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FRACTIONAL KIRCHHOFF-CHOQUARD EQUATIONS INVOLVING UPPER
CRITICAL EXPONENT AND GENERAL NONLINEARITY

XUE YU, YANBIN SANG*, ZHILING HAN

School of Mathematics, North University of China, Taiyuan 030051, China

Abstract. In this paper, we mainly investigate the Kirchhoff-Choquard problem with upper critical
exponent and general nonlinearity. Some appropriate restrictions are imposed on parameters. Further-
more, when the nonlinearity satisfies subcritical growth conditions, the existence of global minimizers
and mountain pass type solutions of the problem are established by using the variational properties and
fibbing maps.

Keywords. Choquard equation; Kirchhoff type problems; Nonlinearity; Upper critical exponent; Varia-
tional methods.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the following critical Kirchhoff-Choquard problem

_ 2 2 i
(a+b Q%dxdy) (—A)u= ( ()™ dy) | 252U+ A f (x,u) in Q,

Q |x—y#
u=0 in RV\ Q,
(1.1)
where Q C R" is a bounded domain, a and b are positive real numbers, s € (0,1), N > 4s,
u > 4s, 2 AIIV 5, 1s the upper critical exponent in the Hardy-Littlewood-Sobolev inequality,

Aisa posmve parameter, f is a subcritical Carathéodory function, and (—A)* is the fractional
Laplacian operator.
The fractional Laplacian in (1.1) is defined as

: u(x) —u(y)
—A)* =Ky, 1
(=A)'u(x) = Ky,s lim, RM\B.(0) X — V2

1 1—
B / cos & 1=cos&y
KN.,S RN ‘ C|N+2.§‘
In recent years, the research on the Kirchhoff-Choquard equation become significant due to
its application in physics; see, e.g., [1, 2, 3, 4, 5] for more details. In the local case, Goel and
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Sreenadh [6] studied the following equation

2*
Hu=Af(x)|ul?2u+ /Mdy | 2u  in Q,
Q lx—yl

u=>~0 on 0Q,

(1.2)

0—1
where J# u = — <a+£p (/ |Vu|2dx) > Au witha>0,p>N—2 (N >3)and 0 € [1,2}).
Q

Here 0 < u < N, 1 < ¢ <2, and A is a positive parameter. The function f(x) is a continuous
sign changing function. The authors established the existence of two positive solutions for the
problem (1.2). When 1 < g < 2, the authors applied minimization argument on the Nehari sub-
manifolds to obtain the first solution. When g = 2, they used the mountain pass lemma to obtain
the second solution. Further, Luo et al. [7] studied the problem (1.2) with p =1 and 8 = 2. The
multiplicity and nonexistence of solutions were established for the above problem. Similarly,
Liang et al. [8] used the Kajikiya new version of the symmetric mountain pass theorem to
investigate the following Kirchhoff-Choquard type equation

2 )
- (a+b/N \Vu|*dx)Au = ak(x)|u|92u+ </ Mdy) [ 2u, xeRY, (1.3)
R

RN |x —y|H

wherea > 0,5 >0, 0 < W <N,N >3, aand 3 are two positive real parameters, 2* 2]]\,\/ 72“ ,

k€ L"(RN) with r = 2* — if 1 <g< 2% and r = oo if g > 2*. The authors proved the multlpllclty
of solutions for problem (1.3). More results on the Kirchhoff-Choquard problems can been
found in [9, 10, 11, 12].

In the nonlocal case, fractional Kirchhoff-Choquard equation is also a hot topic of research.
Applying Krasnoselskii’s genus theory, Wang and Xiang [13] studied the following Kirchhoff-
Choquard equation

(a+blul? ) (—A)u = (/R Mdy) | P20+ AR(x)|u|7 2 in RV, (1.4)

vyl
1
where [u (/RN/RN = y|N+Sp a’xdy) a>0,b>0,s€ (O mln{l,2 }) 2sp<pu<
N, A >0, pp,= (N S;p l<g<p;= N sp, andhELl’v* ¢(RN). The authors showed the

multiplicity of nontrivial solutions for problem (1.4). Meanwhile, by using the concentration-
compactness principle, Chen et al. [14] obtained the existence of a positive weak solution for
the nonlocal fractional Kirchhoff-Choquard type equation. For some related results, we refer
the readers to [15, 16, 17, 18, 19, 20]. For the general nonlinearity, Liang and Rddulescu [21]
considered the following Kirchhoff-type Schrodinger-Choquard equation

M(||M||§’)[(—A)ZM+V(X)|MI”*2L¢]=7tf(x,u)+(\XI*“*IM\"I‘*S)\MVZJ_ZM in RY,  (1.5)

1
where ||u||s = |pdxd e s and f: RN xR — R is a Carathéo
’ RN Ix y|N+‘P Y] > Pus= N-sp '

dory function. The authors obtained the existence of infinitely many solutions for problem (1.5)
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by using variational methods. For more work on the nonlocal fractional equation involving
general nonlinearity, we refer to [22, 23, 24, 25, 26] and the references therein.
Recently, Appolloin et al. [27] obtained some new results for the following problem

— 2 .
<a+b g%dxdy) (=A)u = |u|*> 2u+Ag(x,u) in Q,

u=0 in RV\ Q,

(1.6)

where (—A)* is the fractional Laplacian operator, s € (0,1), N >4s,a>0,b> 0,2} = 1%, A

is a parameter, and g is a Carathéodory function. By using variational and topological nature,
the authors proved the weak lower semicontinuity, Palais-Smale condition, the convexity and
existence of global minimizers, local minimizers, and mountain pass type solutions to (1.6). In
[28], Faraci and Silva studied problem (1.6) with s = 1 and they proved some similar conclu-
sions.

Motivated by above discussions, we extend problem (1.6) to the fractional Kirchhoff-Choquard
problem. In the present paper, coupled with the Hardy-Littlewood-Sobolev critical exponent
and general nonlinearity, problem (1.1) is studied. The presence of the upper critical exponent
will prevent us from using the variational methods in a standard way. Therefore, the key point
is to overcome the lack of compactness, the main tool adopted in our proof is concentration-
compactness principle of a nonlocal fractional problem with Choquard type term. Moreover,
some new estimates on cut-off function will be reestablished. In fact, our general nonlinearity
includes and generalizes subcritical terms in problems (1.2), (1.3), and (1.4).

Let

e Yw v
%N — :u —4S p=os 2N— uu“ B S[J72S7N
ST\ 2N +4s—2u ON +4s—2u HL >

4szfu N2—2s N
o u—4s \#mN N—-2s \H#ZN GEN
NSt \N+2s—u N+2s—u BL >

4s— —2S
gy A \EET (N —2s)° e
Nt \N+2s—p (N+2s—p)(2s+3N —2p) HL >

where Sy 1. is defined by (2.1).
Our results are the following theorems.

and

Theorem 1.1. The following results hold:

4s—u
(i) If a*=>"Nb > My s, then he energy functional %, is sequentially weakly lower semi-
continuous on X3(Q);

4s—u
(ii) If a*=>"Nb > Ny su, then he energy functional .7, satisfies the compactness Palais-
Smale condition at level ¢ € R;

4s—u
(iii) If a®=>"Nb > Dy s\, then the energy functional %, is convex on X3(L).
4s—u
Theorem 1.2. Let a,b € R" such that a*=Nb > My s u, and set

R = inf{f;}b(u) lue xg(g)\{O}} , forany A >0.
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Then there exists Ay > 0 such that, for any A > Ay, we have uy € X5(Q)\{0} such that
I () = 95, <O0.
Theorem 1.3. Let A = If) Then the following results hold:

(i) Ifa#g%b > M 5, then there exists us—s € X3 (Q)\{0} such that Jfg’ = %%3 =0;

45—
(ii) If ak-2-N Nb AN 5> then u =0 in the only minimizer for %is

Theorem 1.4. Let ((ap)x, (br)x) be a sequence and (ay)r > 0, (bg)r > 0 such that a; — a,

by — b and a;~ = ka N AN sy Setting A = If)(ak,bk), then Ay — 0 as k — . And if
(u)x C X5(Q )\{0} such that A := A§(uy), then ux — 0, and

e

— Sy 7.
ot ()05 g ()85 | A
(Ja Ja dxdy) s

Pe—y[*

Theorem 1.5. If A > Ay, then there exists a vy € X5(2)\{0} such that ﬂa):b(vi) = ¢ and

<ja%b> (v3) =0, where ¢ := mf ;rg[%xl]j% (&(8)), and

L= {geco.1), x3(2) 50 =0, g1 =, }.

Theorem 1.6. Let @i = inf{fa%b(u) |ueX5(Q), |lu| > r} , for any r > 0. Then there exist

8, r> 0 such that, for each Ay— 8 < A < A, the value @i is achieved at a function wj € X;(Q)
satisfying ||w3 || > r.

Theorem 1.7. For each Ay— & < A < Ay, there exists a vy € X5 ()\{0} such that ﬂa’}b (vy) =

¢, and (ﬂa’}b)/(vi) =0, where c; = glenrf gm[%xl] falb(g(é;)); and

i = {gGC( 071]7 XO('Q‘)) ‘g<0) =0, g(l) :WSA}‘

Theorem 1.8. Assume that (H,)-(Hs) hold. Then there exists A" := A" (a,b) € (0, Ay) such that
if L € (0, ls), then (1.1) has no non-trivial solutions.

Our article is organized as follows. In Section 2, in the case of f(x,u) = 0, we prove the
weak lower semicontinuity, the validity of the Palais-Smale condition, and the convexity under
appropriate restrictions on the parameters a and b. In Section 3, under the perturbation of
function f (x u), we prove the existence of global minimizers and mountain pass type solutions
with A > /10, and local minimizers and mountain pass type solutions with A < 7LO And, when
the nonlinear term f is strengthened, we prove the nonexistence result. In Appendix A, we
obtain some more accurate estimates about the cut-off function.

2. PRELIMINARIES AND THE PROOF OF THEOREM 1.1

In this section, we state some preliminaries on fractional Sobolev spaces and Choquard equa-
tions, which can be found in [16, 20, 29, 30].



FRACTIONAL KIRCHHOFF-CHOQUARD EQUATIONS 71

Let

—y|3
where Q = R?M\ (¥Q x €Q) and €Q = R¥\Q. The space X is endowed with the norm

1
u(x) :
ludllx = lll 2 / ,Mddy .

Define X§(Q) :={u€X :u=0 a.e. in R¥\Q} and the best Sobolev constant as
]

uexo o} [lull3,

X:= {u |u: RN = R is measurable : u |qe L*(Q) and M ELZ(Q)},

where

P [l —uR,

”u |x y’N+25

The norm introduced in the previous equatlon is derived form the following formula

(,v)x300) = /Q (u() _|b;<i))))|(;$;)s_v(y))dxdy, forany u,v € X3(Q).

The key point to apply variational approaches to problem (1.1) is the following well-known
Hardy-Littlewood-Sobolev inequality; see [29, 30]. We have

lu(x) "”]u )|2EY 221
/RN /RN lx — y|# dxdy < C(Na.u)|”|2; o

where C(N, 1) is a suitable constant. We define

2
L= inf ] 1 @.1)
uexs(Q)\{0} P N o
(o (o 5255 ) o) v
as the best constant which is achieved if and only if u is of the form
N-2s
G ! 2 I xeQ
O\ 2+ x—xo?  for all xe @,
for some xg € RV, Cy > 0 and 7 > 0. Also it satisfies
July n o
dy lu[“vs"“u in Q.
</ e = y[# |
Moreover,
S
Sp=— 2.2)
C(N7 .u’)zfm

Denote by f ’l : X3 () — R the energy functional associated to (1.1),

)= S+ D = [ [ OO g [ peagas,
22/.1? |)C y|'u Q
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where F (x,v) = [y f(x,w)dw. One has

)|

u(x #f u y

(+#) o) = (@t P gl — [, OO0
4 [ feru)gdr,
Q
(2.3)
for all u, ¢ € X;j(Q). When f(x,u) = 0, we will use the notation

_ Ay, by //|“ [0 fua(y) [P

Fupla) =S+ gl 5 R T

and we point out the .#,  is a C2-functional.
In the following, we completely describe the range of parameters a and b for which the
functional ., j, associated to the problem

|u(x Ju(y) |2 2
b d dy ASu = —d Hs™ Q,
( + / = y|N+2s X (—A)’u o A y | |ul 2u in

u=20 in RV\ Q.

4s—
Proof of Theorem 1.1. (i) For am s > M s, there exists a sequence (u,), C X3(€) such
that u, — u. Since the embedding X;j(Q) — LP(Q) is compact (see Lemma 9 of [31]), u, — u
in LP(Q) for any p € [1,2}). We derive that

oanl|* = lual|* = Nlatn = 2a]|* + 21t — w, ) x5 2) = [t — ul|* +0(1), (2.4)
as n — oo and
]| * = Nuell* = ([[n — al|* + 0(1)) (Nt — uell* + 2[|ue]|* + 0(1)). (2.5)

Finally, from Lemma 3.3 of [29], we have

2*

[ [ ) Pl ) [ [ M= ol — ) )P
— yw - |x yE Y

o () [P aa () P
— dxdy,
/ / !x yl“

(2.6)




FRACTIONAL KIRCHHOFF-CHOQUARD EQUATIONS 73

as n — oo. Combining (2.4), (2.5), (2.6), and the Sobolev inequality (2.1), we obtain
ja,b(”n) - ja,b(u)

a b
= Q(Ilunll2 — Jlull®) + ;l(llunll4 — Jlul|*)

us 2*
</ O s [ [ MO M)
a 2 2, b 4 4
= 5l = al®) - 3 Ul * =[] *) @7)
_ _ s
a,
> futy —ul? j 2 o =l = S — % | 4 o(1),

225

as n — oo. At this point, we introduce the auxiliary function
—*

Syt .

Ltz'zp.sf

2
, for t >0.
225

a b
INsu(t) = 5T th —

It is easy to obtain that the function ly s, attains its minimum at the point

1
d = b ] 2;’175 _S L s 2'<2ﬁjs_2)
N,S,IJ, 2.22175 2 HL )

45—

ak=»-Np> %N,s,u < lN,s,;,L (dN,s,/.L) > 0. (28)
It follows from (2.7) and (2.8) that

and that

liminf(.7, j,(un) — F4 p(u)) > liminf||u, — u||le7s7u(||un —ul]) >0
n—oo n—oo

which concludes this part of the proof. []

Proof of Theorem 1.1. (ii) Let {u,}, C X;(Q) be a (PS). sequence, i.e., .#,;(u,) — ¢ and
I 4 p(un) — 0 as n — oo. Recalling (2.1), we have

2% 2f
x)\ “’S|“(Y)’ Hes 2 4 25 2.2%
S (u —au2+bu4—//’u( dxdy > allul|* +b||u||" =S, 1 ||u s

Since 22’5 < 2, we have that .#, ;, is coercive. From Lemma 9 in [31], up to a subsequence, we
have

up, —~u in X5(Q),

u, —»u in LP(Q), for all pe[1,2}),

U, —u ae in RN,



74 X. YU, Y. SANG, Z. HAN

Using the Holder inequality, it is easy to see that {un}, is bounded. Thus there exist two finite
measures i and v such that |(—A)2u,|> —* u, and

Jun (y) [P 2
—d Uy (x)|“Hs —=F v,
< o ‘X—y|p’ y ’ n( )‘

From Lemma 2.3 of [8], it follows that either u, — u in L% (Q) or there exist a set I at most
countable, two real sequences { ; }icr, {v,-} icy and distinct points {x;};c; C RY, such that

|u(y)| s 2
v—</ e y’u ) +Y vid, (2.9)

i€l

and
t=|(—A)2ul>+ a4+ sy, (2.10)

iel
for some positive finite measure t, where

2 2
Vi<Syrtut. (2.11)

Claim: The set I is empty.
If not, then there exists an index iy such that v;, # 0 at x;,. For any € > 0, consider a cut-off
function ¢ such that
0<9:<1 in Q,
Ve =1 in B(xj,,€),
Ve =0 in Q\B(xj,,2¢).
Since the sequence {u, ¢ }, is bounded in X;(Q), we have lim,,_,co .7, () [ty Ue] = 0. Thus

o(1) = cf,b(un) (14 O |

— 2 |4 (x) ’”|un )|2Z’Sﬁ€
= (b bl ey = | [ A
Up(X) —un(y)) (e (x) — Ve (y (2.12)
- {<a+buunuz> / un()’)( o)~ (Belx) = Be0))
0 x =yl
ot (06) P 1 () P 0
dxd dxd
AL |x er+2? ”] N S i

as n — oo. We estimate the first term related to (2.12) by using the Holder inequality,

(a6l o) o= DG CI = 00 gy

)2 [0 (x) — B ()|
<C/ [un ()] |x y|N+2s dxdy,
for some C > 0. From Lemma 2.1 of [32], we have

|0 (x) — 198()’)|2
|x_y|N+2s

lim limsup [ |u,(y)|? dxdy = 0. (2.13)
0

8-)0 n—roo



FRACTIONAL KIRCHHOFF-CHOQUARD EQUATIONS 75

For the second term of (2.12), we conclude from (2.10) that

—un(y))?
hrr(l)r}lm (a+b||u,|? /198 |x y|N+2s dxdy>au,0—|—b.uzo- (2.14)

Finally, by (2.9), we have

. . |”n “S|un )| Z’Sﬁs | |2 ’21“198 .
gli%r}gq;// e y|H dxdy—ili%// P y|u dxdy + Vi, = V;,.

(2.15)

Combining (2.13), (2.14), (2.15), and using (2.11), we have

* * * ]

2, 2 22
0> aptiy+ bl — Viy > apiy + bty — Sy 17 1 = tig(a+biiy — Sy /7w ).

We introduce the auxiliary function E\/; IJ< )=a+bt— S, HL %h. 2w~ for ¢ > 0. At this point, we

4s—p S2n 2% 1
deduce a2~ Nb > Msu & leu( ) > 0. So, we have a + by, _SH,l‘,L /,Ll-o“’ > 0. Hence,

K, = 0 and by (2.11), v;, = 0 as well. Thus we conclude that / = 0. Using the Brezis-Lieb
lemma, we can obtain

HY l“
lim /|”” i () “dxdy = // i) e () dxdy.
n—yoe [x — y[H Ix il

Hence u, — u in L (Q) and

5 252
Jm / ol ||Z y)yL 400 (4 — ) (y)ddy 0. (2.16)

Since .7, (u,) — 0 as n — oo, we have

0= tim .7, () aty — 1] = Tim (-l (a0 — ) 52

n—soo

From above equalities, we obtain lim,, e (uy, 1, — u) X5Q) = 0, which together with the fact
that u, — u yields that ||u, — ul|> = (u,,u, — u)xs(@) — (Ustn — u)xs(q) — 0, as n — co. This
completes the proof of this part. [

Proof of Theorem 1.1. (iii) To prove the convexity, we show that .7, (u)[¢@,¢] > 0 for all
u, @ € X3(L). Differentiating (2.3), we have

ap(1)[9, @]

2 2
ol bl ol Ju(x u@)[*uly)e? |
alle|”+blul"llel"— [ // |x y|“ “ 2.17)

s (y) P 2
// Ju(x) [P |u(y) [ dxdy|
Ix yl“
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Using the Holder inequality, the Sobolev inequality, and (2.2), we have

ﬂv -1 2* S72 2 lLY 2 ’
o T
" (2* _2*.s
< (225, 1)l @2l Gies Vs
(2.18)

Combining (2.17) and (2.18), we have
* (2% — -2 K
(W9, 0] = |9l a+bllul* — (2- 2 — 1)llul* PV 1],
We introduce the auxiliary function Z;V,s,u (t)=a+bt>—(2- 25— 1) sl S[:{zf * forall t >

0. It is easy to verify that lAN s,u attains its global minimum at the point

1
~ 265 2052

dN77 = - . )
SH (2-25,—1)(2-25,-2)

and that

4s—u ~
at"5Np> Dy Ivsu(t) >0,
4s—u
for all # > 0. It is clear from the proof that .7, is strictly convex provided that a#~>-%b >

‘QN,S,IJ. I:'

3. EXISTENCE AND NON-EXISTENCE RESULTS: GENERAL CASE

On the application of Theorem 1.1, we study the set of solutions of perturbed problem (1.1).
As for f, we make the following assumptions:

(Hy) f:Q xR — Ris a Carathéodory function satisfying f(x,0) =0 a.e. in Q;

(Hy) f(x,v) > 0 forevery v> 0 and f(x,v) <0 forevery v <0 a.e. in Q. Further, there exists
(> 0 such that f(x,v) > u >0 a.e. in Q and for any v € J, where J is open interval of (0,c0);

(H3) f: QxR — R is a function satisfying f(x,v) < c(1+|v[P~!) forallx € Q and v € R,
where ¢ > 0,2 < p <2};

(Hy) lim,_0 (‘ | D=0 uniformly in x € Q;

(Hs) For every u € X§(Q), the function  — [q f(x,tu(x))dx is C! with respect to t € (0, o).
We first establish the following results which are the fundamental tools in proving our theo-
rems.

Proposition 3.1. Let u € X3j(22)\{0}. we have:
(i) for each t > 0, it holds

a2yt = [ [ MO sty el
o b :

(ii) for each t > 0, it holds

2*
2 4_ 22,2 o) [P e (y) | 7 2
allall*+ b %72 | [ Ry > Ty e
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Proof. From the boundedness of Q2 and the Sobolev inequality, we have

() P () P
i+ 22l gEr / O vy

— S+ Sy - A Ju| 2%
2 4 2.0 » s
s (fo fo ME OIS gy

(¢ful| )2 205 25,
(]]ul)* + <t||u||)4——* Sy’
2-28 H.L

NIQ

Moreover, we can obtain (ii) similarly. The proof is complete. U
Lemma 3.1. Let a,b € RT, (u) C X§(Q), and Ay — A > 0 as k — oo.

45—

(1) If an=2-N Fp > My s and uy — uin X;5(Q), then Ja%b(u) < lilgglffa)fb(uk);

(2) IfaH*ZHVb > Mysp I () — ¢ and (fa)tb> "(u) — 0, then (uy)y is convergent to
some u in X3 (L) up to subsequence.

Proof. The proof process is similar to that of Theorem 1.1 (i) and (ii). 0

For every ¢ > 0, we introduce the fiber map

iju(t)':j“’b(m)zit [|ul| +4_1t [|u||* — 2 7 // |x y|# dxdy—?L/QF(x,tu)dx,

’

for A > 0 and u € Xj(Q).
Proposition 3.2. There exists a neighbourhood V of 0 such that V/;L )>O0forallt €VN
(0,00). We have l//a (1) — oo as t — oo and we also have that l[/alb ) is bounded from below.

Proof. Fix € > 0. Due to (Hy), we have
2*

u afay 2, Doy 4 // |u(x) ‘”|M / (x, tu
H=t"| = —t dx dy — A
0 <2HMH + 3l - 5 T o
> 2 (1ulP+ et - / A B gy 2 E
=" \2 4 225 lox — y|# a2

By using the Sobolev inequality and taking € and ¢ appropriately, we obtain the results of the
first part. Since 1 <2}, ¢ <2, we conclude that l//1 (t) — o0 as t — oo. At the same time, we

also have that l//ﬁL (1) is bounded from below. O
Now, we consider the system
Y1) =0,
(vl3) 0 =0, G.1)

A .
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in the unknowns A and .
4s—p

Proposition 3.3. Let a,b € R such that av=>- Fnp > M 5 and choose u € X5()\{0}. Then
there exists a unique A = A§(u) that solves (3.1).

Proof. The proof is the similar to that of Proposition 4 of [27]. We omit the concrete details. []

Corollary 3.1. Let u € Xj(Q)\{0}. Then Aj(u) is the unique parameter such that
. Ad () ,u
f yo (1) =0.
Il Y (t)

Moreover,
\//’”‘(t) <0 if A>Aj(w),
=0 if 0<A<Al(w).

Now, we introduce the following extremal parameter. Set Ig = infuexé(g)\{o} Aj(u).
The next proposition demonstrates how the parameter I(Y) varies according to the choices
made for a and b.

Proposition 3.4. The following assertions hold:

45— —
(i) If a5 T b > My o then Ky > 0;
4s—u

(ii) If a#w=2-N Fp = AN 5., then Lo = 0. Moreover, if (ug)x C X8 S(Q)\{0} is a sequence such
that A5 (uy) — AO as k — oo, then uy — 0 and

e

— Sy 1.
ot ()28 g () 5| = e
(Ja Ja dxdy) s

Px—y[#

Proof. (i) Since the proof is quite similar to that of Proposition 5 in [27], we omit the details.
(if) We can assume that 0 € Q. Take a nonnegative cut-off function such that ¢ (x ) =1in

Bg(0) for some R > 0. Set € > 0 and consider vg(x) := ﬁ We set ug := Hv - By
X
Appendix A, we obtain that
2*
u s Ug _ _N-2
el =1, [ I gy > 5 o).l <6 r+o),

as € — 0 for some Cj > 0. Therefore,
225, 2%
A ug a, by 1 // |ue (x) ‘”|” )| /
A e e dxdy—A | F(x,tug)d
l7Ua,b () 2 +4 2. 2* |x y|“ xay o (x7 Us) X

2 AP
< Pliull) = 55— 0le y_2 /Q (x, tug )dx.
Letting r = dy 5 ;i, We obtain
A utg dy s 0 2N—u
Vi (o) = = P25 20 W)~ & [ Fxdy syt
, 225, o

. . N
Claim: There exists a constant C, > 0 such that [ F (x,dn s yite )Jdx > Cr€2 as € — 0.
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As a consequence of the claim ,we obtain

22},

A, IN— dN,s,
%J%mmdﬁsNu<“_l__0

3N
. (1)—?LC28“2> <0.
2.25

Hence, Aj(ue) < A. We obtain IB =0as A — 0. Now, we see the last part, We suppose that
uy ) C satisfies Ay := A3 (ux — Ay =0. Let ur|| =1 and uy — u, Then there exists
X5(2)\{0 fies Ay := A Ao
tr > 0 such that

a b, t - |ug(x) us|uk y)|H 2* / (x tkuk
272 =0. 2
2—|—4tk T // x| d dy—N | —5—>dx=0 (3.2)

s 2] K
Combining (H3), (Hs), and (3.2), we can deduce that #;, — 7 and [, [o i )| ;L‘y"";(y ks dxdy —
0, as k — oco. Passing to the limit in (3.2), we arrive at

b 5 722,42

— c=0.
4 2-2;175

+

a

2
_As—p -2}

From a#2Nb = My s, it follows that 6 = Sy, /**. Thus (ux); is a minimizing sequence for

Sw 1. Now, if u # 0, by the lower semicontinuity of the norm, we have ||lu|| < 1. Coupling this

fact with [y 5 ;;, we obtain

72:2) .s72

< Z v2 ;1.3 s
O3yt 2.2*7 e
a b, P ju(x ()
< Z 47 dxd
S A / / |x yyu ey
. a b ™ |ug (x) /u]uk )\2* (x, teuag)
<limsup | = 4+ —1? — / / dxdy — A / —dx =0,
msup | 5+~ 3y e — y[H -
which cannot happen since € is bounded. 0J

The following proposition summarizes the condition of the infimum depending on the choice
of the parameter A for the functional lyi}]“(t).

Proposition 3.5. If A < Aq, then infy~o ¥ (t) = 0 for any u € X3(Q)\{0}. If A > g, then
inf,~q VJ]L ) <0 for any u € X3(€2)\{0}.
Proof. The proof is the similar to that of Proposition 6 of [27]. We omit the details here. UJ

After some preliminary results, we use the traditional variational methods to study the set of
solutions of problem (1.1). The first step giving the proof for Theorems 1.2 and 1.3 provides
the existence of global minimizers for A > 2.

Proof of Theorem 1.2. Combining (H3) and (Hjy), it is easy to verify that .% a’lb is coercive.
Moreover, we also have the lower semicontinuity. Finally, we recall that Proposition 3.5 implies
the existence of a function and the functional is proved to be negative. [
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Proof of Theorem 1.3. (i) Take a sequence A; \ IB. From Theorem 1.2, for each k, we
can find (u)x C X;5(2)\{0} such that A, = flk b (ux) < 0. Since A ™\ Ly, it follows that
(g )i 18 bounded and we may suppose that uk — u in X;j(Q). According to Lemrna 3.1 (1), we

obtain f ( ) < hmmfk_>c><> 54 alb (ux) < 0. Proposition 3.5 ensures that f ( ) > 0 for each

(NS XO(Q). Thus .7 b( u) = %is = 0. To conclude the proof, we have to prove that u # 0. In
fact
~2

b H.L 2.0%
Sl + 5 el = 5= o | >0
4 22

a o b // g (x) ‘”|’/‘k )|
< — —+ —

Thus

@ by Snt

lesyll(H”kH):E‘i‘Z well” = 57
1.s

F(x,uy)

2.2% 2
up|| 7T < A
e o T2

dx.

If u=0, by (H3) and (Hy), we have Iy, (||ux||) — 0 as k — oo. This fact is in contradiction

4s—p
with Iy s (|[ue]]) > Insu(dnsu) > 0. Since a®=Nb > My s, then u must be different from
Zero.
.. .. .. e
(i) From Proposition 3.4 (ii), we have A and

Ao a o b4 // |u(x) ’”\u )|
I0u) = = - d dy.

Furthermore, fa/lg(u) = ||lu|*ly 50 (lull) > O for any u € X5(2)\{0}. So u = 0 is the only
minimizer for this functional. [

Corollary 3.2. L e s Ao — g

y 3.2. Let a* b > My and u € X5(Q)\{0} such that ) (u) = ‘%T' Then
’ 0

Ao = Ag(u).

Proof. The pair (A, u) solves system (3.1). O

Proof of Theorem 1.4. The proof process is similar to that of Proposition 3.4 (ii). We omit the

proof here. [J
Now we investigate the solutions of mountain pass type. As we can see, the situation changes

4s—u
if L > Ay or A <Ay Next we consider positive parameters a,b € R such that a2~ s

%N”g_/”.
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Proof of Theorem 1.5. Combining (H3) and (Hy), and recalling X;(Q) — L7(Q) continuously
for each ¢ € [2,2}], there exists a positive constant C such that
b () P () [P
v 24 2 / /. dxdy — AC(e Ju]® + |1u]|”
o2 G+ gl = 5 i dxdy = AC(E |l + )

a b |u(x) !”|u )|
=(z—4A 2 2 ul* = // d dy—A P,

(3.3)
By selecting € < a/(2AC), we see that there exists 1] such that inf) =y 54 a’lb > 0. Hence, we

A _ A A —0; _ 79 ; A
have .7, (0) = 0 and ’]mb(”sﬁ) < 0. In fact, ja,b(”%f)) =0if A = A, while ja,b(usxg) <0

for A > Ig by Proposition 3.5. The functional possesses a mountain pass geometry. Moreover,
recalling Lemma 3.1 (2), we have that .% ’lb satisfies the Palais-Smale condition. So we obtain
the conclusion by the mountain pass theorem. [

After solving the case of A > If), we now study the case of A < If), that is, the existence of
nontrivial solutions which are local minimizers or mountain pass type.

Proposition 3.6. Let A < I(S). Then there exist r = r(s) and M = M(s) > 0 such that
inf{fa’fb(u):uexg(g), | :r} > M. (3.4)

Proof. Fix € > 0. Since A < I(s) and (3.3), we have

A a —s b lu(x) y) [P s
Sz G Raceulf+ ot~ 35— [ [ O vy Tt

for any u € X;3(Q). If we take € in such a way that a/2 — AyCe > 0, then the proof is complete.
0

Now, we show that the infimum in Theorem 1.6. Set

% ::inf{ﬂa’}b(u):uexg(g), [ Zr}, for any r> 0.

Remark 3.1. We can easily see that 9?5 — 0 as A — Ay. There exists a function u € X5()
such that If) = Aj(u) and we have 0 < %75 < Ja%b(u) —0as A — I(S).

Remark 3.2. w7 is a local minimizer and a critical point for .7, ;.Lb.

Proof of Theorem 1.6. For r,M > 0, if Ly — & < A < Ay, we have that @i < M for § > 0.
As a result, if (ug); is a minimizing sequence, then there exist B > 0 and k > 0 such that
||ux|| > M + B. we conclude the existence of a minimizing sequence and the convergence to a
local minimizer w} € X;(€2) such that ||w} || > M and %} = .7, a%b (w}) is established. 9

Next, we prove the existence of mountain pass solutions in Theorem 1.7 for A < /’Lf) close
enough to A;.
Proof of Theorem 1.7. We obtain that min{.# a%b(O), 54 a{‘b(wi)} < M, recalling [|w7 || > M and

(3.4). Hence, we have a mountain pass geometry. Since the Palais-Smale condition is satisfied,
we obtain the conclusion by the Mountain Pass Theorem. []
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Finally, we introduce the nonexistence result of solutions for problem (1.1). For (Hs), the
following system is well defined

(wi) @ =o,

)

(vli) ") =0, (3.5)
)L,u / _ }»J/t /
(W) () = intamo (W) (1)
Fixing u € X;(Q), we see that there exists a unique A°(«) > 0 that solves (3.5).

Proposition 3.7. For each u € Xj(Q)\{0}, the parameter A°(u) is the unique A > 0 for which

the fiber map l,l/)“ ) has a critical point where the second derivative is zero. Moreover, l// (1)
has no critical pomts ifand only if 0 < A < A%(u).

Proof 10 < A < A(u) for each ¢ > 0, then y**(r) > w1 () > 0. O
Corollary 3.3. For each u € Xj(Q)\{0}, then A3(u) > A*(u).

Proof Indeed, we assume on the contrary that Aj(u) < A*(u). From Proposition 3.2, we obtain

that v/, , Ao (w)u “(r) is increasing which contradicts with the existence of solutions for system (3.1).
O

Define the extremal value A" := inf,exs@)\ (0} A (u).

4s— —_— —_—
Proposition 3.8. Let aﬂ*zéﬁ” b> My su- Then 0 < 2 < lg.

Proof. In fact, it follows from Theorem 1.3 and Corollary 3.2 that there exists a u € X;(Q)\{0}
such that Ay = A (u). From Corollary 3.3, it follows that A< A% (u) < Aj(u) = Lo O

Proposition 3.9. For each 0 < A < A", the fiber map Wj}f (t) is increasing and has no critical
points.

Proof. This follows from the fact that A < 2° < A%(u) for each u € X;5(2)\{0} and Proposition
3.7. 0J

Proof of Theorem 1.8. In fact, by Proposition 3.9, we have that <l//a1 ;}”) '(t) >0 forallt >0
and u € X3(€2)\{0}. So u = 0 is the only critical point. []
APPENDIX A. ESTIMATION BOUT THE CUT-OFF FUNCTION

In this section, we give some new estimates on the cut-off function which needs to be reestab-
lished. It is also applied to our main theorems.

Lemma A.l. Lets € (0,1), N > 4s, and L > 4s. Then, the following estimate holds
—2s
|vel <=5 Ci+0(1).

Proof. The proof is based on the previous estimates. And it is complicated-definitely more
difficult than the one for similar results in the case of the Laplacian

[0e(x) — ve(y)
WMFsé T dxdy+0(1).
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By Proposition 3.4 (ii), we can obtain

2
1 B 1
> (e+P)" T (etbP) T
foelP < [ K08 T Ly o),
Note that [x — y|N*2 > |[x|N+25 — |y|N*25|  Hence,
2
L N—2s L N—2
2 (e+h?) 2 (et T
v < / dxdy+O(1
L 0
2
. 2s 1 2
N-—2s N—2s
(e+x?) 2 (e+p?) 2 (A.1)
< /Q X[V 25 — [y[NF25] dxdy+O(1)

2
1 _ 1

2 |2
_ v [ 10+ (+1) 2
=g S)/Q 5 5] dxdy+O(1).

Let J[' =ry and \|;|§ = ry. We have dx = (v/er))VN~'\/edr| and dy = (\/€r;)N~'\/€dr,. Sub-

stituting them into the formula above, we have

2

1 |
2 N=2s 12 N—2s
+EHTT e

HxlN—i-Zs _ |y|N+2s|

dxdy+0(1)

HUSHZ < S(NZS)/
o

1 1

N—2s

1. N—1
S N-T 5 ’le ’jzv
(14+17) 2 (14r3) 2

_gN-2) _E /
A N e

(A.2)

dridry + 0(1)

2

2Nfzs ) riv_lrlzv_l

N )T ()T

_¢ 2/Q TS ] dridr,+0(1).

1 1

Thus || ve|| < e T+ O(1) for some C; > 0. This completes the proof. O

Lemma A.2. Let s € (0,1), N > 4s and y > 4s. Then, the following estimate holds

21 2
// o |x |;l|£u O ety 2 5,78 + o 1),
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Proof. By Proposition 3.4 (ii) and Lemma A.1, we can obtain

2*
2* Ve (x) Ve (y) Mys
\1’8”

Jute ()25 |ug (v Tioell
I ‘“"// TR

| Ve () [ | g () [
dxd
HU ||22’”// |x y|ﬂ xay

1 2 1 2
— — =
_ ! / / ) 2| Jewn =
[ Ve[| % Jo Jo x — y[#
(A.3)
We calculate the above formula
1 2 1 2
% %
[ [l a4,
ala [x — y[H
2 2
1 " L N=2 "
2 12 —2s
v [ 10 Ch el B (TR Tl BN
o — y[#
Note that )
SyLi= inf [0 . (A4)
T wexi@\o) e v\
(o (o 2 ) e
Combining (A.2), (A.3), and (A.4), we have
2
1 _ 1 N-1N-1
_N-2 (1+r%)N;% (1+r§)N%2s b2 drd 2
€ ¢ 171 [V+25 — [y [N+25] rnara
Suii= inf 0 A * (A5)
T veexp @)\ (o} Bl e
A2 N-2s 2 N-2s 1
(8(21\/“)// (14252 (1425 dxdy) Zhos
oo [x —y|#
Setting % =r; and |LL = 1y, we have dx = (\/er))N~1\/edry and dy = (v/ery)V " 1\/edrs.

Substituting them into the formula above, we have

2%
1, |

—(2N—p) (14525 (1422 T
/ / dxdy
QJQ |x — y|#

Zus

1 ‘ "rN—er—l
14r 2 Tz ! 2

1
u ( 2)N72s (l+ Z)NEZA
Nk r
N 2)// . 2 dridr,.
ola | —ro|H
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Hence, combining (A.3) and (A.5), we have
[ e (< [ue )%
QJQ

Jx—
2 2
I - I - ~1,N-1
u (1+ 2)N72s (1+ 2)N72s 1 2
_ _ e I I
e [ [ M2 ) dridr)
- oo [ri ="
= 2
1 1 N-1,N-1
N=2s N=2 2%
ridr;
0 [ [V — [ V725
=Sy +O0(e )-
This completes the proof. [
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