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Abstract. In the present paper, we investigate a problem, describing the deformations process for the
Stieltjes strings system located along a geometric star - shaped graph under the influence of an external
force. The case when the force can be concentrated at separate points, including a node of the graph, is
considered. The non-linear condition arises due to the presence of a limiter on the strings displacement
in the node. Using variational methods, the necessary and sufficient conditions for the extremum of an
energy functional are established; existence and uniqueness theorems for the solution are proved; an
explicit formula for the solution is obtained; and the dependence solution on the length of the limiter is
studied.
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1. INTRODUCTION

The mathematical models are described in terms of a branching argument, i.e., the argument
taking values from some geometric graph arise in the analysis of processes in complex physical
systems. The examples of such systems are given by elastic meshes, rod lattices, electrical
circuits, acoustic networks, waveguides, hydraulic systems, and so on. Active mathematical
interest to study such problems has led to a large number of related papers. Here, we refer to
[1]-[16]. However, in all these works, only the problems with linear boundary conditions were
considered.

In the present paper, we study a boundary value problem on a star - shaped graph, consisting
of n one-dimensional segments of length /;, connected at one point (called a node), with a
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nonlinear condition at the node. This problem has the form
( X
- (plu;) (X) +/() uiin = E(X) _E(+0) - (plu:)(+0>7l = 1727 w1,

-21 pi(+0)u(+0) + f € Ny mu(0), (1.1)
u1(0) =up(0) = ... = u,(0) = u(O)

(pit) (1 — 0) + (1) = fivi = 1,2,.

Problem (1.1) describes the deformations process for a system of n Stieltjes strings located in
an equilibrium position along this graph. Here the functions u;(x) determine the deformations
of each string; F;(x) describe the distribution of the external force; and f is equal to the external
force concentrated at x = 0. The functions p;(x) characterize the elasticity of strings; Q;(x)
describe the elastic response of the environment; f; are equal to the external forces concentrated
at the points /;; and 7; coincide with the elasticity of the springs attached to the points /; (i =
1,2,...,n). Here N|_,, ,,u(0) denotes the outward normal cone at the point u(0) to the segment
[—m,m], defined by the number set

Nmmu(0) ={& €R: E(c—u(0)) <O Ve € [—m,m]}.

The nonlinear condition

Zp, (+0)u;(+0) + f € N|_pp ju(0) (1.2)

arises due to the presence of a 11m1ter, represented by the segment [—m, m], on the displacement
of strings in the node, i.e., we assume |u(0)| < m. From (1.2), it follows that if the external

n
force is such that the inequality |#(0)| < m holds, then Z pi(+0)ui(+0) = —f. Otherwise, if

u(0) = m, then Z pi(+0)u’(+0) + f > 0, and if u(0) = —m, then Z pi(+0)ui(+0)+ f <O0.

The paper is structured as follows. The second section contalns necessary definitions and
results. The third section contains an exact description of the investigated problem and a proof
of the necessary condition for a potential energy functional extremum. In the fourth section,
the main results of the paper are established. In particular, the existence and uniqueness theo-
rems for the solution are proved, a sufficient condition for the energy functional extremum is
established, and the dependence solution on the length of the limiter is analyzed.

2. PRELIMINARIES

In this section, we recall some notions and facts which we need in the sequel.

We assume that the star-shaped graph I is oriented from the node and consists of segments,
parameterized as [0,/;], numbered arbitrarily (i = 1,2, ....,n). The point 0 (node) corresponds to
the inner vertex of the graph, the points /; correspond to the boundary vertices of the graph, and
the intervals (0,/;) are the edges of the graph. Denote by dI the set of boundary vertices of the
graph; Y; is the graph edge(i = 1,2, ....,n); and R(T") = J"_; Y. A scalar function z(x) defined
on a graph I is a map z : I — R. The restriction of z(x) to (0,/;] is denoted by z;(x).

We say that a function z(x) defined on the edge Y; has bounded variation on this edge if
1) the function z(x) has finite one-sided limits at the boundary points x = 0 and x = J; of the
edge Y;;

2) there is a constant ¢; such that for any partition of the edge Y; by points 0 = xf) < x’i <. <
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= [; the sum Z |z(x* (xl])| < ¢; (at the boundary points of the edge, the function z is

j+1 )
determined by 1ts hmlt values)
The jump of the function z at the boundary vertex a € dT is defined as Az(a) = z(a) —z(a—0);
the jump of the function z at any interior point & of the graph edge is equal to Az(§) = z(& +0) —
n
z(& —0); and the jump of the function at the node is defined as Az(0) = ¥ (zi(0+0) —z(0)).

i=1
We say that a function z(x) defined on T is absolutely continuous on T if it is absolutely

continuous on every edge Y;, and if it is continuous at the node, i.e., the one-sided limits along
the edges coincide with z(0), finally, if it is continuous at points from JT".
The integro - differential equation

’m+[;dQ=ﬂM—f®%%ﬁM+m,xe[ﬂm 2.1)

introduced in [17] and [18], will play an important role in this paper. The solutions of Equation
(2.1) belong to the class of absolutely continuous functions on [0,/], whose derivatives have
bounded variation on [0,/]. We assume that the functions p, F, Q have bounded variation on the
segment [0, /] and 1nf[07l] p > 0; and functions p, F, Q are continuous at points x = 0 and x = /.

We need to explain the set [O,Z] which x belongs to, so that Equation (2. 1) has the correct
meaning at singular points, where the derivative v/(x) and the functions p, F, and Q can be
discontinuous. Let us describe the construction from [17, 18] for the definition of the extension.
Denote by S the set of all points at which the functions p, F, and Q have non-zero simple
jumps, that is distinct left-hand and right-hand limits. Consider the Jordan representation of the
bounded variation functions p, Q F in the form p p=p —p Q QJr Q andF=F" —F~

Denote by o (x) the following sum of nondecreasing functions

o) =x+p () +p () +0 () +0 (x) +FF(x) +F (x).

Without loss of generality, we can assume that function o(x) has discontinuities only at the
points of the set S. Let us introduce the metric p(x,y) = |o(x) — o(y)| on the set [0,]\ S. If
S # 0, then this metric space is obviously not complete. Its standard metric completion coincides
(up to isomorphism) with [O l], and induces a topology on this space. Thus, each discontinuity

point & of functions p, F, and Q is replaced on [O [y by the pair of points denoted as {& —

0,& 4+ 0}. We will define at these points the functions p. D; ¢ Q F by limit values, i.e., we suppose

PE+0) = lim p(x), F(E+0) = hm F( ), and Q(€ £0) = hm O(x). We suppose
x—E+0 —E10 —&+0

E—0>xforanyx< & and E+0 <xf0r any x > &. On [0,/] , the Values P(E+0), (£ +0)
and F (& 4+ 0) which were limit values on [0,/] now become true values at the corresponding
points of mc. The continuity of the function v(-) enables us to preserve the usual Rimann —
Stieltjes meaning for the integral term in (2.1) at x = & —0 and x = £ 4-0, regarding the previous
limit values as true values.

Thus, we consider Equation (2.1) in two layers: the lower level is for the values x € [0,],
when speaking about the solutions v(x) themselves (under the integral), and the second level is

for the values x in (2.1), where x € [0,/] ;.
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Notice that at each point & € S the equality

—P(E+0WV(E+0)+ p(E — 01V (& —0)+v(E)(QE+0) — Q& —0)) = F(§+0) — F(E—0)
holds. According to [18, Theorem 1.4],

'(640)= lim V(x)= li
VEH0) = tim V) = tim

and

V(E—0)= lim V(x)= lim V@H)_V(é):v’,(é).

x—=E—0 e—0-0 €

We will use the following results.

Lemma 2.1. ([17, Lemma 3.1]) Let A(x) be a function of bounded variation on [0,1]. Assume
that for any absolutely continuous function h(x) on [0,1], whose derivative h'(x) has bounded

l
variation on [0,1], such that h(0) = h(l) = 0, we have /Adh = 0. Thus for all x € (0,1) the
0
identity A(x —0) = A(x+0) = const holds.

Theorem 2.1. ([18, Theorem 1.5]) For any numbers vy, wo and for any point xo € [0,1] 5 the
problem

~(V)@) + (V)O)+ [ va0=F(x) - F(0).xe .1,

v(xo) = vo,
V' (x0) = wo.

has a unique solution.

Let us consider the homogeneous equation
X
— (V) ®)+ (pV) (0) + /O vdQ = 0. (2.2)
Lemma 2.2. ([18, Lemma 1.1]). The space of solutions of Equation (2.2) is two-dimensional.

Lemma 2.3. ([18, Proposition 2.1]). Every non-trivial solution of Equation (2.2) can have only
a finite number of zeros on [0,1].

Lemma 2.4. ([18, Proposition 2.2]). Let the function é be non-decreasing on [0,1]. Then every

non-trivial solution of Equation (2.2) either does not have zeroes on |0,1] or has only one zero
on [0,1].

Theorem 2.2. ([18, Theorem 2.1]). For any pair of solutions @1, @, to Equation (2.2), the

equality p(x)(@1(x) @5 (x) — @2(x) @] (x)) = const holds on [0,] .
Let G C H be a closed convex set, where H is a Hilbert space and x € G. The set
Ng(x)={&e€eH:({,c—x) <0 VceG}

denotes the outward normal cone to G at the point x. Notice that if x is an interior point of G,
then Ng(x) = {0}. If G = [—m,m], where m > 0, then Ng(m) = [0, +c0) and Ng(—m) = (—e0,0].
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3. VARIATIONAL MOTIVATION OF OUR APPROACH

Let points O, A1, A»,..., A, belong to a horizontal plane 7. Consider a mechanical system
consisting of n strings, which in the equilibrium position are segments OA;, OA», ..., OA,.
The ends of the strings are interconnected at the point O (the node). Under the influence of
an external force, which is directed perpendicular to the 7 plane, the strings deviate from the
equilibrium position. We assume that the deviation of all points of the strings is parallel to
the same line, which is perpendicular to the plane 7 and consider small deviations from the
equilibrium position. Let us introduce a coordinate system to describe the deformation process.
The Ox axis for the i-th string (i = 1,2,...,n) contains the segment OA; and is directed from
O to A;. The axis Oy is directed perpendicular to the plane 7 and passes through the point O.
Thus, the point O corresponds to the origin of coordinates. The point A; has on its axis Ox
the coordinate /; (i = 1,2,...,n). The graph I' is oriented from the node and consists of edges
- intervals Y; = (0,/;), internal vertex O ( the node) and boundary vertices /;. Denote by u(x)
(x € I') the function, which describes the deviation of the string system from the equilibrium
position under the influence of an external force, defined by the function F(x). We suppose
that the strings are elastically fixed at the boundary vertices (with the help of springs 7). At
the same time, elastic supports (springs) can also be installed at any number of points (but not
more than countable) belonging to the edges. The restrictions u;(x) of the function u(x) to (0,;]
determine the deformations of each string. We use a natural parameter as an argument, i.e., the
distance from the corresponding point to the node. Denote by F;(x) the restriction of F(x) to
(0,4;]. The physical meaning of F;(x) is the force applied to (0,x]. A concentrated force equal
to f is allowed at the point x = 0. Notice that the jumps of the function F are equal to the forces
concentrated at the corresponding points. Denote by Q(x) the function describing the elastic
response of the external medium. Its jumps coincide with the elasticity of the springs installed
at the corresponding points. Denote by p(x) the function characterizing the elastic properties of
strings. We will denote by Q; and p; the restrictions of the functions Q and p to (0,/;]. We also
assume that at the node, along the Oy axis, there is a limiter on the displacement of the strings,
represented by a segment [—m,m]. Thus, we have the condition |u(0)| < m. Depending on the
applied external force, the nodal point of the string system either remains inside the interval
(—m,m), or touches the boundaries of the limiter. Let us describe this situation in the form of a
general model.

According to [12], the potential energy functional for the Stieltjes strings system has the form

c1>(u):/Fp§/2 dx—i—/FM;dQ—/rudF. 3.1)

We suppose that functions p, Q, F satisfy the conditions:
(1) functions p and F have bounded variation on each edge, and infgry p > 0;
(ii) function Q; does not decrease on each interval (0,/;], where i = 1,2,...,n; AQ;(l;) = v > 0;

and é(Qi(OJrO) —0(0)) =0.

Gii) ¥ (F(0+0) = F(0)) = £, AE(l;) = f,, where i = 1,2,...n.
i=1

In (3.1), we understand the first integral, characterizing the work of the string elasticity force
as the sum of the Lebesgue integrals over the edges; the second integral, defining the work of
the elastic force of the external environment, is equal to the corresponding sums of the Stieltjes
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integrals over the edges plus integrals over the boundary vertices. Finally, we understand the
third integral, defining the work of the external force, as the corresponding sums of the Stieltjes
integrals over the edges, plus the integrals over the node and boundary vertices. According to
the Lagrange-Hamilton principle, the real form of the strings system minimizes the functional
®(u). We consider the case when the restriction

u(0)| <m (3.2)

holds. The functional ®(u) with Condition (3.2) we consider on the set E of absolutely con-
tinuous on I' functions u(x), whose derivatives u}(x) (i = 1,2,...,n) are functions of bounded
variation on each edge.

Let a function up(x) minimize the functional ®(«) with Condition (3.2). Then ®(ug) < ®(u)
for all u € E, satisfying (3.2). Consider functions & € E such that h(a) = 0, where a € JT,
h(0) = 0. Suppose u(x) = up(x) + Ah(x). Notice that u € E, |u(0)| = |uo(0)| < m. Thus ®(up) <
®(ug+ Ah). Fixing h, we consider the function ¢, (1) of the real variable A defined as @, (1) =
®(ug + Ah). Then, for all A € R, ¢,(0) < ¢,(A), and by Fermat’s theorem, ﬁ@h(l)hzo =0.
The last equality can be rewritten as

/R o P e /R £ ohdQ ¥ uola)h(@)AQ(a) - /R 1 AF = H(0)~ ¥ h@)aF (@) =0

aedl acdl
(3.3)
With respect to 2(0) = 0 and h(a) = 0, where a € JT', we obtain
/ pugh’ dx + / uoth—/ hdF = 0. (3.4)
R(T) R(T)

R(T)

Denoting by p;, Q;, and F; the restrictions of p, Q, and F to (0,/;], we redefine the functions p;,
Q; and F; at the points 0 and /; by limit values. Denote by g;(x) = [juo;dQ;, (i =1,2,...,n). Let
us consider [gruohdQ. We have

n [ n ) n l;
| uwhd0 =Y [ hud0;=Y (hglj- Y. [ gidh
R(T) i—170 =170

i=1
Since h;(l;) = h;(0) = 0, we obtain

noopl;
hdQ = — / idh;.
/R(r)uo 0 lg ) 8

Similarly,

nooel
hdF — — / Fidh;.
/R(F) ,; 0 ’

Then Equality (3.4) has the form
n I; X
Y. [ (pi— [ wndQy+ Fyani =0, (3.5)
i=1

Equality (3.5) is true for all functions & € E, satisfying the conditions #;(0) = h;([;) =0, i =
1,2,...,n. Let us consider the functions % such that 4 (0) = hy(l;) =0, hi(x) =0, for i > 2. For
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such functions, (3.5) has the form

X

I
/0 (P1ug —/umdQl +F1)dhy = 0. (3.6)
0
Applying Lemma 2.1 to Equality (3.6), we obtain

X
(prug; ) (x) —/0 uop1 dQy + Fi(x) = ¢ = const,
which can be rewritten as
X
(prt) () = [ 101 Q1 +Fi(x) = Fi (+0) + (p11if ) (+0).

Similarly, we obtain that, for all numbers i = 1,2, ..., n, the equalities

X
(piug;) (x) —/0 uo; dQ; + Fi(x) = ¢; = const (3.7)
hold, or

~ (pudy) (x) + /O "0 d Qi = Fy(x) — Fi(+0) — (pitth ) (+£0),x € Yigys i=1,2,0n.  (3.8)

We emphasize that in (3.8) the functions p;, Q; and F; are extended to the segment [0, /;] by limit
values. Thus we have the equations on each edge. Here we denote by o;(x) the function

6i(x) =x+ p; (x) + p; (x) + Qi(x) + F (x) + F (x), (3.9)
pi (x),p; (x), F*(x), and F,~ (x) are non-decreasing functions from the Jordan representation of
bounded variation functions p;(x) = p;(x) — p; (x), Fi(x) = F,"(x) — F; (x); and Y;6, = [0, 1] il g

Returning to Equality (3.3), we consider the functions 4 € E such that 2(0) = 0. Let us represent
(3.3) as

Z/(Ol)(piu6i—/() uOidQ,-JrE)dh,-JrZhi(l,-)/ uoidQi— Y hi(l)Fi(l;—0)  (3.10)
i=1 obi i=1

i=1 sbi

+ Y uoi(l)hi(l) v — Y hil) f; = 0.
i=1 j
Let us rewrite Equality (3.7) as
(pig;) (x) —/0 uoi dQ; + Fi(x) = (piugy) (1 —0) —/ u0idQi+ Fi(li—0). (3.11)

Substitute this representation to (3.10), we have

;/ (pitt; ) 0)—/( | u0iin+E(li—O))dhi+Zhi(li)/ l”Oiin—

1 = 0,J;

n n n

— Z ]’l,‘(l,‘)F}(li — O) + Z uOi(li)hiUi)Yi — Z /’li(li)fi =0.

Hence

Zn: p’L’Ot 0) + Yiuoi(li) — fz) i(li) =0,

i=1
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and due to the arbitrariness of the values of /;(/;), we have the equalities

(pittg;) (1 = 0) + Yiuoi (i) = f; (3.12)
foralli=1,2,....,n
Let us fix any number ¢ € [—m,m]. Consider functions /& € E such that 2(0) = ¢ — ug(0).

Functions of the form u = ug + Ah belong to the class E. Consider the condition at the node.
We have

u(0) = up(0) +Ah(0) = up(0) + A(c —uo(0)) = Ac+ (1 — A)up(0).
Since ¢ € [—m,m], uo(0) € [—m,m]|, and the segment [—m,m]| is a convex set, we have u(0) €
[—m,m] forall A € [0, 1]. Hence, for A € [0, 1], the inequality ®(ug) < ®P(up+ Ah) holds. Fixing
the function 4 indicated above, we introduce the function ¢, (A1) = ®(up+ Ah), where A € [0, 1].
Then ¢, (0) < @(A). Hence, for the right derivative, we have the inequality %(ph(l)\ 2—0 >0,

that is,
n X n
Z/ (piuf)i—/ MOiin+E)dhi+Zhi(li)/ uoi dQi—
i=17(0,0;) 0 i=1 (

sbi
n

Y () —0)+ Y A(O)F(0)+ Y. uoi(hhi(l) — Y ki) fi — fh(0) > 0
i=1 i=1 i=1

i=1
Due to Equality (3.11), we have

Y- ()t~ 0)-+ i1 ~ ) 1)~

_Z(n% )_%m

wdQi (6 =0) ) (O) + Y (O)F(+0) ~7h(0) 2
It follows from Equalities (3.7) that

(pitiy) (1i = 0) — / uo;dQ;+ Fi(li — 0) = (piigy) (+0) + Fi(+0).

i

n
Thus, due to (3.12), we obtain — Y. (pjuq,;)(+0)h;(0) — fh(0) > 0, Taking into account 4;(0) =
i=
n
h(0) = ¢ —up(0), we rewrite the last inequality as —( Z (piug;)(+0) + f)(c — up(0)) > 0, that
i=1
is,

Y (pitt;) (+0) + f € Ni_y ) (u0(0)). (3.13)
i=1
Thus, the following theorem has been proved.

Theorem 3.1. Let the function ug minimize the functional ®(u) with Condition (3.2). Then
uo(x) is a solution to the problem

— (piut) (x)+/0 u;dQ; = Fy(x) — F;(+0) — (pau})(+0),i = 1,2,...,n, x€ Yig,

é Pi(+0)uj(+0) + f € Ni_y mu(0), (3.14)
u(0) =uz(0) = ... = u, (0) = u(O)
( (pawg) (L — 0)"‘%”1( i)=fi,i=1,2,.

(
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It follows from the equation in (3.14) that, at each point &; € Y; where at least one of the
functions p;, Q; and F; is discontinuous, the equality

—pi(&i +0)ui(& +0) + pi(& — 0)ui(§; — 0) +ui(;)AQi(&) = AF(&))
holds. The jump AQ;(&;) corresponds to the elasticity of the support (spring) fixed at the point

&; of the edge with number #; and the jump AF;(&;) is equal to the force concentrated at the point
&;. Notice that Problem (3.14) can be rewritten as

_d_r/(l?u)( x) + —E(ulx) = —= (), x€Rq(I) s
dp) o 9E o e N o
—ar O+ g (0) € Npuuy(0),
where )
i( N d_Gi(p’ D), x#0
TR p )
;pi(+0) (+0), x=0,
a0 _ ZQf( , x#0
dr O,sz:(),
and
d—F: @(X), X75O

d O;
dl’ f, x=0.
The designation % means differentiation with respect to 6;-measure, generated on each interval

(0,/;] by the corresponding increasing function o;(x) defined by (3.9). If &; is a discontinuity
point of o;(x), then

d (pad)) (&) = (pit;) (& +0) — (pi) (5 —0) _ Alpij)(&i) .

do; ci(&i+0)—0ci(&—0)  Aci(&)
dQ; AQi(&)  dF; AF;(&;)
10 " a6@) 4% " aa(e)
If 5,‘ = [;, then
d —(piuj) (1 = 0)
d_Gi(piui)Ui) Gl(ll)_ci(li_o)’
@(l) Ql(ll)_Qi(li_()) Yi
do; " oi(li)—oi(li—0)  Aci(li)’
nd dF, E0)-F(—0) _f
d_Gi( )= oi(li) — oi(li—0)  Acy(l;)’

Thus, the condition (pu’)(a — 0) + u(a)AQ(a) = AF (a), where a € dT, follows immediately
from the equation. The solution u of Problem (3.15) belongs to E, so the continuity condition at
the node is immediately included in the class of admissible solutions. The set Rs(I") is a formal
union of the sets Y;s, (i = 1,2,...,n) with all possible discontinuity points p, Q, F, except for
the node.
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4. MAIN RESULTS

In all results, it is assumed that conditions (i), (ii) and (iii) hold. Consider Problem (3.14). A
solution to Problem (3.14) is a function u € E, satisfying Equations (3.8) on the corresponding
edges (for all x € [0,1]];,), and satisfying Conditions (3.12), (3.13).

Lemma 4.1. Let us fix an arbitrary number i. Any non-trivial solution of the equation

— (piuj) (x) + /Oxu,-in = —(piu)(+0), 4.1)

satisfying the condition

(i) (li = 0) + Y () = 0, x € [0, 1], (4.2)
does not have any zeros on the segment [0,1;].

Proof. Let u;(x) be a non-trivial solution to Equation (4.1). If u;(;) = 0, then }(/; —0) = 0 and
u;i(x) = 0. Assume u;(l;) > 0, and denote by &; the nearest zero to /; of the function u;(x). Then

ui(x) > 0, where x € (§;,/;]. Thus (& +0) > 0, and Identity (4.1) provides a strict positivity of
the function u}(x) everywhere to the right of &;. Thus p;(l; — 0)u}(l; —0) > 0, but it contradicts
(4.2). The case u;(l;) < 0 can be considered similarly. The lemma is proved. L]

Theorem 4.1. If a solution to Problem (3.14) exists, then it is unique.

Proof. Let v(x) and w(x) be solutions to Problem (3.14). Consider the function u(x) = w(x) —
v(x), which satisfies the system

{ — (piu;) (x)+/() w;dQ; = —(pil)(+0), i=1,2,....n,
(piug)(li—0)+}/,~u,~(l,~) =0, i=1,2,...n

Suppose that for some number i the function u;(x) is non-zero. Then, according to Lemma 4.1,
the function u;(x) preserves the sign on [0,/;]. Assume that u;(x) > 0 for all x € [0,/;]. Since
u1(0) = ... =u;j(0) = ... = u,(0) = u(0), we have u;(0) > 0 for all numbers j =1,2,...,n. It
follows from Lemma 4.1 that u;(x) > 0, where x € [0,/;] (j = 1,2,...,n). Since % > 0, we have

;(1;—0) < 0. At the same time, — (pj ') ) = [lu;dQ;— (p; ')(1,-—0). Hence (pju;)(x) <
0. Thus the inequality (p;u’;)(+0) < 0 holds for all numbers j = 1,2,...,n. On the other hand,

since
n

; +O +fEN[ m,m] ’ il +0 +f€N mm]( ( ))

the inequalities
n n
(Y (piw}) (+0) + £) (c — w( 0, (Y. (pv))(+0)+ f)(c—v(0)) <0
i=1 i=1

hold for all ¢ € [—-m,m]. Taking ¢ = v(0) in the first inequality and ¢ = w(0) in the second
inequality, we have

™=

(2 (piw))(+0) + f)(v(0) = w(0)) <0,

1
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and
n

Z )(-+0) + £)(v(0) —w(0)) < 0.

Adding the last two inequahtles, we obtain

n

Y ((piw}) (+0) — (piv}) (+0)) (v(0) — w(0)) < 0.

i=1
Thus Y, (piu}) (+0)u(0) > 0, but it contradicts the inequalities (p;u’)(+0) <0 (i=1,2,...,n),
u(0) > 0. Similarly, the case u;(x) < 0 on [0,/;] is not possible. So u(x) = 0. The theorem is
proved. 0

Theorem 4.2. Let the functions ¢\ (x) and @i(x) be solutions of the equation
X
~ (i) () + (pi) (+0) + [ wd Q=0 @3)

and satisfy the conditions ¢! (0) = 1, (pi(p{/)( )-I- }’,(pl( i) =0; and @(0) = (p,q)z)(
f+Y <p1( s)dFj(s)

j=1

L Pj(+0)<P1’ (+0)
j=

0) +%@i(li) =1, where i = 1,2,....n. Then if

< m, then the solution

to Problem (3.14) has the form

f(pi(X) (P{(x) t s)dF;(s
¥ Pj(+0)qo{'(+()) +pi(+0)¢£/(+0)/0 @3 (s) dFi(s)
j=1

(Pl / dF
—|—O (P2 —|—O / (pl n ( (Pl

): p](+0 (p1 (4+0)
‘17

ui(x) = —

4.4)
n l; .
£ [Molts)ari) ,
If m—+ ]; - + - - < 0, then the solution to Problem (3.14) has
L pi(+0)e{ (+0) L pj(+0)¢/ (+0)
Jj= Jj=
the form
) =mef )+ A0 Pogars) B [ot(0ar). @s)
i(+0)9; (+0) Jo pi(+0)95 (+0) /x
21 (P1( s)dFj(s) ¥
If m— d - —— - < 0, then the solution to Problem (3.14) has
L pi(+0)¢] (+0) L pi(+0)¢] (+0)
j= Jj=
the form

~x——mix (pi(X) Xis i\S
) = —mgi(x) + LS |, BOaR) + +()q,z+()/qol s)dFi(s
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wherei=1,2,....n

Proof. Fixing any number i = 1,2, ...,n, we notice that the problem

~(p9)) )+ [ 0t =~ (pigf ) (+0),
9[(0) =1 |
(P9l ) (I — 0) + %@l (I;) = 0

has a unique solution. Indeed, applying Theorem 2.1 and Lemma 2.2, we obtain (p{ (x) =
chul (x) + chuh (x), where functilons u}(x) and u’z(x) are sczlutions of the homogeneous equa-
tion (4.3) such that «} (0) =0, u} (+-0) = 1 and 15, (0) = 1, u}, (+0) = 0. Since the function Q;(x)
does not decrease on (0,/;] and «}(0) = 0, then, according to Lemma 2.4, u} (x) does not have
zeros on (0,/;]. From the condition u’f(—l—O) = 1, it follows that u(x) > 0 for all x € (0,/],
and in particular, u’ (1) > 0, ( piu’;)(li —0) > 0. Substituting the representation for ¢} (x) into
—u (1) yi— (quﬁ)(l 0)
(1) v+ (pind} ) (1i=0)

the boundary conditions, we obtain cé =1 and ci1 = . Similarly, there is a

solution to the problem

-/ X o

~(pip}) )+ [ 95d0; = ~(pig})(+0).

93(0) = |

(pi@y ) (li=0) + @3 (l)vi = 1.
Let us demonstrate that ¢ (+0) < 0. Since ¢ (0) = 1, we obtain @i (x) > 0 for all x € [0,/].
Hence (p;@; )(l;—0) < 0and (p;¢; )(4+0) = —f(07,i) ;1 dQ;+ (p,(pl )(1;—0) < 0. Since q)z( )=
0, @4 (x) preserves sign on (0,;]. Assume that @} (x) < 0, where x € (0,1;]. We obtain ¢} (+0) <
0. Hence (p;¢)(x) < 0, and in particular (p;@d)(L; — 0) < 0, but it contradicts the condition
(pi0) (L — 0) + @4 (L)AQ;(1;) = 1. Thus @i (x) > 0 and @} (+-0) > 0. Assume that

l4

f+ ¥ [ oi(s)ars)
j=1J0

" ” <m.
X pj(+0)¢] (+0)
]:

Let us prove that the functions u;(x) defined by Equality (4.4) constitute a solution to Problem
(3.14). Notice that

n l; .
S | els)aris)

I piC+00{(+0) L pi(+0)0 (+0)

ui(+0) = u;i(0) = u(0) = —

for all i = 1,2,...,n. Let us fix any number i = 1,2,...,n. Since the functions ¢} (x) and ¢} (x)
are absolutely continuous, and, for any a < f3, the equality

1
) (@) = (0118 (o) [ ohis)aris
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1
+p,<+o><p2<+o>( / #i(s) R

! P i i i i i i
oIl e (P~ #0010+ (6405) — (@) () (o)~

(9}(8)oi(e0) £ g (5)ar(s

_ 1(9i(B) ~ 9i(2))
L pi(+0)o] (+0) L pi(+0)9{ (+0)

j=1

holds, the function u;(x) is absolutely continuous on [0, /;]. Let us show that the derivative u}(x)
of the function u;(x) satisfies the equality

ui(x) = / / s)dFi(s 4.6
() = +0 (p2 (+0) Pa(s +0 (p2 (+0) ?i(s (4.6

o] (x) (Z/ o1 (5)dF (s ) n ffp{'(x)‘

z pi(+0)¢ (+0) r pj(+0)¢{ (+0)
P

Denote by Agu; = ui(x+€) —uij(x+0), where € > 0. Let us prove the assertion for the right
derivative (for the left derivative the proof is similar). We have

Acll; 1 A-QF [xte 1 A0 i .
T = 7 ad / Py dF; + 7 s / @i dFi+
€ pi(+0)9; (+0) 0 pi(+0)@; (+0) e

dFi(s)—

1 v+ @f (x) @l (s) — @5 (x) @i (s)
" i(10)9(+0) Lo €

1 A i n I . A i
- = (Z I <Pf<s>dFj<s>>— ar——
j=170 €

X pi(+0)0f (+0) £ py(+0)9] (+0)
j= =
Let us show that
. X+€ (pi (x) (pé (S) — (pé (x) (pi (s) ' B
S ( /HO e dF; (S)) =0. (4.7)
We have
1 [xte€ . . ) )
2| (9l()93(5) — 9510} () dFi(s)
1 o i
< ¢ (Lmax el 00d(0) - ohorel )] vt .

where VX €(F;) denotes the variation of the function F; on [x+0,x + &]. Notice that
x40

|0} () @4 (s) — 3 (X)@{ (5)] < @} 1| |@a(s) — @ (x)| + | @d| - |0 (x) — @} (s)]

< lofl-| [ Tof@ae| + ol | lof @ ae].
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i qoé' are absolutely continuous on

where || @f| = max g, |9} (x)],
[0,7;], and their derivatives have bounded variations, then |(p£/(f)| < cp; and |(p{/(r)| < cp;. Thus

|01 () 05(s) — 5 (x) @i ()] < (| @i]| + [| @5 ] coie.

Hence
1 i i i i i
- — < N
g JHEX |91 ()3 () — 2(x) i ()| < (Il @i | + |3 o
Since V5 (F;) — 0 when &€ — 40, we obtain Equality (4.7). Thus, Equality (4.6) is proved.
From (4.6), it follows that « has bounded variation on (0,/;). Thus, u(x) belongs to the class E.

n
Since [u(0)| < m, we show that Y. p;(+0)u;(+0) = —f. We have
i=1

n Z pl(+0)¢1 (+0) n ;
Z (+0)ul(4+0) + f = Z/ 0! (s)dF;(s) — (Z/ ))
=1 ; pi(+0)¢] (+0) \J=!

f Zl Pz(+0)‘P1 (+O>

1Pj(+0)<P1J (-+0)

+f=0.

1= T

J

Fixing an arbitrary i = 1,2, ...,n, we next prove that ;(x) is a solution to the equation in (3.14).
Notice that

! 1 i’ b .
[ wei= o (000 [ ob@an@) + oo [ oi(x)an(o) )

-/ l’kpf (M) 4t 1)

Z

— / 0} (s)dQ;(s / - /0 @} (s)dQi(s)
): pi(+0)@] (+0) ,):1 pi(+0)¢] (+0)
=

Here we have used the Fubini theorem and the properties of the functions (p{, (pé, as well as
Theorem 2.2, replacing p;(7)(¢i (7)@} (1) — @4 (1)@} (1)) = const = pi(+0) @l (+0). Hence

i) + [ 0i = i) Fi(+0) - [ o](x)a (2

4 PiC09{ (+0) (Z /l.f(p{(s) dFj(s)>+ fPi(+0)9] (+0)
L pi(+0)gy (+0) L= Z pi(+0)9] (+0)

=
= Fi(x) — Fi(+0) — pi(+0)uj(+0).

N
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Let us consider the conditions at the boundary vertices. Using Theorem 2.2 and the conditions
on the functions @!, i, we have the equality p;(+0)@} (+0) = @i (1;). Thus we obtain

/ (P{(li)fi
i(li = 0)u;(l; = 0) + viu;(l;) = > = fi.
pi(li — 0)u;(l; — 0) + Yiui () P(+0)0 (10) f
Let

n L .

Y | ol(s)dF;(s)
i e e

X pj(+0)¢] (+0) X pj(+0)¢] (+0)

= Jj=

Similarly to the first case, one can prove that the functions defined by Equality (4.5) are a
solution to Problem (3.14). Here the representation for the derivative has the form

u;(x) =m f(x) + / /
(x) = mey (x) + +0¢2+o @5 (s +0%+0 i (s

n
Notice that u;(0) = u(0) = m, i=1,2,...,n. Let us show that Y. p;(+0)u;(+0) 4 f € Nj_,, ,yu(0).

i=1

n n )

Since u(0) = m, we need to prove Y. p;(+0)u}(+0)+ f > 0. Since Y. p;(+0)¢@] (+0) < 0, we
i=1 i=1

have

n

Y pi(+0)u;(+0) + f = mfpi<+0)<pi"<+0) + Z /0 l'kpi' (s)dFi(s)+ f
i=1

i=1 i=1

noorlpo.
n | ; v [olar)
=Y pi(+0)9{ (+0) | m+ —+ -/
i=I X pi(+0)¢{ (+0) L pi(+0)¢{ (+0)
Jj= Jj=
>0
The case
lj
L [ oi(s)dFj(s)
j=170 f <
m— - — <0,
E pi(+0)¢i (+0) ¥ p;(+0)¢; (+0)
J Jj=
can be considered similarly. The theorem is proved. 0

Theorem 4.3. Let ug(x) be the solution to Problem (3.14). Then ug minimizes ®(u) with respect
to the condition |u(0)| < m.

Proof. Let us prove that, for any function u € E satisfying the condition |u(0)| < m, ®(u) —
®(ug) > 0. We represent the function u(x) as u(x) = up(x) + h(x), where h(x) = u(x) — up(x).
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/hdF+/ dQ+/huon

i (pitto;) (+0) + f)h / dQ-I-/ 2

i=1

Notice that &7 € E. We have

D(ug+ h) — D(ug) = /(puo h’dx+/p
r

N

Since 1(0) = u(0) — up(0) and u(0) € [—m,m], we have —( Z (piug;)(+0) + f)h(0) > 0. The
theorem is proved. . 0J

Theorem 4.4. If m — 0, then the solution u,,(x) to Problem (3.14) tends to the solution to the
problem

—(piuz) (x) + ({ uidQ; = Fy(x) — F;(+0) — (pu}) (+0),i = 1,2,....n,
u,-(O) = 0,
(padl) (1 — 0) + yius (1) = fii = 1,2,.

uniformly on T

(4.8)

Proof. Let us use the formulas from Theorem 4.2 to represent the solution u,,(x) of Problem

—f= Zf(Pl() i(s)

J=10

El pi(+0)g] (+0)

(3.14). Since m — 0, we have > m. Since the function ¢} (x) is

bounded on [0,/;] we have

tim (%) = +0 <p2 (40) / Pi(s +0 (p2 (4-0) / ?is

= {m(pl (x)] < cilm| =0
for all i=1,2,...,n. Thus,

Uim(X) = ui(x) = / /
im (%) i(x) = +0 ‘Pz (10) 5 (s pl +0 ‘Pz (40) Pi(s
Similarly to Theorem 4.2, we can obtain that the functions u;(x) is the solution to Problem (4.8).
The theorem is proved. UJ

Theorem 4.5. [f m — oo, then the solution u,,(x) to Problem (3.14) tends to the solution to
the problem

(

— (piw;) (X)+/0xuiin = Fi(x) — F(+0) — (piu;) (+0),i = 1,2,...,n,
é pi(+0)u;(+0) = — £, (4.9)
u1(0) = u2(0) = ... = u,(0) = u(0),

L (pitdh)(li = 0) + Yui(li) = fi,i=1,2,....n
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uniformly on T

Proof. Let us use the formulas from Theorem 4.2 to represent the solution u,,(x) of Problem

n lj .
—f= X [o{(s)dFj(s)
J=10

(3.14). Since m — +oo, we have - - < m for all numbers m > mg. Denote
L pi(+0)9; (+0)
Jj=
by u*(x) the solution to Problem (4.9). Then for all m > mo we have |u;,(x) —u}(x)| = 0,
i=1,2,...,n. The theorem is proved. ([l
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