)+ 1Doyk — vl = 1Doys1 — yell* — || Doyx _yk+l||2)
)2 2 12 2
+ = (IIDoyk = ¥* I + 1Doyks1 — yell* = [|1Doyis1 — ¥ 117 = [ Doy — yel*)

1 3 D) ﬁ * *
<5z |Mk—7t*\|2—|\/lk+l—7t*”2) +5 (I1Bz = By"|I* = [|Bzieyr — By

[\
=
—~ N

+ = (1Doye = y*I* = 1 Dovier1 =y |1%) -
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= % —7vand 0_; = 71,, and summing from k = 0 to k = K, we have

fxky1) +80vke1) — f(x*) —g(y*) + (A™,Axg 11+ Byg 1 —b)
Ok

f(xk) +8() — f(x") —g(y") + (A7, Axg + By — b))

s<
[ agle

1 * ) * * *

%( T N Y S LT R AR
1

+§(||Doyo—y 1> = 1Doyk+1 —¥*[|?)

< 5 (0= A1~ Wi = A1) + 5 1820 — By* |+ S IDovo v

2B 2 2

1.e.,
S k1) +80k+1) — f(x) —g(y™) + (A", Axk 41 + Byk 41 — b)

Ok
1 )b 2 )L )b ﬁ 112 1 *1(12
_ﬁ 120 — 21> = || k41 — A7 +§||BZ0—By | +§||D0)’0—y .
From Lemma 2.2, we deduce that (3.5) and
Akt — Aol = | A0 — 27| < | Ak — A7)
< /Ao — 1|+ B2]|Bzo — By*|P + B | Doyo — |
< || Ao — A*|| + B||Bzo — By || + /Bl Doyo — ",

which leads to

|Ak1 = Aoll <2120 = 27|+ BlIBzo — BY*|| + v/ B[ Doyo —¥"|.

It follows from Lemma 3.1 that

1 K
Q_(AXK—H + Byk+1 — Z Ax+ By, —b)
1. .
= EAK—H_/IO
205 .. \ )
< 5|20 =27+ 1820~ Byl /B 1D0yo
ie.,
1 K
Q—K(AXK+1+ByK+1 Z Axy+ By —b)
2005 .. \ )
< 5 |20 =27+ 1820~ Byl /B 1D0yo
It therefore yields that (3.5) and (3.6) hold. ]

In order to obtain an estimate of the bound from above of the violation for constraint in the
form of ||[Ax+ By — b|| instead of (3.6), we recall the following auxiliary result.
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Lemma 3.4. [20, Lemma 3.18] Consider a sequence (ci);._, of vectors, if (ci) satisfies

F—i—K(l—l)]c +fc
y y K+1 k

<c¢,VK=0,1,2--
k=1

where 0 <y < 1. Then HZszlckH <cforallK=1,2,---

We now prove the main result on the convergence rate in the nonergodic sense of Algorithm
(1.7) in terms of objective values as well as the bound above of the violation of constraint.

Theorem 3.1. Assume that (x*,y*) is a solution of problem (1.1). For Algorithm (1.7), we have

. § 20 ||A%| A
0< flxgy1) +gkrt) —f(x") —g(y") < 1+K(1—y)  1+K(1—-7)

and
2I°
Axgi1+Bygs1 —b|| < ————
where
20 * *
=5 A~ By +v/BIDoyo 5. (3.9)
= A=) + B im0 - By i+ L 10uyo (3.10)
=38 5 1Bzo — By 5 1Poyo =y-1[. .
Proof. Note that 99"“ zei—yand 0= .Then 6y =1 and
1 1 1
e—kzK—f—l—’)/———i-k(l—’}/):l-i-k(l—’}/).
It implies that 6, = m Set ¢ := Axg + Byy — b. Using (3.6) yields
F—i—K(l 1)] —|—§:
- - CK+1 Ck
Y Y k=1
K
= _Q(AXK+1+B)’K+1 Z Axy.+ Byy —b)
= (3.11)
2 q * *
EHAO—A #1820 B5°| + VB IDwo ']
- K:()71727"'7
?’

where I' = % H?fo —x* By*|| ++/B | Doyo — y*||. It therefore follows from Lemma 3.4

that

§E7VK:1’2’...
Y
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From (3.11), we conclude that

¥ ¥ K+1 = k
1 1 K
() e B <

k=1
[exG)
- - — c
y ¥ K+1

Consequently, one has ||cx41]] <

S 7VK:()71a27"'7

<™

and so,

2r

r
< +— =" YK=0,1,2,---.
Y Y

K
2. <
k=1

forall K =0,1,2,---. Namely, we have

2r
1+K(1—y)

2T

Axg1+Bygs) —b|| < —————,

which together with (3.5) yields that
FOkr1) +80vk+1) — F(x7) —8(y") + (A", Axg 1 + Byg +1 — b)

< 6k <$H%—l*

2 B 2 1 %112
+ 5 1820~ 85"+ 5 1w -

= O A
B A
14K (1—7)
where the last equality is obtained by 6; = m Consequently, by Lemma 2.3, we obtain
21| A7 ] ] 21| A7 A
—— < f(x + —f(x") — < )
forall K=0,1,2,---. Since (x*,y*) is a solution of problem (1.1) and y € (0, 1], —% <0
and f('xK+1)+g(yK+1) _f(x*) _g(y*) > 0 for allK:()?l;z?"'- So,
" ] 21| A7]] A
0< f(x + — f(x") — < ,
forall K =0,1,2,---. ([l

The following result shows the convergence rate in the nonergodic sense of Algorithm (1.7)
in terms of iterative sequence.

Theorem 3.2. Assume that (x*,y*) is a solution of problem (1.1), f is strongly convex with
constant 11 > 0, and g is strongly convex with constant 1, > 0. For Algorithm (1.7) with y €
(0,1), we have

1
VK

_JaratlH+A V3 : .
where © = it Vo) I" is defined as (3.9), and A is defined as (3.10).

(ks yx) = (5,y7) [ < ©
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Proof. 1t follows from Theorem 3.1 that

2C||A%|| + A

(I=-7K+y

Since f is strongly convex with constant 1; > 0 and g is strongly convex with constant 1, > 0,
then

k) +80k) = () = g(y) = 5 [l —x ||2+§||yz<—y 12 > 1| (xk, k) — (£, 3912,

0< flxx)+gvx) —f(x") —g(y") <

where 1 = min{4,%}. Therefore, one has

(g vk) — (%,57)| < 2FH/l H+A \/7 2R A /3

i'e" ||(XK;)’K)_(X*7)’*)H SG)\/L[? O

4. NUMERICAL EXPERIMENTS

In this section, we demonstrate the computational performance of APIPL-ADMM with positive-
indefinite matrix Dy by the well-known LASSO model and compare APIPL-ADMM with PIPL-
ADMM and the existing PD-ADMM. To this end, taking the arbitrarily positive-definite ma-
trix D := t(ul,, — BB B) with u > ||[BB"B||. Then one obtains the positive-indefinite matrix
Dy := tul,, — BBTB. All codes are written in Matlab and all experiments are performed in
Matlab R2015b on a workstation with an Intel(R) Core(TM) 17-8550U CPU (1.80 GHz) and
8GB RAM.

The LASSO model is given as

1
min 2|4y —b||* + oyl (4.1)

where ||y||1 ;==X |yi|, A € R™*" is a design matrix usually with m < n, m is the number of date
point, n is the number of features, b € R™ is the response vector, and ¢ > 0 is a regularization
parameter.

By a new auxiliary variable x, (4.1) can be rewritten as the form:

1
min{§||x—b||2 +o|yi|x—Ay=0,xe R" y € R”} : (4.2)
The augmented Lagrangian function of problem (4.2) is defined by
B
Lp(x,y,A) = —||x Bl + oyl = A" (x—Ay) + 2 [lx— Ay,

where A € R” denotes the Lagrangian multiplier and 8 > 0 is a penalty parameter. Then apply
the APIPL-ADMM algorithm to (4.2), we have

! m
s =argmin {3 =P~ () - av) + - anfPlrernl, @

. T 1
e =argmin{ o]+ 3y O+ gl v R @)
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FIGURE 1. The average number of iterations and average runtime of APIPL-
ADMM and PIPL-ADMM in different dimensions

and

Miv1 = A — VB (X1 — Avis1), (4.5)

where g := —AT (A4 — G%(ka — Ayx)). Then the solutions of the subproblems (4.3) and (4.4)
are given respectively by the following explicit form:

0
Xyl = ﬁ(b"‘lk + BAvy).

and

qk
Yk+1 = So/r,u (v + a%

where Sg(¢) is the soft thresholding operator [17] defined as
(Ss())iz=(1=8/|t:)s tii=1,2,---,m.

We generate the data by the same method in [17]: we choose A;; ~ .#7(0, 1) and then scaled the
columns to have unit norm. We use the function ‘sprandn’ to generate a sparse vector y* which
has approximately density = 100/n non-zeros entries taken from the normal distribution with
zero mean and unit variance. We generate b via b := Ay* + e, where e is a small white noise
taken from e ~ .4/(0,1073). We test five cases of dimension of A ranging from 900 x 300
to 1500 x 5000, and set i := B||ATA||. We set the regularization parameter ¢ to 0.1 and the

ADMM parameter 3 to y|2y:)1\‘ Since the small proximal term can allow for the larger step

size, we take T := '5%' +%. We pick up 7:=0.3,0.35,0.4,0.45,0.5,0.55,0.6,0.65,0.7,0.75.

The termination criteria are defined by ||x;o; — Ayeyi]| < €P and ||BA(yrer — i) < e,
where "' = \/ne®®s + e’ max{||xrs1|, ||Avesi]|}, and el = | /ne®s 4 £ ||yiy || with €%
and £ setting respectively to be 10~* and 10~2. We choose the initial point in two different
ways, the first is (xo,y0,40) := (0,0,0), and the second is (xp,yo0,40) := (0,¥o,0) where ) is
randomly generated. Then the average number of iterations and average running time are taken
into account.
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TABLE 1. The average number of iterations and runtime of the APIPL-ADMM
and PIPL-ADMM

PIPL-ADMM APIPL-ADMM

Y mxn Iter.1 Time.l Iter2 Time2 #e2 Timez
900 x 3000 455 2.72 38 243 0.83 0.89

1050 x 3500 50 4.01 42 334 083 0.83

Yy=0.3 1200 x4000 42.5 4.51 38 4.05 0.89 0.89
1350 x 4500 445 581 395 6.32 0.88 0.88

1500 x 5000 38.5 6.20 355 5.83 0.92 094

900 x 3000 455 265 345 2.46 0.75 0.78

1050 x 3500 51.5 450 375 426 072 0.71

Yy=0.35 1200 x4000 42.5 444 34 4.34 0.80 0.80
1350 x 4500 45 5.89 35 5.69 0.78 0.79

1500 x 5000 39 6.39 325 6.64 0.83 0.82

900 x 3000 46.5 276 30.5 246  0.65 0.67

1050 x 3500 51.5 422 335 349 0.64 0.64

Yy=0.4 1200 x4000 43 487 315 4.07 073 0.76
1350 x 4500 45.5 595 325 536 0.71 0.72

1500 x 5000 39.5 6.48 30 6.10 0.75 0.75

900 x 3000 46.5 276 27.5 1.68 0.58 0.60

1050 x 3500 52.5 4.35 30 243 0.56 0.55

Y=0.45 1200 x4000 43.5 4.52 29 3.03 0.66 0.66
1350 x 4500 46 6.08 29 3.97 0.62 0.64

1500 x 5000 39.5 6.47 28 4.61 0.70 0.70

900 x 3000 47.5 295 255 1.63 0.53 0.54

1050 x 3500 52.5 433 275 2.27 0.52 0.51

Yy=0.5 1200 x4000 44 4.63 27 2.87 0.61 0.61
1350 x 4500 46.5 633 27.5 3.71 0.57 0.58

1500 x 5000 40.5 6.79 25.5 4.29 0.62 0.63

900 x 3000 48 299 235 1.39 0.48 0.46

1050 x 3500 54 4.63 26 2.22 047 047

Y=0.55 1200 x 4000 45 492 245 2.61 0.54 0.53
1350 x 4500 47 6.33 245 3.28 0.51 0.51

1500 x 5000 41 6.80 24 3.96 0.63 0.57

In order to exhibit the efficiency and advantages of APIPL-ADMM, we plot the results in
terms of iterations in Figure 1 and Figure 2. Tables 1 and 2 list the average number of iterations
and runtime in seconds of the APIPL-ADMM and PIPL-ADMM schemes applied to problem
(4.2) for different dimensions of A and parameter y. Tables 3 and 4 list the average number of
iterations and runtime in seconds of the APIPL-ADMM and PD-ADMM schemes applied to
problem (4.2) for different dimensions of A and parameter y. From the numerical experimental
results, it can be seen that the APIPL-ADMM performs much better than PIPL-ADMM and
PD-ADMM both in the number of iterations and runtime.
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TABLE 2. The average number of iterations and runtime of the APIPL-ADMM
and PIPL-ADMM

PIPL-ADMM APIPL-ADMM

Y mxn Iter.1 Time.l Iter2 Time2 #e2 Iime
900 x 3000 43 241 225 1.25 0.53 0.53

1050 x 3500 47 3.63 24 1.80 0.51 0.51

Yy=0.6 1200 x4000 39.5 3.98 24 239 0.61 0.61
1350 x 4500 39.5 5.12 23 291 0.59 0.59

1500 x 5000 41 571 225 3.46 0.62 0.61

900 x 3000 44 2.52 22 1.21 0.50 0.49

1050 x 3500 48 391 22 1.73 0.46 0.45

Y=0.65 12004000 40.5 4.19 22 2.18 0.55 0.53
1350 x 4500 40.5 523 215 280 054 0.55

1500 x 5000 37 5.82 215 3.38 0.58 0.58

900 x 3000 45 2.59 205 1.13 0.46 0.44

1050 x 3500 49 3.85 22 1.64 045 043

Yy=0.7 1200 x4000 41.5 4.16 22 216 053 0.53
1350 x 4500 41.5 533 215 2.75 0.53 0.53

1500 x 5000 43 6.04  20.5 3.18 0.54 0.53

900 x 3000 47 2.59 20 1.12 043 31.63

1050 x 3500 51 4.03 235 1.85 0.46 0.46

Y=0.75 1200 x 4000 43 437 225 2.26 0.53 0.52
1350 x 4500 42.5 548 20.5 2.73 0.49 0.51

1500 x 5000 39 6.21 21 3.30 0.54 0.53

T T T T T T T
I PD-ADMM I PD-ADMM
[ APIPL-ADMM L [ APIPL-ADMM | |

w EN o
S o =]
T T
w ES o [}
T T T

n
o
T

Average Value of Run Time
n

Average Value of Iteration Numbers

o
T
T

0
900*3000 1050*3500 1200*4000 1350*4500 1500*5000 900*3000 1050*3500 1200*4000 1350*4500 1500*5000
Dimension 0f A Dimension 0f A

FIGURE 2. The average number of iterations and average runtime of APIPL-
ADMM and PD-ADMM in different dimensions

5. CONCLUSIONS

An APIPL-ADMM algorithm with positive-indefinite proximal matrix was proposed for
solving the two-block linearly constrained separable convex optimization problem. It was
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TABLE 3. The average number of iterations and runtime of the APIPL-ADMM
and PD-ADMM

PIPL-ADMM APIPL-ADMM

Y mxn Iter.1 Time.l Iter2 Time2 #e2 Timez
900 x 3000 46 2.55 31 1.68 0.67 0.66

1050 x 3500 49 3.59 32 257  0.65 0.71

1200 x 4000 41 4.02 30 2.89 0.73 0.72

1350 x 4500 40 5.20 29 3.63 0.72 0.70

1500 x 5000 40 6.05 30 447 075 0.74

900 x 3000 46 2.45 27 1.48 0.59 0.61

1050 x 3500 50 3.64 28 2.05 0.56 0.56

Y=0.35 1200 x 4000 41 3.98 27 2.63 0.66 0.66
1350 x 4500 41 5.15 26 3.48 0.63 0.68

1500 x 5000 40 6.18 26 4.00 0.65 0.65

900 x 3000 47 2.57 24 1.28 0.51 0.50

1050 x 3500 50 3.60 24 1.87 048 0.52

Y=0.4 1200 x4000 42 4.10 24 2.48 0.57 0.61
1350 x 4500 41 5.10 23 282 0.56 0.55

1500 x 5000 40 6.16 24 3.68 0.60 0.60

900 x 3000 48 2.62 20 1.14 042 0.44

1050 x 3500 51 3.87 21 1.55 0.41 0.40

Y=0.45 1200 x 4000 43 4.19 22 2.15 0.51 0.51
1350 x 4500 42 5.58 21 2.62 0.50 0.47

1500 x 5000 41 6.32 22 3.39 0.54 0.54

900 x 3000 49 2.81 18 1.01 0.37 0.36

1050 x 3500 52 3.72 18 1.29 0.35 0.35

Yy=0.5 1200 x4000 43 4.19 19 1.79 0.44 0.43
1350 x 4500 42 5.27 19 2.32 0.45 0.44

1500 x 5000 42 6.46 20 2.98 0.48 0.46

900 x 3000 49 2.65 16 0.86 0.33 0.32

1050 x 3500 53 3.85 17 1.22 0.32 0.32

Y=0.55 1200 x 4000 44 4.35 18 1.76 0.41 0.40
1350 x 4500 43 5.43 17 2.12 0.40 0.39

1500 x 5000 43 6.68 18 2.80 042 042

proved that the non-ergodic convergence rate of the APIPL-ADMM in the sense of objective
values is O( %) and the non-ergodic convergence rates of the APIPL-ADMM in the sense of
iterative sequence are 0(\/#1?), where K is the number of iterations. The effectiveness of the
acceleration algorithm was verified through numerical experiments. For the LASSO problem,
compared with the PIPL-ADMM algorithm and the PD-ADMM algorithm, the APIPL-ADMM
algorithm has significantly fewer iterations, shorter running time, and better computing effi-
ciency.
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TABLE 4. The average number of iterations and runtime of the APIPL-ADMM
and PD-ADMM

PIPL-ADMM APIPL-ADMM

Y mxn Iter.1 Time.l Iter2 Time2 #e2 Timez
900 x 3000 51 2.86 15 0.89 029 0.31

1050 x 3500 54 3.90 15 1.07 0.28 0.27

Y=0.6 1200 x4000 45 4.40 15 1.47 033 0.33
1350 x 4500 44 5.68 16 200 036 0.35

1500 x 5000 43 6.89 17 2.58 0.40 0.37

900 x 3000 52 2.80 14 0.80 0.27 0.29

1050 x 3500 55 4.10 14 1.13 0.25 0.27

Y=0.65 1200 %4000 46 4.51 15 146 033 0.32
1350 x 4500 45 5.97 14 .79 031 0.30

1500 x 5000 44 6.95 15 234 034 034

900 x 3000 53 2.92 11 0.60 021 0.20

1050 x 3500 57 4.25 13 099 023 0.23

Yy=0.7 1200 x 4000 47 5.16 14 1.43 0.30 0.28
1350 x 4500 46 6.80 13 1.85 0.28 0.27

1500 x 5000 46 7.50 15 244 033 0.32

900 x 3000 55 2.98 12 0.67 022 0.23

1050 x 3500 59 4.52 14 1.07 024 0.24

Y=0.75 1200 x 4000 49 5.96 13 1.65 0.27 0.28
1350 x 4500 48 7.16 12 1.72 0.25 0.24

1500 x 5000 47 7.18 15 2.31 0.32 0.32
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