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Abstract. This paper discusses the k-sparse complex signal recovery from quadratic measurements
via the £,-minimization model, where 0 < p < 1. We establish the £, restricted isometry property over
simultaneously low-rank and sparse matrices, which is a weaker restricted isometry property to guarantee
the successful recovery in the £, case. The main result is to demonstrate that £,-minimization can recover
complex k-sparse signals from m 2> k+ pklog(n/k) complex Gaussian quadratic measurements with high
probability. The resulting sufficient condition is met by fewer measurements for smaller p and reaches
m 2 k when p turns to zero. Furthermore, an iteratively-reweighted algorithm is proposed. Numerical
experiments also demonstrate that £, minimization with 0 < p < 1 performs better than /; minimization.

Keywords. Nonconvex optimization; Restricted isometry property; Sampling complexity; Sparse phase
retrieval.

1. INTRODUCTION

Phase retrieval aims at the reconstruction of some signal from the squared modulus of its
linear transform. More concretely, suppose that we observe the signal x € F" (F € {R,C})
from the model

y=|Ax|*+¢, (1.1)
where A € ™" is some known measurement matrix and € € R” is some noise term, and our
goal is to reconstruct the unknown signal x based on y and A. Such kind of task arises in many
real applications, such as X-ray crystallography, astronomy, optics, and coherent diffraction
imaging when the sensors and detectors can only record the intensity of light wave [1, 2, 3].
Since

|Ax[* = |A(cx)?
for any |c| = 1, the recovery of x is equivalent as the recovery of the set X, where
x:={cx||c|=1, ceF}.

In noiseless case, i.e., € = 0, it demonstrates that m > 2n — 1 (resp. m > 4n — 4) generic mea-
surements are sufficient to exactly recover x € F”* up to a unimodular constant when F = R
(resp. F=C) [4, 5].

*Corresponding author.
E-mail addresses: yxia@hznu.edu.cn (Y. Xia), lkzhou@zufe.edu.cn (L. Zhou).
Received March 10, 2023; Accepted June 7, 2023.

(©2023 Journal of Nonlinear and Variational Analysis

607



608 Y. XIA, L. ZHOU

Recently, solving the phase retrieval problem received extensive attention in recent decades.
A remarkable result of Candes and Li for random Gaussian measurements is that we can recover
x by some semidefinite programming framework called PhaseLift [6, 7]. It applies the "lifting”
technique, that is, lifting the signal x into rank-one matrix X = xx* and then the quadratic
measurements can be linearized as below:

vi=(aj,x)]’ +ej=a}Xa;+e;,

where the measurement vectors @; (j = 1,...,m) are the column elements of A*. Based on the
convex relaxation model:
m
. *
min aZa;—y; st. X >0
ngnxnj:Z:l‘ Je4] yJ‘? z Y,

they proved that the solution is exact up to some global phase when m = n [6]. For some
nonconvex iterative methods for phase retrieval, we refer to [8, 9, 10, 11].

In this paper, we focus on the model (1.1) in the case that m < n. Although (1.1) does not
yield injective measurements, it can also become well-posed when the unknown signal x is
k-sparse. It was demonstrated that m > 4k —2 for F = C (resp. m > 2k for FF = R) generic
measurements can obtain the solution uniquely modulo phase [12].

The injectivity of the measurements does not imply that efficient recovery is possible. In-
spired by the success of the ¢; minimization model in compressed sensing, it is natural to take
the sparsity assumption and try to efficiently recover signals from fewer than » intensity mea-
surements. The following ¢; minimization model in the noiseless case is considered:

(¢ minimization) ~ min [zl st |Az|?> = |Ax|>. (1.2)
F4S

Based on the ¢; minimization model, one can recover x when m 2 klog(n/k) and A € F"*"
is random real or complex Gaussian matrix [13, 14]. Although the constrained model in (1.2)
is non-convex, many efficient algorithms were developed to solve it [9, 15]. Beyond the ¢,
minimization model, other nonconvex algorithms were also proposed to solve sparse phase
retrieval problem, such as Sparse Truncated Amplitude Flow (SPARTA) [16], Compressive
Phase Retrieval with Alternating Minimization (CoOPRAM) [17], and Sparse phase retrieval via
PhaseLiftOff [18].

A natural question is: whether the sampling complexity can be improved further. In this
paper, we aim to find the number of measurements in the ¢ » (0 < p < 1) minimization model,
that 1s,

(¢, minimization) min ||z|D s.t. |Az)* = |Ax|>. (1.3)
zeCr

The main result of this paper is that, for the case of random complex Gaussian measurements,
the number of measurements in (1.3) can be improved to

m 2, C1(p)k+ pCy(p)klog(n/k),

where C; and C; are determined explicitly and bounded by p. Therefore, when p turns to zero,
the dependence of the sufficient number of measurements m on the signal dimension n vanishes,
and the order of measurements becomes O(k), which meets the injectivity order in [12].
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2. NOTATIONS

Denote H"*" as the n x n Hermitian matrices set. For matrix X € C"*"2, we use X to
denote the submatrix of X with the rows indexed in S and the columns indexed in 7. We use
X ;. and X.; to denote the j-th row and the /-th column of X, respectively. Take ||X||o> as the
number of non-zero columns in X. Set

1= ¥ /ROG 2+ 10X0)2,
J,l

1X [ = X;(R(Xj,z)ZH(X,-,z)z),
J

and
IX|10 =Y (R(X;.)* +1(X;)*)P?(0< p< 1),
Jsl

where R(X;;) and I(X;;) are the real and image parts of X;;, respectively. For any X,Y €
Cnxm get (X,Y) :=Tr(X*Y).

We use A 2 B to denote A > ¢B, where ¢ is some positive absolute constant. The notation <
can be defined similarly. Without specific notation, we use C, ¢, and their superscript (subscript)
forms to denote universal constants and their values may vary with different contexts.

3. MAIN RESULTS

In standard compressed sensing, it was proved that when ¢;-minimization is replaced by
¢ p-minimization, that is,

min ||z[|D s.t. Az =Ax, (3.1)
4

fewer measurements are required for exact reconstruction [19]. Suppose that the measurement
matrix A satisfies the restricted p-isometry property, i.e., for all x such that ||x||o <k,

(1= Ix[I3 < [lAx[| < (1+ &) 1[5,
the unique minimizer of (3.1) is exactly x provided that
5!lk+b5(a+l)k < b —1

with a = [b*/?=P)k] /k and ||x||o < k.

However, such kind of restricted isometry property can not be directly extended to phase
retrieval problem. In the sparse phase retrieval problem, we consider a different notion of
restricted isometry property, based on the fact that the quadratic measurements can be lifted
in matrix space and xx* is simultaneously low-rank and sparse. We describe the following
restricted p-isometry property over low-rank and sparse matrices:

Definition 3.1. The map o7 : H"*" — R" satisfies the restricted p-isometry property (abbrevi-
ated as £,-RIP) of order (r, k) if there exist positive constants C and C such that

Clix|f < | X5 < ClIX |7
holds for all X € H"*" with rank(X) <rand || X|jp» < k.



610 Y. XIA, L. ZHOU

When referring to the phase retrieval problem, <7 (-) can be defined as
o (X) = (a1Xay,...,a,Xa,).
Then the £, minimization in the noiseless case becomes:

min [|z]|] st @/(22") = o (xx7). (3.2)
zeCr

The following theorem illustrates the sufficient condition for exact recovery of £, minimiza-
tion under the £,-RIP.

Theorem 3.1. Assume that < (-) satisfies the {,-RIP of order (2,2ak), that is,
CliX|f < |/ X5 < ClIX |7
for any X € H"" with rank(X) <2 and || X |02 < 2ak. If

C>T 1 4
L> a2-r + al—nr/2

for some large enough a > 1, then the solution x* to the model (3.2) satisfies
X (x")* = xx*.

Henceforth, we discuss the £,-RIP for complex Gaussian measurements. The following the-
orem demonstrates the sharp bounds on the £, expectation E|a;Xa;|?, that is, the upper bound
and lower bound can be achieved for proper choices of X. It can be taken out for research
separately for interested readers.

Theorem 3.2. Assume that X € H"" with rank(X) < 2 and || X||r = 1. Consider a; (i =
1,...,m) independently drawn from complex Gaussian random vectors, i.e., a; ~ A (0, %I )+
N (0,31)i. Let X; = |a/ Xa;|P with 0 < p < 1 and p = EX;. Then

1
?2*P/2r(p+2) < Ela*Xa|’ <27P1*T(p+2), (3.3)
p
and
m l2 ‘ 12—
P ;(X,-—u) >t | <2exp b witht<p+p/~ P, (3.4)

where c is some positive absolute constant.

Remark 3.1. For any 0 < p <1, we have 277/?I'(p+2) <2 and 47277/’ (p+2) > 27%/2.
Then 273/2 < E|a*Xa|? < 2, for any X € H"" with rank(X) < 2 and || X||r = 1.
Furthermore, when p turn to 0, we can achieve that

1
27PPI(p+2)—1  and jzfl’/zr(lw 2) =1,
p

which leads to more flexible choices of C and C in the ¢ p-RIP described in Definition 3.1.

Now the concentration inequality of ||.<7(X)|| for low-rank and sparse matrix X can be
demonstrated below.
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Theorem 3.3. Ser 2" :={X ¢ H"" | | X||r =1, rank(X) <2, || X|l02 <L} and take €,1 > 0.
Consider a; (i = 1,...,m) independently drawn from complex Gaussian random vectors, i.e.,

a; ~ JV(O,%I) —h/V(O,%I)i. Then, forany X € 2,

4 n p
m(2‘3/2(1—4n)—(1+n) i ) <Y la/ Xa;|” <2m <1+”+2€ )
i=1

1—2¢epP 1—2¢gpr

SL
9v/2en mn?
1-2 exp| ———= |,
eL 2cpl—2p

where c is some positive absolute constant.

with probability at least

Based on Theorem 3.3 and Theorem 3.1, we find that £, minimization can recover the un-
known k-sparse signal from fewer measurements with a small value of p than that was needed
in the aforementioned results [13, 14].

Theorem 3.4. Consider a; (i=1,...,m) independently drawn from complex Gaussian random
vectors, i.e., @; ~ JV(O,%I) +JV(0,%I)i. When
m 2, k+ pklog(n/k),

the solution x* to model (3.2) satisfies
x#<x#>>k :xx*’

with probability exceeding 1 — 1/ (Z)

4. NUMERICAL EXPERIMENTS

Many numerical experiments were made to demonstrate the empirical success of the ¢; min-
imization model. For example, Moravec, Romberg, and Baraniuk proposed an iterative projec-
tion algorithm to solve (1.2) [20]. The ADM algorithm was introduced in [15]. However, the
proposed ADM algorithms cannot be guaranteed to converge. In this paper, we focus on the
numerical behavior of

Izn>18 1Z]|5 s.t. trace(Z) < trace(xx"), a;Za; =y;, j=1,...,m, 4.1)

when 0 < p < 1. When p = 1, the SDP solver is applied in the small-scale case. In large-scale
cases, it can use a fast matrix-factorization-based algorithm to solve the semidefinite program-
ming [21]. Based on the factorization method, the scaled gradient method is used to give fast
and robust convergence in matrix recovery problem [22].

In order to solve (4.1), we apply an iteratively-reweighted method. We begin with the mini-
mization of (1.2) when p =1 as ZW_ Let Z"t) be the solution of

Iznin(};; 0)1(77<)|Zl,k| s.t. trace(Z) < trace(xx"), a;Za; =yj, j=1,...,m, 4.2)

in the noiseless case. Here the weights are given by

ol = (2] er)"
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The iteration is continued until convergence, and the whole process is repeated with €, = ﬁ as
the sequence {¢,} decreasing too fast does not improve the efficiency of the computations [23].
By similar statements in [23, Proposition 4.1], the sequence {Z(”)} generated by (4.2) admits a
convergent subsequence.

Denoting the algorithm output as X*, we estimate the signal x* by extracting the largest
rank-1 component of X*. That is, when the eigenvalue decomposition of X* is taken as X* =
Yoo Awuy, with Ap > ... > A, set x* = /A u;. Besides, we use the relative error as

d(x*,x)
Ixll2

where d(x* x) = min¢— llex* — x||. We consider an algorithm to have successfully recon-

Relative Error :=

structed a target signal x if the relative error is smaller than 1072.

In numerical experiments, we focus on the iterative-reweighted algorithm in (4.2) and con-
struct two kinds of measurements: (i) the real Gaussian model: the sampling vectors a; are real
Gaussian random vectors, i.e., a; ~ A" (0,1,,xp); (ii) the complex Gaussian model: the sampling
vectors a; are complex Gaussian random vectors, i.e., @; ~ (0, %Inxn) +4(0, %Inxn)i. The
signal dimension n = 50. For each fixed sparsity level &, the support of x is drawn from the
uniform distribution over the set of {1,...,n}. The non-zero entries of the real (resp. complex)
k-sparse signal x are drawn from Gaussian distribution .4"(0,1) (resp. .47(0,1)+.47(0,1)i).
For convenience, we normalize x into ||x|, = 1.

First of all, we investigate the convergence performance when p varies in {0.1,0.5,0.7}. The
measurement number is m = 30 in the real Gaussian model and m = 60 in the complex Gaussian
model. Figure 4.1 depicts the relative error versus the iteration number for the real Gaussian
model and complex Gaussian model. The algorithm converges after a relatively small number
of iterations. We find that the algorithm converges much faster when p decreases.
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FIGURE 4.1. Comparison of the convergence result under different measure-
ments: (a) the real Gaussian model; (b) the complex Gaussian model.

Furthermore, we test the empirical success rate against the measurement number m and the
sparsity level k. We evaluate the algorithm under different choices of p by 20 trials. The plots
of successful recovery probability against the sampling number m (resp. the sparsity level k) are



THE SAMPLING COMPLEXITY ON NONCONVEX SPARSE PHASE RETRIEVAL PROBLEM 613

demonstrated in Figure 4.2 (resp. Figure 4.3). The numerical results demonstrate that reducing
the value of p below 1 clearly reduces the number of measurements needed for perfect recovery,
and improves the success rate when the sparsity level k increases.
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FIGURE 4.2. Comparison of the empirical success rate for fixed k = 5 under
different measurements: (a) the real Gaussian model; (b) the complex Gaussian

model.
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FIGURE 4.3. Comparison of the empirical success rate for fixed m = 50 under
different measurements: (a) the real Gaussian model; (b) the complex Gaussian
model.

Besides, we demonstrate the performance of the algorithm under additive noise. The white
Gaussian noise is followed by MATLAB function awgn(.«7 (xx*), snr). Here m =70, k = 5 and
20 trials are conducted. The SNR level varies from 30dB to 60dB. The signal-to-noise ratio of
reconstruction in dB is taken as —20logo(Relative Error). The average relative reconstruction
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error against SNR is shown in Figure 4.4. The desirable linear scaling between the noise level
and the relative reconstruction error can be observed. Meanwhile, it provides better relative
error when p decreases.
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FIGURE 4.4. SNR of the signal recovery versus the noise level when kK =5 and
m = 70: (a) the real Gaussian model; (b) the complex Gaussian model.

5. PROOFS
5.1. Proof of Theorem 3.1.

Proof. Denote x* as the solution to (3.2). Since exp(i@)x# is also a solution to (3.2) for any
0 € R, we can assume that

(x*.x) eR and (x*,x) >0.
Set X = xx* and H = x*(x*)* — xx*. Denote Ty = supp(x). Set T; as the index set which
contains the indices of the largest ak elements of xﬁoc in magnitude, and 75 contains the indices

of the next ak largest elements, and so on. For simplicity, set Tp; := To U T; and H=H To1.Tor -
Assume that

1 _
1Hzg 7 17 <Y [l (eF) 1% < az—,pHHII’é, (5.1)
i>2,j>2
and .
Z |H, 1, 17 = Z ”xT ||F = J=p2 ||H||F7 (5.2)
j>2 j>2

for any i € {0,1}. Then we can directly apply the RIP bounds of <7 (-), which arrives at

L (H)||; = ||« (H — H)II”<C<2 PO AC AN TR IIx%x?,H?)

j>2,i=0,1 i>2,j>2

—( 1 = 4 1 4 —
P P
§C<a2—p|lHHF 1, /QHHHF) (az_p+a1p/2) ||HHF7
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and
</ (H)||% > C|[H||%.

C>T 1 4
¢> a2—p+al—p/2 ’

we immediately obtain H = 0. It leads to

|Hze 7|z =0 and Y |[Hrzllp =Y |25 (F) (15 =0,
j>2 j>2

If

for i € {0,1}. Therefore,
IHN7 = | (") —xx™||7 < [Hrpg, re |7 +2 Y. |Hzzl7+[HIE =0,
j>2,=0,1

and the conclusion holds:

X (") = xx*

The only thing left is to derive (5.1) and (5.2).
On one hand, we can obtain inequality (5.1) by the following statement:

2
IHrg .z IF < ), o) < ) IIxT||”||xT|| (lelel”)

i>2,j>2 i>2,j>2 i>1
_ 1 ¥ 2p 1 »
= (ak)z,pHngHp = (ak)—z,,,HHT(;,T(;Hp
(c) 1 )
< o Hnnlly < = | Haynllr < HHHF
(ak)>—»
b I
Here (a) follows from HxT (xT ) llF < ||xT ||2HxT 2. Inequality (b) is based on ||xT [E W

for any j > 2. (c) is according to ||x*||, < ||x||, and

1H gzl < [1H — Hry 15 = 1" ()" — o, (o, ) ¥ (15 = la® (%) (15 — llac, (7)1

< e |[5 = lla, ()15 < llex™ =, ()15 = | H 1.

On the other hand, inequality (5.2) can be obtained as below. For any i € {0, 1}, we have
Y IHn |7 =Y 1Hyzllp = Y 6767 17 < Iz 115 Y ller, 115
j=>2 j>2 j>2 j>2

1 (d) kl-r/2
P [V #ogp. -

e 1
p
S al_p/zuHHF‘

— x|}

Here (d) follows from
1-p/2 1-p/2 #
e 15 < [lxll5 — 165 15 < llx—x%, |15 < & PRx— x5 < KPP x— x5
(e) is based on Lemma 3.2 in [14], that is,

1
o= 2= 75 1 o < e —ocfy, (o, )7
V2
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when (x,x%. ) > 0. O
5.2. Proof of Theorem 3.2.

5.2.1. Auxiliary Results. First of all, we establish some technical tools.

Lemma 5.1. Assume that A is some positive integer and 0 < g < 1. Take some 1 > 0. Then

1/q

u
| o=ty < wh gl

for any fixed T with0 < 7 < 1.

Proof. Taking u with pu = x4, we have

u'/a 1 1/q A+1/q
/O (xT — ) dx = /0 ((uu—m*-%wl/gl)du:“q B(A+1,1/q)

:‘u)w-i-l/ql—‘(z,—i—l)r(l/q )H—l/q H k_'_]/q H
g T@A+1+1/q) J+1/q Jq+1

[TA]
< ‘ul-i-l/q IT’I g = ‘ulﬁ-l/qq[fﬂ (’L’l—‘ I
=1

O
Lemma 5.2. Assume that A, > 0. Then
/:m(x— 1) exp(—2/2)dx < 25T (%) .
Proof. By direct calculation, we have
/” T (o= ) expl(—2/2)dx = / " exp(— (x4 p)2/2)dx < /O "t exp(—i2/2)dx
- / (21)" 7 exp(—t)dr = 2°7'T (#)
by taking ¢ = x?/2. O

5.2.2. Proof of (3.3) in Theorem 3.2.

Proof. By the definition of X, the eigenvalue decomposition of X becomes X = UXU ™, where
= {g 2] € R?*? with a?> + B% = 1 and U € C"™*? satisfies U*U = I. Under the rotation

invariance property of Gaussian random vector, we have
Ela'Xa|’ = E|la(z} +23) + B3 +27)|P-277, (5.3)

where 71,272,273, and z4 are independently drawn from .47(0, 1).
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Now we focus on the upper and lower bounds of E|ct(z +z3) + B(z3 +23)|P. Without loss
of generality, we assume a > |fB|. Taking z; = pjcos 6, zp = p;sin6, z3 = pycos@, and z4 =
p2sin @, we have

Elo(zi +23) +B(z3+23)|

1 DB+ BE+
(271/ /|az1+z2)+ﬁ(z3+z4)|pe p( 1 223 4)d21dZ2dZ3dZ4

-&@ /2ﬂd9/2ﬂd¢/+m " ppalup? + Bp3Pexp (P22 apya
22 Jo 0 0 o p1p2|apg P2 " exp 7 p1ap2

Hoo oo
:/o A Plpz\aP%+[3P22|peXP< pr > P2) dpidpz. (5.4)

Denote p; = pcos @ and pr = p sin ¢. One sees that (5.4) becomes

Ela(et +23) + B a3 +23)I"

Foo [foo
:/o A P1P2|O¢P12+I3P22\pexp( pr > pz)dpldpz.
o0 /2
:/ p2p+3exp(—p2/2)dp-/ cos @ sin @|a cos® @ + B sin” @|Pd @

—/ —p* 3 exp(—p?/2)dp - / o+ (B —a)t|Pdt,

where the last equality above is based on ¢ = sin*@. Thus E|ot(z +z3) + B(z3 +23)|F can be
considered as

Ela(zi+23) + B3 +2)|P =Epu (p* o+ (B —a)t|?) =Ep (p*)Es(|ar+(B—a)t|P), (5.5)

where ¢ is taken as some random variable drawn from %[0, 1], and the density function p(p) of
p satisfies

1
p(p) =P exp(—p*/2),  0<p <eo.
By direct calculation, we have

Ela(z +23) + B(53+23)”

1
=By (p)Ei(|o+ (B—at]") =2T(p+2) [ o= (B - ol
PL(p+2)-(1/2)7 oa=p="F
— Qr(p+2).m.ﬁ.(ap+l_ﬁp+l> oc;é[ian ﬁ_
2PT(p+2) - 5ig g - (@ - (=B)P*) B <.
and E|o(z2 +23) + B(z3 +23)|? reaches the upper and lower bounds on the case of § = ‘[ and
B = —4, respectively. Therefore, we can obtain

2T +2) <Ela(d +3) + BGE + )P < 2°T(p+2)
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which leads to
2T (p+2) < Ela' Xal = Bla(d+3)+ @G+ 27 <27P(p+2)
0

5.2.3. Proof of (3.4) in Theorem 3.2. The following theorem plays a fundamental role in the
proof of (3.4).

Theorem 5.1. [24, Theorem 1.5] Let X1, . .., Xy be independent copies of some random variable
X. Denote 4 = EX and

[%E(X e )

S

T:supk21(3.1)

Then

P <( f(Xi—u)’ > t) < 2exp (—%) :

i=1
Proof of (3.4) in Theorem 3.2. According to (5.3), when 1/2 < p < 1, we have
i Xar[”[ly, < 4[|z |ly, <4llmax{1,[z[*"}[ly, <4[|max{1,2*}]ly, <7,

where z ~ #7(0,1) and || - ||, := sup;>1(E|- KY1/k, Therefore,

2
P < > t) < 2exp (—Ct—m) , (5.6)
1

for any 1/2 < p <1 [25]. Then we discuss the case that 0 < p < % In order to apply Theorem
5.1, we should estimate

m

Z(Xi—ﬂ)

i=1

1 [ 2Kk nE
T=sup;>(3.1)4 @E(X—H) ;
when X = |a1TXa1 | and u = EX. According to (5.5), we have
E(X — u)* =Ep (f(p)g(t) —Ep f(p)Erg(1))*,
where f(p) = p?” and g(t) = |t + (B — a)t|” with the density functions on p and ¢ as

p(p) = 30 exp(~p*/2). 0<p <o and p(1)=1,0<1<1.

Therefore, by (x+y) < 2%~ 132k 1 22k=1y2k \e can obtain that
E(X — )™ =Ep(£(p)g(t) ~Epf(p)Eig(1))* = Ep (E:(£(p)e(r) ~Epf(P)Eig()* | p)
<2%'Ep (E/(f(p)g(t) — F(P)Esg(1)™ | p)
+ 271 (Bi(f(p)Erg () — Ep f(p)Erg(1)™ | p)

<2 Ep f(p)* - Ei(g(t) — Brg ()™ + 2% Bug (1) - Ep (f(p) —Ep £ ()™
Now we calculate the upper bounds of E, f(p)* - E, (g(r) — E,g(r))* and E,g(t)** - E, (f(p) —
Eo f (p))* separately.
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(a) Estimation of E,, f(p)* - E,(g(t) — Eig(t))*
On one hand, we have

1
Bpf(p) = [ p¥h.p exp(—p?/2)dp = PPT(2pk+2) < 2 (12pk] +2)1.
On the other hand, we denote v = [E;g(). By direct calculation, we have

1/2)P/2, o=p =%
v — Iﬁ. L. (art!— grtly, o#Band B >0;
(ot (=p)Pth, B <O.

=
~
[\

—~

Q

=

1

p+l1

7
=

If
E/(g(r) — Erg(r))*
0, o=p=22
<4 02 (Fe) VPR (1L 2p)k] 1 g% (V)R o fand B0
2p!( 2RI (1= 2p)k] L 297 (2v/20), p <o,

(5.7)

then
B/ (5(1) —~ Erg(1))* < 2% (2v2¢) 45 pl =241 [(1 —2p)i,
which leads to

Eof(p)* K (g(t) — Eg(t))*

< 2%(|2pk] +2)!- (zpzk. (2v2e) 5 T2 (1 2] !> IR

Therefore, we should estimate E,(g(¢) — E;g(t))* in (5.7) case by case.
When o = f8 = \/TE, it is easy to see that I, (g(t) — E,g(¢))?* = 0.
When o # 8 and 8 > 0, by taking x = ot + (8 — o)z, it obtains that

E/(g(t) — Eg(t))*
:/1(|a+ (B — o)t|? —v)*di = /01((a+([3 —a)r)? —v)dt

vl/P
v v v
dx = d d 5.9
Ta— ﬁ T B/ ] o—p /l/p x. (39

Since x” — v < (x — vl/P) ~p'v1_1/1’ when x > v1/7, then
1 o
(X—ﬁ vl/p

(x? — v) 2y < / “ e VP 20Uk g
(X—B vi/p
: | (5.10)
— 2k \2(1=1/p)k | o 1/p\2k+1
a—pl Y TG A

Similarly, we have

vl/P 1 :

2k 2% p2(p 1/ 2k+1
dx < —— p 5.11
o— [3 o o— [3 P B 2k-|-1(v A) ’ ( )
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and

1 vl/l’ vl/[’
a_ﬁ/ﬁ (7 —v)hdx < —— 13/ v)dx

1 U+1/p  [(1-2p)K]
S p P — !
<ap v [(1—=2p)k]

(5.12)

by taking ¢ = p, A =2k, and T = (1 —2p)/2 in Lemma 5.1. Plugging (5.10) and (5.12) into
(5.9) when 0 < B < +/5/5, and plugging (5.10) and (5.11) into (5.9) when v/5/5 < B < v/2/2,
we have

E(g(f)—Eg(t))2k< PZk (%6) +/5- p [(1- 2pk1[( —2p)k]!, OSBS\/g/S;

P () (v VS/S<B <A
Therefore, when « # B and B > 0, we have
5 2%
E/(g(r) ~Erg(1)* < p*- (75) +V5 plUH [ —2p)r] 14 2 (VE).

ocgﬁ
1 o 1 -B
— P v\2k P \2k
a_ﬁ/o (0 vt o [0 v
Since
2k
- [3 dx
vi/p a
< / ( — v)dx — / W —v)det [ (= v)dx
0 0 vl/p
§v2k+1/pp[(172p)k1 ((1 —2p)k—| ! +p2k . v2(171/p)k_ 2k:— 1 (OC _ vl/p)2k+1
<pl=2PRI[(1 = 2p)k] 1+ p™* - (V2e),
with

Vv

1>vl/r> (L .2—17/2)1/p :2—1/2.(p+ 1)—1/1!7 1
- - p+1 9
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and
2k
d
o — [3 o
Vl/l’ 7[3
< / (” — v)dx — / o —v)dx+ [ (" —v)dx
0 0 vl/p
_ _ 1
§V2k+1/pp’—(l 2p)k] "(l_zp)k‘l,_'_kavZ(l l/p)k‘2k+1(_ﬁ_vl/p)2k+l
<plI=2K (1~ 2p)K]1 + (2v/26)
we have

Bie() =) = =5 [~ v+ o / v)dx
< 2pl(1=2p)k 1f(l —2p)k|! +2p**(2v/2e) %

(b) Estimation of E,g(t)*E, (f(p) —E, f(p))*
On one hand, we have

(1/2)pk’ (X:ﬁ:_
Eig(t)* = § sty aop - (@2 = B4, Band f>0;
T o (@ (=B)E), B <.

Thus, for any o and B with a? 4 B2 = 1, it arrives at F,g(1)* < 1.
On the other hand, one denotes @ = E,, (p??) = 2PT'(p +2). Direct calculation yields that

4> 0"/ >1,
and
Ep(p* —Ep(p*?))**

T n X 2
:/ (¥ — @)% - exp(—/2)dx

0

COl/2p 3 o

3
< / (x?? — ). %dx—k (x*P — ). % -exp(—x?/2)dx
0

wl/2p
N~

~~
a

b

Thus we need to estimate the upper bounds of (a) and (b), respectively. Taking x> = ¢ and
applying Lemma 5.1, we have

wl/2p x3 1 wl/P
(a) = / 2 — @) gy = - / (t — o) *1di
0 2 4 Jo

— w2k+1/ppkk! §41+2kpkk!.
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Besides, it obtains that x2? — @ < (x — a)l/(2p)> -(2p) - @'~/ (2P) when x > 0!/ 2P) It follows
that

oY (2. -1V 2
(b) < /w (=0 2p)-0 ) (-2 /2)dx

% 2k—k/p [T 2%k x+o'/Cr) ’
—(2p @t [T (RO ) exp(—(r+ 0!/ /2)d

(2p) w2kk/p. /oonk(x3 + a)3/(2p)) exp(—xz/Z)dx
0
—(2p)2*. @2 HI. /mx2k+3 exp(—x2/2)dx+ (2p)2% - @?kK/PH3/2p). /mxzk exp(—+2/2)dx
0 0

:(2p)2k . w2k—k/p . 2k+1 F(k—{-Z) + (2p)2k . ka—k/p+3/(2p) ‘2k—1/2 F(k+ 1/2)
(26)!
22k

S(k'i' 1)' '42k ‘22/(—0—] . (2p)2k+ <2p)2k.42k+3 2k . \/E

Thus
2k)!
o (0™~ Ep(p)) < (k- 1)1-4% 2242 (2p) 4 (2p)- 42 2 /. B
which leads to

Erg(1)*Ep(f(p) —Epf(p))*

142k A2k42 2%k 2% 2%k+3 Ak~ (2K)! (5.13)
< (k+1)!-47%.2 (2p)* 4+ (2p)* -4 k. /7

22k

(c) Estimation of 7.
Based on (5.8) and (5.13), we have

k
SR
2 k! 2k—1 A2k 2k [(1-2p)
< B P2 Lok 1201 (2% (2v2e) T4 VB0 20T )
+%'22k—1 . ((k+1)!'42k‘22k+2'(2p)2k+(2p)2k_42k+3‘2k_ﬁ'%)

2k
<(k+1)-(k+2)-2%. p*. (2f2e) +(k+1)- (k+2)-V/5- pl0=20K 2%=1 /I mkexp(2)
+ (k+ 1) . 28k+1 X (2p)2k +22k—1 i (zp)Zk _42k+3 . \/%

The second inequality is based on Stirling’s approximation inequality [26]:

k
(22:)!1 A(m1) - (m!) < V2exp(2) - V/Am2niny < V2mkexp(2),

provided that n| 4+ ny = k. Therefore,

1

2k k! 2%
| GeE -] < ppt

T—= supk21(3.1)4 m
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m
Y Xi—u)

2
P >t <2exp(——— ), (5.14)
i=1 sz’L'2

when 0 < p < 1/2. Based on (5.6) and (5.14), we can conclude that

m 1‘2
P Z(Xi—,u) >t ] <2exp (— 2), with t < p+ p'/?77.
Here ¢ = max{cy,2¢,} asp+p1/2_1’§2whenl/2<p§1. O

5.3. Proof of Theorem 3.3.
Proof. Z is equivalent to 2 with
2 ={XeH™" | X=ULU* LA Uc¥},

where
A={Z e R¥?| L =diag(A, &), A2+ A7 =1}
and
U ={UeC™|UU=I |Ulor=L}=Uyg- %
with

Ur ={UecC”?|UU=IU=Ur.}
Then we can construct the €-net of 2" in the the following construction. We use 27 to denote
an €/3-net of %z, that is, for any U € %, there exists some Q € 2y C %y such that Q = Or.

and ||@ — U||r < &/3. We have | 27| < (9v/2/¢)*F, where | 27| is number of elements in 27
[27, Lemma 2.2]. Denoting 2, = U|T|:LQT, we obtain that

4L 4L
en\L [ 9v/2 9v/2en
o< () (%] < .
L £ eL
Similarly, let A¢ be as an £/3-net of A with |A¢| < (9/€)? and set
Ne={UZU" |U € Q¢ and X € A¢}.
Therefore, for any X = UXU™" € 2, there exists some Xo = UoZoU, € .#¢ such that
||X—X0||F = ||UZ‘.U>’< _UOEOUSHF <eEe.
Based on (3.3) and (3.4), we have that, for any X € 2,
2732 m(1—4n) X |17 < | (X)||5 < 2m(1+1) | X |7

SL
9v/2en mn?
1-2 exp| —=———= |,
eL 2cpl—2p

where c is some positive absolute constant. Set

with probability at least

C = max —||«/ (X)]|%.
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For any specific X € 2, there exists X € .1; satisfying || X —Xo||r < €. Asrank(X —X() <4,
it obtains that
X—Xo=X,+X»

oh X1 X _
with X TKalr © 2, and (X1,X,) =0. On one hand,

|7 (X))} <[l (Xo)l;, + |7 (X — Xo)]|}
<[l (Xo)l[; + |« X1)|I; + |l (X1)]|
<2m(14n) +Cm(|X 1|7 +1X2[17) <2m(1+1)+2"PCm(||X || + | Xal|r)”
<2m(1+4n) +2'7P2Cm|| X\ + X, ||% < 2m(1 +1) +2€”Cm.

It implies that "
c< 24,
On the other hand, we can obtain that
1 (X1} =127 (Xo) I}, — |-« (X — Xo)l[;
>2732m(1 —4n) —2ePCm > 273 m(1 — 4n) — 221(1_—7;8”2 -€Pm
Thus, for any X € 27,

(2520 am) - (e 250 <ol < (14

with probability at least

n+2¢’ )
2
1 —2¢p ’

O
5.4. Proof of Theorem 3.4.
Proof. According to Theorem 3.1 and Theorem 3.3, we have
— n+2¢eP B _3/2 4eP
C_(1+1—23P -2m and C=m|2 (1—4n)—(1+n)1_28p .
In order to meet | 4
Q>’}/C, where yZClz—_p—f-m,
it is equivalent to obtain that
273/2(1 —4n)(1 —2eP) —4(14+1)e” > 2y(1 —2€P) +2y(n + 2¢P). (5.15)
The sufficient condition of (5.15) is
2732(1—4n) — (4(1+n)eP +€P) > 2y(1+1). (5.16)
If
2732(1 —4n) > 4y(1+1) (5.17)
and

A(1+m)el +e < (2732 (1—4n) —2y(1+1n))/2,
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then inequality (5.16) holds. Observe % + alz <y< aﬁT + é In order to meet (5.17), 1 can be
taken as some constant that only depends on a. Besides, €” can be taken as

2732(1—4n) —2y(1+n)
2(1+4(1+1))

5L
9v/2en mn? k\*
eXp\ 5773 ) == >
eL 2cpl =2 en

as (i)k <1/ (Z) This is equivalent to

en

el =

=1(a) < 1.

It is enough to prove that

1-2
m> pnzp . ak- (log(n/(ak)) + %log(l/r(a))) > k+ pklog(n/k).

The second inequality above is based on 1 < p™” < 2. Thus it meets the conclusion. 0J
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