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OPTIMALITY THEOREMS FOR LINEAR FRACTIONAL OPTIMIZATION
PROBLEMS INVOLVING INTEGRAL FUNCTIONS DEFINED ON C"[0, 1]
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Abstract. We consider a linear fractional optimization problem involving integral functions defined on
C"[0,1] and obtain an optimality theorem for the problem which holds without any constraint qualifi-
cation. We give an example to demonstrate how to use the optimality theorem for finding the optimal
solutions.

Keywords. Constraint qualifications; Integral functions; Linear fractional optimization problem; Opti-
mality theorems; Optimal solutions.

1. INTRODUCTION-PRELIMINARIES

Convex optimization problems involving integral functions need constraint qualifications for
obtaining their optimality theorems. For example, the Slater condition becomes a constraint
qualification for the problems. But it is well-known that the Slater condition is really often
violated. So, in this paper, we intend to obtain the optimality theorems for the problems which
hold without any constraint qualification.

Jeyakumar et al. [1] proved the Lagrange multiplier optimality theorems for convex opti-
mization problems, which held without any constraint qualification and which were expressed
by sequences. Such optimality theorems were studied for many kinds of convex optimization
problems and linear fractional optimization problems; see, e.g., [2, 3,4, 5, 6,7, 8, 9]. In particu-
lar, Kim et al. [6] investigated optimality theorems for a linear fractional optimization problem
involving integral functions defined on L2[0, 1], which hold without any constraint qualification.

In this paper, we consider a linear fractional optimization problem (P) involving integral
functions defined on C"[0, 1] and obtain an optimality theorem for the problem (P) which holds
without any constraint qualification and which is expressed by sequences. We give an example
to demonstrate that certain set may not be closed and to illustrate how to use the optimality
theorems for finding the optimal solutions.
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Consider the following linear fractional optimization problem:
Joe()Tx(t)dt + o
Jo d(@)"x(e)dr + B
subjectto  x(-) € K,
ai(t)Tx(t) = bi(t), i=1,--- ,m, forany r € [0,1],

(P) Minimize

where ¢,d,a;, i = 1,--- ,m, are given in C"[0,1], b;, i = 1,--- ,m are given in C[0, 1], and K is
a closed convex cone in C"[0, 1]. Here we denote C"[0,1] = {x | x: [0,1] — R" : continuous}
and C[0,1] ={z|z:[0,1] — R : continuous}.

We next use the norm on C"[0, 1] defined by ||x|| = max,c[ j|[x(t)||. We define the nonneg-
ative dual cone of K as

K ={veC"0,1]" |v(x) 20 Vxe K},

where C"[0,1]* = {x* | x* : C"[0,1] — R : continuous and linear}. We also use the norm on
C"[0,1]* defined by

|| = sup{|x"(x)[/||x]| | x € C"[0, 1] and x # 0}.
Now we give some notations and preliminary results that are needed in this paper. Let E
be a normed linear space over R with norm x — ||x||, and let E* the dual of E. The conjugate
function of a function f: E — R is the function f* : E* — R defined by

&%) = sup{(x",x) = f(x)} (x" € E7).

xeE

A function g: E — RU {+eo} is said to be convex if, for all 7 € [0,1], g((1 —#)x+1y) < (1 —
1)g(x)+1tg(y) forall x,y € E. Let g: E — RU{+oo} be a proper convex function. We denote
the domain and the epigraph of g by domg :={x € E : g(x) < +oo} and epig := {(x,r) € EXR:
g(x) <r}, respectively. We say a function g is lower semicontinuous if liminfy_,, g(y) > g(x)
forallx € E.

Following the proof of [10, Theorem 2.123 (i) and (ii)], we can prove the following propo-

sition stated in a normed space with a strong topology (norm topology). The proposition was
proved on a normed space with weak*-topology in [11], and was stated on a Banach space with
weak*-topology in [12].
Proposition 1.1. Let E be a normed space. Consider a family of proper lower semicontinuous
convex functions ¢;: E — RU{+oo}, i € I, where I is an arbitrary index set and suppose that
sup;c; ¢ is not identically +oo. Then epi(sup;c; ¢;)* = clcoJ;c;epi ¢/ .

Following the proof of [10, Theorem 2.107 and Theorem 2.123], we can prove the following

proposition stated in a normed space. The proposition was stated on the Banach space (see [13,
Lemma 1]).

Proposition 1.2. Let E be a normed linear space. Let 1,0, : E — RU{+o0} be a proper, lower
semicontinuous and convex function. Then epi(¢; + ¢2)* = cl(epi @ +epi @] ).

Using [14, Theorem 1.1] and [15, Proposition 12.6], we can prove the following proposition.

Proposition 1.3. [16, 17] Let E be a Banach space. Let g1: E — RU {40} be a proper lower
semicontinuous convex function, and let go: E — RU {400} be a continuous convex function.
Then epi(g1 +g2)" = epig] +epigs.
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2. OPTIMALITY THEOREMS

In this section, we give an optimality theorem for the problem (P) which holds without any
constraint qualification and which is expressed by sequences.

Noticing that [§{a;(7)Tx(t) —bi(t)}dt =0foranyt € [0,1] if and only if a;(t) T x(t) — b;(t) =
0 for any ¢ € [0, 1], we have the following problem, which is equivalent to the problem (P) in
the first section:

(P) Minimize foi C(t)Tx(I)dt +o
Jo d()Tx(t)dt + B

subjectto  x(-) € K,

/O.{ai(r)Tx(’c) —bi(1)}dT=0,i=1,-.m

Define .
A={xek| /O{ai(r)Tx(r)—bi(r)}dr:O, i= 1, ,m}.

So, A ={x€ K |ai(t)Tx(t)—b;(t) =0forany ¢ € [0,1], i=1,--- ,m}. We assume that A\ # 0.

Modifying [1, Theorem 3.1], [3, Theorems 3.1 and 3.2 ], and [6, Theorem 2.1], we can
obtain the following optimality theorem for the problem (P), which holds without any constraint
qualification:

Theorem 2.1. Let X € A\ and suppose that, for any x € A, fol d(t)Tx(t)dt+ B > 0. Then the
following assertions are equivalent:
(i) X is an optimal solution to problem (P);

(i) (0,0) € {(Joe(t) —q(®d (D)) ()dr, —a+q(D)B)} +{0} x R+
el U (=X o wOai0) (e, — X o pi0)bi(r)d) b4+ (—K*) < Ry ),

LLENBV[0,1]
where NBV[0, 1] ={u | u : [0,1] — R : a function of bounded variation,left continuous on

- LT %(t)d
(iii) there exist U € NBV[0,1], i=1,--- ,m, k}; € K* such that

1
/O [e(1) — g(®)d()]T( dt-l—hm[—Z/ W ()T (i — k] = 0
and lim k;;(x) = 0.
n—soo
Proof. Suppose that X is an optimal solution to problem (P). Let
1
76) = [ e o) + g [ a) (0 +B)
and

hi(x) = /0 [~ai(0)"x(2) + bi(D)] dT, =1, m

Then f : C"[0,1] — R is continuous and linear, and A; : C"[0,1] — C[0, 1] is continuous and
affine foreachi=1,--- ,m. Let

D={xeC"0,1] | hi(x)=0,i=1,--- ,m}.
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Then A = DN K. Notice that X is an optimal solution to problem (P) if and only if
F(6)+8a(x) 2 f(%) + (%) forany x € C"[0,1],

where 8 is the indicator function with respect to the set A. So (0, —f(X)) € epi(f + Oa)*. By
Proposition 1.2, one has (0, —f(X)) € epif* +epidx. Since A = DNK, one has (0,—f(X)) €
epif* +epi(dp + Ok)*. It follows from Proposition 1.2 that

(0,—f(X)) € epif” +cl(epidp + epidy). (2.1
We can easily check that
epidx = (—K*) xR, (2.2)
In view of
£ = {—a+q(f)ﬁ it v = Jole(t) —q(®)d(0)]" ()t
oo if v* # o le() —q(®)d@)]" ()dr,
one has
evis” ={ ([ 1c)-a0a Ot ~a+q0p ) f+ 0} xR @

By Hahn-Banach theorem, for any nonzero z; € C[0, 1], there exists A; € C[0,1]* such that
Ai(zi) > 0. So, Op(x) = supy,ccyo, 1) (Xits Ai o bi)(x) for any x € C"[0,1]. Since Y2 Aok
is continuous and affine, it follows from Proposition 1.1 that

m
epidp, = cl co U epi(z Aioh;)*.
AeClo,1]* i=1

By Theorem 1 (Riesz Representation Theorem) in ([18], p.113),
1
Cl0,1]" ={x" | x"(y) :/ y(t)du(t) Vy € C[0,1], n:[0,1] = R : afunction, u € NBV[0,1]}.
0

So, 4; € C[0, 1]* if and only if there exists y; € NBV]0, 1] such that, for any y € C[0, 1], 4;(y) =
Jo y(£)dui(r). So, we have

1
(Arohy)(x) = /0 (i) () d ()

1/ ot
:/ (/ [a,-(‘L’)Tx(‘L')—b,'(T)]d‘L') du;(t).
0 \Jo
Let gi(t) = [¢[ai(7)Tx(t) — bi(7)]d 7. Then, from [19, Theorem 6.2.3 and Theorem 6.2.10],

(o)) = [ (tau()
= [ mlo)dste) + (Vi) ~ 10)5(0)

g 0)dr
i) a0 x(0) — Bi(0)ldr.

-
-
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Moreover, since fol w;(t)[a;(t)T (-)]dt is continuous and linear on C"[0, 1], one

(oh)* (V)= sup {v'(x)—(— /0 lui(t)[ai(t)Tx(t)—b,'(t)]dt)}

xeC[0,1]
:{—ﬁmwmwm if V() = — o a0 ()ar
oo if V() £ — Ji (0ai(t) (.
Thus 1
epilhion) = {(~ [ (a0 v, — [ w(0(0))} + {0} x .
Hence
m 1 m 1
epid, = clco — i(Oa;()T ()dr, — i
pid 1(%$%$<;Aum<nom Y ) w0}

+{0} % R+>.

Since the set
m

121 / wna(o)” ()dr, - Y /0 (b))} + {0} x B

u,eNBV[O 1] i=1
1s convex, one has
m el
epidy = el Y [ a7 Odr, Y [ wontoan)
u,eNBVOl i= 1 i=170
+{0} x R+>. (2.4)

From (2.1), (2.2), (2.3), and (2.4), one has

(0,0) € {(/I[C(’) —q(®)d(0)]" (-)dt, —a+q(%)B)} +{0} x Ry
c i( ; xRy ).
+l( Z/u dt, ZZT/M (t)dt)} + (—K*) x +>

u,ENBV [0,1]
Thus (ii) holds.
Suppose that (ii) holds. Then, from (ii), there exist u/' € NBV[0,1], i=1,--- ,m,k, €K*, r €
R4, r, € R such that

0= / ()t + lim [~ )3 / e Oa(e)" (e — k], 2.5)
and
0=—-a+gq(x )/3+r+11m Z/ w(t dt—f—rn] (2.6)

From (2.5) and (2.6), one has
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Since k(%) =0, r 2 0, and r, = 0, we have

r=0, imk,ox=0, and limr,=0.
n—yoo n—yoo

Hence lim,,_,.. k;;(X) = 0. It follows from (2.5) that (iii) holds.
Suppose that (iii) holds. Then there exist u € NBV|[0, 1] and k; € K*, i =1,--- ,m such that

Aﬁdn-ﬂﬂ@d(ﬂ e + lim | El/iu, ai(t)T ()di — k5| =0

n—oo

and lim k(%) = 0.

n—oo

Then, for any x € A,
1
0= /O [e(t) — q(®)d(O)) (x(r) — %(1) )dr
m 1
+ lim [— 3 / ()i ()T (x(e) = 5(0)t Ky (x—9)|

= [ et 0+ @ ()] [ a7 (0 5]

[ /0 (o) >dt+a] +q®)] [ a0 s0ar+ ]

+ lim [~ / () Bil) — bil0))di — 3 ()]

= [ ety s+ a- q()[/o]d(t)Tf(OdHB]— [ et oy
_ggkm

Since lim,, .k (x) = 0 for any x € A, one has

1 1
/ c(t) x(t)dt + o — g(X) [/ d(t)"x(t)dt + B} >0
0 0
for any x € A. Since ¥ € A and fol d(t)Tx(t)dt + B > 0 for any x € A, one has

<k()x@m+a
Jo d()Tx(t)d1 + B

T
for any x € A. In view of ¢(X) = % one has that x is an optimal solution to problem
0

(P). Thus (i) holds. O

q(x) =

Now we discuss about the closedness of the set in (ii) of Theorem 2.1. Following the proof
of [2, Proposition 2.1], we can prove the following proposition.

Proposition 2.1. Suppose that intK # 0. Assume that the following constraint qualifications for
problem (P) hold:
(i) there exists x € intK such that

a;(t)Tx(t) —bi(t) =0 i=1,---,m foranytc[0,1];
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(ii) for any y = (y1,--+ ,ym) € C™|0,1], there exists X € C"|0, 1] such that
t
/ a;i(t)Tx(7)dt = yi(t) foranyi=1,---,m andt €[0,1].
0
Then the set

A= { 2/ wi(t)ai(t)" (-)dt, —Z/ i1 }+(—K*)><R+

u,eNBV[O 1]
is closed in C"[0,1]* x R.

From Theorem 2.1, we can obtain the following theorem.

Theorem 2.2. Let X € A and assume that for any x € A\, fol d(t)"x(t)dt + B > 0. Suppose that
the set

{ Z/ wi()a; (1) (at, —Z/ ;i (t }+(—K*)><R+
u,eNBV[O 1]

is closed in C"0,1]* x R. Then X is an optimal solution to problem (P) if and only if there exist
Ui € NBVI[0,1] and k* € K* such that

1 m T
/ [c( Z z] Nt — k() =0
0 i=1
and k*(x) = 0.
Now we consider linear optimization problem. If &« =0, d =0, and 8 = 1, then problem (P)
becomes the following linear optimization problem (LP):
1
(LP)  Minimize / c(t)Tx(t)dr
0
subjectto  x(-) € K,
ai(t)Tx(t) =bi(t), i=1,--- ,m, forany ¢ € [0, 1].
If K = C"[0, 1] (note that intK # 0), we can obtain the following theorem.

Theorem 2.3. Let K = C"[0,1] and x € C"[0,1]. Assume that the following constraint qualifi-
cations hold:
(i) there exists X € C"[0,1] such that a;(t)"x(t) —b;i(t) =0,i=1,--- ,m foranyt € [0,1];
(ii) for any y = (y1,-++ ,ym) € C"™[0, 1], there exists x € C"[0, 1] such that

/Ota,-(r)Tf(r)dr =yi(t), foranyi=1,--- m andt € [0,1].
Then x is an optimal solution to problem (LP) if and only if
ai(t)Tx(t) =bi(r), i=1,--- ,m, forany ¢ € [0, 1]
and there exist u; € NBV[0,1],i=1,--- ,m such that ¢(t) — Y., pi(t)ai(t) = 0 a.e. on [0, 1].
Proof. By Proposition 2.1, the set

m ol
u,eNBV[m]{ Z/ Hilt)ails Z/o Hilt )}+{O}XR+

1=
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is closed. So, by Theorem 2.2, X is an optimal solution to problem (LP) if and only if
ai(t)Tx(t) =bi(t), i=1,--- ,m, forany ¢ € [0, 1]

and there exists y; € NBV|0, 1] such that fol [c(t) = X, wi()ai(t))Tx(¢)dt = 0 for any x €
C"[0,1]. By Theorem 1A.1 (Dubois-Reymond Lemma) in [20], one sees that X is an optimal
solution to problem (LP) if and only if

ai(t)Tx(t) =bi(t), i=1,--- ,m, forany ¢ € [0, 1]

and there y; € NBV|0, 1] such that ¢(r) — Y7 | ui(t)a;(t) =0 a.e. on [0, 1]. O

3. EXAMPLE

Now we give an example to demonstrate that the set A in Proposition 2.1 may not be closed
and illustrate how to use the optimality condition (iii) in Theorem 2.1 to find the optimal solu-
tions.

Example 3.1. Let K = {(x1,x2,%3) € C?[0,1] | x1(t) 2 \/x2(t)2 +x3(¢)2, ¥t € [0,1]}. Then
K is a closed convex cone in C3[0 1]. Let ai(r) = (1 0 ) VI € [0, 1] and bl( )=0,Vr e

[0,1]. Let A = Uy, ensvion{(—Jo wi (t)ar (1 )T(')dfv—folul(f)bl(f)df)}+ (—K*) X Ry, where
NBV[0,1]={u|u:[0,1] = R : a function of bounded variation, left continuous on [0, 1) and
u(1) = 0}. Then A C C3[0, 1]* x R, where C3[0, 1]* is the topological dual space of C3[0, 1].

Now we show that A may not be closed. Leta*(-) = fol (0,—1,0)7(-)dt, that is, a* (x1,x2,x3) =
fol (—x2(t))dt ¥(x1,x2,x3) € C3[0,1]. Suppose to the contrary that (a*,0) € A. Then there exists
uy € NBV[0,1] such that a* € {— [y uy (t)ay (t)7 (-)dt} 4+ (—K*). Thus,

/(0 dt—l—/ Lt1 al th —K*
and hence

/01(”1() —L—w (1) ()dr € —K".
It follows that
/01[ 1 (1)1 (1) + 32(0) + 01 (033 (0) | df 2 0 Y (x1,30,35) €K,

which implies that, for any (a,b,c) € K := {(a,b,c) € R? | a 2 Vb2 + 2},
1

Oga/ol(—ul(t))dt-l-b-l-l-c/o wi (1)dt.

Since K is self-dual, one has (fol(—ul (t))dt, 1, [y ui (t)dt) € K. Thus

1 1
/ (—uy(t))dt 2 \/12+(/ u(t)dt)?,
0 0

which is a contradiction. Hence (a*,0) & A.
Now we prove that (a*,0) € clA, where clA is the closure of A. Let

T

k() :/01<\/n2(1 —t)2+(l+ﬁ)2,l+ﬁ,—n(l—t)> ().
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Notice that

v € [0,1], (\/nzu 24 (14

So, V(x1,x2,x3) € K and Vr € [0, 1],

—n(l—t)) €K.

)2, 1+

1
n(l+1) n(l1+1)’

\/nZ(l —1)24+(1+ n(11+t))2xl(t) +(1+ ol +t))xz(t) —n(l—1)x3(t) 2 0.

Hence, V(x1,x2,x3) € K, kj;(x1,x2,x3) 20 and so k;; € K*. Let uf(t) = —n(1 —1) Vt € [0, 1], and
let a(-) =y (—ut(t))ai ()T (-)dt — ki (-). Then ! € NBV[0,1] and

G0) = [ =000, 17 (e K50

- /l(n(l—t)— (1124 (1 —— )2 —1—#0)T(~>dt
—Jo n(1+1¢)" "’ n(1+t¢)’ '

So, we have,

la, —a”|| = sup [(a, —a")(x)|
[[x[[=1
= sup | l(n(l—t)— n2(1—1)2+(1+ 1 )2 1 0)7
ISR n(l+1)" 7 n(l+1)
(x1(1),x2(2), x3(2) )dt|
! 1
= 1—1)—y[n2(1—0)2+(1+ 2)xy(1)dt
- ||§T\1£1| o ("1 =0) \/n (1=07+( n(l—I—t)) Jx(0)
+ Su / 2 [ l
|\x\|<1| 1+t
= —1)— —t ‘ ’
_Avw )= PP (4 2 et [
1+ 1 2
( (”’)) dt + 10g2.
0 _ _ n
NI
(I+ (l+t))2
Let ¢,(¢) e z+\/ e )2,t€[0,1].Then
1+ 1)’
[on(1)] = - <2 vrelo,1],

(1+ (1+t))2

and limy, . @, (1) =0, V1 € [0, 1). By Lebesque Convergence theorem,

lim (pn t)dt = 11m @, (t)dt = 0.

n—soo Q0 n—eo
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Thus
lim ||a), —a*|| =0 3.1
n—oo

and so (a};,0) converges to (a*,0). Since (a,0) € A, one has (a*,0) € clA. Since (a*,0) & A,
one has that A is not closed.
Now we consider the following linear optimization problem:

1
(MP) Minimize,, \, )ec3(0,1] /0 xp(t)dt
subject to x1(t) —x3(t) =0
xl(t) > xZ(t)2+X3(l‘)2 Vt € [0, 1].

Let ¢(z) = (0,1,0). Then the problem becomes:

1
Minimize, ., v)ec3(o,1] /0 c(t)Tx(t)dt
subject to ar () x(t) = by (1)
xek

Let
A = {(x1,x2,x3) € C3[0,1] | x1 (1) —x3(¢) = 0, x1(t) = \/x2(1)2 +x3(¢)2, Vr €[0,1]}.
Then
A ={(x1,x2,x3) € C3[0,1] | x1(¢) = x3(1), x1(t) =0, x2(t) =0, V¢ € [0,1]}.

Clearly A is the set of solutions to problem (MP) and the optimal value of problem (MP) is 0.
Let (x1,X2,Xx3) € A be any fixed. It follows from (3.1) that

1 1
| e Odi+lim [~ [ a0 e k()]
:/01(0,1 0)(-)dt + lim [/Oln(l—t)(l,O,—l)T(~)dt

[ (fra—pras e o an) Oal
o W/ i+ Tty "

=0

and

)? %1(1)

1
lim k:(fl7f27-ff3) = lim <\/n2(1_t)2+(1+
n—eo n—oo 0

n(l+r)

1+ )fg(t)—ﬂ(l—t)fg,(t))dt

n(1+1)

= lim 01(\/n2(1—t)2+(1+ﬁ)2—n(1—r))fg(z)dr.

n—oo
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Let

1

I//n(l‘)z nz(l—t)2+(1+m

)2 —n(1-—1).

Then there exists M > 0 such that |y, (#)x3(¢)] = M, Vt € [0,1] and lim,—. W, (7)x3(t) = 0,
Vt € [0,1). By the Lebesque Convergence Theorem, one has

o~ o~ ~ L 1 -
lim ki (%1, %, %) :/O ’}1_{130( (=2 (sl —z)>x3(z)dz:o.
From Theorem 2.1, one sees that (X],X3,X3) € A is an optimal solution to problem (MP).
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