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EXISTENCE OF CONSTANT SIGN AND NODAL SOLUTIONS FOR A CLASS OF
(p,q)-LAPLACIAN-KIRCHHOFF PROBLEMS
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Abstract. This paper is dedicated to studying a (p, q)-Laplacian-Kirchhoff type equation. We prove the
existence of three bounded solutions (one positive, one negative, and one nodal with precisely two nodal
domains) by applying the Nehari manifold along with a quantitative deformation lemma and truncation
technique.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let Q C RN, N > 2, be a bounded domain with Lipschitz boundary dQ. In this paper,
we study the existence of constant sign and nodal solutions to the following (p,¢)-Laplacian-
Kirchhoff type equation

—(14a fq|VulPdx) Apu— (1+b [o |Vul9dx) Ayu+V (x) (P~ +ud™1) = f(u), inQ,
u=>0, on dQ,

(1.1)
where a, b >0, 1 <p<g<N<2¢<q" q" = qu is the critical Sobolev exponent, and

Aju = div(|Vu|'"2Vu) with t € {p,q} denotes the usual ¢-Laplace operator.
Throughout the paper, we require the following conditions:

(A1) V € €(Q,R) and there exists Vp > 0 such that V) = inf,cq V (x);

(Ap) f€E! (R R) and there exists a constant r € (2¢,q") such that limy; _, |, II\E S0 — o
(A3) tllg:l |2q )2t = o0

(44) ,15% |t|P 5 =0

(A5) ‘2(1 r is a strictly increasing function on (—eo,0) and on (0, +o0);

If a=b=0and V(x) =0, equation (1.1) is reduced to a (p,q)-Laplacian equation

—Apu—Agu = f(x,u), inQ, (12)
u=20, on dQ,
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which appears as a steady state of a general reaction-diffusion system
uy = div [K(u)Vu] + h(x,u), (1.3)

where K (u) = |Vu|P~2 4 |Vu|972. Tt appears not only in the field of physics, but also in the
fields of biophysics, plasma physics, and chemical reaction design. In most instances, function u
describes a concentration and the first term on the right of (1.3) corresponds to the diffusion with
diffusion coefficient K (1), while the second term on the right of (1.3) relates to the source and
loss process. Usually, in these types of applications, i(x,u) is a polynomial of u with variable
coefficients; see, e.g., [1] and the references therein for further details on the applications.
Mugnai and Papageorgiou in [2] demonstrated that the superlinear (p,q)-Laplacian equations
(1.2) without the Ambrosetti-Rabinowitz condition has at least three nontrivial solutions. When
weight V is continuous, positive, and coercive, an existence result on problem (1.2) in RN was
obtained in [3]. For recent results on (p,q)-Laplacian equations and problem (1.2), we refer to
[4,5, 6,7, 8] and the references therein.

As we know, when a = b = 0 and p = ¢, equation (1.1) turns out to be a p-Schrodinger
equation of the form

— Apu+V(x)ul ! = f(x,u), (1.4)

which was studied both in bounded domain [9, 10] and in R [11, 12, 13].

When p = g = 2, equation (1.4) is reduced to a well-known Schrodinger equation, which
was wildly studied and some recent results on problem (1.4) were obtained in [14, 15]. When
a=b+#0, p=gq > 1, we obtain the following Kichhoff type equation involving p-Laplace
operator

{— (1+afo|VulPdx) Apu+V (x)ur~' = f(x,u), inQ, 15)

u=20, on dQ.

It is widely known that the variational problems involving nonlocal operators are much more
difficult and challenging. In the last decade, much attention was focused on the non-local
operators; see, e.g., [16, 17, 18, 19, 20, 21] and the references therein. For instance, combining
the constraint variational method and the quantitative deformation lemma, Rasouli, Fani, and
Khademloo [21] proved that problem (1.5) possesses one sign-changing solution when V (x) =0
and f(x,u) = f(u). The existence result of multiple solutions and sign-changing ground state
solutions for the above problem was obtained in [20] and [22], respectively. In [19], by the
variational methods, penalization techniques and Lyusternik-Schnirelmann theory, Jia and Li
[19] proved the existence, multiplicity, and concentration of solutions for the equation (1.5) in
RN,

In this paper, we investigate multiple solutions for problem (1.1) in a more general case that
p # q. We emphasize that we are considering the sum of two nonlocal operators ( [pv |Vu|Pdx) Apu
and ([pv |Vul?dx) Apu with p < q. The appearance of the nonlocal operators has caused some
mathematical difficulties, which makes the research on this type of problem particularly inter-
esting. In the non-local problems, only a few recent works deal with (p, g)-Laplacian. Although
problem (1.1) has a variational structure, the main difficulty in the application of classical varia-
tional tools is the lack of homogeneity for (p,q)-Laplace operators. Our results encompass and
improve the corresponding results presented in [21, 22] to the (p, g)-Laplacian Kirchhoff type
equations.
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Inspired by the facts above and [23, 24], we here demonstrate the existence of three solu-
tions to problem (1.1) by applying the Nehari manifold along with truncation and comparison
techniques, and critical point theory, which presents the novelty of the research on problem
(1.1). As far as we know, there are few results on the (p, g)-Laplacian Kirchhoff type equations
[23, 25], but there are no results on multiple solutions to problem (1.1). So this work may be
the first result in this direction.

Throughout the paper, we assume that

Nq
N+gq
It is easy to see that the second inequality in (1.6) implies ¢ < p*. We now state our main
results.

I1<p<g<N, < p. (1.6)

Theorem 1.1. Assume that conditions (A})-(As) and (1.6) hold. Then problem (1.1) admits at
least three nontrivial solutions u., u_, w, where u.. is positive, u_ is negative, and w is nodal
with two nodal domains.

Theorem 1.2. Assume that conditions (A1)-(As) and (1.6) hold. Then problem (1.1) admits
a solution u* such that 1(u*) = inf 41 = c. Moreover, I(w) > 2c, where w is nodal solution
obtained in Theorem 1.1.

Remark 1.1. When p = g and V(x) = 0, by Theorem 1.1, we have the existence of constant
sign and nodal solutions to the following problem

{— (1+a fo |VulPdx) Apu = f(u), inQ,

1.7
u=>0, on Q. 1.7

In [21, 22], the authors only studied the existence of sign-changing ground state solutions to
problem (1.7). From this point of view, Theorem 1.1 could be viewed as some extension and
completeness of related results in [21, 22].

Theorem 1.3. Under the assumptions of Theorem 1.1, each solution to problem (1.1) is bounded.

Remark 1.2. In order to obtain the boundedness of solutions to problem (1.1), we use a variant
of the Moser iteration argument [26].

The rest of this paper is organized as follows. In Section 2, we present some notation and
technical lemmas. We prove Theorem 1.1 and Theorem 1.2 in Section 3. Section 4 is devoted
to the proof of Theorem 1.3.

2. PRELIMINARIES

To prove our main results, we need the following notation and useful results. Let Q C
RN, N > 2 be a bounded domain and 1 < p < g < . For 1 < s < oo, we denote by |- |
the norm in L*(Q). For 1 <t < e and ¢ < N, under the condition (A;), we consider the Sobolev
space Wol’t(Q) endowed with the norm ||u||} = [o(|Vu[" 4V (x)|u|")dx. By condition (A;), we
obtain the continuous embeddings WO1 (Q) — L'(Q) for t <7 < t*, which implies there is a
constant ¢; > 0 such that

luls < cillull,  Vuew," (), 2.1)
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where ¢* denotes the critical Sobolev exponent of 7, i.e., t* = Nt/(N —t). These embeddings
are compact for F < t*. We define X = W, ”(Q) N W, *(Q) equipped with the norm [[ux =
Jul -+ -

The energy functional associated with problem (1.1) is given by

1 a 1 b
(1) = — |||+ Va2 + = |lul|¢ —qu—/F d
(u) p\!u|!p+2p! ul, +qHqu+2q\ uly A (u)dx,
for all u € X. We see that I is of class ! in X and, for any u, v € X,

<1’(u),v>:(1+a|vu|g)/ |vu|P—2vu-vvdx+(1+b|vu|g)/ IVul9"2Vu - Vvdx
Q Q

4 [ Vel 2 gt 2yuvds— [ fluv

It is known that the solutions to problem (1.1) are the critical points of the functional /. More-
over, if u € X is a solution to problem (1.1) and u™ # 0, then u is the sign-changing solution to
problem (1.1), where u™ = max{u,0} and u~ = min{u,0}. It is easy to see that

(2.2)

Iuw)=1u")+1(u")+ %|Vu+|§|Vu_|§ + §|Vu+|Z|Vu_ ]Z, (2.3)
(I (u),u) = (1 (u),u™) +a| Vul [§|Vu~ [+ b|Vu 5|V |, 2.4)
I (), u™) = I (™ ),u”) +a|Vu |5 Vu |h+b|Vut |2V |2, (2.5)

In the following, we consider two functionals 7+ : X — R defined by
1 a 1 b
Lo (u) = —||ul|? + —|Vul?’ + —||lu q+—Vu2q—/F ut)dx.
+(u) pll 15 2pl 15 qll ¥ 2ql 4 A (u™)
Define the Nehari manifold associated with 7 by

N = {ueX\{O} (1 (), u) :0}.

Cerami condition [27] is a variant of (PS) condition: the functional / satisfies the Cerami con-
dition if: any Cerami sequence, i.e., {u,} C X satisfies |I(u,)| < M), for some M; > 0 and
(1 + ||un||x)I (1n) — 0, has a (strongly) convergent subsequence. The abstract tool used in this
article is the following version of the mountain pass theorem [28].

Theorem 2.1. Let X be a Banach space and h : X — R be a local Lipschitz function with
h(0) = 0. Suppose that there exist an element e € X and constants p,1n > 0 such that

(i) h(u) > n for all u € X with |jul|x = p;

(ii) there exists e € X with ||e||x > p such that h(e) < 0;

(iii) h satisfies Cerami condition.

Then h has a critical value ¢ = infyer max,c(o 11 h(Y(t)), where I' = {y € €([0,1],X) : y(0) =
0,7(1) =e}.

In what follows, we give the following compactness result, which is crucial for the existence
of solutions to problem (1.1).

Lemma 2.1. Assume that conditions (A1)-(As) and (1.6) hold. Then I satisfy the Cerami
condition.
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Proof. We discuss the proof only for /., while the proof for I_ follows similarly.Let {u,} be a
Cerami sequence such that

| (u,)] <My, forsome M| >0, (2.6)

and
(1+ [[un||x)1 . (1t) — 0. 2.7)
From (2.2) and (2.7), for any v € X and g, — 0, we obtain that

'(1+a|Vun|§)/ |vun|P—2vun-dex+(1+b|vun|g)/ Vit |92V, - Vel
Q Q

(2.8)
&allvllx

<
1 un|x

+/QV(x)(|un|P_2+|un|q_2)unvdx—/9f(u:[)vdx

Letv=u, € X in (2.8) and note that
(1+a|Vun|§)/Q|Vu;|pdx+(1+b|Vun|g)/Q|Vu;|qu—|—/QV(x)(|u;|p+|u;|q)dx§sn,

which implies that ||u,, |[x — 0 as n — +4-oo. Hence,

W, 0 inX. 2.9)
From (2.4), (2.6), and (2.9), we obtain
|
L (uy) — Z]<I+(”n)vurf>
I 1 1 1 1 1
(55 ) g+ (5= 50 ) al¥id Bt oo+ [ | o rG st = P a
<M,

for some M, > 0.
Claim 1: The sequence {u;, } C X is bounded.
We argue by contradiction and suppose that by passing to a subsequence if necessary

llu|lx — +oo, asn — +oo. (2.10)

Let ¢, = |”+—’T for all n € N. It is easy to see that ||@,|x = 1 and ¢, > O for all n € N. Hence,

| [|x
we may assume that, up to a subsequence, there exists ¢ € X such that

¢, — ¢, weaklyin X, (2.11)
o — ¢, strongly in L’(Q), 1 <s < q".

First, we suppose that ¢ # 0 and set QF = {x € Q: ¢(x) > 0}. Obviously, |Q$| > 0. Then, it

follows from (2.11) that u;” — +oo for a.e. x € Qg as n — +oo. Together with (A3) and Fatou’s
Lemma, we can infer

F +
lim ) (fnz)q dx = +oo, (2.12)
norhe Q H”n ’X
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It follows from (Az) and (A3) that there exists M3 > O such that, for any r € R, F(r) > —Ms3,
which together with (2.10) and (2.12) yields

2 - 2 2
Q |l |1y Qf flua [y’ A\ uy [l

F(u’ M
> [ e 0] o o
2 [|un ||X |tn ||X

On the other hand, it follows from (2.9) and (2.6) that

(2.13)

2 2
/ F(“:zr) dx < ||¢n||£ a|v¢n 3 ||¢n||§]1 bV, qq M,
2 2 2g—2
o 39 Pl 37 2pl 3l lE 20

yielding a contradiction to (2.13).
Next, we deal with the case ¢ = 0. Set v, = (qk)é(pn, where kK > 1 and n € N. From the
definition of ¢,, we obtain
vy, =0, weaklyin X,
vy, — 0, stronglyin L°(Q), 1 <s<g".

Hence,
ngTw QF(vn)dx =0. (2.14)
We let 1, € [0, 1] such that
I(tyu}) = max{I(tu):0 <t <1}. (2.15)
In view of ||u; ||x — oo, there exists n; € N such that, for all n > ny,
1
0
0< T (2.16)
[lun [1x

From p < g and |||, < ||nllx = 1, we observe that ||@,|| > ||¢]|3. Using this inequality and
4wl >Cy(z+w)?, forallz, w>0,g>1, (2.17)
and (2.14)-(2.16), we derive that
I(tau,)) > 1(vy)

1 p p a 2p 2p q b
= 190+ 2 (@) ¥ [V + K0+ (kP70 [ Flon)a
. [ 1 e P
> min{ gt L (16,15 +1017) - [ FOda

. 1 » P
> mln{—qq , l}kqu +o,(1).
p
Since k > 1 is arbitrary, we can obtain that

Hm (i) = oo (2.18)

n—r—+oo

Recalling that I(u) < I (u) for all u € X with u > 0 and applying (2.6) and (2.9), we obtain
100)=0, I(u') <My (2.19)
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for all n € N and some M4 > 0. Putting together (2.18) and (2.19), we obtain that there exists
np > ny such thatr, € (0,1) for all n > ny. From (2.15) we have (I'(tyu,} ), tyu;l) = 0,(1), which
is equivalent to

Hln”:”g + thu;fHZ —|—a]V(tnu;f)|§p +b‘v(tn”:)|éq - /Qf(tnu;l")tnu:{dx = on(1). (2.20)
It follows from assumption (As) and (2.20) that
|
I(tnty) — Z]U (tuttyy ) tutty))

1 11 1
— (5= 50 ) a5+ (55 = 5 ) ¥ o 7+ 5 s

+ /Q [%} f(tnu;)tnu:—mnu;)] dx

1 1 11 1
< (550 )Mt 15+ (5~ 50 )Vt + 5

P 2q
1
[ [t = F )| s
Q| 2q
§M57

which implies that I(,u," ) < M5 for all n > ny and some Ms > 0, which contradicts (2.18). This
completes the proof of Claim 1.

By Claim 1 and (2.9), we obtain that sequence {uy},>; C X is bounded. Therefore, up to a
subsequence, we may assume that there exists u € X such that

u, —u, weaklyinX, (2.21)
up —u,  stronglyin L*(Q), 1 <s <q".
In the light of (2.21) we have
Vu, — Vu in L*(Q,RY) for s = p,q. (2.22)

Setting v, = u, —u € X in (2.8), taking the limit as n — +oo, and applying (2.21), we can infer
that

\Vuy|p — |Vulp, and [Vu,|, — [Vuly. (2.23)
Combining (2.22) and (2.23), we obtain Vu, — Vu in LS(Q,R") for s = p,q. From this and
(2.21), we have that u,, — u in X. ]

Now we prove that /. possess a mountain pass geometry.

Lemma 2.2. Assume that conditions (A1)-(As) and (1.6) hold. Then functionals I+ satisfy the
following conditions:

(i) there exist o, p > 0 such that 1. (u) > a with ||u||x = p;

(ii) there exists e € X with ||e||x > p such that 1. (e) < 0.

Proof. We only give the proof for the functional /., while the proof for the functional /_ follows
similarly.
(i) From assumptions (A,) and (A4), for any € > 0, there exists ¢ = c¢(€) > 0 such that

1F(@0)] < et~ +eelt] (2.24)
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|F ()!<—W’+ e (2.25)

Choosing ||u||x <1 and using 1 < p < g, we obtam Hqu < 1. Thus [ju]|, > ||u||?. It follows
from (2.25), (2.1), and (2.17) that

1 a 2 1 b 2 E C
L (u) > —HMHZ + _’Vl’t’pp + —HMHZ + —|Vu\qq - I;!u\ﬁ - 781”15

1
(1—0”8)!\u|\”+—HuH" f crllullx

“@

! 1
>min<{ — (1 —cPe }C u e
{p( re). Ll — el

> &lull — Cellullk.

where ¢ = min{]]—) (1—che) ,é}Cq, Ge = Cscr ,and € € (0, p). Taking into account that g < r,
there exists & > 0 such that I (u) > o« > 0 = I (0) with |ju|lx = p
(ii) Fix u € X with u(x) > 0 for a.e. x € Q. Then applying (A3) and Fatou’s Lemma, we can

obtain that
2 2
() _ 1 fullp @ (Ve 1l a |Val
2q = _ 2 _ 2 2 2
ltully! — P2 pllully! 2P 29722 ||ully"  qra|lully’ 29 [Jully

F(tut + \ 24
—/ (u)(u ) dx — —oo, ast — +oo.

0 (1u)? \[lullx

O

At the end of this section, we give the proof of the existence of constant sign solutions to
problem (1.1).

Proposition 2.1. Assume that conditions (A1)-(As) and (1.6) hold. Then problem (1.1) has at
least two nontrivial constant sign solutions uy., u_ € X such that uy(x) >0 and u_(x) <0, for
a.e. x € Q.

Proof. 1t follows from Lemmas 2.1-2.2 and Theorem 2.1 that there exist u, u_ € X such that
uy € iy, , u_ € x , where ., = {ue X\ {0} : I (u) =0}. Moreover, I (uy) =cy > a >
0=I1;(0)andI_(u_)=c_>a>0=1_(0),s0uy #0and u_ #0.

Finally we prove that u is non-negative and u_ is non-positive. Indeed, recalling (I’ (u),v) =
0 and taking v = u__ as a test function, we obtain

2
w1+ Nl 12+ al Vu [ +b|Vui [ =0,
which implies that u7 = 0, that is, u, > 0. The proof of u_ < 0 follows similarly. O

3. SIGN-CHANGING SOLUTION

In this section, we give the existence of a sign-changing solution to problem (1.1) by virtue
of some idea due to Shuai [29]. Now, we introduce the following set:

A= {ue X\{OV: (I'(w),u™) = (I'(u),u”) = O}

Obviously, set . contains all sign-changing solutions to problem (1.1).
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Lemma 3.1. Assume that conditions (A1 )-(As) and (1.6) hold. Then, for any u € X with u™ #0,
there exists a unique pair of (sy,t,) of positive numbers such that s,u™ +t,u~ € M.

Proof. Let u € X with u™ # 0 and denote
K= a/ |vu+|de/ Vi |Pdx, H— b/ \vuﬂqu/ Vi |9dx.
Q Q Q Q
From the definition of .#, we can obtain that su™ +tu~ € ./ is equivalent to
(I'(su™ +tu™), sut) = (I'(sut +tu"), tu”) =0.
That is,
sP||ut 15+ 59|t —|—as2p|Vu+|12,p + bs2q|Vu+|3]q +sPtPK + s9t9H — / flsut)sutdx =0,
Q

P lu]5 —|—l“1||u_||3—|—at2‘”|Vu_|1%17 —|—bt2q\Vu_|§q +1PsPK + s9t1H — /Qf(tu_)tu_dx =0.

(3.1)
Hence, our aim is to verify that there exists only one positive solution (s,7) of system (3.1).
Now, we consider the following system with a parameter A € [0, 1].

(sP)ut ||+ s7)|ut||§ + as?P | Vut 2P + b5 |Vt |29+ A(sPtPK + s919H)
- / f(su)sutdx =0,

Q
P\l |0+ 29 |u (|9 + at*P |Vuo [+ bt Vu” |29+ A (1P sPK + s1t9H )

—/ f(tu " )tu dx=0.
Q

(3.2)

Define
A:={A: A €[0,1] such that (3.2) is uniquely solvable in R } ,
and let
g (s,1) = sp||u+||1; +sq||u+||g +a52p|Vu+|$,p —|—bs2‘1|Vu+|31q + A(sPtPK + s9t1H)

—/ f(sut)sutdx
Q
ya(s,t) =P |lu ||B 4+ 19]lu” ||+ at* |Vu~ |3 + br*|Vu~ |29+ A (P sPK + s919H )

- /Q f(tu™ )tu dx.

We now demonstrate 0 € A. Since go(s,?) is independent of ¢ and yy(s,7) is independent
of s, we only need to demonstrate that there exists a unique ¢ > 0 such that go(s,7) = 0, and
the case for yo(s,?) is similar. It follows from u™ # 0, (A;)-(A4) that go(0,2) =0, go(s,z) >0
for s > 0 small and go(s,z) < O for s large. Assume that there exist 0 < s; < sp such that
go(s1,t) = go(s2,7) = 0. This indicates that

2 - 2p-2 2 2 f(siu™)
o 7 | S 7 A Kt q|Vu+|pp+b]Vu+|qq:/Q s%”_l utdx

and

-2 - 2p—2 2 2 f(52“+)
sg qHuﬂ|Z+s2qHu+HZ+as2p q]Vu+\pp+b]Vu+|qq:/Q 21 u"dx.
2
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Subtracting the above two equations, we arrive at

1 1 I 1 1 1
0<| 55— — Hu+||p+(___) ||u+|]q+a _ |Vu+|2p
(s%q—p s%q—p ) p sT sl q S%q—Zp qu_zp p

:/ {(f(slbﬁ—) _ f(s2u™) }(qu)qux<07
Q

which yields a contradiction due to (As) and 0 < 51 < s».

Claim Set A is open and closed in [0, 1].

First, we prove that A is open in [0, 1]. If Ap € A and (§,7) € RT x R™ is the unique solution
to (3.2) with A = Ay, direct calculations present that

d
gg(:t)“fﬂ — (p_2)5P_1||M+||p+(q—z)fq_1|lu+|’q+(2p—2)as~2p_1|Vu+]%P
+ (2 —2)bs% 1|\ Vu" |2‘1+20[( )57 'PK + (g —1)37 "7 H]
—/ £ (su™)sutdx,
Q
dyj (s,t
/la(t )|st =(p—2)" u~ 1P+ (g —2)"" Y™ 19+ (2p — 2)at 2wy~ |2p
+(2q 2)bl2q 1|Vu |2q—{—ﬁ{)[( )tp 1SPK+(q_1)fq—1§qH]
—/f%hjhnu,
Q
and
d s, t 0 5,1
g?La(t )(Cf) A{)(pl‘p lsl’K—}—thl 1~¢]H) y}b(s )(ﬁ) ).o(psp 1l‘pK—|—q§q 1qu)

Define the matrix

ag}La(~7f) ag/la(s:j)
B=1\ onlsn ovilsh |-
ds ot

f'(s)s% = (2g = 1) f(s5)s*~" > 0,

It follows from (As) that

which yields
dg (s,t - o o
—g’é(s e < —a—p+ D5~ u [ = Aol (g — p)7 K + g5 ),
and
dyz(s,1) b1 . 1 .
5 en < —(2g—p+ )i u|[; = A0l(2q — p)iP 5K + g 5TH].

Therefore, from (1.6), we derive that
detB > {(2g— p+1)s* " (|u™||b + Ao[(2g — p)5" TP K + ¢35 'TH] }
{g—p+ 1) u|Ib+A0[(2g — p)i*~ 57K +qi* ' 57H]}
—loz(pfp_lipK—kqfq_ls"qH)(pip_lpr+qfq_lqu)
> 0.
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Thus it follows from the implicit function theorem that there exists an open neighborhood Uy of
Ao and Eg C Rt x R™ of (§,7) such that system (3.2) has a unique solution in Uy x Ej.

We now need to prove that Uy C A. Assume that there exists A; € Uy such that the sec-
ond solution (§,7) of (3.2) exits in (RT,R™)\ Ey. Then using the implicit function existence
theorem, there exists a solution curve (4, (5(A),7(1))) in (A} — €,A; +€) € RT x RT, which
satisfies (3.2) and intersects with (Ay,(5,7)). Let us assume Ay < A; and extend the curve as
much as possible. Since it cannot be defined at Ay and enter into Uy X Ej, there should exist
a point Ay € (A, A1] such that (5(A),7(A)) exists in (A2, 4] and blows up as A — A,. This is
impossible. Indeed, it follows from (A3) that at least one of the left sides of (3.2) is strictly
negative if (s,7) is sufficiently large. This is a contradiction. Hence, Uy C A. The proof for the
case A9 > Ay is similar.

Next, we prove that A is closed in [0,1]. Assume that there exists a sequence A4, — Ay and
(8n,1,) is the solution to (3.2) with A = A,,. From the discussion above, it can be seen that (s,,1,)
is bounded above. Hence, we may assume that there exists a solution (sg,#y) € RT x R™ of (3.2)
with A = A such that (s,,t,) — (50,%). It follows from (3.2), (2.24), and (2.1) that

lsnic* 15 < ech s 15+ cec e [ (33)

which yields that s,, > C; > 0 uniformly in n. Hence, so > C; > 0. Similarly, we can deduce

that zg > C, > 0. Therefore, (so,%) € R™ x R*. From the implicit function theorem, (sg,19) is
the unique solution in R™ x R, O

Lemma 3.2. Let u € X with u™ # 0 be fixed. Then the vector (s,,t,) obtained in Lemma 3.1 is
the unique maximum point to the function @ : R™ x RT — R defined by @(s,t) = I(su™ +1tu™).

Proof. By the proof of Lemma 3.1, (s,,1,) is the unique critical point of @ in RT x R™. It fol-
lows from (A3) that ¢(s,7) — —oo uniformly as |(s,7)| — c. Hence, we prove that a maximum
point cannot be attained on the boundary of R x R*. Assume by contradiction that (0,7) is a
maximum point of ¢. Then we see that

o(s,f) =1I(su™ +fu*)

+ +12 + bs* o Lo
ZEIIM ||p+ |V |”+ || ||q+ IVM g
A beP e
—/QF( Hax+ 2 v, 21Vu |2+ 2 vt g v o
’ bl A
—Hu |yP+—\vu yP+—Hu i+ g 1V 24 /QF(tu dx

is increasing with respect to s when s is small. Therefore, (O,t) is not a maximum point of ¢ in
Rt xR*. OJ

Lemma 3.3. Assume that conditions (A1)-(As) and (1.6) hold. Then m =inf , I > 0 is achieved.

Proof. Let c =inf 4 I. Firstly, we present that ¢ > 0. Following the proof of Lemma 2.2, we can
see that there exist o, p > 0 such that I(u) > o for all u € X with |jul]|x = p. Now, letu € A
and choose #, > 0 such that #,||u|[x = p. By Lemma 2.2, we have I(u) > I(t,u) > a > 0. Then
¢ > 0. Now, for u € ., recalling that u € .4, we obtain that

inf/(u) > infI(u) = ¢ > 0.
inf/(u) > infl(u) = c
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Thus m > 0. Let { @, } C .# be such that I(@,) — m. Similar to the proof of Lemma 2.1, we can
see that the sequences {®, },{®, } C X are bounded. Then, we may assume that @,” — @™ >0
and @, — @~ < 0. Recalling that @, € .#, we obtain

+
0= (I'(0n), 07) = [l I + |y 14 +al Vol |V |5+ bIVen | Ve [§ — | fley) ey dx.

(3.4)
Similar to (3.3), there exists k > 0 such that ||w;-||, > . It follows from (2.24) and (3.4) that

K < willp <e [ wiPdxerce [ il
Q Q
Since {®, } and {®, } are bounded, there exists C > 0 such that
K7 < iy < eCee [ wildr.

Setting € = % we obtain that

kP
/ W | dx > —.
Q 2ce
Therefore,
. kP
/ W™ |"dx = hm/ W dx > —.
Q n—ee JjO 2ce
Hence, w # 0. It follows from Lemma 3.1 that there exist s,,,,, > 0 such that s, w" +1,w™ €

A . We claim that 0 < s,,,2, < 1. Assume by contradiction that there exists & > 0 such that
sy >t, > 1+ 8. Since s,w™ +t,w~ € .#, then we observe

S5+l 4+ as2P [Vw D Vw5 4 b2 [Vl Vg

> shlw D+ 5wt 1§ +asy? Vw3 + bsyd Vw34

+as | Vw |B [V | bsad Vw4 V| (3-5)
= / Flsww)sywhdx.
Q
It follows from (3.4) and (3.5) that
/ FowH)wtdx =Timinf [ f(wwidx
Q n—ee  JQ
= liminf{[jw; |5+ [[wy 1§ +alVwa 5 [Vwy |5 + b Vwa[g|Vw, 2] (3-6)

> [|wFIB + (w12 4 alVw[b | Vw™ [P+ b Vw|d Vw4,
Combining (3.5) and (3.6), we obtain that

-2 — 2p—2
(L=t Dlw 5+ (1= s, D lw G+ a(l =P~ [Vl Vw ™[]

S/Q[ f(w+) f(sww+) ] (W+)2qu,

(wH)2a—1 sgv‘I*I(W—i-)Zq—l
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which leads to a contradiction for s,, > 1+ & and (As). The claim is true. This together with
the sequentially weakly lower semicontinuity of 7 and (As) concludes that

1
m <I(sywt +t,w™ ) =I(s,w" +t,w ) — 2—<Il(swwjL W), sw T W)
q
I 1 1 1

_ 1 _ _
= (— — _q) sy + tow |]§+Z||SWW++IWW 12+ (5 - 2_q> alV(s,w" +tw") ip

1
+ > / [f(sww™ + 1w ™) (syw™ +1,w™) = 2gF (syw™ + 1w )] dx
q.JQ

1 1 _ 1 _
= (5 g 18 2 Gl 1)

p 2 2q
+ (L—i) a|V(sww++tww)]2p—|—i/ [f (5w ™ )suw™ —2gF (s,yw™)] dx
2p 2 P2g o T Y "
+ %} /Q [f (bW )tuw™ —2gF (t,w™)] dx
< (5= 50 ) w11 + 5 (g )+ (55— 52 ) V™ )2
— p Zq p p 2q q q 2p 2q p

< liminf [I (wn)

n— oo

1, B
_ Z}(I (wn),wn>1 =m,
(3.7

which implies s,, = ,, = 1. Therefore, I(w) =mand w € .Z . O

The forthcoming result regards the existence of a nodal solution of problem (3.4). The proof
of this result is based on the proof [30, Theorem 1.4] and the quantitative deformation lemma
[26, Lemma 2.3].

Proposition 3.1. Assume that conditions (A1)-(As) and (1.6) hold. Then I has a minimizer w in
M, which is a nodal solution to problem (1.1).

Proof. Firstly, we aim to prove that w is a critical point of I. Arguing by contradiction, assume
that I'(w) # 0. Then there exist > 0 and p > 0 such that |I'(v)||x+ > p for all v € X with
[v—wllx <38.Set D:= [},3] x [3,3]. From Lemma 3.2, we obtain
— - —
X = (nggl)l(sw +iw) <m.

Let &€ = min{"%, %} and B(w,0) :={ve X :|v—w| < d}. It follows from [31, Lemma 2.3]
that there exists a deformation n € €'(]0, 1] x X,X) such that

O n(lLu) =uifugI"([m—2e,m+2¢l);

() n(1,I"*¢NB(w,8)) C I"¢,

(i) I(n(1,u)) <I(u),forallu € X,

where I"*€ := {u € X : I(u) < m=+¢}. Itis easy to see that

max I(n(1,sw +tw™)) <m. (3.8)
(s,0)eD
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Define y(s,t) = n(1,sw™ +1w™),
D (s,t) = ((1’(sw+ +ew ), wh), (I'(swt +tw_),w_>)

and

Recalling Lemma 3.1, we obtain that (I(sw™ +tw™),w®) > 0if 5, € (0,1) is small enough,
and (I'(sw™ +tw™),w®) < 0if 5,t € (1,4o0) is large enough. Therefore, we can derive that
deg(®;,D,0) = 1. It follows from (3.8) and property (i) of 1 that y(s,r) = sw™ +tw™ on
dD. Consequently, @, = ®, on dD and deg(P;,D,0) = deg(P,,D,0) = 1, which implies that
D, (s0,%0) = 0 for some (so,%) € D. Hence, n(1,sow™ +tow™) = ¥(s0,%0) € .# . This contradicts
(3.8) and the definition of m. Therefore, w is a critical point of /, and then w is a solution to
problem (1.1).
Now, we prove that w has exactly two nodal domains. Let w = w| + wy + w3, where

wiy 2> 07 wy < 07 Ql QQZ = 07 w1 |Q\Ql = W2|Q\Qz = W3’Q]U92 = 07

Qi={xeQ:wi(x) >0}, Q:={xeQ:wy(x) <0},

and Q;(i = 1,2) are connected open subsets of Q. Setting v = wy + wp, we have v = wy,

V™ =wy,vT # 0. From Lemma 3.1, there exists a unique pair of positive numbers (s,,,) such
that s,v* +1,v~ € ., that is, s,w; +1t,wy € .# . Thus

I(syw1 +t,wa) > m. (3.9)

Applying I'(w) = 0 we obtain that (I'(v),v*) < 0. By the arguments of Lemma 3.3, we obtain
that 0 < 5,7, < 1. On the other hand, we can see that

0= %}(l’(w),wz,)

1
= 5 (sl sl a¥walr 619w~ [ fGumywac)
1
+ 2% (al Vw1 B|Vws|P +a|Vwa [ IVws b+ b Vw2 Vw3 |2+ b Vw2 Vis|?)

1
<I(w3)+ Z] (a|Vw1 12IVw3 D +alVwa [F[Vws|D + b Vw2 Vw2 +b]sz|g]VW3]Z) )
(3.10)
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Arguing similarly as (3.7), we conclude that

I(syw1 +1,w2)

1
= I(syw1 +1t,wp) — 2 (I'(syw1 +t,w2), syw1 +1,W7)

11 1
- (“‘) (lsvwallp + llwallp) + 5 (llsvwnllg + lawa )

P 2q 2q
+ (55— 0 ) alV (st taw2) B+ - [ [Fsown)sws —24F (ssw1)]d
— — — ]d SyW w — SywW1 )SyWi1 — SyWw X
2p 26[ wW1 wW2)lp 2q 0 W1 )Sywi q wW1
1
+2_/ [f(thZ)th2_2qF(th2)]dx
q.JQ

(3.11)

I 1 1
< (=50 ) (bl ) + 2 (ol )

11 1
+ (— — _q) a|V(w; +wz)]ff’+2/9[f(w1)w1 —2gF (w1)]dx

5 LFe2 = 208 ()] dx
zz(wl)+1(W2)+gval|5\szy§+ziq\leygva3\g+%yvmgwwg
2 V9 9walt 1 2 [V 9T 4+ 2 (V9] T4
q 2(] q q 2(] q q
It follows from (3.9)-(3.11) that

m <I(sy,wi +t,wy) <I(wy)+1(wp)+1(w3)

a a a
+ 5|Vw1|1’;|Vw2|§ + Z]|VW1|§|VW3|§ + 5|VW2|§|VW3|£

b b b
+ Z]WWI |Z|Vw2|g + 5|Vw1 |Z|VW3|Z + 5|VW2|Z|VW3|Z
=1(w) =m,
which is a contradiction. This implies u3 = 0. Therefore, w has exactly two nodal domains. [

Proof of Theorem 1.1. Theorem 1.1 follows immediately from a combination of Propositions
2.1 and 3.1. O

Lemma 3.4. Assume that conditions (A1)-(As) and (1.6) hold. Then, for any u € X \ {0}, there
exists a unique to = to(u) > 0 such that tou € N

Proof. Letu € X \ {0} and define h(z) := I(tu). Therefore, from the discussion in Lemma 2.2,
we obtain that there exists 7y > 0 such that 4’ (¢y) = 0 and tou € .#". Now, our goal is to prove
that 7y is the unique critical point of 4. Arguing by contradiction, we assume that there are two
positive constants 7] < t, such that tju € 4", tou € 4. Thus we obtain

2 - 2p—2 > 2 f(tiu)(tiu)
M ullh 41l +ary” q‘vu‘pp+byvu‘qq:/§2—l2q dx
1
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and

-2 2p—2 2 2 f(tu)(tru)
5 Mullh 4ty Y ullf +ary” q|Vu|pp+b|Vu|qq:/QT

I

dx.

Subtracting the above two equations, we have

2 2 2p—2q  2p—2 2
(7 = D ullf+ (T = Dl +a(e"™ =577 | Vul

_/ [ t1u t1u f(lzl/tz)q(l‘lu)]dx.

2q
5 I

Noting that 1; < 12, p < g and using (As), we obtain

-2 2 2p-2q _ 2p-2
O < (e =15 ullp + (1 =1y Yl +a(ry? ™ =17 |Vul 3P

- [f(tlu) (nu) f(tzu)(ﬁu)] o
Q

2q 2q
21 l

This contradiction indicates that 7y > 0 is unique for any u € X \ {0}. O

Proof of Theorem 1.2. Arguing similarly as Lemma 3.3, we can conclude that there exists u* €
A such that I(u*) = ¢ > 0. From [32, Corollary 2.9], the critical points of the functional
I on .4 are the critical points of the functional / in X. That means I’(u*) = 0. Therefore,

u* is a ground state solution of (1.1). It follows from Theorem 1.1 that w = w" +w™ is a
nodal solution with two nodal domains. From Lemma 3.4, there exists unique ¢,,+,,~ such that
towt €N t,w™ €4 . By (2.3) and Lemma 3.2, we obtain

2¢ <I(t+wt) +1(t,-w")
<I(tywt +t, w ) <Iwr+w") =m.

The proof of Theorem 1.2 is completed. UJ

4. REGULARITY OF SOLUTIONS OF PROBLEM (1.1)

In this section, we aim to obtain the regularity of nonnegative solutions to problem (1.1).
More precisely, exploiting the Moser iteration argument [26], we are able to prove the bound-
edness of weak solutions to problem (1.1).

Proof of Theorem 1.3. Without loss of generality, we can assume that u > 0. For any k, L > 0,
we choose @ = uuip as test function in (2.2), where u; := min{u,L}. Thus

(1+a\Vu]§)/g|Vu|puL dx+kp(1+a|Vull) /\Vu]p ZVMVMLM Ludx
+(1+b|Vu\‘1)/ Vultul dx+ kp(1 -+ b| Vel / Va2Vl udx (4.0)
—I—/ ) (Jua P~ A4 |2 Y- upa’x—/f uuLd

From (A;), we can see that

()] < Mys|Va| 7 +Miglul +Ms,
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where M; > 0(i = 13,14, 15). Together with Young’s inequality, we obtain that

/Qf(u)u-ude

.
Pl kpEEl ot kp(1-2hy

pi-1 P*-1 kp
§M13/8 AVulP T, e P Tudx
Q

4.2)
+ (M14 —|—M15)/Qup*uipdx+M15|Q|

§8M13/Q]Vu|puipdx+(M13£(p*1)—|—M|4—|—M15)/Qup*uépdx—i—M15|Q|.

Combining (4.1) and (4.2), we obtain

/ |Vu|Pu pdx—l—kp/ \Vu]pullipdx
(x)<L} (4.3)
< 8M13/Q ]Vu|puLpdx—|— <M138_(p -1 + My —|—M15) /Qup*uipdx—l—M15|Q|.

1

Choosing € = 1n (4.3), we can see that

1
—/ |Vu]pullipdx+kp |Vu|pulzpdx
2J)a {xeQuu(x)<L} (4.4)

< <M138_(p*_1)+M14+M15>/ up*uipdx+M15|Q|.
Q

Note that

1
—/ |Vu|pul,ipdx+kp/ \Vu]pu,kf)dx
2/a {xeQuu(x)<L}

1 1

== \Vu|PulPdx+ (kp+ —)/ Vu|PulP dx

2 {xeQuu(x)>L} 2 {xeQuu(x)<L}

kp+1 4.5)
2(k+1)? JixeQu(x)>L}

kp+1
> [ |V(uub) P
2kt )7 /| uuL|dx

recalling Bernoulli’s inequality (k+ 1)” > kp + 1. Putting together (4.4) and (4.5), we can infer
that

kp+1

\Vu|PulP dx+ =——
2 {xeQuu(x)<L}

|Vu|pulzpdx

kp+1

*_ *
Z(kT/ |V I/ll/lL)‘ dx< (M]?,S (p 1)—|—M14—|—M15)/Qup MLde+M15‘Q‘. (46)

_kpt1

1P Jo V (x)|uu |Pdx to both ends of the equation (4.6), we obtain

Adding non-negative terms Bl
that

kp+1

(kp+1)Mi6
2k F 1)

k p<

/Q|uu’£|”dx+(kp+l)M17/Qup """ *u,lipdx+M18(kp+1)|Q]

4.7)
Claim 2: u € L*(Q) for any finite s.
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Let us define v := u? —P. Applying Holder’s inequality and (2.1), for any R > 0, we conclude
that

/ u?” uipdx = / VMpulzpdx+ VMpulzpdx
Q {xeQ: v(x)<R} {x€Q: v(x)>R}
x rop L
_p p * * p
<R / uPuy” dx + ( / VP dx) ( / uP" dx)
{xeQ: v(x)<R} {x€Q: v(x)>R} Q

pr-p
£3

p* p
SRuuk”—ir(/ VP*—I'dx> P Nludk|P.
izl (x€Q: v(x)>R} a7
(4.8)
Note that

pr-p

Y(R) := (/ vpfﬁdx) " 5 0asR— oo,
{xeQ:v(x)>R}

Combining with (4.7)-(4.8), we obtain
kp+1
2(k+1)P
(kp+1)Mi6
| 2(k+1)P

k
[luuz [l

+ (kp+ 1)M17R] ]uuf\g + (kp+ l)M17‘P(R)c£*HuufH§ +Mg(kp+1)|Q].

4.9)
Take R = R(k,u) > 0 such that

kp+1

kp+ 1)M7¥(R)P, = —/———.
( p ) 17 ( )Cp 4(k 1>p
Then, from (4.9), we infer that

kp+1
4(k+1)P

which can be rewritten as

(kp+1)M6

kip < [A22 T 77710

+ (kp+1)My7R | Juuf |+ Mig(kp +1)|€,

e 15 < Mo (kyu) [Juae |5 +1]

with Mg (k,u) > 0. Together with the Sobolev embedding theorem, we can obtain

=

i | < epr || < Moo () [Jun |} +1]7. (4.10)

Let us choose k; satisfying (k; + 1)p = p*. Therefore, (4.10) becomes

=

1
k k ky+1 2 : b
|uuL|p* SMzo(kl,u)[|uuLl|§+l] <My (ky,u)||u 1t |Z+1]P = My (ky,u) [|M|§* +1] "< oo,

4.11)
since u;, < u for a.e. x € Q. Passing to the limit as L — o in (4.11), we obtain

1 . 1
|l (k1) p = k1! |;1*+1 < My (ky,u) [|u|§* + 1] URDT 4.12)
Hence, u € L& +1)P"(Q). We set

*

(ka1 +1)p = (km+1)p* and ki +1= %
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Repeating the steps from (4.10)-(4.12), we conclude that for any finite positive constant k
|ut] (k1) pr < Moz (k,u) (4.13)
where M»3(k,u) > 0 depends both on k and u. Therefore, u € L*(Q) for any s € (1,0). O

Now, we prove that u € L*(Q). Fix number 6 € (p, p*). Applying Holder’s inequality, Claim
2 and (4.13), we see that

p
0—p 0
kg <105 ( | () )" < Mo

/up*u[]ipdx:/ uP” =P (uuk)Pdx (4.14)
Q Q

X :
< (/ wer tL)dx) (/ (uuli)edx) < Mos|uudf )P,
Q Q

where M»s is finite in the light of Claim 2. Combining (4.7) and (4.14), we obtain that
kp+1 kp+1
2(k+1)P sty ellh < 2(k+1)P
which implies

M26|MMIZ|§ + (kp + l)M27|uu]£]z + Mogk,

s || < (ke + 1)P Mag|usd | + 1]
Together with (2.1) and Claim 2, we obtain that
1 1
Jutdf | < cpr|lune || p < (k4 1)MsolJundf [ +1]7 < (k+ )Mz [l TG +1] < o0 (4.15)
Using Fatou’s Lemma in (4.15), we obtain
1 1
sy = WS < (ko 1RO T[S 4 1) (4.16)
Note that 1 1
(k+ 1)Vt > 1, klim(k+ 1) VT = 1.
—o0
Thus, we can obtain a constant M3, > 1 such that
(k+1)&T < MT.
Together with (4.16), we deduce that
e < MM + 1), @.17)

Therefore, it suffices to prove the uniform boundedness concerning k. Indeed, assume that there
exists a sequence k, — oo such that |uk"+1|197 < 1, that is, |”|(k,,+1)6 < 1, which implies that
|u|l« < 1. We consider the opposite case that there exists ky > 0 such that

WP > 1, forany k > ko. (4.18)
Putting together (4.17) and (4.18), we conclude that, for any k > ko,

_1 1
’”‘(k+l)p* §M3émM3{<1+1 [2’ k+1’1’] k+1 P <MWM"H |u’ k4100 (4.19)

We set
(knt1+1)0 = (ky + 1)p*
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Particularly,

n—oo

* n
kn+1= (ko + 1) (%) and 1im k, = 4-oo. (4.20)
Then (4.19) becomes

1 1 1 1
Vkn+1 kp+1 _ Vkn+1 kn+1
[l 1) pr < Ma3" My ul g, 100 = M33"" Mg |ul g, 1)

from which we see that

n 1 n 1
i=1 \/kp+1 i=1 kp+1
’”‘(kwl)p* < Mj; M, ’u‘(kﬁ-l)lﬂ*‘

It follows from (4.20) and Claim 2 that there exists M35 > 0 such that

|u’(kn+1)p* S M35|u’(k0+l)p* < o0,

Taking the limit as n — oo, we have |u|. < C.
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