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A NEW INERTIAL RELAXED TSENG EXTRGRADIENT METHOD FOR
SOLVING QUASI-MONOTONE BILEVEL VARIATIONAL INEQUALITY
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Abstract. In this paper, we introduce an inertial relaxed Tseng extragradient method involving only
a single projection for solving bilevel variational inequality problems with Lipschitz continuous and
quasimonotone mapping in Hilbert spaces. Under some mild standard assumptions, we obtain a strong
convergence result for solving bilevel quasimonotone variational inequality problems. The main advan-
tages of the proposed iterative method are that it requires only one projection onto the feasible set and
the use self adaptive step-size rule based on operator knowledge rather than a Lipschitz constant or some
line search method. Moreover, some interesting preliminary numerical experiments and comparisons
were presented.
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1. INTRODUCTION

Let C be a closed and convex subset of a real Hilbert space H with inner product (.,.) and

norm ||.||. Let A,F : H — H be two single-valued mappings. Our interest in this paper is to
study the bilevel variational inequality problem (BVIP):
Find x* € VI(C,A) such that (F(x"),x—x") >0, Vx € VI(C,A), (1.1)

where VI(C,A) denotes the set of all solutions of the classical variational inequality problem
(VIP) given as follows:

Find y* € C such that (A(y*),z—y*) >0, Vz € C. (1.2)
Let Sp be the solution set of the following problem,
Find x* € C such that (A(y),y—x") >0, Vy € C.

It is known that Sp is a closed and convex set (possibly empty) and if A is continuous and
C is convex, then Sp C VI(C,A). If A is a pseudomonotone and continuous mapping, then
VI(C,A) = Sp [1]. The inclusion VI(C,A) C Sp is false if A is a quasi monotone and continuous
mapping [2].
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Recently, many authors introduced and studied various iterative algorithms for the approxi-
mation of the solutions of variational inequality problem (1.2); see, e.g., [3, 4, 5, 6, 7] and the
references therein. One of the oldest iterative method, which is also simplest, for solving (1.2)
is the gradient projection method as follows: x,,+1 = Pc(x, —AA(x,)) for all n > 0, where A >0
is a suitable parameter and Fc denotes the metric projection from H onto C. It is known that
the sequence generated by the gradient projection method converges to an element of VI(C,A)
if A is L-Lipschitz continuous and a-strongly monotone and 4 € (0, ZL—‘;‘) The assumption that
A is strongly monotone (or inverse strongly monotone) is a necessary condition to ensure the
convergence of the gradient projection method. If the condition of strong monotonicity is re-
laxed to monotonicity, the gradient method can diverge. For example, take A to be the rotation
operator in a plane [8].

A famous method, which was recently used in the approximation of the solutions of the
variational inequality problem (1.2) such that the assumption that the strongly monotone (or
inverse strongly monotone) cost function A could be relaxed to being just monotone and the
convergence is still guaranteed, is the extragradient method, introduced by Korpelevich [9]
(also independently by Antipin [10]). The extragradient method generates two sequences {x; }
and {y,} as follows:

yn = Pe(x, — AA(xy)),
{ Xnt1 = Po(xn — AA(yn)), 13)

where A € (0,1), L is the Lipschitz constant of A, and Pr is the metric projection from H
onto C. If the solution set VI(C,A) is nonempty, cost function A is monotone and L-Lipschitz
continuous, then the sequence {x,} generated by iterative algorithm (1.3) converges weakly to
an element in VI(C,A). In recent years, the extragradient method has received great attention.
For related results on the extragradient method and its modifications for monotone and Lipschitz
continuous operators; we refer to [11, 12, 13, 14].

It can easily be seen that the extragradient method needs to calculate two orthogonal projec-
tions onto the feasible set C per iteration. The orthogonal projection onto a closed and con-
vex set C is related to an optimization problem:minimum distance problem and if C is general
closed and convex set, the performance of the extragradient method suffers a setback. One of
the iterative methods introduced to improve the extragradient method by reducing the number
of projections onto the feasible set is the subgradient extragradient method [15, 16, 17]. The
subgradient extragradient method is defined as follows:

Yn :PC(xn_lA(xn))a
T, ={x€H: (x,—AA(xp) —yn,x —yn) <0}, (1.4)
Xn+1 :PTn(xn_AA(yn)%

where A € (0, %) This method replaces two projections onto C by one projection onto C and
one onto a half-space which can be computed more easily. Another algorithm that improves the
extragradient method is the Tseng’s extragradient method [18], which uses only one projection
in each iteration

Yn = Pe(xn — AA(xn)),
{ Xnt1 =Yn+A(A(xn) —A(y)), (1.5)
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where A € (0, %) In recent years, the Tseng’s extragradient method for solving the problem
(VIP) (1.2) has received great attention; see, e.g., [19, 20, 21] and the references therein.

Methods (1.3), (1.4), and (1.5) require a prior knowledge of the Lipschitz constant of the
operator A. This is a source of concern for the use of these methods because the Lipschitz
constant is often unknown or difficult to approximate. Authors adopted the linesearch procedure
to overcome this problem but it is known that a linesearch is an inner loop running at each outer
iteration until some finite stopping criterion is satisfied. Thus a method with a linesearch can
be time consuming because it requires many extra computations. Yang et al. [22, 23, 24]
proposed modifications of gradient methods for solving variational inequality problems with
the self adaptive step size rules. But the step sizes are non-increasing and the algorithms may
depend on the choice of the initial step-size. Recently, Liu and Yang [25] introduced a type
of Tseng’s extragradient algorithm with non-monotonic step sizes for solving quasimonotone
variational inequalities (or without monotonicity).

It is now wildly known that the problem (BVIP (1.1)) includes several classes of mathemati-
cal programs with equilibrium constraints, bilevel minimization problems, variational inequal-
ities, minimum-norm problems with the solution set of variational inequalities, bilevel convex
programming models, and bilevel linear programming [14, 26, 27, 28]. Therefore, developing
modified iterative methods for solving bilevel variational inequality problem (1.1) is a good area
of research interest and should be given adequate attention.

Thong and Hieu [29] proposed a modified subgradient algorithm for solving BVIP (1.1) as
follows: Choose a sequence o, € (0, 1) with the following properties:

(C1) lim &, =0, (€2) Y oy = oo
n=1

Algorithm 1.1. Initialization: Give 7 € (0, Lil), oe(0,2)and0< y< ZL—’} (L, is the Lipschitz
2

constant of A, A is the modulus of the strong monotonicity of F, and L, is the Lipschitz constant
of F). Let xo € H be arbitrary.

Iterative Steps: Calculate x4 as follows

Step 1. Compute y, = Pc(x, — TA(xy)) for all n > 0.

Step 2. Compute z,, = Pr, (x, — aTN,d,) for all n > 0, where

T,={x€H: (x,—TA(Xy) — Yn,x—yn) < 0},

o = X~y — T(A ) — Alya) Y > 0,

and

! 0, if d, = 0.
Step 3. Compute x| = 2, — &, YF (z,) for all n > 0.

Recently, Thong et. al. [30] proposed the following iterative algorithm: Choose a sequence
oy, € (0,1) with the following properties:

(C1) lim 0, =0, (C2) ) oty = +oo.
n=1

n—soo
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Algorithm 1.2. Initialization: Let 70 > 0, € (0,2),and 0 < y < i—’} (A is the modulus of the

strong monotonicity of F and L, is the Lipschitz constant of F). Let )2c0 € H be arbitrary.
Iterative Steps: Calculate x,, as follows

Step 1. Compute y, = Pc(x, — 7,A(x,)) for all n > 0.

Step 2. Compute z,, = x,, — QN,d, for all n > 0, where

dyp = xp—yn— Ta(A(xn) —A(yn)), VR >0
and
<xn_yn7dn> 1
T = ENFATE ifd, #0
0, ifd, =0.
Step 3. Compute x,,+1 = 2, — &, YF (z,) for all n > 0 and update
; L] xn =yl ;
ool = mm{HA(xn)—A(yn)H’T"} if A(x,) # A(yn)
T,, otherwise.
Motivated by [25] and the ongoing research in this direction, we propose an inertial relaxed
Tseng extragradient iterative algorithm with a non-monotonic self adaptive step sizes such that

no pre-knowledge of the Lipschitz constant of the cost function is required for the solving the
quasimonotone bilevel variational inequality problem.

2. PRELIMINARIES

Definition 2.1. Let H be a real Hilbert space. A mapping F : H — H is said to be:
(a) strongly monotone on H if there exists a constant A > 0 such that

(F(x) = F(y),x—y) > Allx—y|? Vx,y € H;

(b) monotone on H if (F(x) — F(y),x—y) > 0 for all x,y € H;

(c) pseudo-monotone if (F(x),y—x) > 0= (F(y),y—x) >0 forall x,y € H;
(d) quasimonotone on H if (F(x),y —x) > 0= (F(y),y—x) > 0 for all x,y € H;
(e) L-Lipschitz-continuous on H if there exists a constant L > 0 such that

[F(x) = F)I| < Lllx = y[|,Yx,y € H.

From the above definitions, we see that (a) = (b) = (c¢) = (d), but the converses are not
always true.

Definition 2.2. Let C be a nonempty, closed, and convex subset of a Hilbert space H. The
projection mapping from H onto C is denoted by Pc and defined by Pc(x) = argminyec [|x — ||
forallx € H.

It is well known that the projection mapping is firmly nonexpansive and is characterized by
the following variational inequality: (Pc(x) —x,Pc(x) —y) <Oforally € C.

Lemma 2.1. [31] Let {a,} be a positive real sequence, {b,} a real sequence, and {,} a real
sequence in (0,1) with Y.;>_| 0, = co. Assume that ay1 < (1 — 0)a, + 0pby, for all n > 1. If
limsupy_,., by, <0 for every subsequence {an, } of {an} satisfying liminfy_,..(an,+1 —an,) > 0,
then lima,, = 0.
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Lemma 2.2. [32] Let a be a real number in (0, 1] and let y be a positive real number. Let F :
H — H be an L-Lipschitz continuous and A-strongly monotone mapping. For any nonexpansive
mapping T on H, define a mapping Ty on H by Ty(x) = (I — oyF )(T (x)) forallx e H. If y < i—’},
then Ty is a contraction, that is,

I Ty(x) = )| < (1 = an)llx —yl|,vx,y € H, (2.1)

where

n=1-/1-y24—112) € 0,1).
3. MAIN RESULTS

In this section, we give an inertial Tseng Type iterative algorithms for solving bilevel quasi-
monotone variational inequality problems and analyse their convergence to a solution of the
bilevel variational inequality problem with Lipschitz quasimonotone operators.

In this paper, we assume that the following conditions hold:

(A1) £ € Sp # 0, where % is the unique solution of the problem (BVIP) (1.1),

(A2) mapping A is Lipschitz-continuous with constant L; > 0,

(A3) mapping A is sequentially weakly continuous, i.e., for each sequence {x,};{x,} converg-
ing weakly to x implies that {A(x,)} converges weakly to A(x),

(A4) mapping A is quasimonotone on H;

(AS) mpping F : H — H is A-strongly monotone and Lipschitz-continuous with constant L > 0.

Algorithm 3.1. Initialization: Take 6 > 0,u € (0,1),7 > 0, € (0, 1], and a nonnegative se-
quence {p,} such that }'>> | p, < oo and y € (0 22

that lim,,_se. 2—'; =0, where {0, } C (0, 1) satisfies lim,, o &, = 0 and Y o, = 0. Let xp,x; € H
be arbitrary.
Iterative Steps: Given x,,_; and x,(n > 1), calculate x,,,| as follows:

Step 1: Compute: w,, = x;, + 6, (x, — x,—1), Where

. gn .
en _ { mln{ Hxnfxyzfl” 5 9} lfxn #Xn_l (3.1)

0, Otherwise.

>. Choose a positive sequence {&,} such

Step 2: y, = Po(wp — ThA(Xy)),

Step 3: 2, = (1 — B)wn+ B+ Ta(A(wy) —A(yn))),
Step 4: x,1 = 2, — 0, YF (22),

and update:

Turl = mmUMM%mw%+W}ﬁMMJ%Mm>
Tp + Pn, Otherwise.
Set n :=n+1 and go back to Step 1.

Remark 3.1. We observe that inertial interpolation term (3.1) is easy to implement since ||x, —
xn—1|| is known before calculating 6,,. Furthermore, it follows from (3.1) and the conditions on
o, that

6,
lim —||x, —x,_1]| = 0.

n—oo Otn
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Indeed, we obtain 6,||x, —x,_1|| < &, for all n, which together with lim,,_; % = 0 implies that

0 £
lim —||x, —x,_1]| < lim = = 0.
n—oo O{n n—oo (xn
Lemma 3.1. ([25], Lemma 3.1) Let {1,} be generated as in Algorithm 3.1. Then lim,_,o T, =T
and T € [min{py, Lﬂl};po +p], where p =Y.;"_| Pn.
Lemma 3.2. Let {w,},{y,}, and {z,} be the sequences generated by Algorithm 3.1. Assume
that A is quasi monotone and Li-Lipschitz continuous and Sp # 0. Then, for all x* € Sp,

2
[l =272 < fJwn =x"[* = B |2 B —2u(1 = B) " — B’ 5"~ ]Ilwn—yn||2- (3.2)
nt1 Tnt1

Proof. Notice that
llen =P = (1= B)?[Iwn — x>+ B?[[yn — x*||* + B2 57 [|A(wn) — A(yn) |
F2B(1—=B)(wp —x", 30 —x") + 27, B(1 = B) (wy — X", A(wy) — A(yn))
+27, 82 (yn — X", A(wn) — A(yn)) (3.3)
and
2wn—x* 30 —x*) = [Jw = x|+ |y =X = [[wn — yal > (3.4)
Substituting (3.4) into (3.3), we have
llen =P = (1= B)?[Iwn — x>+ B?[[yn — x*||* + BT, [|A(wn) — AQyn) |
+B(1 = B)[IIwn — x>+ I[yn — x*[1> = [[wa — yal[*]
+27nﬁ(1 - ﬁ)<wn _X*7A(Wn) _A(yn)> + 2Tnﬁ2<yn _X*7A(Wn) _A(yn)>
= (1= B)|lwn—x*[]>+ Bllyn — x> = B(1 = B)|wn — yul?
+B7 T, [|A(wn) —AGn) P + 27,8 (1 = B) (wn — x*, A(wy) — A(yn))
+25, 8% (yn — X", A(wn) — A(yn)).

(3.5)
Since x* € Sp C VI(C,A) C C, we have from the definition of y, that
(Vn = (Wn = TuA(Wn)),yn —x*) <0. (3.6)
Consequently,
2(wn = Y, Yn —x") = 20 (A(Wn) = A(yn),Yn — x*) = 2T (A (yn), 30 — X") > 0. (3.7)
Moreover,
2(wn = Yusyn =Xy =W =P = [lwn =yl [ = [y — 2. (3.8)

Again, by (3.6), we have (y, —wy,y, —x*) < —1,(A(wy),y, — x*). Furthermore, since y, € C
and x* € Sp, we obtain

(A(Yn),yn —x*) > 0,Yn > 0. (3.9)
From (3.7), (3.8), and (3.9), we reach
[y = 21> < {lwn =217 = [[wa =yl P = 2%(A(wn) = AQa), 30 —x7).  (3.10)
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Thus, from (3.5) and (3.10), we obtain
llen =x*1P < (1= B)Iwa = [ + Bll[wn = %11 = [ Iwn = yal
—2%0(A(wn) = A(yn),yn —x)] = B(L = B)l[wn = yal®
+B7 7, [|A(wWa) —AWn)|[P + 278 (1 = B) (wn —x*, A(w) —A(yn))
+25,8% (v — x*, A(wn) —A(yn))
= |wa=x*> = B2 = B)llwn = yal* + B> 17 [|A(wa) — A(yn) ||
+27,B(1 = B)(wn = Yn,A(Wn) —A(yn))

2
% u
< lwn =[P = B2 = B)lIwn — yul P + BTy 5 [wn — yul|?
Tn+1
U
+2B7,(1—B) Hwn_)’nH2
Tn+1
112 Tn 2 7;% 2
= |[wa =" = B2 B —2u(1-B) — B —=Ilwn —yall*.
Tnt1 Trt1

O

Lemma 3.3. Assume that conditions (Al)-(A4) hold and {x,} is the sequence generated by
Algorithm 3.1. If there exists a subsequence {x,,} of {x,} that converges weakly to z € H and
|| %0, — Y, || = 0 as n— oo, then z € Sp or A(z) = 0.

Proof. Since {x,, } converges weakly to z € H and limy_,c ||Xn, — ys,|| = O, then y, — z and
ze€ C. If limsup,,_,,, ||A(yn,)|| =0, then

i [[A(yn)[| = liminf ||A(ys, )| = 0.

Since A is sequentially weakly continuous on C and {y,, } converges weakly to z € C, we have
that {A(yn,)} converges weakly to A(z). Therefore, it follows from the sequentially weakly
semi-continuity of the norm operator that
0 <[lA(z)|| < limsup[[A(yn,)|| = 0.
k—roo
Thus A(z) = 0. Now, if limsupy_,., ||A(yr,)|| > 0, without loss of generality, we take limy_.. ||A(yp,)|| =
D > 0 (otherwise, we take a subsequence of {y, }). Then there exists a K € N such that
[|A(yn)|] > % for all kK > K. Moreover, we have (y,, — wpn, + Ty A(Wp,),X — yp,) > 0 for all
X € C. which implies
L<Wnk = Ymr X = Ym) < (AWn ), X —ym), VX € C.

ny
Therefore,

1 _ _ _ _
_<Wnk _ynkux_ynk> - <A<Wi’lk) _A(yi’lk)ax_ynk> S <A)’nkax_)7nk>avx eC.

Ny
Substituting wy,, = xp, + Oy, (X, —Xp,—1), We have

1 _ 1 0 _ _
_<xnk _ynk;x_ynk> + _ank<a_nk(xnk _xnk—lgx_ynk> - <A(Wnk) _A<ynk)7x_ynk>

Tnk Tnk s

S <A}’nkaf—)’nk>7Vi eC.

(3.11)
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Since limy_se0 ||X4, — ¥, || = 0 and A is L;-Lipschitz continuous on H, we have
]}E?o||A<Wnk) —AQ)ll < ]}EI;L”HWW — Yl

= ng{}o\\xnk — Yyt Gnk(xnk _x”k_l)H

: 6,
< L klggmxnk — Y|+ a"ka_I:;Hxﬂk — x|} =

Fixing X € C, and then letting k — oo in (3.11), we find from limy_,., T,, = 7 > 0 that

0< ligninf(A(ynk),)Z—ynk> < limsup(A(yp, ), X — Yn,) < +oo. (3.12)
—>00

k—ro0

If limsupy_,.,(Ayn, , X —yp,) > 0, thenthere exists a subsequence {y”k,} such that lim;_c. <Aynk,. JX—
Yn;) > 0. Thus there exists a natural number iy such that (A(y,, ),% —yy, ) > 0 for all i > i.
Now, since A is quasimonotone, we have, for all i > ip, (A(X),¥—yy, ) > 0. Letting i — co, we
obtain z € Sp. However, if limsup;_,,(A(yy, ),X — yn,) = 0, we obtain from (3.12) that

lim (A (yn, ), X — Yn,) = imsup(A(yn, ), X — yn,) = liminf(A(y,, ), X —yn,) = 0.

k—yo0 k—so0 k—yo0
We choose a sequence {&} of positive numbers decreasing with limy_,..& = 0. Let § =
|(A(yn, ), X—yn )|+ & >0.Let Y, = M for all k > K, we obtain (A(yn, ), Y»,) = 1. There-
fore, we have, for all k > K, (A(yn, ), X+ CkYnk yn,) > 0. Hence, since A is quasimonotone, we
have, k > K, (A(X+ § Xy, ), X+ & Xn, —Yn,) > 0, which implies that, for all k > K,

(A(x),x+ Cank _y”k> = (A(X)—A(X+ CkY”k) X+ CkYnk _ynk>
+<A( CkYnk) X+ CkYnk )’nk>
) —

> <A<X (X+Cank)7x+€ank_ynk>
> —[|AE) —AGE+ QX%+ GXn, — Y,
2 _CkL1||Ynk||Hx+CkYnk_ynk“
= =G Gl — vl
HA( nk)H A
2L,
z =G 1+ Gl — v ] (3.13)
Since {||x+ Xy, —yn, ||} is bounded and limk_m & = 0,, then taking limits as k — oo in (3.13),
we have (A(x),x—z) > 0 for all ¥ € C. Thus we have that z € Sp. O

Theorem 3.1. Assume that conditions (Al)-(AS) hold. Then the sequence {x,} generated by
Algorithm 3.1 converges strongly to X, where X is the unique solution to problem (BVIP) (1.1).

Proof. Since 1, — 7, i € (0,1), and B € (0,1], we have
2
2
Tnt P Tz%—i—l
= [2—13—13112—2#(1—!3)]
(1= )2~ B+Bu) > 0.

lim [2—ﬁ—2u(1—ﬁ)

n—oo
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Therefore, there exists ng > 1 such that
2

T, T
B[2-B—2u(1—B) "~ BuP | > 0,vn > no.
Tnt-1 Tnt1

From (3.2) and £ € Sp, we have that ||z, — £|| < ||w, — %|| for all n > ng, which together with
(2.1) follows that, for each n > ny,

a1 =%l = [I(I = @ YF)(2n) — (I = 0 YF) (%) — 06, YF ()]

< 11U = 0 ¥F)(zn) — (I — o ¥F) )| + || F ()|
< (1= oum)llen— | + o Y|IF(®)]
< (1—ann)llwn—ﬂl+ann%||F(f)H, (3.14)

wheren =1— \/1 —y(2A —yL3) € (0,1). But
0
[lwn —%[| < Hxn_)eH+O‘na_onn_xn71H- (3.15)
n

From Remark 3.1, we have gc_f. [|Xn —xn—1|| = 0 as n — co. Therefore, there is a constant Q; > 0
that satisfies

6
2 | — g1 || < Q1 ¥ > 1. (3.16)
Oy
Therefore, from (3.15) and (3.16), we obtain
|20 — X|| < [Iwn —X|| < ||x0 — £|] + 0,01,V > ny. (3.17)

Using (3.14) and (3.17), we have

||xn+1_)?|| S (1_O‘nn)Hxn_)eH"’_(l_O‘nn)anQ1+ann%||F<)e)||

. 1 N
< (1= o)l =S|+ @m0 +aun L [F()]

N + Y| F (X
— (1= amlbs, |+ on [ 2]

104 +YIIF(£)H'}

< max {[x, 3,
-

(LGN

< max {[lxo— I, | .

Hence, sequence {x,} is bounded.
[t =7 = |lzn — 00¥F (z) — 2|7
1(I = 0w YF) (zn) — (I = 0 YF)(%) — 0t YF (%)
(2 = 0 YF) (zn) — (I = 0 YF) (R)|]” = 200 Y(F (), 2041 — 2)
(1= 0un)?[[zn —R|* + 20 V(F (£),2 — xn11)
|20 — £[)* + 2, Q2, (for some Q3 > 0). (3.18)

ININCIA
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From (3.2) and (3.18), we have

[t =21 <

<

IN

IN

which implies that

b 211>~ B2~ B~ 2001~ B) ™
||xn_f||2+2aan||xn_)e|| +062Q1

B[2-B-2u0-p) "

T
2| 1w =l 2+ 0,05
n+1

& ]||wn il P+ 04,02
n+1

Hxn—sz—B[Z—B—Zu(l—ﬁ)T
+0,[201|[xn — || + 0 OF + O]

b5l = B (2~ B~ 21 - B) - 5 oyl
n—|—1

+0,,03, (Q3 = sup{201 ||x, — £[| + OCnQ1 +02}),

5] = P
n+1

2

Bl2=B-2u(1-B) "~ Bu [ lhon =il .
n+ n+ .

< P =2 = | Pnr1 — [ + 00 0.

Again, using (2.1) and (3.17), we obtain

[Ele

IA AN A

IN

(I = awYF)(zn) — (I — 0 YF)(X) — 04, YF (% ||2

)
(I — 04 YF ) (zn) — (I — 04y YF)(% )Hz 2an}/<F()?),xn+1—)?>
(1= 06,1)?[|20 — &[> + 204, Y(F (£),£ — x4 11)
1— o) |wn — £|* + 200, Y(F (£), £ — n+1>

( )

(1= o) ([l = 21| + 6l w01 [1)* + 200 V(F (£), % — 1)
O .

(1—ann)[Hxn—ﬁHzHan—Hxn—xHHxn—xn_ll\

O

0
07 5 1% — a1 2] 4200V (F (8), 2 = 01)

<1—ann>||xn—)e||2+an[Dz—z||xn—xn_1|\+a39—'§\|xn—xn_l||2]
20, Y{F (), £~ y11)

(1= o)l vu —$1P + oum [D ||xn—xnnuﬁ%nxﬂ—xnlnz
+2%<F()€),)€ — 1), (3.20)

where D = sup{||x, — £||}. To prove that {||x, — £||?} converges to zero, in view of Lemma
2.1 and Remark 3.1, we only need to demonstrate that limsup;_, . (F (£),£ — x,,41) < 0 for any
subsequence {||x,, — ||} of {||x, —%[|} satisfying liminfy_,e(||Xs,+1 — £|| — |2, — X||) > 0.
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Suppose that {||x,, —£[|} is a subsequence of {||x, —£||} such that liminfy_,e (||, +1 —£|| —
|[xn, —£||) > 0. Then

.. Al12 al12
timinf(| [, 1 1% b, —51?)

= Himinf{([}xm 1 — 2|+ bone = 1) (Pong+1 = [ = [xn, = £[[)] = 0.

From (3.19), we have

2
. T T
limsup[2— B —241(1 = B)—" — B> " [[wn, — i
k—yo0 Tl’lk+1 Tnk“‘l

< limsupmxnk _)2“2 - ||xnk+1 _)2"2 + a”kQ3]
k—yoo

= —liminf[||x 1 — 2| — [Jxa, —£[|*] <0,
k—yo0
which gives limy_ ||Wy, — s, || = 0. Furthermore,
zn, —=wa [l = 1IBOne = Way) + T (Awny — Ay, ) ||
S (ﬁ +TnL1)HWnk _ynkH — 07k —7 .

Hence, ||z, — Yu || < |z, — Wa, || + [Wn, — Yne|| — O as k — co. Moreover, using Remark 3.1
and the assumption on {a, }, we have

;)
||, — Wi, || = Otnk—nk |[xn, — Xn—1]] = 0,k — o0
U,

and ||xy,+1 — 2Zn,|| = Q, Y||F (20, )|| = 0,k — oo. Thus, we obtain
||xnk+1 _xﬂkH < ||an —Xnk+1|| + ||an _Wnk” + ||Wnk _xnkH — 0,k — oo, (3.21)

Since {x,, } is bounded, then there exists a subsequence {x,, } of {x,, } which converges weakly
J
to some z € H such that

limsup(F(£),£ — x,,) = lim (F (%), —x,, ) = (F(%),£—2). (3.22)
k—so0 J—reo /
From limy_,c, ||Xn, — yn,|| = 0 and Lemma 3.3, we have z € VI(C,A). Since £ is the unique

solution to problem BVIP (1.1), it follows from (3.22) that

limsup(F (£),£ —x,,) = (F(%),£—2z) <O0. (3.23)

k—yo0

Combining (3.21) and (3.23), we have

limsup(F (£X),£ — x,,41) = limsup(F (£),% — x,,) = (F(%),£—z) <0. (3.24)

k—yo0 k—o0

Thus, from Lemma 2.1, (3.20), and (3.24), we have lim,_, ||x, — £|| = 0. This completes the
proof. U
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4. NUMERICAL EXAMPLES

In this section, we give some numerical examples to demonstrate the applicability of the pro-
posed algorithms and we show the efficiency of our proposed methods in comparison with some
recent and notable methods in the literature. All the codes are written in MATLAB R2015a and
run on HP Intel(R) Core(TM) 15 CPU M 520 @ 2.40GHz 2.40 GHz; 8.00 GB Ram laptop.

Example 4.1. Let F : R™ — R™ be the mapping defined by F(x) = Mx + g, where M =
NNT + S+ D, N is an m x m matrix, S is an m x m skew symmetric matrix with entries be-
ing generated in (—2,2), D is an m x m diagonal matrix, whose diagonal entries are positive in
(0,2), and ¢ is a vector in R™. Observe that F is A-strongly monotone with A = min{eig(M)}
and Lp-Lipschitz continuous with constant Ly = ||M|| = max{eig(M)}. Consider the following
quadratic fractional programming problem [19]:

win o) 25k
i X) =
bTx+d

and
5 -1 2 0 2 1 1
-1 6 -1 30 2

0= 2 -1 3 01 |ya=]| -1 |,b=| -1 |,c=-2,d=20

0O 3 0 50 -2 0
2 0 1 0 4 1 1

It was demonstrated [19] that f is pseudomontone on the open set
G={xeR’:B'x+d=x —x3+x5+20> 0},
w hich implies that the mapping A : R> — R? defined by

(b"x+d)(20x+a) —b(x" Qx+a’x+¢)
(bTx+d)?

A() = VF(x) =

is pseudomonotone on G. We then take the feasibility set C = {x € R:1<x< 3,i=1,2,3,4,5}.
Clearly, C C G. Therefore, A is pseudomonotone on C. Moreover, A is L;-Lipschitz continuous
on C with L} = 148.68 [19].

In this example, we choose stopping criterion ||x, —y,|| < 10~* and the choices of the parame-
ters are as follows: « =0.4,u=0.7,1p=1,y= ﬁ, oy = %, 6 =0.001,=0.7,¢, = niz = Pn,
xo generated randomly in (0, 1) and x; = (0,0,0,0,0); Case 2: x; generated randomly in (0, 1)
and xo = (0,0,0,0,0).

and T = We then consider two cases by interchanging the role of x¢ and x1, i.e, Case 1:
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TABLE 1. Example 4.1

x1=(0,0,0,0,0) x1=random(0,1)
iter cpu iter cpu

Alg. 3.1 117 0.024283 124 0.021327
Alg 1.1 3915 1.1025 14642 3.9431

Alg 1.2 33790.66795 10461 2.3301

102 102
e A or. 3.1 e A or. 3.1
e Algor. 1.1 e Algor. 1.1
A Algor. 1.2 10% Algor. 1.2
1DC';‘: 3
!
5 1073 8 \ o
| i | 10
- -
B 2
& 10 &
10®
108
10
108 1010
0 500 1000 1500 2000 2500 3000 3500 4000 0 5000 10000 15000
Number of iterations Number of iterations
FIGURE 1. Example 4.1, x; = FIGURE 2. Example 4.1, x; =
(0,0,0,0,0) random(0, 1)

Example 4.2. Take H = L*([0, 1]) with inner product (x,y) = fol x(t)y(t)dt for all x,y € H and

induced norm
1 1
2
= ([ toyar)”.

Let F(x(z)) = %x(r). Then F is A-strongly monotone and L,-Lipschitz continuous with A =
L, = %. Let the operator A : H — H be define by

x(t) + |x(2)]

—

Then A is monotone and L-Lipschitz continuous with L; = 1. We take the feasible set C to be
the unit ball, i.e.,

A(x(r)) = max(0,x(t)) =

C={xeH:||x|]|<1}.

Observe that the unique solution is 0. Take xo = cos 7wt and x| = sin 7t.
In this example, we choose stopping criterion ||x, — y,|| < 1072 and the choice of the param-

eters areas follows: o« =0.4,u=0.7,79=1,y= %, o, = 3—2”, 0 =0.001,8=0.7,¢, = niz = Pn>
2
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and T = %. We then considered two cases with different initial points. In case one, we chose
xo = 2t,x; =t and in case two, we chose xg = 0,x; = sint.

TABLE 2. Example 4.2

Xo=2t,x1=t x0=0,x|=sint
iter cpu iter cpu .

Alg. 3.1  64.9791 6 20.8762
Alg 1.1 92359209 8 81.6089

Alg 1.2 720.3717 7 33.6292

—— Algor. 3.1 —— Algor. 3.1
p— Algar. 1.1 e Algor. 1.1
Algor. 1.2 bt Algor. 1.2

= qp! = qp7!

Tpey — Ep
Tyl — Ep

102 e — 102

103 10

1 2 3 4 5 6 7 8 ] 1 2 3 4 5 6 7 8
Number of iterations Number of iterations
FIGURE 3. Example 4.2, xo = FIGURE 4. Example 4.2, xo =
2t,x1 =t 0,x; = sint

Example 4.3. Let H =R and C = [—1,1]. Let A : H — H be defined by

2x—1x> 1,
A(x) = X x € [—1,1],
—2x—1l,x<—1,

Then A is quasimonotone and Lipschitz continuous. Moreover, Sp = {—1} and VI(C,A) =
{—1,0}. Again, let F : H — H be the mapping by F(x) = x+ 2. Then F is strongly monotone
and Lipschitz continuous. The unique solution of BVIP (1.1) is —1.

In this example, we choose stopping criterion ||x, — y,|| < 10~ and the choice of the param-
eters areas follows: & =0.4,u=0.7,79=1,y= 2 oy, = %, 0 =0.001,8=0.7,¢, = n% = Pn,

and T = %. We then considered two cases by interchanging the role of xo and xp, i.e, Case 1:
xo=—2,x1 =2; Case 2: xg =2,x; = —2.
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TABLE 3. Example 4.3

x1=2 x1=-2
iter cpu iter cpu.

Alg. 3.1 760.0011669 76 0.0009025
Alg 1.1 6668 0.92223 6668 0.92379

Alg 1.2 16669 1.113 16669 1.1167

107 107§
’V —8— Algor. 31 » —8— Algor. 3.1
#— Algor. 1.1 i g— Algor. 1.1
10055 Algor. 1.2 2| Algor. 1.2
s 10
I
=1 10-2'\ =]
B 210t
3 3
| 104 |
b b y
= = 61 9
o 510 h
105 N
1081
108
10-10 | | | | I I I I | 10-10 | | | | I I I I |
2000 4000 6000 8OO0 10000 12000 14000 16000 18000 0 2000 4000 6000 BODO 10000 12000 14000 16000 18000
Number of iterations Number of iterations
FIGURE 5. Example 4.3, x; =2 FIGURE 6. Example 4.3, x| = -2
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