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Abstract. We consider the existence multiple solutions to the linearly coupled elliptic system

2*
—Au+Au= f(x) u0)l “dy lu)*2u+ By, inQ,
o [x—y[#

2*
—Av+ Ay = g(x) )l udy V> 2v+Bu, inQ,
a pe—y*

u,v>0, in Q,
u,v=20, on 0Q,

where Q is a bounded domain with smooth boundary in RY (N > 3), 0 < u < min{4,N}, A;,4, >
—A1(Q) are constants, A;(Q) is the first eigenvalue of (—A,HJ(Q)), B € R is a coupling parameter,
f, g € L*(Q) are nonnegative, and 2, = 2]1vv:£1 is the upper critical exponent in the sense of the Hardy-
Littlewood-Sobolev inequality. We prove that the system has a positive ground state solution by mountain
pass theorem for small 8 > 0. By a perturbation argument, when A;,4; € (—4,(Q),0), comparing with
the mountain pass type solution, another positive higher energy solution is obtained when |f| is small.
In addition, the asymptotic behaviours of these solutions are analyzed as 8 — 0.
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1. INTRODUCTION

In this paper, we study the existence and multiplicity of solutions to the following coupled
elliptic system

(

2 )
—Au+Au= f(x) Mdy u[* 2u+ By, inQ,
Q [x—y
2 )
—Av+ v = g(x) Mdy W22y +Bu, inQ, (1.1)
Qlx—y*
u,v>0, in €2,
Lu,v =0, on 0Q,

where Q is a bounded domain with smooth boundary in RY (N > 3), 0 < u < min{4,N},
M, A2 > —241(Q) are constants, A;(Q) is the first eigenvalue of (—A,H}(Q)), B € R is a cou-
pling parameter, f, g € L”(Q) are nonnegative, and 2;3 = 21]\,\]%2” is the upper critical exponent
in the sense of the Hardy-Littlewood-Sobolev inequality.

This system concentrates on considering standing wave (pulse-like) solutions to the time-

dependent 2-coupled Hartree systems of the from

(—id®) = AD| — Wi (x)®1 + 1 (P(x) * [P1|2) D) + fPr, x€Q, >0,

—i%cbz = AD; — Wr (x)D; + p (¥(x) % | @22 )Py + BDy, x€Q, t>0,
(1.2)
q)/ :q)j(x’t) € C? .]: 1727

Di(x,t)=0,x€dQ, >0, j=1,2,

\

which is interested in studying the nonlinear wave propagation in various physical situations,
such as nonlinear optics and quantum physics. It is well known that the propagation of opti-
cal pulses in a nonlinear 2-core directional coupler can be described by two linearly coupled
nonlinear Hartree equations. Here, ®; : R x RN — C (i = 1,2) are radially symmetric two-
body potential functions, W; (i = 1,2) are the external potentials, ¥ is a nonnegative response
function which possesses information about the self-interaction between the particles, and ;
measures the strength of the self-interactions in each component, y; > 0 corresponds to the at-
tractive (focusing) and y; < 0 to the repulsive (defocusing), and the coupling constant > 0
corresponds to the attraction (cooperation) and 8 < 0 to the repulsion (competition) between
the two components in the system. Nonlocal nonlinearities have attracted considerable interest
as a means of eliminating collapse and stabilizing multidimensional solitary waves in [1]. A
type of basic external potential is the most classic Coulomb function ¥(x) = |x|~!. There are
some remarkable achievements; see, e.g., [2, 3,4, 5, 6,7, 8].
A standing wave solutions to (1.2) is a solution of type

(@1 (x,1), Do (x,1)) = (e Eru(x),e F2'v(x)), x € Q, (1.3)



MULTIPLICITY OF SOLUTIONS TO LINEARLY COUPLED HARTREE SYSTEMS 175
which yields that (1.2) becomes a linearly coupled nonlinear systems

(—Au+ A ()u =y (P(x) *u)u+Bv, inQ,
—Av+ A (x)v = (P (x) v )v+ Bu, inQ,
u,v >0, in Q,
u,v=>0, on 0Q,
| Ai(x) = Wi(x) —E;, i =1,2.

When W; = 0, the above system reduces to the following nonlinear Hartree system

—Au+Au = (P(x) *u?)u+Bv, inQ,
—Av+ Aoy = o (P(x) xv2)v+ Bu, inQ,
u,v >0, in Q,
u,v=0, on dQ.

(1.4)

This indicates that A; (i = 1,2) must have an effect on the number of the solutions. With
a large number of new experimental advances in multi-component Bose-Einstein condensates,
the systems of coupled nonlinear Hartree equations have been focused on theoretical studies and
numerical astrophysics (we refer the readers to [7, 8, 9, 10] and the references therein for a more
exhaustive discussion). In recent years, there has been increasing attention to systems like (1.4)
on the existence and multiplicity of positive solutions, ground states solutions, radial and non-
radial solutions and semiclassical states solutions for its profound physics backgrounds. Now
let us recall some related works for (1.4) with subcritical or critical exponential growth. For the
subcritical cases, Chen and Liu [11] used the Nehari manifold method to study the existence of
a positive radial ground state solution with A} = A, = 1,8 € (0, 1). For critical cases, we would
like to mention a recent interesting paper [12] on system (1.4) with a parameter  in front of
the linear term. Yang et al. [12] obtained positive radial ground state solutions on the Nehari
manifold for A} = A, = 1,8 € (0,1). For more results on the subcritical or critical exponent
problems, readers are referred to [13, 14, 15, 16, 17] for single equations and to [9, 10] for
systems.

If system (1.2) involves a Dirac-delta function, i.e., ¥(x) = d(x), in light of (1.3) and A;(x) =
Wi(x) — E; (i =1,2), when W; = 0, (1.2) turns to be a coupled elliptic system of Schrodinger
system given by

—Au+Au =+ By, inQ,

—Av+ v = v + Bu, inQ,

u,v >0, in Q,

u,v=>0, on dQ.
IfN >34, >0,B € (0,v/A1A), and u; = g, = 1, Chen and Zou [18] studied the following
system with one critical exponent

—Au+ Au = uP + Bv, xeRN,

—Av+ Ay =v¥ 1+ Bu, xeRV,

u,v € H'(RN).
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The authors obtained a positive solution for A;,A, > 0, and B > 0 by Nehari manifold approach
and blowup analysis, However, for 11,4, >0, and 0 < 8 < v/A; A, they proved the nonexistence
of the nontrivial solutions with double critical exponents. Inspired by [18], more recently, Peng,
Shuai and Wang [19] considered the linearly coupled system with double critical exponents

—Au+Mu=u*"2u+PBv, inQ,
—Av+ Aoy =v¥ "2+ Bu, inQ,
u,v =0, on dQ.

They proved that the system has a positive ground state solution for f > 0, and they admitted
the system possesses a positive higher energy solution when || is small enough. Moreover, the
asymptotic behaviour of these solutions were analyzed as B — 0. In the case of A; = A, =0,
Clapp and Pistoia [20] considered the functional constrained on a subset of the Nehari manifold
consisting of functions invariant with respect to a subgroup of O(N + 1), and they proved that
the system has a positive fully I'-invariant solution.

Motivated by the works mentioned above, a nature questions whether system (1.1) with dou-
ble upper critical exponents has nontrivial solutions arises. What is the existence of positive
higher energy solutions to system (1.1)? What are the asymptotic behaviors of these solutions
as B — 0? They are surprisingly interesting and seminal problems. The present paper is devoted
to these aspects and partially answers these questions.

It should be noted that (1.1) has no semi-trivial solutions (i.e. (#,0) or (0,v) ) provided  # 0
because of the linearly coupling terms. A solution (u,v) € H} (Q) x H}(Q) to system (1.1) is
called a nontrivial solution if (u,v) # (0,0). A nontrivial solution is also called vector solution.
A solution (u,v) with u > 0 and v > 0 is called a positive vector solution. A solution is called
a ground state (or least energy or least action) solution if the nontrivial solution possesses the
least energy among all nontrivial solutions to (1.1). System (1.1) is posed in the framework of
the Sobolev space H = H} (Q) x H} (Q) with the norm

1

2
)l = (el + 13, )

where Hu||%b1 = [o(|Vul> + 21u?) and ||v|\f12 = Jo(|VV|* + A2v?). Tt is known that solutions to
(1.1) correspond to the critical points of C! functional Ig - H — R defined by

Ig(u,v) :%/Q(|Vu\2—|—7tluz+]Vv|2+/12v2)—ﬁ/guv

() P ) P+ () () P ) P
oo |

2 e — y[H

Moreover, for every (¢, y) € H, we have

(Ig(u,v), (9, )

_ () P [ () P~ *u(y) @ ()
_/Q(VuV(pqt/llugo)—B/QV(p—/Q/Qf(x) i

@) )2 w )
+/Q(Vvvw+lsz)—ﬁ/gull/—/g/gg(x> '

x — y[#
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Clearly, the critical points of /g are the weak solutions to nonlocal problem (1.1). A necessary
condition for (u,v) € H to be a critical point of /g is that (I}s(u,v), (u,v)) = 0. This necessary
condition defines the Nehari manifold

N :{(u,V)EH\{(O,O)}:/(|Vu|2+?tlu2—|—|Vv|2+7sz2)

24 2, v 2 |y (v) |2
:/Q/Qf(X)IM(X)I )P+ () () P () a’xdy+2[3/guv.}

x —y[#

Then every nontrivial solution to (1.1) belongs to .4". Taking ¢,y € C7’(Q) with ¢,y # 0 and
supp(@) Nsupp(y) = 0, we have that there exist #1,, > 0 such that (t; @, y) € A, s0 A #0.
Thus, we define

cp :(ui?efwlﬁ(” ,V)
= it S ([ 9 a9+ 2e?) 28 [ ) 1.5
o [ [ LB 0,
(up)eny WN2H |x — y[# '

By the Sobolev embedding H] (Q) < L? (Q) and Hardy-Littlewood-Sobolev inequality, it is
easy to see cg > 0.
Our first main result reads as follows.

Theorem 1.1. Assume that —A1(Q) < A1,A2 <0 for N > 4. Then system (1.1) has a positive

ground state solution (ug,vg) € H withIg(ug,vg) = cp for 0 < B < /(A1 + 41 () (A2 + 41 (Q)).
Let B, € (0,v/ (A1 +A1(Q)) (A2 + A1 (Q))),n € N such that B, — 0 as n — oo. Then, passing to
a subsequence, (ug, ,vg,) — (it,v) in H as n — oo, and one of the following conclusion holds:

(i) i = 0 and v is a positive ground state solution to

|V(Y)|2Z‘ 2% -2 1
—Av+ Ay =g(x dy)|v|*r =y, v € Hy(Q);
2 g( )( le_y|” y)| | 0( )

(ii) v =0 and ii is a positive ground state solution to

|“(Y)|ZZ‘ ) 1
—Au+Aju = d Hy(Q).
u—+ A= f(x)( oy V)|l "u, u € Hy ()

In particular, if Ay > Ay, (i) occurs; if Ay < Ay, (ii) occurs.
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Remark 1.1. If Q = RY and 41,4, > 0, and 0 < B < v/A; A, then by PohoZaev identity, we
easily check the solutions (u,v) to (1.1) satisfy

1
:—/ (|Vu|* +|Vv|*)xvds
2 Jaa

_N 2 2N—“// “!M( )| /
2/9)4u-l—22>k — dd-i-ﬁ uy
N[ N O gy M |
/lzv 2 // T dx a’y+2ﬁ Rl
N 2
(IVul* + Vo)
2 Ja

:__/A +2Z2*u// uyu‘<ﬂ>| axay 1Y ﬁ/w
e B e B
_% /Mu +//f y ) “'”ﬁf' dx dy+l3/uv]
_sz /M +// ﬂ|v|(u)| dderB/w]
0 [+ [ =28 [

where 21;2%“ = N%z So (u,v) = (0,0). Therefore, Q is always supposed to be a bounded

domain in RY with smooth boundary. In addition, if Q is a star shaped domain, A;,4, > 0
and 0 < B < v/A1A,, using Pohozaev type identity, we find that system (1.1) has no nontrivial
solutions. However, for A; - 4, < 0, we do not know whether there exist solutions or not. This is
a more complicated and challenging problem, but we believe that there exist nontrivial solutions
under some special situations. We would like to go further in this direction in the future.

Remark 1.2. If A} = A, 41 — B € (—41(),0) and f(x) = g(x), we obtain from [21] that
system (1.1) has a positive solution (u;,u;), where u; is a positive least energy solution to

@)

Je—yl

—Au+Aju = f(x) (

On the other hand, if ; = Ay, A1 + B € (—41(R),0), and f(x) = g(x), then system (1.1) has
a nontrivial solution (uy, —uy), where uj is a positive least energy solution to

) > 2u+ Bu, u € HY(Q).

2
u(y
—Au+ Au= f(x) ( ’]x( )“udy) |72 — Bu, ue HY(Q).
It is obvious that the solutions (ug,vg) obtained in Theorem 1.1 depend on . Clearly, fix
> (0 small enough, and then the solutions (u;,u;) and (uy, —uy) are different from the ground
g g
state solution obtained in Theorem 1.1.
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Analyzing under what conditions we have the ground state solutions, we also found in sur-
prise that there are higher energy type positive solutions. In fact, as a by-product of our analysis,
we have the following asymptotic behavior to these positive solutions. The result in this aspect
can be stated as following.

Theorem 1.2. Assume that A and A, are in (—A1(Q),0) for N > 4. Then there exists By €
0,1/ (21 + A (Q)) (A2 + A1(Q))) such that, for |B| < Bo, system (1.1) has a positive higher en-
ergy solution (iig,vg) with Ig(ii,7) > cg. Let B,, n € N, be a sequence with |B,| < Bo and
Bn — 0 as n — oo, Then, passing to a subsequence, (iig,,vg,) — (i, 9) in H}(Q) x Hy (Q) as
n — oo, where il is a positive ground state solution to

% .
—Au+ Au= f(x) </Q ()l dy) u|?2u, u € H} (Q),

e — ¥
and V is a positive ground state solution to

v(y) [

_AV+)VZV:g(x) ( o |x—y\”

dy) V|22, v e HY(Q).

This theorem is an extension and complement of the corresponding result in [18, 19] and
gives new insight into the higher energy solutions to (1.1). Obviously, for f > 0 small enough,
the higher energy solutions in Theorem 1.2 are different from the ground state solutions in
Theorem 1.1. That is, system (1.1) has at least two positive solutions for A;,A» <0 and 8 >0
sufficiently small.

Our argument can also be used to study the following k—linaedry coupled system

2*
u;(y)|H . k .
%dy i Ui+ Y Bijuj, in Q,
Q |x—y| ji

u; =0, ondQi=1,2,3,--- n.

—Au; +7L,~u,~ = @ <

Now, we follow the variational approach to prove our results. Since we are concerned with
the system (1.1) involving two nonlocal convolution terms with the upper critical exponents,
ie., fﬂ(ﬁ % |u|?)|ul? and fg(# % [v[24)|v|?, the problem becomes more complicated in
applying variational methods. Firstly, we cannot use the usual arguments (such as Ekeland vari-
ation principle) to seek a PS sequence for minimizing problem (1.5). Secondly, the approaches
adopted in [11, 12, 20] do not work for this paper when the work place satisfies neither radi-
ally symmetric settings nor I'-invariant bounded smooth domain. The above facts bring about
two obstacles to the standard mountain pass argument both in checking the mountain pass ge-
ometrical construct in the corresponding energy functional and in proving the boundedness of
corresponding PS sequences. In order to overcome these difficulties, we adopt an idea, due to
[19, 22] together with new anlaysis techniques to prove the multiplicity of solutions to (1.1),
where the Hardy-Littlewood-Sobolev inequality play an important role in proving the conver-
gence of PS sequence. This idea is novel and effective to obtain a positive ground state solutions
and higher energy solutions to linearly coupled Hartree system (1.1) with upper critical expo-
nents.

To prove Theorem (1.1), we combine constraint minimization methods and the classical
mountain pass theorem to obtain a positive ground state solution. Precisely, we perform a care-
ful analysis of the behavior of PS sequences to study the possible reason of lack of compactness
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and to pick out the ranges of energy levels where the PS condition holds and compactness can
be recovered. In fact, we work out a threshold value cg of energy under which a PS sequence is
compact, where all paths are required to be uniformly bounded in H with respect to the parame-
ter B. That pulls the energy level down below critical level to recover PS sequence compactness.
This indicates that cg is less strict than the critical energy value

N — .u—|—2 {SNZN“r2|f|wNN“iZ SI\IZNuﬁ2|g|OONNu-2+2}
4N —2u

Compared with the single Choquard problem [21] and Schrodinger systems like [19, 22], the
minimum threshold level ¢ cannot be obtained easily, and more careful analysis and new tricks
are needed in this circumstance. At the same time, we will give an exact analysis to the positive
solution with the desired asymptotic property.

To prove Theorem 1.2, we also use a perturbation approach to study the existence of a positive
higher energy solution to (1.1). We mainly employ some ideas from Chen and Zou [22] and this
argument was later generalized in [19]. However, this approach cannot be used directly, and we
need some crucial modifications for our proof. In fact, it is based on a quantitative deformation
lemma to construct a special PS sequence to nonlinear variational problems. To this end, some
discussions are much more involved here. The paper is organized as follows. In Section 2, we
first present some preliminary results for (1.1). Section 3 is devoted to the proof of Theorem
1.1. In Section 4, the last section, we prove Theorem 1.2.

2. NOTATIONS AND PRELIMINARIES

In this section, we begin with variational framework and some lemmas, which are important
for us to prove our mains results.
From now on, we assume that —A; (Q) < 41,4, < 0 for N > 4. Recall that

D'2(RN) = {u ue ¥ (RY), VuELz(RN)}

with the standard norm ||u||? D12 = Jgw |Vu|?. Consider the following Brézis-Nirenberg problems
with Hartree term for A; € (—4,(Q),0) (i =1,2)

()|

Qlx—yH

—Au+ Au= f(x) ( dy> > 2u, u e HY(Q), 2.1)

v(y) P

Q |x—ylH

—Av+ Aoy = g(x) ( dy) |v\22*2v, vE Hé(Q),

and the corresponding energy functionals defined by

2y 2y
Tylu) = /(W”'ZH“” 22*//f |x |;t|(u>| dxdy,

2 )P v () [
Jo(v )—2/(|VV| +A2v7) 22*// |x Vi dxdy,
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and
N+2—u N+22 1\12-];]2_u
Bf::ulerg/‘]f( )<4N 2#|f|°° uSHL 5,
N+2—pu NNz2 AgNz“ (2.2)
. T T
Bg._ulerLfVJ()§4N 2“| gl RS TH
where
2 2
Ny = {ueHO )\ {0} : / (IVul? + Au?) //f y ) |”|(u>| dxdy},
and

2
Jl/g:{uéH&(Q)\{O}:/Q(]Vv\2+7Lv // |(3>| dxdy}.

By [21], (2.1) has a positive least energy solution w with energy

N-2 2N—p
N+2— “N+zn M (Q)+A\ N2—x N+2— 2 2
R (sua ST <8y =Yt [ (VWP aw?)

2
=ﬁ3ﬁ//f et '%”‘d@

ON—u
< N+2— ,u|f|°°N+2 ySN+2 u'

IN—21 H.L
Moreover
1
N+2 u ke 2%
2 _ 2 2 AN—2u Pl “lu(y)|™ H
[[ull3, —/Q(‘Vbd +Aut) > <N+2 NB (// \x— m dxdy | .
Similarly,
1
N+2 N+2—u 2% 2%
2 2 2 AN—2pu Nn ”|V( G K
\|v||12_/g(|w| + A7) > (NH uB (// i dxdy

Let S; = {u € H}(Q), J( ) =0, B; =Ji(u), i = f,g}. Obviously, the set is nonempty if 4; €
(—A1(R),0) i = 1,2 for N > 4. The Hardy-Littlewood-Sobolev inequality (see [23]) is im-
portant to our proof. Let f = h = |u|9. Then, by Hardy-Littlewood-Sobolev inequality, the

following integral
) uly)
/ / d dy
RN JRN |x y|lJ

is well defined if [u|? € L (RY) for some ¢ > 1 satisfying Z + & = 2. Thus, for u € H'(R"), by
the Sobolev embedding theorem, we know 2 <1g < 2 Wthh implies that
2N —u 2N — u
<g=<
N N-2~

Hence,

£ (or 2* 2N K 5-) is called the lower (or upper) critical exponent in the sense of
the Hardy L1ttlewood Sobolev inequality. For u € D'?(RY), by Hardy-Littlewood-Sobolev
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inequality, one has

[ [ IO )™ < o
u .
RN JRN |x y|/4 Y K 2

Let Sy ;. be the best constant given by
L vu?
S HL - — inf

7 ueDL2Z(RN)\{0} N|u |2:1 2
dxd
</RN /RN oy y)

The constant S ; is achieved if and only if

=%

2

N2

b o5
:C —_—_—
“ (bz—Hx—aP) ’

where C >0, a € RV, and b € (0, ).

Lemma 2.1. [21] Let N > 3. For all open subset Q of RV,
/WW
SH’L(Q.) 1nf

1

ueDy”(Q)\{0} //| 120 {u(y) %
d d
( [x — yl“ :

where Sy 1.(Q) is never achieved except when Q = R,

= SH.L, (2.3)

Lemma 2.2. [f the set S; (i = f,g) is nonempty, then S; is compact in Hj (Q).

Proof. Without loss of generality, we suppose that S; is nonempty and there exists a sequence
{un} C Sy. Then, {u,} is a bounded (PS)p, sequence of J; and

VP aiad) = [ [ o IO

x —y|#

So, up to a subsequence, u, — U in H}(Q) and I'(u) = 0 in H~'(Q). Taking into account
that
N—pu+2 8 -2
Bf < 4N—2‘Ll Z,Zl+z|f|°°N ah

and J¢ satisfies the (PS)p, condition, one has u; — Ue in H}(Q) and ue € Sy. O

Lemma 2.3. The functional Ig satisfies the mountain pass geometry, i.e.,
(i) there exist a,p > 0 such that Ig(u,v) > a for all ||(u,v)|| = p
(ii) there exists (ug,vo) € H such that ||(ug,vo)|| > p and Ig(uo,vo) < 0.

Proof. Since B € (0,+/ (M + A1 (Q))(A2 + 41 (Q))), we choose B; and B, with 0 < B < A1 +
A () and 0 < By < A2 +A;(Q) such that B < /B1B.. Note that 1,4, > —24;(Q). From (2.3),
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we have

I (u,v) :%/Q(|w|2+7uu2+\Vv|2+/lzv2)—ﬁ/guv

2 2 v 2“\/ 2u ]
i [ [P BP0

e =y e — y[#

> %/Q|Vu|2—|—(7tl — B+ [V (Mg — B

[ [P BP0

e — y[# e —y[#

2, ml ﬁl M)\ o
e R e M Crpwc M) Jul}

2 112 ﬁz o M(Q) " 22}
o [Vt 3 [V e (SH,L—,L( L

—J0+4) / | u|2—22E|f\oo (smﬁ) Tl
o+ [ rwz—z;; gl (sg,%?‘%)%u G
>0+ [Vl + ) - 3 e (S 2 ()ﬁ)kl)z* a2
H+EE) [V +h0) - gmw (sﬁﬁ)% vl

1 4 (Q)+A 1A 2 20*
=2 (,1)—1 lﬁlH H;Ll 22* |f‘oo<SHL;Ll(l()+))Ll) HMHM”

121 (Q) o LA@) Ny 22
+y BRI y)2 — b lele (SHY 17 ) IV

> Cy | (u, V)||2—Cz||(*u»V)||22“
= (C1 = G| ) P272) () 2.

Since 2 < 227, one chooses o, p > 0 such that /g (u,v) > o for ||(u,v)[| = p.
(i) For some (u1,v1) € H(2)\ {(0,0)}, one has

_ 2 (Y)|2’*l 2
Ilg(ul,vl) = /(|Vu1| +)vlu] 22*// ‘x y|“ — Bt /qu
CIOIPY)
+2/(|VV1| +2‘2v1 22*// |)C y|” ﬁt qu<0

for ¢ large enough. So, there exist 1, (1, vo) > 0 such that

[ (1o, vo) || = || (trur,t1v1)[| = t1 || (w1, v1) || > p

and Ig(tyu1,t1v1) < 0. The proof of this lemma is complete.

183
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From Lemma 2.3 and the mountain pass theorem, one concludes that there exists a (PS )Eﬁ
sequence {(uy,,v,)} such that

Ig(uy,vy,) — € ,Il Uy, vp) = 0, asn — o« 2.4)
B B> ‘B

at the minimax level 0 < ¢g := 1nlﬁ rr}ax] Ig(y(t)), where
yel'tel0,1

I'={yeC((0,1],H) : ¥(0) = (0,0), ¥(1) = (uo,v0)}-

L 24. cg = f Ig(tu,tv) =
emma cg = H\{%O)}Eﬁ]ﬁ(u V) = cg.

Proof. For every (u,v) € H with (u,v) # (0,0), there exists a unique g , ,, > 0 such that

max Ig (tu,tv) = Ig(tg ,, U, fﬁ upV)

>0
1 )25 u(y) [
— B,u,y V 2 A‘ BMV// _ t2 /
2 /Q(| 2 = 3 |x i Pl Jo
; o iy )|
"By 2 ﬁ“V v (y) [P Re2
5 /Q(’VV| +h2) 225, // !x y[H Bitpuy 1

—_
*|

_m

2*
(IV(t u)|2+/’Lt //f |tﬁuv | |t[3uv )| H —ﬁ/tz -
Q ﬁ7uvv 1B7M7V |x y|'u ﬁMV

1 2 2 1y ()% [t 0¥ () _
_m /Q(|V(l‘[3,u.,vv)| +A{2tﬁ7u,v // |x y|'u ﬁ/ Buv
= ’Z];f;:téw </ \Vu’2+7Llu2+\Vv|2+7tzv2—2ﬁ/ uv)

i) ()
o = < I ¢ g M )

where 75, , > 0 satisfies

- /(|Vu|2+)»1u2+\Vv|2+/12v2 —Zﬁ/ uy
u

By = % AN (2.5)
)% Jua(y) | () [ v(y) [
//< T e )

Since (tg ;18 V) € 4, one has

g = H\H})fO)}r?fédB (tu,tv) = cp. (2.6)

This completes the proof. 0

2 2N—p N-2 2N—u N_2
Lemma 2.5. cp < mm{va g} < 4N#;ru min {SN u+2|f|°o1v n+2 S[I_\;:£1+2| |°oN u+2}_

Proof. Without loss of generality, we assume that By < B,. By (2.2), we only need to prove
cg < By. From Lemma 2.4, we have that there exists a unique #g ,, o > 0 such that (tg , gus,0) €
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A, where uy is a positive ground state solution to (2.1). Moreover

N—u+2 28 N=2

< Ig(tus,0) =J :—N““ w' P2 =B,
cp < maxlg(tuy,0) = Jy(uy) N2 £ f

The proof is completed. 0

3. EXISTENCE OF POSITIVE GROUND STATE SOLUTIONS

In this section, we give the proof, which is divided into two parts, to Theorem 1.1. In the
first part, we prove system (1.1) has a nontrivial positive ground state solution. The asymptotic
behavior of the ground state solution as 8 — 0" will be given in the second part.

The proof of the first part of Theorem 1.1. By (2.4) and Lemma 2.5, there exists {(u,,v,)} C
H such that

N — ,I.L—l— 2N—p 2N—u __N-2 2N—L N-2
N—u+2 +2 N—u+2 N—p+2 N—u+2 N—u+2
S N S u ‘f’oo u S H I ,

lim Iﬁ(un,vn)—cﬁ < HL »OH L g ‘°°

n——+oo 4N — Z‘U

and hrE Iﬁ (4, vn) = 0. We claim that {(uy,v,)} is bounded in H. For n large enough, one has
n—y—+oo

cp A 1+ | (un; va) |

1
> Iﬁ(unavn) - Eﬂﬁ(umvz«), (ttn, vn))
u

1 2, a1 // o ()| e (9) P2 1 /
_Z/Q(WM"' ) 22 Jo Qf(x) |x — ylu B UnVn
2 |Vn “‘Vn b /
2/ Vv —I—)uzv 22*// \x Vi [3 UpVp
U (x Hun
22* /(’V””F”“” //f ) r— |y|u _B/”V]
1 \ANENY |Vn “|Vn
_22* /(’ il + Aavy) // |x — y|# —ﬁ/unvn

N—-—u+2
:(ﬁ) {/Q(Wul‘2+/11u%+|an]2+),2v3)—2[5/Qunvn]
N—u+2
> () Jo 1V + = )i+ 9+ (2= i)
ZCH(”navn)Hz-

Hence, {(u,,v,)} is bounded in H. Going if necessary to a subsequence {(uy,v,)}, we assume
that there exists (u,v) € H such that

(ui’l’vn - (M,V), ll’l H(% (Q) I
,Vn (u,v), in LP(Q)xILP(Q), 2<p<2*, (3.1)
(tn(x),vn(x)) — (u(x),v(x)), a.e. in Q.
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In fact, by Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a linear continuous
2N 2N
map from L2V-#(Q) to L # (Q). One has

17109 (bl ) = 70 (<) in L (22, asn

and
o) (g nl ) = 60) (o) in2¥ (@), s
Since |v,|%* — |[v[> in LVE (Q) as n — oo, which together with the fact that uﬁ“il —ytu!
_ 2
and v2 b\t v #(Q) as n — oo, one has
1 2, 1 2+ 2 1. o 2N
f(x) |x|u*‘””’ i) Jun P = () T a7 ) Jul ™77 in LV2(Q), as n — eo
and
1 2 21 1 20\ uZi—t i 72
g(x) W*|vn| w) vl — g(x) | o s |[v[+ ) [v|"+ 7" in LN+2(Q), as n — oo.
Moreover
f(x) *|”n| i |”n|2 H—= f >*<|M|2 |M|221, as n — oo
Q Jac[# \“ Jx|= \u
and
0 (g #8058 ) P, s
So I;3 (u,v) =0. By [21, Lemma 2.2], one has
R Iy gy CHCRTCETU R
!x yl“ e —y[#
u(x)| 8 |u(y
— //| _| |“ dxdy+0(1),
x (32)

// |v” ,u|vn d dy / / |Vn _V ’ N|vn( ) V(y)|2;1dxdy
|x y!“ x — y|#
v(x) ()
= d d 1).
// |x — y|“ xdy +o(1)
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Since {(upn,v,)} is bounded in H and I}S (t4,vn) — 0 as n — oo, one obtains from (3.1) and (3.2)
that

cp — Iﬁ (un,vn)

2
2 ! |”n )| 7 [un(y >|
2/ Vi + Ariy) ﬁ/un o 22*//f x — y[# dxdy

2*
2 o |Vn “|Vn( )|#
2/ (V| + A202) —B/unvn 22*// e dxdy

= 5 [V =P+ [+ i~ o]

1 [t (%) — () [ s () — u(y) |
/Q /Q () dxdy

22 [ — y[#
3 // |xi’”|”)|2t‘dxdy—%/[|V(vn—v)|2+|VV|2+A2VZ—/3W]
22*// ut) \)f”;’\f D ~dxdy _22*// \x yyiﬂzzdx‘ly
:Iﬁ(u7v)+§/g\v(un 22*//f |un ) —u(x ‘)f”|;t|n“() u(y)|* dxdy

! 1) = ()P ) = ()
+§/QW(V” 22*// e — y[# ddy
! i 05) = ) P 3) — )P
25 Jy V=P =gz [, [, 509 e dxdy

1 |Vn V()% v (y) = v(y) [
L dxdy.
+2/Q| (= 22*// =y e

Observe Ig(u,v) > 0and [qus — [qu?, [qVi— [ov* asn — oo, Recalling that (I;3 (u,v), (u,v))
=0, we derive that

o(1)
= <I}j (”n:vn)>(unavn)> . .
= Jo(IVitnl* + A — Bunva) — fo fo f (x )Mdﬁy

ey
SVl + 22 = Bunvi) = Jo Jo 8l >%M

= Jo V(= u)*+ [o |V“|2+7Ll fQ” =B Jo(un—u)(va—v) — ﬁfQ”V

~Jo o f) RO ey o o <x>—)|&”‘;‘£>"‘dxdy

+ Jo |V —v)*+ /|VV|2+7Lz/V —5/ Y(va —v) B/uv
_fg/fzg(x)‘vn(X)_V( |))|C”|;T’E )—Vy dxdy // |xi’v|”)‘2 dxdy+o(1)
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’ Mn 2% 1y (y)—u 2%
= (I (), () + o |V (un - )!2 Jo Joo f () e IO d ey

o [V0n )P = fo fog(x) ™ Wz“ O gxdy +o1) a3)
2% .
= Ja |Vt =0~ Jo Jo f (x)'“" e gy
2*
oIV = fo fo g0 2000 gy (1),

which implies that
<123 (urn vl’l)) (um 0)>

() — ) Pt () — ()P
= [ V=P = [ [ s dxdy = o(1)

e —ylH
and /
<I/3(unyvn)7(oavn)>
2 2
Vi (x v, () — v(y)|
:/Q|V(vn—v // | (|3c|—|y]“(y) O)] dxdy = o(1).
So
N—p+2
15ty vi) = Ig (1, +IZN“;;/ Vi) + /\v 0 P4o(l). (34

We claim that (u,,v,) — (u,v) in H. Suppose to the contradiction u, # u in H}(Q). Passing
to a subsequence, without loss of generality, we may assume there exists a constant / > 0 such
that

—u(x)|*1 | (y) — u(y)|
/Q|V(un—u)|2—>land /Q/Qf(x)|un(x) (O un(v) = u) dxdy — 1, as n — oo.

lx —y|H

From (3.3) and (3.4), we have

cp > gl (3.5)
Note that . .
_ |t () — 1) |78 04 (y) — (y) |
_//f(x) \x yI# ey
|14 () ”lun( )_u(y)’2;
< |f|oo/ / |x JH dxdy
—1 2\
< Ufle (Sl [ [V =) "
2N—u
which implies [ < | ] HlLl) u,s0l=0o0rl> Sy “*2]f|ooN w2 . If 1 =0, the proof is complete.

2N—u

If 1 #0, thenl > Sy /| f|m”—”+2. By (3.5), we obtain

N+2—p gl -  N+2-u
Ny e Wl AN —2u

which contradicts

N+2—u . e
CB < 4N_2‘LL mln{SH7LH+ ’f‘oo e 7SH7LIL+ ‘ ’oo e .
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Hence, [ = 0 and ||u, — u|| — 0 as n — oo. Moreover Ig(u,,v,) = cg and Ié(un,vn) = 0, which
imply that («,v) is a nontrivial ground state solution to system (1.1). Clearly, u % 0,v % 0. This
completes the proof.

In order to prove Theorem (1.1), we give the following lemmas.

Lemma 3.1. Let B € (0,/(A1 + 41 () (A2 +A1(R))), and let (ug,vg) € H be any critical
point of Ig with Ig(ug,vg) = cg. Then either ug > 0,vg >0 or ug < 0,vg <0.

Proof. Let (ug,vg) € H be any critical point of /g with Ig(ug,vg) = cg. Combining the def-
inition of cg with (2.6), it follows that cg = ian\{(()’O)}magclﬁ (tu,tv). Note that B > 0 and
>

system (1.1) has no semi-trivial solutions. Then neither of ug and vg can be identically zero.
Without loss of generality, we may assume that (u} ug ﬁ) # (0,0). It follows from (2.5) that

l‘[; |uﬁ| “’ﬁ| t[i v =1, and

22},
cg < I}lfé(lﬁ(t\uﬁ\,t\vﬁ\) = tB,|uﬁ\,|vﬁ\Iﬁ(uﬁ’vﬁ) < CB-
So tﬁ,\uﬁ|,\vlg| =1and Iﬁ(’ulg’, ’v[g|) :Iﬁ(uﬁ,vﬁ) =B, ie., fg |uﬁ|]v[3] = fguﬁvﬁ. Moreover
/ ﬁvﬁ—/ BVB —/ quE. (3.6)
From I;(uﬁ,v[g)( g ﬁ) 0 and (3.6), we conclude
ww1+wwb

_//, ) 2 () P g o) v () P i ) P

x —y[#

dxdy —?2 /Lﬁv+
y—2pB o8B
Hence tﬁ’”E’”E =1, and it follows from (3.6) that
+ o) + o+
cg < I}Egdﬁ(t”/}’tvﬁ) —Iﬁ(uﬁ,vﬁ) <Ig(ug,vg) < cg.

This means that the inequalities above are equalities Thus
)%l ( )% v ()
gy
xdy / / g(x dxdy
/ / !x y\“ |x y[#

24 24 24
//f g (¥) [ Jup &) dd +// ‘VB v )] dxdy.
x —y|# |x —y|H

Moreover (u}; g,V ﬁ) (ug,vp), thatis, ug > 0,vg > 0. Applying the strong maximum principle,
one has ug > 0,vg > 0. The proof of the lemma is completed. U

Lemma 3.2. Let B, € (0,1/(A +41(Q)) (A2 +A1(Q))),n € N, be a sequence with B, — 0 as
n — oo. Then, passing to a subsequence, (ug,,vg,) — (i,V) in H as n — oo, and one of the
following conclusion holds:

25 «
(i) i =0 and v is a positive ground state to —Av+ Ay = g(x)([q, %dy) MZ# “2v, v € HY(Q);

(ii)) v = 0 and i is a positive ground state to —Au + Aju = f(x )(fQ dy)|u|2 u, u €
Hj(Q).

In particular, if Ay < Ay, then, (i) occurs; if Ay < Ay, (ii) occurs.

[x— yl“
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Proof. We claim that cg is strictly decreasing for B € (0, /(A1 +A1(Q))(A2 +41(Q))). For
every 0 < 31 < B < /(A1 + 41 (Q)) (A2 + A1 (Q)), one concludes from (2.5) that

t223*2 - /Q(|Vuﬁ]\2+7tlu%1 —I—\Vv/31]2+/12v123 )—2[32/ ug,vg,
Prsegy v Jug, (x) %t ug, (v) | [vg, (%)% [vg, (v)
B\ X B Y B\ X B \Y
+ dxd
D e e i
) /Q(|Vu[;]|2+7tlué +|Vvlgl|2+lzv1231)—2ﬁ1/ ug,vg, »
|ug, (x )|2*|”B1( )% vg, (x )|2*|V/51( )% o
+ dxd
and
B> <r?fglﬁ2(tu31’tvﬁl)
2" 2" 2
_ Nopt2 22 !Mﬁl 1% g, (y) lvg, ()| [vg, (v)]#
AN /327”[%1 Vﬁl// [ x — y[# &) x — y[# ddy

22*
ﬁz’uﬁl VB, Bl < CBI'

So, cp is strictly decreasing for f € (0,/(A1 +41(Q)) (A2 + 41 (RQ))).

Next, let B, € (0,1/ (A1 + A1 (Q)) (A2 + A1 (Q))),n € N, be a sequence with 8, — 0 as n — oo,
It follows that {(ug,,vg,)} is bounded in H. Going if necessary to a subsequence { (un,v,)}, we
may assume that there exists (&, 7) in H and (ug,,vg,) — (it,7) such that

;

N .
—Ad+ M= f(x) / ZO* ) (@22, inq,
Q |x—y*
SN2 .
niirr=g) ([ T ) 525, e (3.7)
Q |x—y[*
i, v >0, in Q,
i,v=0, on dQ.

\

Since I(/)(uﬁn,vﬁn) — 0 and lim Io(ug,,vg,) = lim Ig (ug,,vp,), we know that

n—oo n—oo
I,(,7) = 0 and r}gr:olo(uﬁn,vﬁn) = ’}g{}ocﬁn > 0.
By the definition of ¢y and Lemma 2.5, one has
=i <cop<mi
0 < lim cg, ’}g?olo(uﬁn, vg,) < co <min{By,Bg}

n—soo
u+2 1\%N 5 | N 22 1\%N B N (3-8)
. u+ [T u+ u+
< itsimin{ 5 2102 7.

Similar to the proof of the first part of Theorem 1.1, we have (ug,,vg,) — (i1,v) in H. By (3.8),
we derive that one of the following conclusion holds:
(i) # =0 and v is a positive ground state of —Av + Av = g(x )(fQ |x yl“ dy)|v|2* 2y ve

Hy(Q);
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(ii) ¥ =0 and @ is a positive ground state of —Au+ Aju = f(x )(fQ o y\u dy)]u]z* u,uc
Hj(Q).

Now, suppose A; < 4. It is easy to deduce that By < B,. From the definition of cg,
one sees that (ii) occurs, that is, v = 0 and & is a positive ground state of —Au + Aju =

flx )(fQ P y‘” a’y)]u\2 u, u € HY(Q). The case A, < A; follows similarly. The proof of
this lemma is completed. H

Completion of the proof of Theorem 1.1. Combining Lemma 3.1 and Lemma 3.2, we prove
the second part of Theorem 1.1.

4. EXISTENCE OF POSITIVE HIGHER ENERGY SOLUTIONS

In this section, we prove Theorem 1.2 with B < 0. At first, we regard system (1.1) as a
perturbation of 3.7 and look for a special PS sequence, and then we prove Theorem 1.2.

Define X = Sy x Sg, then (uy,,v,,) € X. Without loss of generality, we assume that By < By
from now on.

Lemma 4.1. X is compact in H, and there exist two constants Cy > Cy > 0 such that
C1 < ||MH7L17 ||V||l2 < C27 v (M,V) €X.

Proof. By Lemma 2.2, we have that S; (i = f, g) are both compact in HJ (Q). Since B; >0 (i =

f,&), we obtain this lemma immediately. ([l
Since
Jf(”)q) :Itn>aOXJf(tull) :Bf. 4.1)
Clearly, there exist 0 < 7y < 1 < t; such that
By
Jr(tuy,) < T Vit e (0,t0]U[ty,+o0). (4.2)
Similarly, there exist 0 < sg < 1 < s1 such that
B
Jg(svy,) < Zg, Vs € (0,s0] U[sy,+o0). (4.3)
Define
V(1) :=tuy, VOt <11, Po(s) :i=svy, VO <5 <ssy.
and

(t,5) = (1 (1), 7a(s))-

Then there exists a constant Cy > 0 such that

7(2,5)|| < Co, 4.4
(gsl)agQIW( s)|l < Co (4.4)

where Q := [0,#1] x [0,51]. For B > 0, we define

cp —g (trrsl)agglﬁ(ﬂt,s)) mp = (m)angﬁ(?(t,s)),
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where

~{reciom - max [[7(4,5)| < 20> +Co
(r5)€0 (4.5)

Y(t,5) = 7(t,5), ¥ (£.5) € Q\ {{t0,11) % (s0.51)} .
Since ¥(t,s) € T, then I is nonempty.

Lemma 4.2. lim ég = lim = Co =By +B,.
ﬁ—>0cﬁ B—>0mﬁ € f

Proof. Since 8 > 0, we have Ig(¥(t,s)) < Io(¥(t,s)). Thus

<my= I = J Jo (¥
mg <mo= max o(¥(t,5)) = max f(%()>+sg[13§] ¢(%(s))

=Jr(1 (1)) +Jg(R(1)) = Jr(up,) +Jg(v,) = By + Byg.
Recalling that 7 € I, we know that &g < mg, s0

limsupég < liminfmg < limsupmg < myg, ¢o < my.
B0 P ps0 PSP (4.6)

On the other hand, for every ¥(t,s) = (vi(t,s), 1(t,s)) €T, define Y(y) : [to, 1] X [s0,51] — R?
by

Y(1)(#,5) == (J3(n(,5)) = Ja(na(t,5)), J5(n (1,5)) + Ja(12(t,5)) = 2),

where J3,J4 : H} (Q) — R are defined by

//f F%y|d@

) , ifu##0,
J3(l/l) /(‘VMP_’_A&M )
0, ifu=0,
and
W ifu0
Ja(u) == /(\Vu\er?Lzu ) : ’
0, if u=0.

For every u € HO1 (Q), by the Hardy-Littlewood Sobolev inequality, it follows that

) % () |2 M) N\
[ L OO gy < 1 (s 2D i1
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Clearly, J3 and J4 are continuous. Moreover

Y(7)(,s)
22 _2//]” |M/11 % fuz, () pdxdy 2 // |V/lz 1% vy, (3 )|2udxdy
x — y|# e —y[#
/Q(|Vum +7Ll”kl) /Q(W")Lz‘ —I—?szlz)
22*_2//f |“/11 “|”/12( )| dxdy 22 _2// v, (x) |v;12( )|2dedy
[ — y[# e =yl 2
(19, P i) LR +23,)
Since that . )
lup, ()] uy, (v)[7#
Vuy, |? + Al :// x)— ! dxdy,
SV P ag,) = [ = y
and
\V;L ()28 vz, ()
/(|VV,12 —FMV;L // 2 = y|ﬁ dxdy,

we obtain that Y(¥)(1,1) = (0,0). By a direct computation, we derive that

deg(Y(]?), [l‘(),l‘]] X [S(),Sl],((),())) =1.
For every (t,s) € d([to,t1] X [s0,51]), Y(7)(¢,5) =Y (¥)(z,5) # (0,0), on has that deg(Y(y), [to, #1] X
[s0,51],(0,0)) is well define and
deg(T(Y)7 [l‘(),l‘]] X [S0751]7 (070)) = deg(T()‘/), [t()vtl] X [SO7S1]7 (070)) =1
Moreover, there exists (f2,52) € [to, 1] X [s0,s1] such that Y(y)(2,52) = (0,0), that s, J3(7; (t2,52))

= J4(n(t2,52)) = 1. Thus, ¥%(t2,52) € A, Yi(t2,s2) #0 (i = 1,2). Coupling with Hardy-
Littlewood-Sobolev inequality, one has

(tfrslfgglo(ﬂfz,fz)) > Io(Y(t1,12)) = J¢(n(t2,52)) + g (12(2,52))

> Bf+ By =my.

This implies that ¢y > mg. By (4.6), we have ¢y = mg. Argue by contradiction. Assume that

llgllnfCﬁ < my. Then there exist € > 0,8, — 0 and ¥, = (Yn.1,%2) € I such that
—0

1 W (t, < —2€.
(tﬁsl)anQB(Y( 5)) < my

From the definition of ', one sees that there exists 7 large enough such that

/Ynl t S)}/nz(l‘ s) <Cﬁn§8 Vv n>ng,

max f3,
(t,9)€0

SO

I n t? S I n t7 +8 S _87 v Z P
max To(1(0.5)) < max Iy, (n0.5)) + < mo—e. ¥ n > o

which contradicts ¢y < myg. Hence, lilrgninf ¢ > mo. By (4.6), we obtain that

lim é —hmm =Co=By+Bg.
ﬁ_>0ﬁ B 0 S
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The proof of this lemma is completed. U

Define
X% :={(u,v) € H : dist((u,v),X) < 8}, Ig = {(u,v) € H :Ig(u,v) < c}.

Lemma 4.3. Let m > 0 be a fixed number, and let {(u,,v,)} C X™ be a sequence. Then, up to
a subsequence, (uy,v,) — (ug,vo) € X>™.

Proof. By the definition of X" and Lemma 4.1, one has that there exists a sequence { (it,, v,) } C
X such that dist ((uy,vy,),X) = dist((un,vy), (in,vy)) < m. By Lemma 4.1, there exists (iZ,v) € X
such that, up to a subsequence, (i,,v,) — (&,v) in H. Hence, dist((i,,vy), (d,v)) < m for n
large enough. Thus, {(u,,v,)} is bounded, up to a subsequence, (u,,v,) — (uo,vo) in H. Since,
By, (i1, 7) is weakly closed in H, we obtain (ug,vo) € Ban(ii,7) C X>™. O

1

Lemma 4.4. Set m; := 1 (24

N+2—pu
quences By > 0 with B — 0, and {(uy,vi)} € X" with gim Ig, (ux,vi) < éo and klim I;s'k(”k’ Vi) =
—5o0 —roo

N+2—u
By) 2Nt and let m € (0,my). Assume that there exist se-

0. Then, up to s subsequence, {(ur,vy)} — (u,v), where (u,v) € X.

Proof. By Lemma 4.3, up to s subsequence, (i, v;) — (u,v) € X?™. By the choice of m|, we
obtain that u #Z 0 and v #Z 0. Since limy_,., Ikk(uk, vk) = 0 and {(ug,vr)} is bounded, for every
(¢,y) € H, one has

{Io(u,v), (9, ¥))
_ / (VuVo+ Aug) + / (VWY Aavy)
Q Q

|2;‘1—2u

() 2 () P2 () ) (@) P v () 20 () w()
- /Q /Q £) Fa—r - /Q /Q 2(x)

x — y[#

= lim {<Ikk(ukavk)a(¢,llf)>+l3k/QVk<P+l3k/QMk‘4 =0.

k—yoo

So, I(/)(u,v) = 0. Furthermore, since (u,vy) € X" for all k, we have

(o (wesvi), (9, ¥)) = <12;k(ukavk)((l’,‘l’)>+ﬁk/QVk§D+l3k/Quk1I/=0(1)H((P»‘l’)||-

On the other hand,

co = lim Iﬁk(uk,vk) = lim Io(uk,vk) — lim Bk/ UupVy
k—yoo k—yo0 k—yoo o)

: 4.7)
= lim Io(uk,vk) =B.
k—yoo
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So {(u,vk)} is a (PS)p sequence of Iy with B = hm Io(uk,vk) Thus

2*
“I/t
I(u,y) = /(|Vu|2—}—7tlu 22*// |x |y|(”)| dxdy
)i |v(y) [P
+z/(\ v* 4+ 221%) 22* |x T dxdy

22*

/(|V“|2+7Llu //f |xi|u|(u)|zzdxdy

+/ (V]2 + 20?) // “Iv‘(u)\zﬂdxdy]

N—u+2
=t v+ e +wv|2+azv )

< ]ZN”Z? 11m1nf [/Q(Wuk\z—i—?tlu,%—i— |Vvk|2—|—lzv%)]

= lllgglf[lo(ukavk) - ﬁ(l(/)(uk,wc), (e, vi))] = B.
From Lemma 4.2 and & < Iy(u,v) < B, it follows from (4.7) that ¢y = Ip(u,v) = B, which
implies that (uy,vr) — (u,v) in H. This further indicates (u,v) € X. O
Lemma 4.5. Let m be as in Lemma 4.4. For a small § € (0,%"), there exists constants 0 <
o < land B € (0,y/( M+ (Q)) (A2 + A1 (RQ))) such that ||Ik(u,v)|| > o for every (u,v) €

Igﬁ ﬂ(X‘S\Xg) and any B € (0,B).

Proof. On the contrary, we assume that there exist a number & € (0,m), a positive sequence
el . mg, &\ v
{B} with lim,_, 1. Bx = 0, and a sequence of function {(u,,v,)} C 1 5 ) (X% \ X72) such that

limk_>+w123k(uk, vi) = 0. By Lemma 4.2, one has { (uz, vi) } C X%, 8 < my, limy o0 Ig, (g, Vi) <
Co, and limy_,e I;fk(uk’ vr) = 0. Hence, it follows from Lemma 4.4 that there exists (u,v) € X
such that (ug,vi) — (u,v) in H. As a consequence, dist((ug,vi),X) — 0 as k — +oo. This

. . . %
contradicts with the relation (uy,vy) € X 2. O

From now on, we fix a small § € (0,%") and correspond 0 < ¢ < 1 and 3; > O such that the
conclusion in Lemma 4.5 hold.

Lemma 4.6. There exist 3, € (O B1) and o > 0 such that, for any B € (0,B2), Ig(¥(t,s)) >
¢g — o implies that ¥(t,s) € X3.

Proof. Assume by contradiction that there exist 8, — 0, &, — 0 and (¢,,s,,) € Q such that
Ig, (T(tay50)) = €5, — O and F(tn,5,) € X 3. (4.8)
Passing to a subsequence, we assume that (,,s,) — (7,5) € Q. By Lemma 4.2, we obtain
SE NS B fe —
I(¥(7,5)) > r}grolocﬁn By + By.
From (4.1) and (4.6), it is easy to see that (7,5) = (1,1). Thus lim |¥(tn,sn) —7(1,1)|| = 0. Note
that 7(1,1) = (uy,,vy,) € X contradicts (4.8). This completes the proof. O
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Set
ap == min{%, % 352} 4.9)
= 238975 :
From Lemma 4.2, we have that there exists fy € (0, 3] such that
|6 —mp| < @, |€g — (Bf +By)| < 0o, V B € (0, o). (4.10)

Lemma 4.7. For fixed B € (0, ), there exists { (n,vn) }>_; C X? ml,'f” such that 123 (tty,v) — 0
inHasn— oo,

Proof. Fix a B € (0,Bp). Assume by contradiction that there exists 0 < /() < [ such that
Hll/3 (u,v)|| > 1(B) on X® ﬁlgﬁ . Then there exists a pseudo-gradient vector field Vg in H which
is defined on a neighborhood Zg of X 6 ﬂlgﬁ such that, for any (u,v) € Zg, there holds

Ve (u, )| < 2min{1,||15(,v)|},

and
<Iﬁ (M,V)7Vlg (u,v) > min{L Hlﬁ (M7V) ”}Hlﬁ (M,V)H

Let ng be a Lipschitz continuous function on H such that 0 <ng < 1,1z =1 on X 5 ﬂlgﬁ and
ng =0on H\ Zg. Let &g be a Lipschitz continuous function on R such that 0 < &g < 1 and

1 if [t — 5] < 3,
Splt) == ,
0 if | — ég| > 8.

Let
ep(u,v) == {_rlﬁ(u,\/)&ﬁ (Ig (u,v))Vp(u,v), if (u,v) € Zg,
0 if (u,v) € H\ Zg.

Then, for every (u,v) € H, there exists a global solution yg : H x [0, +c0) — H for the following
Cauchy initial value problem

v (4,v,0) = (u,v).
It is easy to see that Yy has the following properties:
(i) v (u,v,7) = (u,v) if T=0o0r (u,v) € H\Zﬁ or |I/3(u,v) —5[5| >a,
(i) || = wp (v, D) < 2,
(iid) 415 (Wp (u,v, 7)) = (L5 (Wp (4,1, 7)), e (Wp (,,7))) < 0.
Step 1. For every (t,s) € Q, we show that there exists 7, € [0, +o0) such that yg (¥(z,5), T s) €

53—&0
Iﬁ .

{%Wg<u,v, 7) = 5 (W5 (1,1, 7)),

Assume by contradiction that there exists (¢,s) € Q such that Ig(wg(¥(¢,s),7)) > ¢g — o

for every 7 > 0. Recalling oy < o, we deduce from Lemma 4.6 that ¥(¢,s) € X 5. Since
Ig(¥(t,s)) < mpg < &g + , it follows from the property (iii) that

cp— o <Iﬁ(l]/ﬁ(’}7(t,s),f)) <mg < g+ O, V1>0.
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This means that ﬁﬁ(lﬁ(lllﬁ( ¥(t,s),7))) = 1. If wg(¥(t,s),T) e X9 forany 7 > 0, then ng(wp(¥(z,
5),7)) =1 and ||I (wp(¥(t,s),7)|| > {(B) for any T > 0. Hence,
(W) = U (W0, 7)), e (W )))
= (I (Wp (,1,7)), =11 (10, , T) 8 (T (14, ,) )V (v, 7))
= 11 (1, v, 7) (T (W (0, 7)), E (I (1, v, T) )V (1, 7))
g (14,v, 7) &g (T (14,v, 7)) T (W (1, v, 7)), Vi (u,v, 7))
< =1, 7)Eg (T (,v, 7)) ming 1, | g (, v, T) | H g (1, v, 7) |
ng (u,v,7)

<- u,v,t 5/3( ( 7V77))Hlﬁ(uvvvf)“2‘
Then
(v (70,9 7)) = | e jfﬁw,s(?(t,s),fc>)df+1ﬁ<wﬁ<7<z,s>,o>>

< [ o7 Ui+ 5+ =55,
a contradiction. So, there exists 7, s > 0 such that wg(¥(t,s),75) ¢ X % Notice that f(t,s) €
X?. There exist 0 < Tl < Trs2 < Ts such that wg(¥(t,s), T 51) € X2, wp(¥(t,5),Tis2) €
0X% and v (¥(t,5),7) € 0x9 \Xg for all T € (T 51,%52). Using Lemma 4.5, one obtains
||Ié(l//ﬁ(’}7(t,s), 7))|| > o forany T € (751, T 52). By property (ii) we obtain

5 <lwp(ar, d) Tis2) = Wp(7(E,9), T )|
1,5,2

|7 vt o]
Tt,s.1

< 2|Tt7s72 Tt,s,l ’7

thatis, T s0 — T 51 > % So

1[3 (Wﬁ (7(% S)a Tt,s,Z))

= (w70, 9) T ) + [ s (7(), 7))

T 5,1
Tt 5,2

=1 (wp(¥(1,5), T 51)) + —11p (v, 2 (Ig (1, v, )11 (. v, 7) P T

Tt 5,1

Tt s
= Ig(wp(7(1,5), T 51)) + _Hlﬁ(” v,7)|*de

Tzsl
~ 2
<&+ — 0" (Tis2— Trs1)

N é ,
Scls—f—a()—z@

S Eﬁ - a()a
which is a contradiction. Define

T(t,s):=inf{T>0:1Ig(yg(¥(t,s,7)) < g — o},
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and let y(t,s) := yg(¥(t,s),T(t,s)). By Step 1, we know that y(¢,s) is well-define for every
(t,s) € Q and Ig(¥(t,s)) < &g — oy for any (z,s) € Q.

Step 2. We show that y(t,s) = Wg(7(t,s), T(z,s)) € T,
For any (1,x) € O\ (f9,11) X (so,sl) by 4.1, (4.2), (4.3), (4.9), and (4.10), we conclude from
the fact By < B, that

Ig(¥(t,5)) < Io(¥(t,5)) =Jr(0(1)) +Je(Tals))

| By if(s)€[000] < [0,5]
1 Bi+% it (s) € fto,n] x [0,50]

which implies that T (¢,s) = 0 and then ¥(z,s) = ¥(¢,s). From the definition of " in (4.5), it
suffices to prove that ||y(z,s)|| < 2C, 4 Cy for every (z,s) € Q and T (¢,s) is continuous with
respect to (t,s).

Case 1. If Ig(7(z,5)) < &g — o, then T'(¢,5) = 0 and hence ¥(t,s) = ¥(t,s). From (4.4), we
know that ||y(z,s)|| < Co <2C, + Cp.

Case 2. If Ig(¥(t,s)) > &g — 0, then ¥(t,s) € X? and

ég— oo < Ig(wp(¥(t,s),7)) <mg < g+ ap, VTE[0,T(t,s)).

This implies &g (Ig(wg(¥(t,s),7))) =1 forall T € [0,T(z,s)). If (wp(¥(t,s),T(t,s))) ¢ X, then
there exist 0 < 75,1 < T 52 < T(t,5) as in Step 1. So we deduce that Ig((wp(¥(t,s), Trs2)) <
¢g — 0 as above, which contradicts with the definition of 7'(¢, s). Moreover, ¥(t,s) = yg(¥(t,s),
T(t,s)) € X%, Then there exists (u,v) € X such that ||y(z,s) — (u,v)|| < § < % By Lemma 4.1,
one has

Co
Iy s)ll < l[(u )|+ =7 < 2C2 + Co.

Next, we prove the continuity of 7'(¢,s). For all (7,3) € Q, assume that I5(¥(7,5)) < &g — 0.
Then 7'(7,5) = O from the definition of T'(t,s). So Ig(¥(7,5)) < ég — 0. By the continuity of ¥,
there exists € > 0 such that, for any (¢,s) € (f—€,7+¢€) X (§—€,5+€)NQ, I5(¥(t,s)) < &g — o,
thatis, 7'(s,#) =0, and T is continuous at (7,5). Now we assume that Ig(y(7,3)) = ég — &%. Then
from the previous proof we see that ¥(7,35) = g (¥(7,3),T(7,3)) € X9 and so

125 (W (7(7.9). T(7.5))) | = 1(B) > 0.

Then, for any w > 0, Ig(yg(¥(7,5)), T (,5) +w)) < ég — 0. By the continuity of yp, there
exists € > 0 such that, for any (¢,5) € (f—¢€,7+¢€) x (§—€,5+€)NQ, Ig(yp(¥(7,5),T(7,5) +
w)) < &g — o, so T(t,s) < T(Z,5) +w. It follows that 0 < limsup, o, ;5 T (t,s) < T(7,5). If
T(#,5) = 0, one has lim o5 T(t,s) = T (7,5). If T(7,5) > 0, then, for any w € (0,7 (7,5)),
Ig(yp(7(7,5),T(7,5)+w)) > &g — &%. By the continuity of yjg again, it follows that (ln)nl%lf) T(t,s)=
t,s)—(t,8
T(7,5). So T is continuous at (7,5). The proof of Step 2 is completed.
Now, by Claims 1 and 2, we have proved that there exists a path y(z,s) € I" such that
max 1 t,s)) <¢g— o,
[max 5(Y(t,5)) <ég—

which contradicts with the definition of ¢g. This completes the proof. U
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N+2—u
Proof of the Theorem 1.2. Fix m; := %( ;\‘ﬁiﬁ By) 2. By Lemma 4.7, there exists some

Bo such that, for any fixed B € (0, By), there exists { (un,v,)} C Ig% NX9 with 1;3 (t4y,vn) — 0 as
n — oo. Since X is compact, it is easy to see {(u,,v,)} is bounded in H. By Lemma 4.3, there
exists (ug,vg) C X", up to a subsequence,

(Un,vn) — (ug,vp), in H,
(unyvn) — (ug,vg), in LP(Q)xLP(Q), 2<p<2*,
(un(x),vn(x)) — (up(x),vp(x)), a.e. in Q.

Thus, 123 (ug,vg) =0, by the choice of m,ug # 0,vg # 0. Hence, (ug,vg) is the solution to (1.1).
Recalling that {(uy,v,)} C Ilr;ﬁ NX?%, we have (ug,vpg) € X9, which means that u # 0,v # 0
for small enough 6 > 0. Combing this with Theorem 1.1, we know ug > 0, vg > 0. Moreover,
(ug,vg) is a positive solution to (1.1). Moreover, Ig(ug,vg) < mg.
In the following, we study the asymptotic behavior of (”B ,vg) as B — 0. For every sequence
{Bn} C (0,Bo) with B, \, 0 as n — oo. Let {(ug,,vg,)} C H be a sequence positive solutions
obtained above. Since

1g(ug,,vg,) :Jl(”ﬁn)+J2(Vl3n)_ﬁn/guﬁnvﬁnv (4.11)

and for every @,y € C5'(Q)

0= (U, (g3, (9.¥)) = U} (5, ).9) + (3). ¥) = Bu | (vp,0+ug, ). (4.12)

1 1

2 2
li n/ < lim B, / 2) </ 2) =0. (4.13)
Jim By | up,vp, < lim B <Q|Mﬁn\ 8l

ﬁn/ (vg, @ +up,y) — 0asn— co. (4.14)
Q

Moreover

Similarly,

In view of (ug,,vg,) € X9 and Ig (ug,,vp,) <mg ,onehas that {(ug ,vg )} is uniformly bounded
for B, € (0,Bo) in H. From (4.11)-(4.14), one obtains

I()(ulgn,v[;n) = Jf(uﬁn) +Jg(v[3n) < dﬁn’ I(I)(Mﬁn,\/ﬁn) :J}(uﬁn) —I—J;(Vﬁn) — 0 as Bﬂ — 0.

Let B, € (0,Bo), n € N, be any sequence with f, — 0 as n — oo. Repeating the proof of Lemma
4.4, up to a subsequence, one sees that there exists a (%, V) (ii € Sy, 7 € S¢) such that (ug ,vg, ) —
(ii,7) in H as n — oo, which implies that i is a positive ground state solution to —Au + AMu =
f(x)(ﬁ s ut )Pt "2u, u € H}(Q) and ¥ is a positive ground state to —Av + Apv = g(x)(ﬁ *
Vit ve H} (Q). This completes the proof.
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