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Abstract. Let v be a positive Borel measure on the interval [0,00). Let 5%, = (V4 )n >0 be the Hankel
matrix with entries V,x = [ ) %dv(t). The matrix /%, induces formally the operator J%,(f)(z) =
YooY o Vaiar)Z" on the space of all entire functions f(z) = Y., a,Z". In this paper, we investigate
those positive Borel measures such that 7, (f)(z) = Jjo ) f(t)edV(t),z € Cforall f € F”, and among
them we characterize those for which 7%, is a bounded (resp., compact) operator from the Fock space
F? into the space F4 (0 < p,q < o).
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1. INTRODUCTION

Let C be the complex plane, and let H(C) be the space of entire functions. For 0 < p < oo,
the Fock space F? is defined by

_ ) _r —Lz21p
PP ={f e HO): IS} = 4= [ [F@e P dA) <=},

where dA is the Lebesgue area measure on C. Set

F*={f € H(C): | f]l==esssup|f(d)|e > " < oo},

zeC
In particular, F? is a reproducing kernel Hilbert space. The function K,(w) = ¢ is the repro-
ducing kernel for F2 and
() = — o — A

is the normalized kernel.
Let f~ denote the space of entire functions such that

. ,l‘z|2 _
lim [ f(z)|e™25 =0.
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If0< p<g<oo, then FP C F1 C f~ C F*, and each inclusion is proper. Interested readers
can refer to [1] for the theory of Fock spaces.

The Hilbert operator Hy induced by the Hilbert matrix (m)mkzo was studied on Hardy
spaces [2] and Bergman spaces [3] in the unit disk. Let v be a positive Borel measure on [0, 1).
In [4], Galanopoulos and Pelédez investigated the boundedness and compactness of the operator
Hy induced by Hankel matrix Hy = (V, x)ni>0(Vox = f[()’ 1 "% dv(t)) on the Hardy space H'
and the Bergman space A2. Chatzifountas, Girela and Peldez [5] characterized the operator H,
on Hardy spaces H”. In [6, 7], Girela and Merchén also studied the operator Hy acting on some
analytic function spaces in the unit disk.

Recently, Ye and Zhou considered a new operator, which is called Derivative-Hilbert oper-
ator, with a close relation to the Hilbert operator Hy, induced by Hankel matrix on analytic
function spaces in [8, 9]. For more results on the operator induced by a Hankel matrix, we refer
to [2, 10, 11].

Let v be a positive Borel measure on the interval [0,00). Let J%, = (Vyk)ni>0 denote the
Hankel matrix with entries

n.
For f(z) = L,_gand" € H(C), we define

A= V(Y Vasar)?" (L1)

n=0 k=0

1
Vok = —'/[ )t”H‘dv(t).
0,00

If the right hand side makes sense and defines a function in H(C), the Hankel matrix .74, induces
formally an operator (which will be also denoted .7%,) on H(C).

One of purpose of this work is to discuss those positive Borel measures v on [0, o) for which
the operators .77, are well defined on Fock spaces F” (0 < p < o). In Section 3, we prove that,
for fixed € > %, if ety is a (p, p)-Fock Carleson measure, then the power series in (1.1) is
well defined on C for every f € FP. Furthermore, we can rewrite

H(f)(2) = /[0 L f0eav(). e

The second purpose of this work is to find out the condition of v such that the operator .77, is
bounded acting on Fock spaces by using the integral representation of .7%,. In Section 4, we
completely characterize the measure v for which 7, is a bounded (resp., compact) operator
from the Fock space F? into F4 (0 < p,q < ).

Throughout this paper, for any given p > 1, p’ denotes the conjugate exponent of p, that is,
1/p+1/p' = 1. We say that A < B if there exists a constant C (independent of A and B) such
that A < CB. The symbol A ~ B means that A < B < A. C denotes a finite constant that may
change value from one occurrence to the next.

2. PRELIMINARIES

In this section, we state some lemmas for the proof of our main results. The following two
lemmas can be found in [12].

Lemma 2.1. For every positive integer n,

c(n!)gn_§+% < /oo PP~ rdr < C(n!)
0

P
2 _%—Fj

n
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Lemma 2.2. Let f(z) = Y a,7" be an entire function.

(1) ForO0< p <2,
> P 3
Z|an|p(n‘) %+%<°°:>f€Fp:>Z|a | n‘)2 T3 < oo,
n=0 n=1

(i1) For2 < p < oo,

4
2

Y lanl? (1) 2n¥ 3 <o feFP = Y (aplP (1) En

n=1

N

oo,

Lemma 2.3. [1, Lemma 2.32] For any 0 < p,R < oo, there exists a positive constant C = C(p,R)
such that

7@)e 3P < %/D<z,r) f@e 35| dagz)

r

for all entire functions f, all complex numbers z, and all r € (0,R|. Here D(z,r) ={w e C :
|w—z| < r} denotes the Euclidean disk centered at z with radius r.

Lemma 2.4. [1, Theorem 2.7] Let 0 < p < oo and f € FP. Then |f(z)| < ||f|l,e2 " for all
zeC.

Lemma 2.5. [1, Lemma 2.33] Let 0 < p < oo. Each k, is a unit vector in FP.

Lemma 2.6. [13, Lemma 2.4] Let 0 < p <eo. For A ={A;}7_, €17, set S(A)(z) = L7 Ajka;(2),
z € C, then S is a bounded operator from [P to F?.

Lemma 2.7. [1, Theorem 2.29] Suppose 1 < pg < p; <eoand 0 < 0 < 1. Then [FP0 FPl]g =

p 1_1-6, 6
F ,wherep 0 +p1'

Lemma 2.8. [1, Corollary 2.25 and Theorem 2.26] Set

= [ stgtne Faaon).

If 1 < p <o and let p' be the conjugate exponent of p, then the dual space of FP can be
identified with FP under the pairing (f,g). If 0 < p < 1, then the dual space of FP can be
identified with F® under the pairing (f,g). The dual space of > can be identified with F!
under the pairing (f,g).

Let 0 < p,q < o and let u > 0. Recall that u a (p,q)-Fock Carleson measure if there exists
some constant C such that, for all f € F?,

</ et (Z)>;§C||f||p-

When p = ¢, u is exactly the Fock Carleson measure for F” (see [1, 14]). Also, u is called a
vanishing (p,q)-Fock Carleson measure if

lim / ‘ filz —3l
J—reo
whenever { f j} is a bounded sequence in F” that converges to 0 uniformly on compact subsets
of Cas j — oo,

du(z)=0
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Let Uy(z) = “‘gzg;;f), where |E| means the area of any measurable set E C C with respect
to the normalized area measure dA. Given r > 0, a sequence {a;} in C is called an r-lattice if
Uz D(ag,r) covers C and the disks {D(ay,r/3)};>_, are pairwise disjoint. For any 6 > 0, there
exists a positive integer m (depending only on r and ) such that every point in C belongs to at
most m of the sets D(ay, d); see [1].

The following two lemmas characterize the (p,q)-Fock Carleson measure and vanishing

(p,q)-Fock Carleson measure for 0 < p,q < e, which can be found in [13].

Lemma 2.9. Let 0 < p < g < oo, and let u > 0.

(1) wis a (p,q)-Fock Carleson measure if and only if l,(z) is bounded on C for some (or any)
r>0.

(2) W is a vanishing (p,q)-Fock Carleson measure if and only if [i,(z) — 0 as z — oo for some
(or any) r > 0.

Lemma 2.10. Let 0 < g < p < ocoand let u > 0. Set s = g and s’ to be the conjugate exponent
of s. Then the following statements are equivalent:

(1) wisa (p,q)-Fock Carleson measure;

(2) W is a vanishing (p,q)-Fock Carleson measure;

(3) U(z) € L (dA) for some (or any) r > 0.

“4) Y ﬁ,(ak)s/ for some (or any) r > 0, where {a;} is reserved for this lattice and a;, — < as
k — oo,

In the light of above two lemmas, the notion of (vanishing) (p,q)-Fock Carleson measures
does not depend on the particular value of p, g, but depends only on the ratio s = § in the case
0 < g < p < oo. Let A® be the class of all (p,q)-Fock Carleson measures and A{ be the class of
all vanishing (p,q)-Fock Carleson measures. When 0 < s < 1 (equivalently, p < g), we simply
write A and Ag for A* and A respectively. That is

A={u>0:U,€L” for somer >0}

and
Ao={u>0: lim U, (z) =0 for some r > 0}.

|z|—ve0

Notice that A* C A and A C Ag for all s > 0.

3. CONDITIONS SUCH THAT %, 1S WELL DEFINED

In this section, we investigate the sufficient conditions or necessary conditions for operator
y to be well defined on Fock spaces.

Theorem 3.1. Suppose 0 < p < o. Let v be a positive Borel measure on [0, o). Ifegsz eEA
for any fixed € > %, then the power series in (1.1) is a well defined entire function for every
f € FP. Furthermore,

Hy(f)(2) = . )f(t)e’ZdV(t),zeC,feF”- (3.1)
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Proof. Fix f(z) = Y,_ganz" € FP and z with |z] <r, 0 < r < co. Since €M’y € A, it might as
well assume that ¢€v is (s,5)-Fock Carleson measure for any 0 < s < co. By Lemma 2.4, we
deduce that

| 1rwesavi
[0,)
1
<l [ leletavi
=l [ ettt e av

1-e)t)? 12
<7l [ Jeleld91 aa(0) < e

So the integral in (3.1) uniformly converges on any compact subset of C, the resulting function
is analytic in C and, for every z € C,

“avi) = ¥ " o
/[o,w)f(t)e dv(r) —n; /[0700) f(6)—dv(n)z

3.2
<3 - n+k n ( )
= Zﬁ/[o )Zakt dv(t)7".
n=0""" ") k=0

For any 1 < s < oo, the definition of Fock Carleson measure, Holder’s inequality, and Lemma
2.1 imply that

1
|Vn,k| < _'/
n. [()

| e av(r)

k]

1 1,12 1s 1 2. 1/
< —( / ke 31 |SdA(t)) ( / 130l s dA(t)) (3.3)
n!'\ Jc C

In particular, when k = 0,1 and s = 2, the above inequality can be rewritten as

|Vn,0

1
1 12
:|v,,1|<—< & ) . (3.4)
™~ n! 1

(—75)"
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Suppose that 0 < p < 2. (3.3) with s =4, (3.4), and (i) in Lemma 2.2 indicate that, for every n,

1Y Vika] < [Vaoaol + Y Varak] = [Vaoaol + Y, [Var1 k-1l
(=0 k=1 k=1

1 1
1 o\? 1 !\ 2 - 1
S,!aol—( s ) +—(—("+1 ) > (n+1)8 Y Jae| (k1) 2k
nl\(e—53)" nl\ (& —5)r*! k=1
1

(n+1)! > ( >, S s5\2
nt D3 Y a2k Yok
=D Ll

k=1

N\ —
oo\

[ —

OO\U\

,<Vl(((”+—ln>il)é(n+1)é.

e—1)
Arguing as in the preceding one, if 2 < p < oo, (3.3) with s = p, (3.4), (ii) in Lemma 2.2, and
Holder’s inequality show that, for every n,

1 1
= 1/ n \2 1/ (nt+2) )2 Ll
Visar] < (Jao| + a1 |) = + = =) (n+2) Y

L (k!)é(k)‘l‘ﬂlp(kz—k)—%

1 1
1 n! 21 (n+2)! \2 ~ly L
§(|a0|+|a1|)ﬁ( - ) -l-—(—( - n+2) (n+2) 4"

(e—3)" n'\(e—3)
oo 1/}7 o / 1/[7/
(Earwfwri) (Lw-nr)
k=2 k=2
1 2 > S
_v< = n+2) (n+2) %
n

In each of the cases above, we have that the series in (1.1) is well defined for all z € C, and

de\’nk—l f()f dv(r).

[0,00
By (3.2), we obtain J,(f)(z) = [jo) [ (1)e'*dV(1), z € C. This proves the desired result. [
Theorem 3.2. Suppose 0 < p < e and let v be a positive Borel measure on |0, ) which satisfies
/ / 5 dv(s)dv(t) < oo, if 0< p <2, (3.5)
[0,00) J[0,2)
or
/ / )(ts)zema’v(s)dv(t) <o, if2< p< oo (3.6)
o0) J|0,t

Then the power series in (1.1) is well defined for every f € FP and (3.1) holds.
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Proof. Assume that 0 < p <2 and v satisfies (3.5). Fix f(z) = Yoo yand" € FP C F2. By
Cauchy-Schwarz’s inequality, we obtain that for any n € N

> s % < 1 %
Y Vaka] < <Z|ak|2k!) (ZE 7 2) : (3.7)
k=0 k=0 k=0

From the definition of V,,, it is easy to see that

e}

Z | nk|2

2
"k dv(t)) (3.8)

n+k n+kdv< )dV(Z‘)

%(/
.
oo

\\v

(s)"dv(s)dv(1)

B
WL
v
-

/ (st) dv (s)dv (7).
0,7)

By Lemma 2.2, (3.5), and (3.7), it suffices to prove that

Zak nk—_ 000 )f(f)fnd"(t)-
Furthermore,
Y (Y Vusa)? sz(zwk’) (G [ [, e aviav >) o
n=0 k=0 n=0 \k=0 0.1)

- 2](' % - 1 2 % - 1 t d d 2
< ! — |z — St(st) dv v(t
_(kzo|ak| ) (zomm ) (;O, [ ], e ())

n=

1 TR 1
(Llai) ([ [ eaviave) (L)
k=0 [0_‘00) [0"[) n=0 n'

for each z € C. This shows that the power series in (1.1) represents an analytic function in C
and

H(f)(2) = /[0 e, e

If 2 < p < oo and v satisfies (3.6), the proof is similar to the preceding one with replacing (3.7)
and (3.8) by

| Z Vakak| < Z || (k!) bt o

C(Frtor )
k=2
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and
T (S = () (WS ([ v
= k! : PR MY .
<(l)p,ikd_g;_pl( : / / (St)k(st)”dV(S)dV(t)>g
~ ”l‘ =2 (k—2)' [0 ) [OJ)

2-p 7
2

(lik 5 / /Ot (st)(st)" v (s )dv())

/

2-p
/ 0 2 2’ \ T2 2
< (£ 99) 7 (. rcmravn)

/
respectively, where (—3 — 5L) z_l’p, < —%. The case of k = 0, 1 requires different treatments.

- 1

1
v, = 2/ t|"dv(t
Z| 0a02"| =ao ), (=) |Z| 0 )| "dv(t)

n=0 n!
NN
ool Xk r)( o v dv())
nzOn! nOn' 0.1)

gao(n |z|2"> (/ / (s1)2e> dv( )dv()).

The same arguments demonstrate that

Z|vn,1a1z"|5ao( —|z|2"> ( [ ], e av >dv<>).
n=0 n= Ol

This completes the proof of the theorem. U

The following theorem together with Theorem 3.1 reveals that the necessary condition and the
sufficient condition for .74, with integral representation are closely related in some situations.

Theorem 3.3. Suppose 0 < p < oo. Let v be a positive Borel measure on [0,00). If; for any
f € FP and z € C, the integral in (3.1) converges absolutely, then e2lPav is a (p,1)-Fock
Carleson measure.

Proof. Fix 0 < p < . The assumption implies that the integral f[O’w) f(t)e*dv(t) converges
forz=0,1.e., forall f € FP,

[ roavo

Therefore, by the closed graph theorem, the identity mapping is bounded from F” into L' (e~ 2l Pg V),
which implies the desired estimate. U

= /[ ) F(O)]e 23l av (1) < o.
Ooo

I

Using the method employed in [4, Proposition 1.4], we obtain the following result.
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Theorem 3.4. Suppose 1 < p < . Let v be a Borel measure on [0,0). If, for any f € FP and
z € C, the integral in (3.1) converges absolutely, then

/ / O dv(s)dv (1) <
0) Jos)

1
for any 0 such that 0 < 0 <1 and 6 < =T

Proof. Assume that the integral in (3.1) converges absolutely for each z € C for any f € F?.
Taking z = 0, there is C > 0 such that

f(l)dv(t)‘ S/ . If(l)ldv(f)</ _f@)ldv(r) <c,

) [0,r) [0,r) [0,09)

for all r € (0,00). Specially, choosing f = 1, we have [y, dV(r) < e, which means that
Vv is a finite Borel measure. On the other hand, an elementary calculation demonstrates that
K|l = el Using this and Holder’s inequality, we obtain that

S, L@ aa@avy < il [ 1l ave)
= ||f||p/[0 r)ez|’ dv(t) < co.

For any f € FP, the reproducing property and Fubini’s theorem imply that

_ etZe—\z\z
S0 =[] p@e Faaav)
= [ emavie Faaw) = (s, (3.9)

where g.(z) = [, €“dV(t). By Lemma 2 8 and the uniform boundedness principle, we obtain
sup, |||y <C.Let0 < 6 < 1and 0 < 5—1. By Holder’s inequality, it is easy to see that

188 @ da) / [8r(2)e e POl 0- 0PI g g)
2 . /(L)
(/ 1g-(2)e zlzﬁp dA(z )) (/Ce(,%)(ﬂ—l)pilzIZdA(z)) "

This demonstrates that g? € F”. Replacing g? into (3.9), we obtain that

Ll e ane) > | [ g8 @ aa
_ /[OJ)( /M " dv(s))® dv(e).

On the other hand, the Holder’s inequality implies that

/|g |9+1 —|z? dA /‘g e 2\Z\Z|9+l (60— 1) |z|? dA( )<||g ||0+1<C
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Combining this with the previous inequality and letting » — oo, we obtain that

/W</[o,mf“dv<s>>9dv<r><c.

Since Vv is a Borel measure on [0,00) and 0 < 0 < 1, it follows from the Holder’s inequality that

C>/ / e dv(s / / O dv(s)dv(t
[o.,oo>< 0. )
— / / O qv(s)dv (7).
0.) J[0.)

This proves the desired result. U

4. BOUNDEDNESS AND COMPACTNESS OF 775,

In this section, we mainly characterize those measures v for which .77, are bounded (resp.,
compact) operators from F? into F4 for some ¢ and p.

Theorem 4.1. Suppose 0 < p < g < . Let v be a positive Borel measure on |0, o) that satisfies
the condition in Theorem 3.1. Then 7, is bounded from F? into F4 if and only ifesz eA.

Proof. Suppose that .77, is a bounded operator from F” into F9. Given r > 0, Lemmas 2.3 and
2.5 demonstrate that, for any a € [0, o), there exists a C > 0 such that

C > | Hkallg 2 | Hvka(a)e 21|
Z/ ’etaf%|a|2|2dv(t) :/ e*‘t—a‘ze‘tpdv(t)
[0,00) [0,00)
z/ el av(r). (4.1)
|t—a|<r

This proves that even by Lemma 2.9.
Conversely, suppose el?v € A. For any fe FP,ge F”and0 < p <1,

LA p2s(p2)le aa) < | / FO)leP=av(n)|g(pz)le " dA(z)
< [ ”P/[o.w) PP v (1) g p2) e dA(2)
<Al lglle [ P dacz)

SIAUpllglleo-
Therefore, Fubini’s theorem and the reproducing property imply that
/ Ay (1) (p2)g(pz)e  dA(z / / FOePZdv(t)g(pz)e I dA(z) (4.2)

7/[0 m>/<ce‘wg<w>e‘52W'sz<dev<r>

:l%/[o )g(Pzt)de(t), O<p<l1, fEFP, gc F™.

For clarity, we now break the proof into three cases: 0 < g < 1,g=1,and 1 < g < co.
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Case 1 < g < . Combining (4.2) with Lemma 2.8, we conclude that .77, is a bounded
operator from F? into F? if and only if there exists a positive constant C such that

. T v

Notethatp<1+ and ¢/ <1+qbythefactthatp<q By Lemma 2.9, e"Vlsa(p,l—f— )-

<Clfllpligly, f€F?, g€ F1.

Fock Carleson measure or (¢/,1+ < ) Fock Carleson measure. Thus, by Holder’s inequality,

| 1rwelavin
[0,%)

< ( [ et
<11, llelly-

This implies that .74, is bounded.
Case ¢ = 1. From Lemma 2.8 we see that (f*)* = F! under the pairing (f,g). It follows
that .74, is a bounded operator from F? into F! if and only if there exists a positive constant C

such that
[ T@av)
[0,00)
By Lemma 2.9, ePyvisa (p, 1)-Fock Carleson measure. Thus,

/[0700) [f(1)g(0)]dv () < Hg||oo/[O . £ 2Pl av(e) < | £, llg]l.

I

! p

dV(r)yﬂ’( /[ - lg(t)e™ ‘t'2| r|2dv<r)>‘””

q+p
| 7 e

<Clfllpliglles, f € F?, g € .

We see that 77, is bounded.
Case 0 < g < 1. For given some r > 0, there exists a sequence {a;};_, in [0,%0) such that
aj=2jr. According to our condition and Lemma 2.9, we have

[ P av) <),
laj—raj+r]

for all a;. Combining this inequality with Lemma 2.3, we deduce

2 2 4
AN ([ e et av)

o0 q
sZ( sup  |f(1)e%e ] eflzdvm)
j=1 \t€laj—ra;+r] [aj—raj+r]

— [e)

L2
SEPv) 8- Y, sup  |f(r)eZe |

j=1t€laj—raj+r]
[P v), - Z g P05 A
Llj r

€)1t /le(f)e’ze"’ [9dA ().
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Thus,
LA A

SUPV g [ [ 1f0ee e raaw aac)

NPV, g [P [ (oo P e s nda ) dao

PV g [ Lr@ed P raa).
That is,

17l S 1PV 11l S 1), =11

where the last step follows from Lemma 2.4. The proof of the theorem is complete. U

The proof of the following lemma is similar to that of [15, Proposition 3.11]. We omit the
details.

Lemma 4.1. Suppose that 0 < p,q < o and ¢, is bounded from F? into F1. Then 3¢, is a com-
pact operator if and only if, for any bounded sequence {f,} in FP which converges uniformly
to 0 on every compact subset of C, 7¢,(f,) — 0asn— 0 in F4.

Theorem 4.2. Suppose 0 < p < g < . Let V be a positive Borel measure on |0,0) that satisfies

the condition in Theorem 3.1. Then 5%, is a compact operator from FP into F? if and only if
?

e''v e Ay.

Proof. Assume that /7%, is a compact operator from F? into F9. Using Lemmas 4.1 and 2.5,
we obtain that {J%,(k,)} converges to 0 in F¥ when a — . Hence, by (4.1) we deduce that

f‘tfa‘qe't'z dv(t) — 0. This proves v e A,
Conversely, suppose that ey e Ag. If 1 < g < oo, similarly to the proof of Theorem 4.1,
by Lemma 2.9 we see that elvisa vanishing (p, 1+ 5)—Fock Carleson measure or vanishing

(', 1+ %)—Fock Carleson measure. Let {f;} be a bounded sequence in F” that converges to O
uniformly on compact subsets of C as j — . Then by Holder’s inequality, we have

!

/[Oam) £i(0)g()dv(r) < ( /[O’w) Ifj(r)eér|2|(’q/”er|2dv(r)) “llglly =,

as j — oo for g € F4. Tt follows from (4.2) that lim; e [ 7% (f;)(z)g(z)e " dA(z) — O for
allge F ¢ . Therefore /%, : FP — F4is compact.

The proof for ¢ = 1 is similar to that of 1 < g < co, we omit the details here.

Now we prove the case ¢ < 1. Let {f,} be a bounded sequence in F” that converges to
0 uniformly on compact subsets of C as n — oo. Give some r > 0 and set a; = 2jr. Since

el Py € Ao for any € > 0, there exists J > 0 such that, for all j > J,

/ e"‘zdv(t) < €.
[aj—r,aj-i-r]
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Combining this inequality with Lemma 2.3, we obtain

q
|76 (fn)(2)]1 < Z ( sup | fu(t)e* _‘t|2| [ }e”zdv(t))
aj—naj+r

t€laj—raj+r]

q
+ }j ( sup | fu(t)e%e ] e|t|2dv(t)>
j=J+1 \t€laj—raj+r] laj—raj+r]

—

SIEPY), g [ a0 e P itda) +et [ |f (e 1aa).
D(0.2(J+1)r) C
Thus, Fubini’s theorem implies that
LAt @t At
< ﬁ qm// - (t)e'? —lt[? ,—3 2P 94A(1) dA
SUEPVIME L ] 0y Mo e 2 1 dA 0 dA )
+"fq/ L lee et paa(n dac)
=N [ 0 @) e [ e aan
D(02(J+1)r C
<et)| (e P) .+ | If e3P prdA()

=) (el*v), |7~ + €|l full4-
Therefore, by the arbitrariness of €, we see that J7, : FP — F? is compact. O

Theorem 4.3. Suppose 0 < g < p < . Let V be a positive Borel measure on |0,0) that satisfies
the condition in Theorem 3.1. Then the following statements are equivalent:

(1) 4, is a bounded operator from FP into F4;

(i) 4 is a compact operator from F? into F4;

(i11) ey € AP+4

Proof. (ii) = (i). The implication is trivial.

(i) = (iii). We first prove the case ¢ > 1. By the assumption that /7, : F” — F? is bounded,
we see that the operator 77, : F ¢ — FP is bounded. By Lemma 2.7 we see that 7%, : F2" —
F@m" is bounded, where % = % + %. By duality argument,

[ TOsOav©)| < Clifllanlgln, 1 € F>", g < F
Specifically, letting g = f, we have

Jo OP VO <CIf1,, £ €
which demonstrates that el 'v € A™.
Now we prove the case ¢ < 1. Given any {4;}7_; € I” and r-lattice {a;}7_;, Lemma 2.6

demonstrates that f(z) = Y7 Ajka;(z) € FP with || f[|, < [[{4;},lli». By Khinchine’s inequality
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and the boundedness of 7, we have

(L it 0P) e 9 aaco

J=

~//!Zw] (0275 (k) ()| e dA(2) i

< [ 1Al X w0k [
j=1

SIS Eo LW (O} 11T S NN E s A} i1

where y;(t) is the j-th Rademacher function on [0, 1]. Meanwhile, by Lemma 2.3 we obtain

}.)
N
-
N—
—
A\l
N—
T
N—
[NSTR
o
S]]
™~
"
=
~—~
I\
SN—

Vv

DM s TP &~
\./—\
I 8

3 Xy (ka) (2)*
/D(ak7 g‘ v j ‘)

[ itk @t aac)
D(ak7r)

Vv

—

A9 (kg ) () |7 3195 = Y )9 (el ), (ag) .
k=1

Y
i

Setting B = [A|9, then {B}72, € [4. Therefore,

Zﬁk (), (@) < |75 ool {B7} 11 2

—_— Lq/
The duality argument shows that {(el*v) (ax)}7, € [7°4. Hence, eI'v € Av+7 by Lemma
2.10.
l’q

(iii) = (ii). Suppose el v € Ap+7 . First we consider the case q > 1. Note that p > 1+ 7 L
and ¢ > 1+ % since p > ¢g. By Lemma 2.10, el *vis a vanishing (p, 1+ q,)—Fock Carleson

/
measure or vanishing (¢/, 1+ %)-Fock Carleson measure. Then for any bounded sequence { f,, }
in F? that converges to 0 uniformly on compact subsets of C as n — oo, we have

/

e A 7
S OsOlav@ < ([ 1@e T avi ) gl o
asn —ooforall g e F4 (or g € f~ when g = 1). Then (4.2) implies that

lim | A (s Je I dA(z) =0,

n—oo

for all g € F9 (or g € f*). Therefore, ¢, : FP — F1 is compact.
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Finally, we consider the case g < 1. Give some r > 0. Set a; = 2jr. Then for any bounded
sequence { f,,} in F? that converges to 0 uniformly on compact subsets of C as n — o, we have

AR i (/[ajr,aﬁr]e't'zd‘/(t)te[ - ‘fn(t)etze|t2‘)q

a;—r,a;+r]

S / P dv(r) q/ falw)e"<e 9 dA(w)
.Z ( laj—raj+r] ) D(aj2r)
S oo/ |ﬂ3r(W)fn<W)ewze_|W‘2|qu<W)’

Z D(aj,Zr)

where [13,(W) = Ji,, 3,43/ elil? dv(t). By Lemma 2.10, for any positive €, there existsa R > 0
such that [\ p(og) |ﬁ3r(w)|% dA(w) < €. Thus,

L1 @e raac)

S [ [ a0 w)e e e 9 ) dA )

= [, 0fy0)e™H19 [ et g da ) da )
C C

:</D(0,R) " /(C\D(O,R) ) s, o) fulw)e 3 1A )

P—q

<(f s FEaaon) " ([ o 0 P ga ()

”

(P 0809) 7 (L e ran )
<e( [ I 1 an <) ve ([ Ute v aacy ));’

which implies that J%, : FP — F? is compact. UJ

Q
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