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EXISTENCE OF RADIAL SIGN-CHANGING SOLUTIONS FOR FRACTIONAL
KIRCHHOFF-TYPE PROBLEMS IN R3

MENGYUN ZHOU, YONGYI LAN*

School of Sciences, Jimei University, Xiamen 361021, China

Abstract. In this paper, the following fractional Kirchhoff-type problem

(a—i—b/]R3 \(—A)iulzdx>(—A)Su—i—V(x)u:f(x,u), xeR3,

where a,b > 0 are constants, s € (%, 1),2f = 3f25’ V :R?® — R is a continuous function, and f:R3 xR —
R is a continuous function, is considered. It is demonstrated that the fractional Kirchhoff-type equation
has a radial sign-changing solution u; and a radial solution %, when f does not satisfy the subcritical
growth condition and the usual Nehari-type monotonicity condition. The main tools are the constraint

variational method and some analysis techniques.
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1. INTRODUCTION AND MAIN RESULTS

This paper is concerned with the existence of radial sign-changing solutions for the following
fractional Kirchhoff-type problem

<a+b/ﬂg3|(—A)3u\2dx> (=Au+V(x)u= f(x,u), xR, (1.1)

where a and b are positive parameters, s € (%,

1), and 2} = 55 is the Sobolev embedding
exponent. The fractional Laplacian operator (—A)* i

is defined by

(—A)Y'u=Cs,PV. u(x) —u(y) dy G u(x+y)+u(x—y)—2u(x)

3
By YT T Je 32 dy, ue .7 (R°),

where C3  is a normalization constant depending on 3 and s, P.V. stands for the Cauchy principal
value of the integration, and . (R?) is the Schwartz space of rapidly decaying functions.
For the potential V (x), we impose the following conditions:
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(V1) V € € (R?) satisfies inf g3 V(x) > Vo > 0, where Vj is a positive constant; V(x) =
V(|x|), and the operator (—A)* +V (x) : H*(R?) — H~5(R?) satisfies

inf /RS (a|(—A)5u|2+V(x)u2)dx>0;

ucH*(R3),||ullr=1

V (tyx)

(V2) there exists a sequence {t,} C (0,o) such that z,, — co and sup,.p3 ,cn Ty ()

< oo
For the nonlinearity f, we assume that:

(Fy) f(x,t) = o(|t|) as t — O uniformly in x € R3;

(R) f € €(R* x R,R), and limy,|_., L&) = 0 uniformly in x € R%;

(Fs) limy 400

(Fy) W is nondecreasing in ¢ on both (—o0,0) and (0, ) for every x € R>.

In(1.1),if we sets = 1, V(x) = 0, and replace R> by a bounded domain Q C R", respectively,
we gave the following Dirichlet problem of Kirchhoff type:

{—(a+bfgrwrzdx>m: Foru)  inQ,

= oo uniformly in x € R3;

1.2
u=>0 ondQ. (1.2

In recent years, the following fractional Kirchhoff type equation:

—(a+b/R3 |(—A)5u|2dx) (=APu=f(u) xR,

was studied extensively by using various nonlinear analytical methods. We refer to [1] when
f is subcritical growth, and to [2] for the critical nonlinearity f. For more existence results of
fractional Kirchhoff type problems, we refer to [3, 4, 5, 6,7, 8,9, 10, 11, 12] and the references
therein.

When a =1 and b = 0, then problem (1.1) reduces to the following fractional Schrédinger
equation

(=APu+V(x)u= f(x,u) inR". (1.3)

This was proposed by Laskin [13] in fractional quantum mechanics as a result of the extension
of Feynman integrals from the Brownian like to the Levy like quantum mechanical paths. For
the existence, the multiplicity, and the behavior of solutions to (1.3), we refer the reader to
[14, 15, 16, 17, 18] and the references therein.

In recent years, Cheng and Gao [19] studied the existence and asymptotic behavior of sign-
changing solutions for (1.1), where f satisfies (F]) and the following assumptions:

(Fy) f € €(R? x R,R) and there exist Cy > 0 and 2 < p < 27 such that |f(x,t)| < Co(1 +
t1P~1), ¥(x,1) € R? x R;

(Fy) lim;| o0 f(;;’t) = oo uniformly in x € R3;

(Fy) i ‘(;7’3’) is nondecreasing in ¢ on both (—o0,0) and (0, ) for every x € R,

Recently, Chen, Tang and Liao [20] proved the existence of radial sign-changing solutions
of (1.1) when f satisfies (F}), (Fx), (F3), and (Fy). The inspiration of this paper mainly
comes from [20]. It is worthwhile pointing out that, under our assumptions, condition (F)
is weaker than condition (F»/). The main purpose of this paper is to study the existence of radial
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sign-changing solutions of problem (1.1) when f does not satisfy the subcritical growth con-
dition and the usual Nehari-type monotonicity condition. Based on the constraint variational
method and some analysis techniques, we prove the same result under more generic condi-
tions, which generalizes the results presented in [20]. From the technical points of view, the
difficulty in finding sign-changing solutions of (1.1) results from two nonlocal terms: (—A)‘u
and ||(—A)2ul|3(—A)*u. In this sense, (1.1) is different from the classical case s = 1 and the
methods of finding sign-changing solutions for (1.3) with s € (0, 1], and (1.2) cannot be di-
rectly applied to (1.1). This gives rise to some mathematical difficulties that make the study of
the sign-changing solutions for (1.1) particularly interesting. In this paper, by combining the
constraint variational method with some new inequalities, we prove that (1.1) with » > 0 has a
radial sign-changing solution u;, and a radial solution .

Before stating our main result, let us consider the fractional Laplacian in the weak sense. As

arule, for any s € (0,1), we have
V)] [v(x) —v(y)]
/]RS /1%3 |x y|3+2.§' dxdy

JRCISE

(S
N\
||

u

and

-8 =cu [ [ E y|3+zs 0

and define the fractional Sobolev space H*(IR?) as follows H*(R?) = {u € L*(R?) : (— —A)ue
L*(R?)}, equipped with the scalar product (u,v) s ®) = Jr? [( )2 u(—A)2v+ uv} dx, and the

corresponding norm
[ (/ [|(—A)%uyz+u2]dx> .
R3

Throughout this paper, we define HY(R*) = {u € H*(R?) : u(x) = u(|x|)}, and denote the
fractional Sobolev space for (1.1) by H = {u € HY(R?) : g3 V(x)uldx < oo}, where the scalar

product is given by (u,v) = [p3 [a(—A)%u(—A)%v + V(x)uv} dx, and the associated norm is

Jufl = ( L [el=mtuP v dx)

Under the condition (V;) and a > 0, the embedding H — H?(IR?) is continuous. We know from
[21] that the embedding H < L9(IR?) is compact for 2 < ¢ < 2¥ when s € (0,1).
We say that u € H is a weak solution to (1.1) if

0= (1), )
= |, [a-2%u(-2)10 +V@ux)o () ds (1.4)

+b/ (-a)fuPdx [ (~a)u(-a)tpds— [ flxru)o(rds

R3 R3

(S

1
2
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for any ¢ € H. We will omit weak throughout this paper for convenience. Define the corre-
sponding energy functional [, : H — R to problem (1.1) as below:

:% . [a!(—A)%u12+V( dx+ (/ [(— 2u|2dx> —/]R3F(x,u)dx. (1.5)

Analogously to [22, 23, 24, 25], also in the case that the nonlinear term does not satisfy the
subcritical growth condition, by (Fj) and (F,), for any € > 0, there exists C¢ > 0 such that
|F(x,1)| < &12 4+ Ce|t|> for all (x,r) € R? x R. It is easy to see that I, belongs to €' (H,R) and
the critical points of I, are the solutions to (1.1). Furthermore, if u € H is a solution to (1.1) and
u™ # 0, we say that u is a radial sign-changing solution of (1.1), where u" (x) = max{u(x),0}
and v~ (x) = min{u(x),0}.

Our goal in this paper is to seek the sign-changing solutions of (1.1). So, we borrow some
ideals from [19, 20, 26, 27, 28]. We first try to seek a minimizer of the energy functional /; over
the following constraints:

My ={u € H:u* #0,(Iy(u),u™) = (Ij(u),u”) = 0},
mp (= inf Ib(u), \V/bZO,

ue. M)
Ny = {u € H:u#0,(I(u),u) =0},
Cp = Miél/f;@];,(u), Vb > O,

Ib(u)

and then prove that the minimizers of m, is radial sign-changing solutions of (1.1) and the
minimizers of ¢; are ground state solutions to (1.1).

When s = 1,b =0, and a = 1, (1.1) turns out to be the (1.3) mentioned above. There are
several ways in the literature to obtain sign-changing solution for (1.3); see [29, 30, 31, 32] and
the references therein. However, there only exist few results on the sign-changing solutions of
(1.1). Indeed, in the case s € (0, 1), we have the following decomposition:

I(=2)2u" + (=823 = [[(=4)2u™ 3+ [(~4)2u" |13

ut (x)u”(y) 3
—4-C37 /]1@6 mdxdy, VMEHS(R ) (16)

Since (u™,u™) ms(r3) > 0 when u™ # 0, a straightforward computation yields that
b s s

I(u) = Ip(u")+1p(u") +2aP(u* u) + S| (=4) 2 |3 (—4)2u” |13
+26P(ut ) [[| (=) 2 [+ | (~A) | + 2P ()|

> Ip(u™) +1p(u”), (L.7)

(L (u),u™) > (Iy(u™),u™) and (T (u),u™) > (I(u"),u”),
YueH, u",u #0,
where

+ —
L it (=) .
Plu"u )= C3’S/R3/R3 =y dxdy > 0, Yue H, u",u  #0,

which implies that u™ ¢ A}, for u € .4,
The main result can be stated as follows.
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Theorem 1.1. Suppose that (Vi) — (Vo) and (Fy) — (F4) hold. Then problem (1.1) has a radial
sign-changing solution uy, € /), such that I(up) = inf 4, I, > 0 and has a radial solution u, €
Ny, such that I () = inf 4, I, > 0.

Remark 1.1. We know that (F) is obviously weaker than (F ). There exist functions satisfying
the generalized subcritical condition (F,) and not satisfying the subcritical growth condition

(Fy). For example, for the sake of simplicity, drop the x-dependence. Let F () = ;- ( - t2) Then
(1) = 255 e+ 12)In(e41%) — 2% 1
B (e+12)(In(e+12))?
Moreover, when lim g3 V(x) > 1, there exist functions satisfying (F3) and (F4), but do not
satisfy (Fy) or (Fy). For example, f(x,t) = K(x)t> — ]t]2t+ |t|t, where K € €' (R3,[m,n]) with
m,n > 0. Then,
t K(x)3 —|t]21 + et 1
lim f(x; ) _ i X&) |3| U i k() — — = K(x) € [m,n] # +o,
f}—ee 1 [+ t oo R
and ;
¢ 453 t K t3 ¢ 45—3 ¢ 4s77t ¢ 4s72t
o 00 KO
[t]—o0 1 [t|—o0 t

— lim K()C)’t’4s_3 o |t’4s—% + ’t’4s—4 — _|_oo,

lt| e

where s € (%, 1). Therefore, f(x,?) satisfies (F3) but not (Fy ). Similarly, when inf, .3 V (x) > 1,
we can prove by some simple computation that f(x,) satisfies (F;) but not (Fy ).

This paper is organized as follows. In Section 2, we give the proof to Theorem 1.1 by com-
bining the constraint variational method with some new inequalities. Throughout this paper,
we use the following notations: ||ul|, denotes the LP-norm of the space L”(R?) for p > 2;
B,(x)={y€R3:|y—x|<r};and G;(i = 1,2,...) are some positive constant could change from
line to line.

2. PROOF OF THEOREM 1.1

Proof of theorem 1.1. The proof is split into three steps.
We first prove that, for b > 0, the following sets

& = {u €H: b||(—A)5u||§/RS(—A)5u(—A)zuidx

[ Ve - reatyde < o}

and

&y = {uEH b||(— 2u||2-|-/ )}dx<0}

are not empty by scaling technique (see [20, Lemma 2.5]).
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STEP 1. for each u € &}, there is a unique pair (@, B,) € (R™ xR™) such that ou™ + B,u~ €
My; and for each u € &}, there is a unique B, > 0 such that ,u € ;.
To prove STEP 1, let us first prove .#}, # 0. Let

gi(e,B) = (I(ow" +Bu”),ou™)
_ a/ (—A)3 (™ + Bu~ ) (—A)S autd

R3
+ [V(x)(aw)z ~ flx, au+)au+} dx
R3

+b||(—A)5(Om++ﬁu_)||§/RS(—A)5(OW++ﬁu_)(—A)5(0m+)dx 2.1

and
g2 B) = (Ij(ow” +Pu),pu”)
= a [ (8wt +Bu)(~a)}Bu ds

* s [V(X)(ﬁu_)z—f(x,ﬁu‘)ﬁu—}dx
—I—bH(—A)é(OCu*—l—ﬁu)H%/Rs(_A)%(aqu_i_Bu)(_A)g(ﬁu)dx. .

By (F4), one has f(x,at)at > f(x,7)ta* —V(x)(a? —1)(at)? forall x e R} a > 1,7 € R,
which implies

/R Ve et - pex ot ax < o / V) = fu )t |dr, va>1.@3)

R3
From (2.1) and (2.3), we derive that

gi(o, ) = aa2[H(—A)%uJ’H%—F2P(u+,u_)}+ba4¢(u,u+)
2
+ [ [Veon - i ow o fax

< aa2[||(—A)5u+||%+2P(u+,u_)}+Oc4{b(p(u,u+)

[ [v<x><u+>2—f<x,u+>u+}dx}, Vo> 1. (2.4)

where
o(u,u") == H(—A)iuug/3(—A)5u(—A)5u+dx, VueH.
R

Using (2.4), it is easy to prove that g| (o, &) < O for ¢ large due to u € &,. Similarly, we have
22(B,B) <0 for B large. Combining (2.1) with (2.2), we prove that there exists r € (0,R) such
that

81 (l”, I") >0, g1<RaR> <05 gz(l’, 7') >0, gZ(RaR) <0. (2.5)
From (2.1) and (2.2), we have that g|(c,-) is increasing for any fixed o > 0, and g»(+, ) is
increasing for any fixed B > 0. Hence, it follows from (2.1), (2.2), and (2.5) that

gl(r7ﬁ) >g1(r,r) >07 gl(R7ﬁ) <g1<R7R) <O7 Vﬁ S [I’,R],
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and
gZ(avr) > gz(l‘,l’) > Oa gZ(avR) < g2(R7R) < 07 Voo e [V,R]-

Therefore, by applying Miranda’s Theorem [33], there exists some point (¢, B,) € [r,R] X [r,R]
such that g (04, By) = g2(0, By) = 0. So, oqu™ + Byu~ € M),

Now, we prove the uniqueness of the pair (o, B,). Let (a1, B1) and (0, B2) such that au™ +
Biu= € M, i = 1,2. In view of [20, Lemma 2.2], one has

I(oqu™ + Bu~)

a 2— 2)2 s s
> 1y ot + Bou) + SO0 s34 BB > B (ayhu I,
1

o
and
Ip(ou™t + Bou™)

alo? — o2)? . .
> atan -+ )+ OByt BB g
2 2

The above inequalities imply (o, 1) = (02,52).
Furthermore, we let g(B) = (I, (Bu), Bu) for u € &. From (1.4) and (F4), we derive that

8(B) <ap?||(-A >2u||2+ﬁ4{b|| 2u||2+/ fla u>u}dX}7VB > 1,

which demonstrates that there exists Ry > 0 sufficiently large such that g(Ry) < 0. Choosing
ro > 0 sufficiently small, we see that g(rg) > 0. Thus there exists Eu > 0 such that g(Eu) =0
for u € &,. Similarly, we can deduce that Bu is unique. So we obtain that, for u € &}, there
exists a unique Bu > 0 such that Euu € A}, . The proof of STEP 1 is complete.

STEP 2. my, = inf,c 4, I,(u) > 0 and ¢, = inf,c _4; I,(u) > O are achieved.

By (F1) and (F,), we see that, for every € > 0, there exists C¢ > 0 such that

|f(x,0)t] < &2 +Celt)®, |F(x,1)| < er® +Celt|>, V(x,1) e R xR. (2.6)
By (V1), there exists ¥ > 0 such that
tollullzsqge) < llul®, VueH. 2.7)

First, we prove that my;, > 0 and ¢;, > 0. For u € .4, it follows from (1.4), (2.6), (2.7), [20,
Lemma 2.1], the expression for P(u™,u~), and [19, Lemma 2.1] that

0l ey < N2 < all (=) ) o+ 2aP )+ [ V)P
+bl| (-8l | 3<—A>%u<—A>%uidx
= /f(x,ui)uidx
R3

)0 2%
Sl 1B+l

IN

IN

Y0 2
M sy + Cog ™ [y 2.8)
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We can then deduce that there exists a constant y > 0 independent of b such that
| > ol s sy > 1y V€ M. (2.9)

Similarly, there exists a constant to > 0 independent of b such that [|lu| > /%0 |[ul| s w3y > o,
Yu € N, Since .4, C .}, we have my, > c;,. Note that

1—1* a(l —1?)?
() = Iy(rw) + 2= 1,y + A
With t = 0 (see [20, Lemma 2.3]), one has

1 s
I (1) = I (1) — 7 (T (), u) = %H(—A)MH%, Vu e N, (2.10)

[(=A)2ull3, Yue H,t > 0.

which implies ¢, = inf,c s, Ip(u) > 0.

We now demonstrate that ¢;, > 0. To this end, we choose {u,} C .4}, such that Ib(un) — Cp.
There are two possible cases: (1) inf,cn ||(—A)2u, ||z > 0 and (2) inf,en || (—A) Zuy||2 =

Case 1. infuen |[(—A)2Zup||2 = py > 0.

In this case, we conclude from (2.10) that ¢, +0(1) = I (u,) > %H(—A)%M,,H% >4u?.

Case 2. inf,en || (—A) Zup|[2 = 0.

Since |Ju,||* > g > 0, up to a subsequence, one has

[(=A)2uy |2 — 0, / Juzdx > 1, > 0 for some constant iy > 0. (2.11)

2

Let t, = [ Jrs V(x )undx}i . Tt follows from (2.11) that 1, < i, %. By (2.6), (2.7), and the
Sobolev inequality, we obtain that

/RSF(x,tnu,,)dx' < / {7’0 22 +C3|tnun|2::|dx

4 n-n
ty 2 >3 5
< ZH”nH +G3lta|= S5 2 |[(—A )2”n||2> (2.12)
where
—A)3u|?dx
Ss: inf fR3‘( ) I/t‘ —.

SN (i) S

Since u, € A}, it follows from (1.5), (2.11), (2.12), and [20, Corollary 2.4] that
Cp —|—0(1) = Ib(un) > Ib(tnun)

aty s ot 20, bt 514
= - VW%+5/‘WWMH-!K A= [ Fxtn)a
> 5[ e Gl ST I(-a)bulE = L+ o(1)
= 4 R3 31tn nllp —4 .

Case 1 and 2 imply that ¢;, = inf,¢c_4; I, () > 0. Therefore, my, > ¢; > 0.
Next, we prove that my;, can be achieved. Let {u, } C .#), be a minimizing sequence such that
Iy(u,) — my. Then, (2.10) implies that

mp +0(1) = Ip(up) — %(1{7(“’1)7%) > —H( A)2uy 13-



EXISTENCE OF RADIAL SIGN-CHANGING SOLUTIONS 231

So {||(— )5un||2} is bounded. In order to obtain the boundedness of {un} we have to prove
that [ps V (x)u2dx is bounded. By contradiction, we assume that [ps V (x)u2dx — o. Let

C 2(my+1)2

(V3

Then t,, — 0, and (2.12) still holds. Using (1.5), (2.12), and [20, Corollary 2.4], we have that
mp+o(1) = L(up) > Ip(thuy)

Cltz s bt4 s
= 2oy >2un||2+2/v s+ (-8 = [ F (it
> [ ygdae Gollss (-8l
=~ 2 3itn nilp
= mb+1+0(1). (2.13)

This contradiction demonstrates that {u,} is bounded in H. Up to a subsequence, we have
uf — uf weakly in H and uif — u;- strongly in LI(R3) for ¢ € (2,2}). By [23, Lemma 2.4],
we have

/R3F(x, u)dx = /R3F(x, wf — - )dx+ /RS F(x,u;)dx+o(1). (2.14)

Using (2.6), we obtain

/R3F( S ‘<£/ | — ui|Pdx + Ce|uiy —ub]2 = &J1 +Celr,

where J; = [p3 |uif — uj; E2dx and Jp = [fps [uf — u, £|25dx. Since ||uy,|| is bounded, in connectlon
with Minkowski inequality, one has |J;| < C; and |J,| < C}, where C; > 0. So, [ps F(x,u; —
uf)dx — 0 as n — 0. Furthermore, it follows from (2.14) that [ps F (x,u;5 )dx = [p3 F (x, uf)dx—i—
o(1), which implies

/fxu )it dx = /fxub dx—l—o(l) (2.15)
From (2.8), (2.9), and (2.15), we deduce that
0< 12 <2< [ = [ flrauids+o(1).
R

which yields u,;t # 0. From (2.15), [20, Lemma 2.1], the weak semicontinuity of norm, and the
Fatou’s Lemma, we conclude that

all(—A)3 () |2+ 2aP(u; ) + /R V) () 4B (—4) 23 /R (=8)3up(—A)2uy dx
Sli,ﬁlilf [aH(— A2 (u)||2 +2aP(uy) ,u +/ ) (i) *dx

s

+bl(=8) 3 [ (~8) ()b

= liminf | f(x, 0 )u;dx = /R3f(x, Ui i dx,

n—oo R3
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which demonstrates that (I;(ub),uﬁ < 0. Moreover, by (1.4), it is easy to verify that u;, € &),.
In STEP 1, there exist o, , B,, > 0 such that Ocubu; + Bu,u;, € M. By (Fy), one has

- tsz(x )+ F(x,17) — F(x,r)+@(1—t2)%2
_:/ [ -wr__f@aazi;;moar]aaﬁda;io

forall + > 0 and 7 € R\{0}. Letting r = 0 in the equality above, we have %f(x, )t —F(x,7)+
1V(x)1? >0, x € R? and 7 € R. Thus, by (1.4), (1.5), [20, Lemmas 2.2 and 2.7], the weak
semicontinuity of norm, and the Fatou’s Lemma, we have

n—yoo

- yg{—n an+/

my = lim [Ib(un)—%w,(un),un)]

4

SO un)uy — F(x,u,) + lV()c)ufl] dx}

Y
N\w

<

s

TS

+
\

1
f e up)up — F(x,up) + ZV(x)ui] dx

_ 4 _4
) )+ 4F<¢wwmw]—§%wwmw

v
2]
=
=)
=
—~ =
SQ
<
S
+
=
<
S
~—

Y,
2]
[
ge]
=
Q
<
S8
+
=
<
S8

Ib(a“bu; + ﬁuh”l:)

mp,

(A\VARYS

which implies that I, (u;) = my, and uj, € #),. Similarly, we can prove that there exists i, € 4},
such that 1, (%) = c,. The proof of STEP 2 is complete.

STEP 3. Critical point of /.

Using [20, Lemma 2.9], we let u, € .#), and i, € A}, satisfy I,(up,) = my, = infyc 4, I,(u) and
Iy(u) = cp = infy,c_y; I (u). So we prove that uy, and 7, are critical point of I,,. Moreover, uy, is a
radial sign-changing solution to problem (1.1) and #, is a radial solution to problem (1.1). [J
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