J. Nonlinear Var. Anal. 7 (2023), No. 1, pp. 129-143
Available online at http://jnva.biemdas.com
https://doi.org/10.23952/jnva.7.2023.1.08

OPTIMALITY CONDITIONS OF QUASI (o, €)-SOLUTIONS AND APPROXIMATE
MIXED TYPE DUALITY FOR DC COMPOSITE OPTIMIZATION PROBLEMS

DONGHUI FANG!, JIAOLANG WANG!, XIANYUN WANG!, CHING-FENG WENZ3*

YCollege of Mathematics and Statistics, Jishou University, Jishou 416000, China
2Center for Fundamental Science, and Research Center for Nonlinear Analysis and Optimization,
Kaohsiung Medical University, Kaohsiung, 80708, Taiwan
3Department of Medical Research, Kaohsiung Medical University Hospital, Kaohsiung, 80708, Taiwan

Abstract. This paper is devoted to the approximate optimality condition and mixed type duality for
DC composite optimization problems in locally convex Hausdorff topological vector spaces. By using
the properties of the Fréchet subdifferential, a new constraint qualification is introduced. Under this
constraint qualification, some approximate optimality conditions of the quasi (o, €)-optimal solution for
DC compose optimization problem and associated mixed type duality theorems are established, which
extend and improve the corresponding results in the previous papers.
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1. INTRODUCTION

Let X,Y, and Z be real locally convex Hausdorff topological vector spaces with dual spaces,
X*,Y*, and Z*, endowed with the weak*-topology w*(X*,X), w*(Y*,Y), and w*(Z*,Z), respec-
tively. Let Y and Z be partially ordered by closed convex cones K C Y and S C Z, respectively.
Denote Y* =Y U {eoy } and Z°* = ZU {0z}, where ooy and ooz are the greatest elements with
respect to the partial orders <g and <g, respectively. Let C C X be a nonempty convex subset,
T be an arbitrary (possibly infinite) index set, f : ¥ — R := RU{+oo} be a proper convex K-
increasing function, f> : X — Y be a proper K-convex function, g; : Z — R be a proper convex
S-increasing function, g : X — Z* be a proper S-convex function, and i, : X — R, t € T be a
proper convex function.

Consider the following DC composite optimization problem

inf {(f10/2)(x) — (g1082)(x)}
(P) s.t. ly(x) <0,0 €T,
xeC.
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This problem was studied extensively and numerous problems in optimization and approxima-
tion theory, such as the classical convex optimization problems, convex composite optimization
problems, DC optimization problems, and the best approximation with restricted ranges can be
recast into the form of (P); see, e.g., [1, 2, 3,4, 5, 6,7, 8, 9] and the references therein.

Recently, a great deal of attention has been focused on the optimality conditions for the DC
composite optimization problem. But, as one knows, it may not be always possible to find the
point of minimizers in optimization problems or it is computationally expensive from a com-
putational point of view. In these situations, we have to find an approximate solution for these
optimization problems. Due to this, the study of approximate solutions becomes an important
and interesting area. Numerous interesting results on the characterizations of approximate solu-
tions to various types of optimization problems were obtained; see, e.g., €-optimal solutions for
convex programming or robust convex programming in [10, 11, 12, 13] and for composite con-
vex optimization problems in [1, 14], quasi €-optimal solutions for robust convex programming
in [15] and for DC programming in [1], and quasi (o, €)-optimal solutions for robust convex
programming in [16] and for composite convex optimization problem in [17]. Note that, the
above approximate optimality conditions are mainly focused on robust convex programming
and composite convex optimization problems. To the best of our knowledge, not many results
are known for DC composite optimization problem.

Motivated and inspired by the works in [1, 16, 17], we continue to study DC composite
optimization problem (P) and devote this paper to some new characterizations of approximate
optimality conditions and mixed type duality theorems. Our main aim in this paper is to give
some constraint qualifications by using the properties of &-subdifferential, and then establish
some new characterizations for the quasi (, €)-optimal solutions to problem (P). Based on the
approximate optimality conditions, we propose a mixed type approximate dual problem of (P)
and then provide some mixed type duality theorems between problem (P) and its mixed type
approximate dual problem.

The paper is organized as follows. In Section 2, we recall some necessary notations and
preliminary results. In Section 3, some new regularity conditions are provided and several rela-
tionships among them are given. Under the new regularity conditions, quasi (o, €)-optimality
conditions for DC composite optimization problems are established. Approximate mixed type
duality theorems are established in the last section, Section 4.

2. NOTATIONS AND PRELIMINARY RESULTS

The notations used in the present paper are standard (see [18]). In particular, we assume
throughout the whole paper that X, Y, and Z are real locally convex Hausdorff topological vector
spaces with their dual spaces X*, Y*, and Z*, endowed with the weak*-topology w*(X*,X),
w*(Y*,Y), and w*(Z*,Z), respectively. By (x*,x), we denote the value of the functional x* € X*
at x € X, that is, (x*,x) = x*(x). We endow X* x R with the product topology of w*(X*,X) and
the usual Euclidean topology. The symbol B* stands for the closed unit ball in X*. The norm of
& € X is denoted by [|&]), i.e.,

IG1}:=sup{(S.d)|d € X, ||d|| < 1}.

Let Y and Z be partially ordered by closed convex cones K C Y and S C Z, respectively. Denote
Y* =Y U{eoy} and Z* = ZU {ooz }, where ooy and ooz are the greatest elements with respect to
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the partial orders <g and <g, respectively. The following operations are defined on Y* (resp.
Z%): forany y €Y (resp. € Z), y+ ooy = ooy +y = ooy and fooy = ooy (resp. z+ooz =00z 47 =
ooz and teoz = coz) for any ¢ > 0. Recall that a function y : ¥ — R is said to be K-increasing if,
for any x,y € Y such that y <g x, y(y) < y(x), and ¢ : X — Y is said to be K-convex, if for any
x,y €dom@ :={x€X:¢(x) €Y} andeveryt € [0,1],
Q(tx+ (1 =1)y) <k t@(x) + (1 =1)9(y).
Let C be a nonempty subset in X. The closure of C is denoted by clC. The dual cone C* and the
indicator function &¢ of C are defined, respectively, by
C':={x"eX":(x*,x) >0 foreachx e C},
and
0, xeC,
O (x) = { +oo, otherwise.
Moreover, we use R(") to denote the space of real tuples A = (A, );e7 with only finitely many
A # 0, and let Rg) denote the nonnegative cone in RSLT), that is,

RSLT) ::{(L)teTER(T):l[zO for each teT}.

Let f: X — R be a proper convex function. The effective domain, conjugate function, and
epigraph of f are denoted by dom f, f*, and epi f, respectively, and they are defined by dom f :=
{xeX: f(x) < oo}, f¥(x*) := sup{(x*,x) — f(x) : x € X} for each x* € X*, and epi f :=
{(x,r) € X xR : f(x) <r}. Then f is called proper if dom f # (. It can easily seen that the
following Young-Fenchel inequality holds:

Fx)+ 5 (x") > (x,x™) for each pair (x,x*) € X x X*. (2.1)
The subdifferential of f at x € dom f is defined by
f(x) == {x" € X" 1 f(¥) + (¢",y—x) < f(y) forall yeX},
and for any € > 0, the g-subdifferential of f at x € dom f is defined by

Oef(x):={x"eX*: f(x)+ (x",y—x) < f(y)+€ forall yeX}. (2.2)
Then, for each € > 0 and x € domf,
X" €def(x) & flx)+ 1 (x") < xFx) +e€. (2.3)

In particular, if € = 0, the set d f(x) = dy f(x) is the classical subdifferential of convex analysis.
By definition, the following Young’s equality holds:

x€df(x) & flx)+ () = (x",x). (2.4)
If 0 < g < &, then dg, f(x) C de, f(x) for each x € dom f. If f is Isc, then f** = f. Furthermore,
the normal cone N(x;C) and the e-normal cone Ng(x;C) of a convex set C C X at the point
xo € C are defined, respectively, by
N(x0;C) :=dc(xp) ={x" € X" : (x*,x—x9) <0 forall xeC},

and
Ne(x0;C) := debc(xp) = {x" € X*: (x",x—x9) <& forall xecC}.
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For a function 4 : X — Z°, the S-epigraph of 4 is defined by
epigh := {(x,y) € X XY :y € h(x)+S}.

Then £ is called S-epi-closed if epigh is closed, and 4 is star S-lower semi-continuou (S-1sc in
brief) if A4 is Isc for each A € §*. Note that if 4 is star S-Isc, then it is S-epi-closed.

Note that an element p € X™* can be naturally regarded as a function on X in such a way that
p(x) := (p,x) for each x € X. Thus the following facts are clear for any r € R and any function
f:X—=R:

(f+p+r)(x")=f"(x"—p)—r foreach x"eX*
and
epi(f+p+r)" =epif +(p,—r).

Below we drop the convexity assumption and consider the generalized differentials for ar-
bitrary proper extend real value functions. Let ¢ : X — RU {+e} be an extended real val-
ued function, and let xo € dom¢@ with |¢(xp)| < eo. Following [19], one defines the analytic
e-subdifferential of @ at x by

de@(x0) = {x* € X*:1lim inf @(x) — (x0) — (x*,x —x0)

X0 [l = xo|

> —e},s >0.

If € = 0, then 9 (xg) := de@(xo) is known as the Fréchet subdifferential of @ at xy and reduces
in the convex case to the classical subdifferential of convex analysis. Moreover, if @, @, are
finite at xo and d @, (xp) # 0, then it follows from [19, Theorem 3.1] that

Hoi—)(x) S [] [d¢1(x0)—x].
x*€09y(x0)
Furthermore, by the definition of Fréchet subdifferential, we can obtain the following result.

Proposition 2.1. Let £1,& > 0. Assume that @1, @, : X — R are finite at xo and égzq)z(xo) £ 0.
Then the following assertion holds:

Iy (@1 —92)(x0) € [ [Oe+e, @1 (x0) —x7]. (2.5)
X*EQEQ(PZ(XO)

Proof. Take u* € 981((/)1 — @)(xp) and x* € 982(p2(x0). Let Y > 0 and i > 0. Then, by [20,
Proposition 1.84 (ii)], there exist neighborhoods Uy and U, of xq such that

(01— @2)(x) — (@1 — @) (x0) — (4", x —x0) + (€1 + 7)||x —x0]| >0 foreach xe U
and
©2(x) — @2(x0) — (x*,x —x0) + (&2 + M) ||x — x0|| > O for all x € U,.
Adding the above inequalities, we have that, for each x € U NU,,
@1(x) — @1 (x0) — (x" +u",x —x0) + (&1 + &+ y+1)[lx —xo > 0.
LetE =n+7y>0. Then
O1(x) — @1(x0) — (X" +u,x—x0)+ (1 + &+ &)|[x —x0|| >0 for all x € Uy NV,

which implies that x* 4+ u* € 981+82 ¢1(xp), that is, u* € 981%2 @1 (xg) —x*. Since x* € 982(P2<x0>
is arbitrarily, it follows that (2.5) holds. The proof is complete. U
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Lemma 2.1. [14] Let f: Y* —Rand h: X — Y* be proper functions. Assume that h~' (domf) #
0. Then, for any x* € X* and & € domf™*, (foh)*(x*) < f*(&)+ (Eh)*(x*).

Lemma 2.2. [5] Let f,g: X — R be proper functions. Suppose that g is a lIsc convex function.
Then, for each p € X*,
(f—&)(p)= sup {f*(p+u’)—g (W)}

u*edomg*
Consequently,

epi(f—g) = [\ {epif”—(u",g"(u")}

u*edomg*
Lemma 2.3. [18] Let f : X — R be a proper convex function. If x € dom f, then

epif” = (J{(v. (nx) + &~ f(x)lv € 9 f(x)}.

>0

3. APPROXIMATE OPTIMALITY CONDITIONS

Throughout this paper, unless explicitly stated otherwise, we always assume that C C X is a
nonempty convex subset, T is an arbitrary (possibly infinite) index set, fi : Y* — R is a proper
convex K-increasing function, f» : X — Y* is a proper K-convex function, g; : Z* — R is a
proper convex S-increasing function, g, : X — Z°® is a proper S-convex function and /; : X — R
is a proper convex function for eachr € T'.

Let A:={x € C: h(x) <0, € T} be the feasible set of problem (P). To avoid triviality,
we always assume that ANdom(fj o f» — g1 0g2) # 0. To establish the approximate optimality
condition for problem (P), we first introduce the following new constraint qualification. For
simpleness, let € > 0, x € A, and d(g; 0 g2)(x) # 0@ and denote

Q(x;€) := ﬂ ( U {351(§f2)(x)
A e]R(p

B € dsgi(g2(x)) J€1,€2,€3,& > 0,8 € 0, f1(f2(x))
x* € d(Bga)(x) e+ e+ +Yer & =+ Yer Ahi(x)
+ Ng, (x;C) + Z At Og, hy (x) —x*}) :

teT

Definition 3.1. Let € > 0 and x € ANdom (fj o fo — g1 0g2). Itis said that { f1, f>,81,82,0c; s
t € T} satisfies the approximate basic constraint qualification with Fréchet subdifferential ((F-
ABCQ)¢ in brief) at x if 38 (fiofo—g10g2+04)(x) C Q(x;€). Moreover, we say that the family
{f1,/2,81,82,0c;h; : t € T} satisfies condition (F-ABCQ); if it satisfies condition (F-ABCQ),
at each point x € A.

Recall that the authors in [17] introduced the following generalized regularity condition
(GRC)

epilfiofs+80) = | epi(&f) + (0. £ (£)) +epids +cone( | epif)

§€domfy teT
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and the Approximate Moreau-Rockafellar formula (AMRF)
Je(f10f2+84) (%)

- U {aal ()W) + Ney(:C) + Y wg,mx)},

teT

g+e+e+Yierh& =+Yer Mh(x)

where € > 0 and x € A. Let € > 0. By [17, Proposition 3.3], we see that the condition (AMRF)
is weaker than the condition (GRC). Moreover, inspired by [7], we can introduce the following
regularity condition

(cc) epi(fiofa—gioga+04)" =A,
where

A=) { U epilEfs) + (0,7 (&) + epidt +cone(| epiff)

(B,x*)edomg} xdomg; ~ &edomf; teT

—(x*,gT(B)+(Bgz)*(X*))}-

The following Propositions 3.1 and 3.2 establish the relationships among the constraint quali-
fications (CC), (GRC) and (F-ABCQ). Since the proof of Proposition 3.1 is similar to that of
[7, Lemma 3.3], we omit it here.

Proposition 3.1. Let f o f, be a proper convex function and g1 o g a proper lsc convex function.
Suppose that

(g1082)" ()= min {s}(B)+(Be2)" ()} foreach x €X' G1)

Then, the following implication holds:
the condition (GRC) = the condition (CC).

Proposition 3.2. The following implication holds:
the condition (CC) = the condition (F-ABCQ)e.

Proof. Assume that condition (CC) holds. Let x € ANdom(fjofo —gi1og2) and p € de(f1 0
f»—g1082+ 64)(x). By Lemma 2.3, we have

(P (psx)+e—(fiofa—gi1og2+84)(x)) €epi(fiofo—gi1og2+68a)".

Let (B,x%) € dgi(g2(x)) x d(Bg2)(x). It follows that (B,x*) € domg] x domgs. By the condi-
tion (CC), we obtain

(p7 (p,x> +TE€— (fl ofp—g1og+ SA)(X))
e U epi(6/)" +(0,£7(&)) +epid¢ +cone( J epihy) — (x*,g7(B) + (Bg2)" (x)).

Eedomff teT
This implies that there exist § € domf; and A € RS_T) such that

(P, (p,x> +€— (fl ofr—g Og2+5A>(x))
cepi(§f2)" + (0, f1(§)) +epid¢ + ) Aepihy — (x*,81(B) + (Bg2)™ (x")).

teT
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Thus there exist (x],71) € epi(§ f2)*, (x3,7r2) € epidf, (x;,r;) € epih;, t € T, such that

p+x*:xT+x§+Z7L¢xf, (3.2)
teT
and
(px)+e—(fiofa—groga+8a)(x) =ri+r2+ Y Ar+fi(§) —&1(B) — (Bg2)"(x*). (3.3)
teT

While, by (2.4), we have g1(g2(x)) +87(B) = (B,82(x)), and (Bg2)(x) + (Bg2)"(x*) = {x,x7).
Therefore, g1(g2(x)) — (x,x*) = —g7(B) — (Bg2)* (x*), which together with (3.3) and the fact
04 (x) = 0 implies that
(p+x*x)+e—filh(x)=ri+r+ Y hr+fi(§). (3.4)
teT
Moreover, by Lemma 2.3, there exist €;,&,& > 0,t € T, such that

X1 € 9, (§12)(x),r1 = &1+ (x1,x) — (§£2) (%),
x5 € Ng, (x;C),ra = &+ (x3,x),
and
x; € g hy(x),r; = & + (x} ,x) — hy(x) for each r € T.
Combining this with (3.2) and (3.4), we arrive at
P+ € 0y (E£)(X) +Ney(6:C) + ¥ A (),
€T
and
e=ei+e+ ) A&— Y M)+ fi(f2(x)+ (&) — (Ef2) (). (3.5)
teT teT
Let &5 := fi(f2(x)) + f7(§) — (€ f2)(x). Then, by the Young-Fenchel inequality (2.1), we have
that €3 > 0 and & € dg, f1(f2(x)). Moreover, by (3.5), &1 + &+ &3+ Y c7 M & = €+ Yser Al (x).
Therefore, p € Q(x;€). Consequently, the condition (F-ABCQ), holds. The proof is complete.
O

To characterize the approximate optimal solution to problem (P), we introduce the following
definition.

Definition 3.2. Let o, € > 0. A point x € A is said to be a quasi (¢, €)-optimal solution of (P)
if (f10./2)(x0) — (81082)(x0) < (fi0/2)(x) — (81082)(x) + &flx — X0 + &, Vx € A.

Theorem 3.1. Let ,& > 0 and xo € ANdom (fjo fo —g1082).

(i) Assume that {f1, f2,81,82,0c;h; : t € T} satisfies the condition (F-ABCQ)e at xo. If xg is
a quasi (o, €)-optimal solution to (P), then, for each B € dg1(g2(x0)),x* € d(Bg2)(x0), there
exist A € RSFT),SI,SZ,&,S;,,S; > 0,5 eY* u,w,v, € X"t €T and b € B* such that

) 0 < (E£2)"(u) + (S f2)(x0) — (u,x0) < &1

b) 0 < 8¢(w) + 8c(x0) — (w,x0) < &2
¢) 0 < f7(8) + fi(fa(x0)) — (&, fa(x0)) < &3
d) 0 < hy(v) +he(x0) = (vi,%0) < &t €T;_
e) &1+ &+&+Yer &+ = €+ Yier M (x0);

(a
(
(
E
(f)x* =u+w+Y,cr 4 + ab.
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(ii) Assume that gy o g, is Isc and the equation (3.1) holds. If, for each (B,x*) € domg] x

X*, there exist A € Rf),el,e‘z,&,é‘b,& >0, e Y*,u,w,v, € X*,t € T and b € B* such that
assertions (a)-(f) hold at xq, then xq is a quasi (@, €)-optimal solution of (P).

Proof. (i) Suppose that xq is a quasi (a,€)-optimal solution of the problem (P). Then, by
the definition of &-subdifferential, we have 0 € de(f1 0 fo — g1 082+ ¢|| - —x0]| + 84) (x0). This
together with the condition (F-ABCQ) at xo implies that, for each B € dgi(g2(x0)),x* €

d(Bg2)(xo), there exist = Rf), €1,6,63,6,,& >0,t €T and E € e, f1(f2(x0)) such that

X" € 0g, (£ £2)(x0) + Ney (¥05C) + Y 11 9e,hu (x0) + e, (]| - —x0]|) (x0), (3.6)

teT
and
eitetet+ ) he+e==e+Y Ah(x).
teT teT
Then (e) holds. Note that dg, (¢t|| - —xol|) (x0) = aB*. This together with (3.6) implies that
x* € 9g, (E2)(x0) + Ne, (x0:C) + Y 440,y (x0) + otB*. (3.7)
teT

Moreover, since & € e, f1(f2(x0)), it follows from (2.1) and (2.3) that (a) holds. By (3.7),
there exist u € 881(§_f2)(x0),w € Ng, (x0;C),vs € dghi(x0),t € T and b € B* such that x* =
U+w+Yer Lvt + ab, that is, (f) holds. Again by (2.1) and (2.3), we can conclude that
assertions (b)-(d) hold.

(ii) Suppose that, for each (8,x*) € domg} x X*, there exist Ae R&T),el €2,3,6,6&>0,E €
Y* u,w,v; € X*,t € T and b € B* such that (a)-(f) hold. Then by (2.3), we have that u €
g, (Efz)(xo), w € dg,0c(x0), Ee g, [1(f2(x0)) and v, € dg Iy (x0) for each t € T. Moreover, by
the definition of &-subdifferential, it follows that, for each x € X,

(&) (x) = (E£2)(x0) > (u,x—x0) — &1,
Oc(x) — Oc(xg) > (w,x —xp) — &,

A(AE) = filf2(x0)) > (€, £(x) - f2(x0)) — &,

and

Z Zrtht(x) - Z Zzhz(xo) > Z Z¢<Vt,x—7€0> - Z itgt-

teT teT teT teT

Thus, by assertions (e) and (f) , we see that, for each x € A,

fi(f2(x)) = fi(f2(x0))
>(u+w+ Y Avi, X —X0) — € — & — €3 — Y A& — Y A (e (x) — Ry (x0))

=) = =)
=(x"—ab,x—xp)+& —€— Z Aohy (x)
=)
>(x",x—x0) — o||x —xo|| + & —€— Z Ahy (x)
teT

>(x",x—xp) — o||x —x0|| — €,
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where the last inequality holds by &, > 0 and A,/ (x) <0 for each ¢ € T. This implies that, for
each (B,x*) € domg] x X* and x € A,

(fiof2)(x0) — (x",x0) +87(B) + (Bg2)" (x")
<(frof2)(x) = (x7,x) +81(B) + (Bg2)" (x*) + allx — xo|| +&.

Since (f,x*) € domg] x X* is arbitrarily, we have that, for each x € A,

inf {(ﬁ o f2)(r0) <X*,xo>+g1‘(l3)+(ﬁgz)*(x*)}

(B,x*)edomg; xX*

{(f10f2)(X)—<x*,X>+gT(l3)+(Bgz)*(x*)+a!|x—ml|+8}-

This implies from (3.1) that

inf {(fl o f2)(x0) — (x*,x0) + (g1 082)*(X*)}

< inf
(B.x*)edomg} x X*

x*eX*
< inf, {(ﬁ 0 f2)(x) = (x",x) + (g1 082)" (x") + atflx — x| +8}~

Again by definition of the conjugate function and the fact that g; o g; is a Isc function, we see
that

(fiof2)(x0) — (81082)(x0) < (fiof2)(x) — (81082)(x) + allx —xo[| +-& foreach xeA.

Therefore, xo is a quasi (@, €)-optimal solution to problem (P). The proof is complete. O

In the case that g; = g» = 0, optimization problem (P) becomes
inf (f10f2)(x)
(2) s.t. iy(x) <0,¢ €T,
xeC,
and condition (F-ABCQ) for { f1, f>,81,82,0c:h : t € T} reduces to condition (AMRF ) for the

family { f1, f>, dc; h; .t € T'}. Therefore, it follows from Theorem 3.1 that we have the following
corollary directly, which was given in [17, Theorem 3.6].

Corollary 3.1. Let o,€ > 0 and xo € AN f; '(dom f1). Assume that {fi, f>,8c;h :t € T}
satisfies the condition (AMRF) at xo. Then xq is a quasi (&, €)-optimal solution of () if and
only if there exist A € Rg),81,82,83,81,,8, >0,E e Y* u,w,v € X*,t €T and b € B* such that
the assertions (a)-(e) in Theorem 3.1 and the following assertion hold:

(f1) u+w+Yer bve +ab =0.

In the case that X =Y = Z and f> = g» = Idx, optimization problem (P) turns into

inf f1(x) — g1 (x)
(P) s.t. hy(x) <0, €T,
xeC.

Note that, for each § € dom f', B € domg7, (§f2)* = (¢ and (Bg2)" = &;p,. Consequently,
U (epi(§£)" +(0,£(&))) =epifi.

Ecepi ff
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Moreover, let € > 0, x € ANdom(f; —g1). Then, for any B € dg;(g2(x)) = dgi1(x),§ €
Oef1(f2(x)) = defi(x), one has that d(Bg2)(x) = {B} and Je(G f2)(x) = {§}. Hence, condi-

tion (CC) becomes

T eithi-g+a) = () (epifr+epi6é+cone<uepihf)—(ﬁ,g’fw))),

Bedomg] teT

and condition(F-ABCQ), becomes (F-ABCQ); :

de(fi—s1+6)x)C ) ( U {aelf(x)
B edgi(x) rer)
€1,6,6 >0

el +e+Yer M& =€+ Yier Ml (%)

—i—Ngz(x;C)—l—Z/'l,,&g,h,(x)—ﬁ}) foreach x€A.

teT

Therefore, by Theorem 3.1, we have the following corollary straightforwardly.

Corollary 3.2. Let € > 0 and xo € ANdom (f] — g1). Assume that {f1,g1,0c;h .t € T} satisfies
the condition (F-ABCQ)¢ at xo. If xo is an €-optimal solution to (P), then, for each B € dg(xo),
there exist A € ]R@,el,ez, & >0,t €T, such that
B e aelfl (x0) + N, (x0:C) + Z /itae,ht(xo);
€T

and
e +e+ Y he+e,=e+Y Ah(xo).

teT teT

Remark 3.1. Recall that the authors in [21, Theorem 3.3] obtained the similar result via con-

dition (CC). While, by Proposition 3.2, we see that condition (CC) is stronger than condition
(F-ABCQ)¢. Thus, Corollary 3.2 improves the result in [21, Theorem 3.3].

4. MIXED TYPE APPROXIMATE DUALITY THEOREMS

This section is devoted to the mixed type approximate duality for problem (P). In the case
that g1 is a S-increasing Isc function and g; is a star S-epi-closed function, the standard convex-
ification technique can be applied. In fact, in this case, problem (P) can be reformulated as the
following one:

(P)int il (fi(a(0)) ~ (") + 81 (B) + (Bg) (),
where o := (B,x*) and H* := domg] x X*. Now, we defined the Lagrange function Ly : C x
R'") x domf; — R by
Lo(yA.8) = —f1 (&) +(E L)) — (¥".y) +81(B) + (Bg2)"(x") + Y A ()

teT
for each (y,A,&) € C x RSFT) x domf;. Then, mixed type dual problem (D) for (P) can be

defined as follows:

D inf Lo(y, A, E),
(D) inf, pama c(14,8)
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where
F :{@,A,m e Cx R« RD) xdom i s x* € 9, (£2)(3) + Ney (55C)

+ Z(A’f—i_uuf)agzhl(y)+(X]E*Huthl(y) Z Ovvt € T?& S 8€3f1(f2(y))7

teT
ei+e+e+ ) (h+u)g+e < s}.
teT
Moreover, for each o € H*, the subproblem of (D) is defined by

D max Ls(y,A,&).

(Ds) At EVeFs c(»4,8)
Definition 4.1. Let o,e > 0 and 6 € H*. (yo, A, [i, 6) € Fy is said to be a quasi (¢, €)-optimal
solution to (D) if, for any (v, A, 1t,&) € Fo, Lo (y0,4,8) > Lo (y,4,§) — et|[yo —yl| — €.

Theorem 4.1. Let o, € > 0 and xo € ANdom (f1 0 f, — g1 0g2) be a quasi (@, €)-optimal solution
to (P). If. for each 6 € H*, there exist A € RSFT), Ee domf},€1,&,€3,8,& > 0,u,w,x*,v; €
X*,t € T and b € B* such that Ash;(xo) = 0 and assertions (a)-(f) in Theorem 3.1 hold, then
(x0,A,0,&) and (x0,0,2,E) are quasi (o, 2€)-optimal solutions to (Dg).

Proof. Leto € H*, A € RSFT), 5_ € domf, €1, &,€3,€,& > 0,u,w,x*,v; € Xf,t eT,beB* 136
such that A,/ (xg) = 0 and (a)-(f) in Theorem 3.1 hold. Obviously, (xo,24,0,&) and (xp,0,4,&)
are feasible solutions of (Ds). Then, by (2.1), (2.2) and Lemma 2.1, we have

Lo(x0,24,€) — (&) + (Ef2) (x0) — (x*,x0) + &5 (B) + (Bg2)* (x*)

; fi(fa(xo)) — & — (x*,x0) +&7(B) + (Bg2)*(x*) (4.1)
> filfalxo)) — (x*,x0) +g7(B) + (Bg2)" (x*) — €.

Take (y,A,u,&) € Fs. Then there exist €1, &, €3,€,& > 0,7 € T such that & € de, f1(f2(y)),
x* 6881(&]02)( )+N82 »C "‘Z A'f‘i‘“t aezht( )—{—OCB*,

teT

A’l‘ Zoa.ut ZO,,utht(y) Zoat € T7

and
elte+e+ Y (A+u)g+e <e 4.2)
t€T
Therefore, there exist u € de, (& f2)(y),w € Ng, (y;C),v: € dg,h(y) and b € B* such that
K =u+w+ Y (A+ v+ ab. (4.3)
teT
By the definition of the &-subdifferential, we see that
(E/2)(x0) = (§2)(y) = (%0 —y) — &1, (4.4)
8¢ (x0) — b (y) = (w,x0 —y) — &2, (4.5)
Si(F2(x0)) = [i(12(3) = (S, f2(x0) = f2()) — &, (4.6)
and

Z(Av + He ) he (x0) — Z(Ar + U )y () > Z (A + e ) (v, 0 — ) — 2(7‘4 + W) & 4.7)

teT teT teT teT
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Summing up (4.4)-(4.7) and combining with (4.2)-(4.3), we obtain that, for each x € A,
fi(fa(x0)) = fi(2(y))
> (u+ Z (A + He)ve +w,x0 — ) — Z (s + the) (P (x0)

t€T teT
—he(y)) — 2(7% + )& — € —&—8&
teT
> (¥ —ab,xo—y)+ Y, Mhi(y) —€+ &
teT
> (" x0 = y) + Y Ahu(y) — allxo —y[ —e,
teT

where the second inequality holds by (4.2), ¥, cr (A + W ) A (x0) < 0, and yh,(y) > 0 for each
t € T. Hence, by (2.1), we have that

fi(fa(x0)) — (x",x0) + g1 (B) + (Bg2)" (x")
>fi(200) — (5 y) +&1(B) + (Bg2)" () + Y Ahi () — atllxo — y|| — €

teT

>—fi(6)+ (L)) — (") +81(B) + (Bg2)"(x") + Y} Aehi(y) — etllxo —y]| — &,

teT
that is,

—Ls(»4,8) = —fi(f2(x0)) + (x™,x0) — g1 (B) — (Bg2)" (x") — otlxo — yl[ — &.
This together with (4.1) implies that
L0<x03175) _L()'(yaﬂ‘vé> > —(XHX()—yH —2¢.

Note that (y,A,u,&) € Fy is arbitrary. It follows that (xo,A,0,&) and (x9,0,A,&) are quasi
(a,2¢)-optimal solutions to (D¢ ). The proof is complete. O
Theorem 4.2. Let &, > 0. Suppose that g o g; is Isc and equation (3.1) holds. If, for each
o € H*, there exist xo € ANdom (fio fo —g1082), A € RS_T), Ee domf} such that Achi(x0) =0
and (xp,A,0,&) € F5 or (x0,0,A,&) € Fg, then xq is a quasi (., €)-optimal solution to problem
(P).

Proof. Take 6 € H*. Let xo € ANdom (fjofr—g10g), A € Rf ,Ee domf7 be such that

Ay (x0) = 0 and (x9,2,0,&) or (x0,0,1,E) € F5. Then & € g, f1(f2(x0)), and there exist
€1,6,83,&,& >0,uc 851 (éfz)(Xo) w e Ngz(X(),C> Vv € 8g,h,(xo) b € B*,t € T such that

X =ut+w+ Y Ay +ab, (4.8)

teT

and .
ei+er+e+ ) he+e <e (4.9)

teT

If, on the contrary, xq is not a quasi (, €)-optimal solution to problem (P), then there exists
X € A such that

(fiof2)(%) — (g1082)(X) + al|x —xo|| + € < (fio f2)(x0) — (g1 082)(x0)- (4.10)
While, by the definition of €-subdifferential, we have

(E£2)(®) — (Efo)(x0) > (u,X—x0) — €1,
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Oc (%) — 0¢c(x0) > (w, X —x0) — &,

A(AE) = filf(x0)) > (&, f2(F) — fa(x0)) — &,
and

Z /T\'tht(f) - Z 2rrhz(X0> > Z L(th—xO) - Z Lst-
teT teT teT teT
Adding the above inequalities and combining with (4.8)-(4.9), we arrive at

fi(£2(%)) = fi(f2(x0))
Z<M+W+ZLV;,X—X() Z).f h, /’l; xO))—81—82—83—Zi¢8t

teT = teT
> (X" —ob,x—x0)+€& —€
> (X", X —x0) — ot||x — xo|| — &,

where the second inequality holds by (4.9), A4 (%) < 0 and A,/ (xq) = O for each t € T. This

means that . . o
(f10f2)(x0) — (x",x0) +g1(B) + (Bg2)" (x7)
< (fiof2)(X) = (&7, %) +81(B) + (Bg2)"(x") + af|x —xo[| +-&.
Note that the above inequality holds for each ¢ € H*, it follows that
inf {(f10£2)(x0) = (¥",x0) +4i(B) + (Bg2)" (")}
< dnf {(fiof2)(x) = (7x) +81(B) + (Bg2)"(x") + atllx —xol[ + €}
Then, by (3.1) and the assumption that g; o g; is a Isc function, we have

(fi0.f2)(x0) = (81082)(x0) < (f10./2)(¥) = (81082)(X) + &[[x — x| + &,
which contradicts (4.10). Therefore, x is a quasi (o, €)-optimal solution to problem (P). The
proof is complete. U

In the case that g = g» = 0, the corresponding Lagrange function and mixed type dual prob-
lem of problem (P) can be expressed respectively as

ZLA8) =~ &)+ (EL)D) + X Adu(y)

teT

for each (y,4,£) € C x R(f) x domf; and

9 max Z(y,A &),
@) ma Z0AE)

where
:{w,u,&) e Cx R xR x domfi : 0 € 9, (E2) (¥) + Ney (:C)

+ Y (e + 1) P he (v) + aB* & € O, f1( (), tehu (v) > 0,1 €T,

teT

81+£2+83+Z(7l¢+/.l;)8,+8b§8}.

teT

Then, by Theorems 4.1 and 4.2, we have the following corollaries straightforwardly, which
were given in [17, Theorems 4.3-4.4].
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Corollary 4.1. Let o,€ > 0 and xo € A ﬂfz_l (domf) be a quasi (,€)-optimal solution to
(2). Suppose that there exist A € RSFT), Ee domf},€1,&,€3,8,& > 0,u,w,v, e X*,t € T and
b € B* such that A:hy(xo) = 0 and assertions (a)-(e) in Theorem 3.1 and (f1) in Corollary 3.1
hold. Then (xo,A,0,&) and (x9,0,A,&) are quasi (a.,2€)-optimal solutions to ().

Corollary 4.2. Suppose that (xo,A,0,E) or (x0,0,4,&) € F satisfies Ah;i(x) = 0. If xo €
A ﬂfz_l (dom f1), then xq is a quasi (&, €)-optimal solution to problem ().
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