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MULTIPLE SOLUTIONS FOR A CLASS OF KIRCHHOFF TYPE EQUATIONS
WITH ZERO MASS AND HARDY-LITTLEWOOD-SOBOLEV CRITICAL
NONLINEARITY

CHONGQING WEI, ANRAN LI*

School of Mathematical Sciences, Shanxi University, Taiyuan 030006, China

Abstract. In this paper, we study the multiplicity of solutions to the following Kirchhoff type equation
with zero mass and Hardy-Littlewood-Sobolev critical nonlinearity

2 )
—m(/ \Vul*dx)Au = LK (x)f(u) + (/ |u(y)’dy> lu|**2u, x€RVN,
RN R

N |x—y[#
u € DV2(RN),

N—2
Littlewood-Sobolev inequality, and m satisfies some local monotonicity conditions near zero. The non-

linearity f is odd in u and satisfies some classical superlinear and quasi-critical growth conditions. For
any given k € N, k pairs of nontrivial solutions are obtained for A large enough by a version of the
symmetric mountain pass theorem and a version of the second concentration compactness principle.

where N >3, A >0, u € (0,min{N,4}), 2;, = AN"L s the critical exponent in the sense of Hardy-
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1. INTRODUCTION AND MAIN RESULT

In this paper, we consider the following Kirchhoff type equation

—m(/ \Vul?dx)Au = ALK (x) f(u) + / ju) P dy | [u)®7u, xeRY,
RY RY |x—y[#
u € DV2(RN),

(1.1)

where N > 3, A € (0,+), and u € (0,min{N,4}) are given parameters, 2;, = 211Vv_—2u is the

critical exponent in the sense of Hardy-Littlewood-Sobolev inequality (see Lemma 2.1), and
m, K and f satisfy the following assumptions:

(mg) m € C([0,+00),[0,+00)) with m(0) > 0, and there exists ¢ > 0 such that m is increasing
(or decreasing) in [0, o];
2*
»;

(Ko) there exists p € [2,2*) such that K € L*(RV)NLZ 7 (RV), K(x) > 0, a.e. x € RV, where
2F = 1% is the critical exponent of Sobolev embedding;
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(K1) there exist ag, 7 > 0, and xo € RN such that K(x) > ag for a.e. x € B,(xo), where B,(xo)
is an open sphere in R which is centered at xo and with a radius of 7;
(fo) f € C(R,R) is odd;
(f1) there holds lim, o 5% = limy,y .. H2 = 0;
(f) there exists v € (2,2) such that 0 < VF(s) < sf(s), s # 0, where F(s) = [, f(t)dr.

Generally speaking, we call a nonlinear Schrodinger equation is with zero mass —Au +
V(x)u= f(u),x € RN if V=0 and f satisfies f'(0) = 0 (see [1, Section 5]). Problem (1.1) is
a class of problem with zero mass, because under our assumptions the nonlinearity f can verify
the condition that f'(0) = 0.

Our study 1is inspired by some works in recent years. On the one hand, various classes of
Kirchhoff type equations have been under the spotlight of research for the past two decades.
It was first proposed by Kirchhoff [2] with its origin in the theory of nonlinear vibration. In
the case m(t) = a+ bt with a,b > 0, it is an extension of classical D’ Alembert’s wave equation
for free vibrations of elastic strings. Since Lions in [3] proposed an abstract framework to this
problem, Kirchhoff type equations have been widely studied in extensive literatures. We refer
the readers to [4-23] and the references therein. Among them, the critical case were studied
in [12, 15, 18-23]. Particularly, by truncating the nonlocal term, the following Kirchhoff type
equation with critical growth was studied in [20]

i / Vul2dx)Au = A f(x,u) + plul> 2, xeQ,
Q
u=0, x€dQ,

where m is an increasing positive function in [0, +o0) and the nonlinearity f is odd in the second
variable and enjoys some superlinear growth conditions. By applying a version of the symmetric
mountain pass theorem and the second concentration compactness principle of Lions [24, 25],
multiple solutions depending on u and A were obtained in [20].

On the other hand, the following Choquard equation

— Au+V (x)u = (I * |u]”) |u|??u, xRV, (12)

has attracted much attentions due to its vast applications in physical models [26,27]. The ex-
istence and uniqueness of positive solutions for (1.2) with N =3, V(x) =1, a =2,and p =2
was firstly obtained by Lieb in [26]. Later, Lions [28] obtained the existence and multiplic-
ity results of normalized solutions on the same topic. Moroz and Schaftingen [29] studied the
existence, asymptotic behavior, and symmetry of solutions for Choquard equations. Gao and
Yang [30] studied the Brezis-Nirenberg type critical problems for nonlinear Choquard equations
in bounded domains. Later, in [31], some existence and multiplicity results for Choquard equa-
tions with Hardy-Littlewood-Sobolev critical exponents in bounded domains were established.
For related topics, we refer the readers to [32], a survey paper.

Recently, for the case m(t) =a+bt®and 6 € [1, 2},), the following Kirchhoff type equation
in the bounded domain with Hardy-Littlewood-Sobolev critical nonlinearity was studied in [33]

o1 2
a+b (/ |Vu|2dx> Au= Ak(x)u+ / Mdy 2 2u, xeQ,
o Q [x—y[#

u=0, X € JQ,
(1.3)
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where Q C RY is a bounded domain with LlpSChltZ boundary, 0 < u < N, and a,b, A are pos-

itive real parameters. The function k € L7 (Q) is a nonnegative and continuous real valued
function. By using the genus theory, introduced by Krasnoselskii, a variant of the mountain
pass theorem for even functionals due to Rabinowitz [34], and a version of the second concen-
tration compactness principle [35], the multiplicity of solutions for problem (1.3) was obtained.
Motivated by [20] and [33], we studied the following Kirchhoff type equation in the bounded
domain with Hardy-Littlewood-Sobolev critical nonlinearity in [36]

—m/]Vu|2dx)Au—lfxu </| dy> > 2u, xeQ,

u=0, x € JQ.

The assumptions on m and f in [36] were slightly weaker than those in [20]. The multiplicity
of solutions was studied in [36] via a version of the symmetric mountain pass theorem and the
truncation method.

More recently, multiplicity results for the following Choquard-Kirchhoff type equations on
RY with Hardy-Littlewood-Sobolev critical exponent were studied in [37]

2 q-2 |u(y) ’27‘“ 25 -2 N
— a—l—b/RN\Vu\ dx | Au= ak(x)u|? “u+ B /]RN |x—y|“dy lu| "2 "u, x e RY,

where a > 0,b > 0, N > 3, a,f are positive real parameters, k € L"(RV) with r = 2*2—* if
g € (1,2%) and r = 0 if ¢ > 2*. The multiplicity of solutions to the equation above was obtained
by variational methods, depending on «, B, according to the different ranges of q.

As demonstrated in the literatures, various versions of concentration compactness principles
play an important role in averting the lack of compactness. Particularly, on the whole space
RV, the concentration compactness principle at infinity [38] provided some quantitative infor-
mation about the loss of mass of a sequence at infinity. Base on [24,25, 38], the authors in [35]
established a version of the concentration compactness principle for Choquard type equations
(see [35, Lemma 2.5]). According to it, we can find that the functional associated to some
Choquard type equations with Hardy-Littlewood-Sobolev critical nonlinearity satisfies (PS),
condition for ¢ > 0 small enough (see Proposition 2.2 for more details).

In this paper, under assumption (myg), the equation (1.1) that we study can cover many kinds
of Kirchhoff type equations. However, since we assume that m(0) > 0, degenerate Kirchhoff
type problem (m(0) = 0) is not considered. Similar to [20, 36], the nonlinearity f just needs to
satisfy the classic Ambrosetti-Rabinowitz condition instead of some 4-superlinear conditions.

The main working space in this paper is D'>(RV) = {u € L*> (RY): |Vu| € L>(RY)}, en-

dowed with the norm
N\
il o= ([, 1V
RN

LP(RYN) is the usual p power Lebesgue integrable space, and we also denote by |u|, the norm
of a function u € LP(RN), for any 1 < p < oo.

Since, under our assumption (mg), m only satisfies some local monotonicity conditions, we
first deal with problem (1.1) by truncating m, which has been successfully used to study Kirch-
hoff type equations in [4, 12,20, 36]. Condition (mg) implies that there exists 0 € (0,0) such
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that
0 <m(0) <m(8) < ¥m(0), if mis increasing;
0 <m(8) <m(0) < ¥m(8), if mis decreasing,
where v > 2 is from (f). We set
m(t), if 0<r<$;
mg (1) = .
m(0), if t>34.

It is easy to see that mg € C([0,+<0), (0,+e0)). Then, we consider the truncated problem

2*
() e = AK (x) £ ) + ( /. %dy) i xeRY,
u € D2(RM).

As usual, the energy functional associated to problem (1.4) is given by

B () ) 2
5 20) = M () =2 [ KCOF () - 53 L oy

where M(s) := [ mgs(t)dt. By (fo)—(f2), one finds that J; 3 belongs to C!'(D'*(RY),R). Its
Fréchet derivative at u is given by

Ty 1. (0)9 =ms(lul) / VuVodi—2 [ Ko (x)dx

/RN /]RN Jx — y\u ()P 2u(x) (x)dydx,

for every ¢ € D'2(RV). A weak solution to problem (1.4) is the critical point of Js 2 Moreover,

by the definition of mg, if u € D'?(R") is a weak solution to problem (1.4) and ||u|| < & 2, then
mg(||u||?) = m(||u|?), which implies that u is also a weak solution to (1.1), the original problem.
Hence, in order to obtain the weak solution of problem (1.1), we look for the critical point of
Js 5 with the small norm. We show that this is true if the parameter A is large enough.

Theorem 1.1. Suppose that (my), (Ko), (Ky), and (fo)—(f2) hold. Then, for any given k € N,
there exists A; > 0 such that problem (1.1) has at least k pairs of nontrivial weak solutions for
every A > A

The rest of the paper is organized as follows. We give some preliminaries in Section 2. The
proof of Theorem 1.1 is given in Section 3.
2. PRELIMINARY

In this section, we provide some necessary preliminary results.

Lemma 2 1. (Hardy-Littlewood-Sobolev inequality, [39]) Let p,q > 1 and p € (0,N) be such
that L ~|— g TN K —=2. Then, for f € LP(RN) and g € L1(RYN), we have

/RN RN |x y]ll dxdy’ S C(N, 1, p)|flp - I8lg-
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Definition 2.1. If E is a real Banach space and J € C!(E,R), we say that J satisfies the Palais-
Smale condition at level ¢ € R ((PS), condition for short) if every sequence {u,};_; C E such
that J(u,) — ¢ and J'(u,) — O possesses a convergent subsequence. J satisfies the Palais-Smale
condition ((PS) condition for short) if J satisfies (PS). condition for every ¢ € R.

The following version of the symmetric mountain pass theorem (see [40,41]) is needed to
prove our main result.

Lemma 2.2. [41] Let E =V & W be a real Banach space with dimV < o. Suppose that
J € C'(E,R) is an even functional with J(0) = 0 and

(I1) there exist p, o > 0 such that inf ucaB, (0 oyw (1) = a

(1) there exists a subspace V C E such that dimV < dimV < co and max
some M > 0;
(J3) J satisfies (PS). condition for any c € (0,M) with M as in (J,).

Then J possesses at least dimV — dimV pairs of nontrivial critical points.

wev I(u) < M for

Proposition 2.1. Suppose that f satisfies (fo)—(f2). Then every (PS). sequence {uy}y_, of Js
at positive level ¢ is bounded in D' (RV).

Proof. Condition (mg) and the definition of mg imply that

0 <m(0) <mgs(s) <m(8) < ym(0), if m is increasing;

0 <m(8) <mgs(s) <m(0) < ¥m(8), if m is decreasing,
for s € [0, +c0). Hence, for every (PS). sequence {u,};_; of Js ;, it follows from Definition
2.1, (f2), and v < 2* < 2-2}; that there exists C > 0 such that for n large enough

1
C+[lun| 2J52 (un) — ;Jé,/l(“n)“n

> (min{m(O),m(S)} B max{m(O),m(S)}) sl

2 v
_ (mTO) - m(ﬁ))Hunllz, if m is increasing;
(@ E,O) )|un||?, if m is decreasing.
Therefore, {u,};_, is bounded in D'2(RM). -

Set

S:inf{/ \Vul*dx : u e DV2(RVY) and/ (x))*d x—l},

2 2*
Sy 1 = inf / \Vu|?dx : u € D"2(RV) and// )| dydx=15.
RV !x yI*

The following result (the complete proof was given in [35]) due to Lions [24,25,38] plays an
important role in the proof that Js 5 satisfies (PS). condition with ¢ > 0 small enough.

Lemma 2.3. [35, Lemma 2.5] Suppose that {u,}_; C DV*(RN) is such that u, — u weakly

in D'2(RN) and |Vun|? = @, |u,|> — ¢, and (Jgn %dyﬂun\zu — V weakly in the sense of

measures, where ®, £, and v are nonnegative and bounded measures on RN, Then there exist
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an at most countable index set I, which can be empty and a set of distinct points {x;}ic; C RY
and three families of positive numbers {®;}icr, {i}ticr, and {v;}ie such that

* u
(O ’V”|2+Zwi5xiv ¢= |”n|2 "’_Z(:iaxi’v N </R Md}’) |”n|2“+zvl Xi )

icl icl N |x—y[H icl

% ON—u 1
with Svi2 @, S 0" < @y, and v; < C(N,1)§ N fori €L In particular, Zzelv < oo,

where 8, is the Dirac-mass of mass 1 concentrated at x € RN. Define

*
W = lim limsup \Vun|?dx, §o = hm hmsup |up|? dx,
R—eo pseo JBS(0) n—eo  JB%(0)

m
Voo = lim limsup / —lun(y)| dy | |un(x )|2“dx

Then
limsup | |Vu,[’dx = 0+ | do, limsup [ |u,|* dx= Coc+/ dg,
n—oo RN RN n—oo RN RN
2 2
limsup/ / 140 )[4 () dydx = voo—f—/ dv.
oo JRN JRN |x y|.u RN
Furthermore,

Scjo%l*ga)m, (Nu)uZNv Coo(/ a’C+§x,) SHLUOQ a)oo</ a’a)+a)°o).

Proposition 2.2. Under the assumptions of Theorem 1.1, functional Js 5, satisfies (PS). condi-
tion for any ¢ > 0 small enough.

Proof. Let {u,}>_, C D'2(RV) be such that

1 1
J5 o (uy,) — 0and J 0) — QT g
5. (un) = Oand Ty 5 (1) = ¢ < e (V 3

) (min{m(0), m(8)}Ss.L) ¥ Hix.

Proposition 2.1 indicates that {u, }>*_, is bounded in D!(R"). First of all, we can prove that
the set I given by Lemma 2.3 is empty. Indeed, suppose by contradiction that there exists some
ip € I with v;, > 0. For any € > 0, define ¢ € CJ(R",[0,1]) in the following way

¢€(x) = 17 XEB(xiovg)u
Pe(x) =0, x € RN\B(x,-O,2€),

2
Vo)l < 2, xe BV,
It is easy to see that {u,@g }>°_, is also bounded in D'?(RY). Thus

lim J5 2 () (une) =

n—oo
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That is,

on(1) =ms(lual) [ Ve,V (nde)d—2 [ K0S (g

[ e
RN JRN |_x y|/~1

:m5(||un||2) (/N |Vun|2¢gdx+/NunVunV(p8dx)

un(y) [+ |uy !*lq) X
—A K(x) S (up)upPedx — /RN/]R<N| |)|c y|zt| e )dydx.

By Holder inequality, one has

(2.1)

'/}RN u,Vu,Vedx| = u,Vu,V¢edx

1 1
2 2

B(xi0,28)

< (/ |Vun|2dx> (/ |unv¢8|2dx)
B()C,’0728) B(xi0>28)

1

2
<C </ ]unV¢g|2dx> .
B(x,-O,ZS)

lim |1,V P | *dx = / uV ¢ |*dx

n—ee JB(x;, .2€)

Since

X,‘O, 1

1 1
2 2%
(/ |uV¢g|2dx) < (/ |u|2*dx) (/ |V¢8|Ndx>
B(xio ,2€) B(xiO ,2€) B(x,‘o ,2€)

1
¥

<C ( / |u]2*dx> , where C > 0 is independent of €,
(X,‘O,ZS)

and
1

N

together with the facts that {u, }>_; is bounded in D'?(R") and ms is continuous, we have

lim limsup mg (|| un ) ‘/ upVu,Vedx| = (2.2)
e—0

n—so0

By the definitions of ¢, and mg, we have

liminfm5(||un]|2)/ Vi, |? ¢8dx> hm mm{m }/ |Vun|2¢gdx
n—soo

xl07

=min{m(0),m(5)} (/B(x‘ ) \Vu|?¢edx + <Z]ni5xi>¢£>>
>min{m(0),m(5)} (/

B(x;y,2€)

\Vu|* ¢edx + a)i()) :
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According to the absolute continuity of Lebesgue integral, we see that |, B(xiy 2¢) \Vul|?@edx — 0
as € — 0. Then

hm1nf11m1nfm5(||un|] )/N|Vun|2(pgdx > min{m(0),m(J)} wj,. (2.3)
n— R

£e—0

By (f), for every € > 0, there exists Ce > 0 such that |f(s)s| < &|s|*> 4 Ce|s|?, s € R, where
p € [2,2%) is from (Kp). Then

K (x) f (un)unQedx
RN

<[ K geldx
B(xiy,2¢)
<Kl [ (el + o)
B(x,-O,ZE)
< CIKwt + Ce| K] / lun|Pdx.

xi0,28

Since the local compact embedding theorem implies that

lim \un|pdx:/ |u|Pdx,
(xi()vze) (

n—eo /B B(xi,,2€)
then

limsup/ K (x) f (un)unPedx
n—oo

Therefore, the arbitrariness of € and the absolute continuity of Lebesgue integral lead to

|, K@ g

< C|K|we + CelK o / ulPdx.

x,o ,2€)

lim lim sup =0. 2.4)

-0 pooo

2% .
Finally, due to the facts that ( [p~ %dyﬂunﬁ — v weakly in the sense of measures and
%
Y U, " < oo, we have
i€l

24 24
lim lim /RN/RN en V) (I 9e )

g—0n—oo |x y|H

. * (2.5)
=1lim / ul? Pedx + V; 0y,

s—>0< B(x,-O,ZS)’ | e <§} e ¢8>>
=Vj,.

It follows from (2.1) that

// i () |2 |t (x )\zf‘%(x)dydx
RN JRN x —y|#

=) ( / V0] < [ K0P )unfed+on(1)

unVunV(])gdx

> min{m(0), m(5)} / Vit Poedx — mg ([lua]?)

—A K(x)f(un)unq)edx

- +on(1).
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Then
liminf/ / 1) P 1 )| “‘pe(x)dydx
n—eo  JRN JRN |x y|li
>11m1nf {mm{m }/ Vitn|? Pedx — mg (||un]|?) unVunV(])gdx
-2 K(x)f(unwedx]
RN
> liminfmin{m(0) }/ Vitn|? Pedx — limsupmg (||u, ||?) UV, V gedx
fi—peo n—yoo RN
—limsupk/ K(x)f(un)un@edx| .
n—oo

By taking limits as € — 0 on both sides of the last inequality, it follows from (2.2)—(2.5) that

Vi, = min{m(0),m(8)}wj,.
1
Because of SH7LviZ“ < w; fori € I, one has

2N—
Vi > (min{m(0),m(8)}Sy.0) 5. 2.6)
It follows from J; ; (u,) — ¢ and J§ , (u,) — O that

. I,
¢ lim (Ja,uun) —;<Jw<un>,un>)

2 2
> liminf [ — — / / 4 O) 7 ttn ()9 ()
n—soo \Y 2 2* RN JRN |x yl/J

Then by taking limits as € — 0 on both sides of the inequality above, (2.6) leads to

2N—u

¢z <% 2 .lztl) (min{m(0),m(8)}Su ) V=2

This is a contradiction with the fact that ¢ < ¢*. Thus / is empty.
Next, in order to obtain that

2*
2y 2
1im//|”” 4a(x) dd_// ™ )
n—eo JRN JRN |x y|/4 RN JRN |x y|ﬂ

it suffices to show that V., = 0. On the contrary, we assume that V., > 0. Let yg € C*(RV, [0, 1])
be a cut-off function such that

2
Wr(x) =0, [x[ <R; yr(x) =1, [x| > 2R, and [Vyr| <

It is also easy to see that {u,Wg}*_, is bounded in D'2(RY). Then

on(1) =l [ 19 Py [ ¥,y

o4 () [P# 10 () 2 i ()
_QL/RNK(x) Uy, )up Yrdx — /RN/RN K dydx.

(2.7)
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By Holder inequality, we have

u,Vu,Vyrdx

‘/ U, Vi, Vyrdx| = /
RN {x: R<|x|<2R}

1

2 2
< ( / |Vun|2dx) ( / |uan|2dx)
{x: R<|x|<2R} {x: R|x|<2R}
>
<C (/ \unva\zdx>
{x: R<|x|<2R}

lim |1,V W |*dx = / uV yg|*dx,

n—re J{x: R<|x|<2R} {x: R<|x|<2R}

Since

1

1 1
) .\ N
(/ |uVWR\2dx> < (/ Juf® dx) </ IVleNdX>
{x: R<|x|<2R} {x: R<|x|<2R} {x: R<|x|<2R}

2+ >
<C ( / | a’x) 0,
{x: R<|x|<2R}

as R — oo, and the sequence {mg(||u,||*)}>°_ is bounded in R, we arrive at

hm hmsupm5 |24 ||?) ‘/ u, Vu,Vyrdx| = 0. (2.8)

n—oo

By the definition of yg, we see that

/RN\Vun\zy/Rdx2/B o Vi, dx,

2R

where BSp(0) = {x € RV : |x| > 2R}. Thus, the definition of mg leads to

limsupms ([Jux]|?) / Vit 2 yirdx > limsupmin{m(0), m(5)} / Vitp2dx.
RN

n—yoo n—oo

Therefore, the definition of . implies that

lim sup limsup m (||, ||*) /N |Vitn|? Wrdx > min{m(0),m(8)} 0. (2.9)
R

R— oo n—oo

In view of (f}), for any fixed € > 0, we see that there exists C¢ > 0 such that
£ (s)s| < €ls]* +Celsl?, s €R,
where p € [2,2%) is from (Kj). It follows that

[ KOOl yieds| < [ 1K) f el
RV B5,(0)

<IKlet [l der G [ Kl
B%(0) By(0)

R

2*
On account of K € L2* (RN) and |u,|P — |u|? in L7 (B4(0)), we conclude that

lim K(x)\un]pdx:/ K (x)|u|Pdx.
B3(0)

n—oo B;? (0) 2
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Then

lim sup
n—o

/ K(0) £ (ttn)un Vx| < C|K |t +Ce / K(x)|uldx.
BN B(0)

Since limg_eo |, Bo0) K (x)|u|Pdx = 0, for the above € > 0, we have that there exists R > 0 such
that

cg/ K(x)[ulPdx < €, R > Re.
By (0)
Thus, the arbitrariness of € implies that

lim limsup =0. (2.10)

R—0e0 300

/N K (x) f (un)un Wrdx
R

Then, by the definitions of yx and v.., we have

lim hmsup/ / 4, ) #|un )l “WR(x)dydx
RN JRN

R=e0 o Jx— ¥
2 2.11
= lim limsup / Mdy |y (x) | dx 11)
R—e oo JBG(0) \ JRY [x—y[H
Voo

It follows from (2.7) that

2 24
lim sup / / 14 ()t () [ R )a’ydx
RN JRN |_x y|”

n—yoo
> limsup [mm{m( }/ Vit |> Wrdx — mg (||un||*) ’/ u, Vu,Vygdx
n—oo
-2 K(x)f(unmwx]
RN
> limsupmin{m(0) }/ Vi, |> wrdx
n—yoo
— limsup g (||un||?) ‘/ unVu,Vyrdx —limsupl/ K (x) f (up)unWrdx| .
n—yoo n—yoo RN

By taking limits as R — 4o on both sides of the above inequality, (2.8)-(2.11) lead to
Voo = min{m(0),m(3) } . (2.12)

For each
m(0)—2m(d
(0, vm( )2v (9)
(O vim(6)—2m(0)

’ 2v

), if m is increasing;
cE

N[t N[

), if m is decreasing,
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similarly to the proof of Proposition 2.1, we can obtain that |u,|,+ < 1 for n large enough. Then
Hardy-Littlewood-Sobolev inequality (Lemma 2.1) and Lemma 2.3 lead to

24 )
Veo = lim limsup ( / Jun () dy) |t (x) [P dx
B(0) \ /R

R=eo oo N |x—y[H
W
* N 2N
< lim limsup C(N,‘u)|un|§f: </ |un(x)|2 dx) ] (2.13)

*
2u

<C(N,p)&3

2
Since ¢ < w. and 1 < 4, (2.12) and (2.13) imply that

2
25\ 252
B

% u

min{m(0),m(5)}S

W0 >
C(N, )

Then, by choosing
2*

Bh_2
(0, min{ Y2 2m(8) 5 vm(©) 2m(d) (“8iear) 7)), if m s increasing;

cc
%
(0, min{ Y8 2m(0) 5 vim(3)-2m(0) (m(d)5 2

2v 2v carp ) M }), if mis decreasing,

we find a contradiction respectively. In fact, for the case that m is increasing, since

¢ = lim <Jw(un) _ %<Jé7l(un),un>) > limsup (%O) _ @) /RN Vi 2dix

n—yoo n—>oco \%
0 o
() [ s
by taking limits as R — oo on both sides of the above inequality, we see that
2
< m(0) m(9d) o> vm(0) —2m(8) [ m(0)S>2
c = A oo =~
2 v 2v C(N,u)

Similarly, for the case that m is decreasing, we have

> (M_M) lim limsup/N|Vun|2l//Rdx
R

R— oo

vm(6) —2m(0) [ m(8)S~
2v C(N,u)

=
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Therefore, it results that v, = 0, for every

%
(0, min{ Vm(o)z_vzm(5) 3 vm(o)z_vzm(é) (mc(? ’”2) K = }), if m is increasing;
€€ I
8§)S7
)

(0, min{ Y(8)=2m(0) S vm(8)-2m(0) (m(8)S

o )%72}), if m is decreasing.

Furthermore, from the above analyses, for every

L
2
(0, min{c*, vm(5)2v (0)“;, Vm(5)2;2m(0) (mc(g\),suz) )%2Y), if m is decreasing,
we have
) lun(y) “|un |ZZ
hm/ / * s — / / dydsx. 2.14
n—o JRN JRN |x y’l-‘ Y RN JRN ‘x y|ll Y ( )

Finally, we see that uj, —> u in D'2(RY). On the one hand, (f), (Ko), and the definition of

the weak convergence in L (]RN ) also imply that

o K(x)f (uy)updx — RNK(x)f(u)udx, n — oo,

Together with J:S 5 (Un)uy = 0,(1) and (2.14), we have
i 2 Jud P, @as)
i g ) = 2 | K () ) +/R/R vy @

On the other hand, by J5 , (#,)u = 0,(1) and the definition of the weak convergence, we can
obtain

11mm u u2 l/ udx+/ /
3l ) [
(2.15) and (2.16) imply that

(x)| %
dydx. (2.16)

. 2\ 1: 2 . 2 2 . 2 2
Tim g ([ ) T |2 = Tim (a2 ] ) = i (2 ]

Since mg(t) = min{m(0),m(8)} > 0 for ¢ € [0, +o0), then lim, e ||u||> = ||u||>. Therefore, it
follows from D!'2(RY) is a Hilbert space that u,, — u in D'?(RN). O

3. PROOF OF THEOREM 1.1

In this section, we prove our main result. The main tool is Lemma 2.2 with V = {0} and W =
D"2(RY). First of all, similar to [20], we verify that the functional J5 , satisfies conditions (J;)
and (J7).

Proposition 3.1. Under the assumptions of Theorem 1.1,
(1) for each A > 0, there exist p),, 0 > 0 such that infueaBpMO) Jsa(u) = ay;
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(2) for any given k € N and M > 0O, there exists Ay pr > O with the following property: for
any A > Ay one can find a subspace Vk}L C DV (RN) with dika)L = k such that

maxJ5A( ) <M.
uEV

Proof. (1) By (fo) and (f}), there exists C > 0 such that F(s) < C|s|>’, s € R. Hence, for u €
D'2(RN),

min{m(0),m(8)} . » ) P () |
Jop(u) = 3 ]| " = CIK] M”'z"_z 2; /]RN/RN oy O
> minm(@).mio >}||uu2—cmuuuf‘—czuuuz'zﬁ,

where C;,i = 1,2 are positive constants independent of A. Since 2 < 2* < 2- 2}, the first result
can be easily obtained if we choose p; > 0 small enough.

(2) Let ¢ € C7(B1(0),R). We choose {xi,---,x¢} C Br(x0) and T > 0 such that Bz(x;) C
B, (x0) with B¢(x;) NB(x;) =0 if i,j € {1,--- ,k} and i # j. For each i € {1,--- k}, we set
97 (x) := (*2), x € Be(xi). Then

T2 2
1971 _ -2y lolP G
[ ol

Since RX is finite dimensional, there exists d; = d; (k,v) > 0 such that

' x
Y il¥ > <Z il > (y1,2, -+ k) € R, (3.2)
i=1

Hence, set Vi  := span{¢],--- ,¢f}. By (3.1) and (3.2) there holds
dx = Z ’ai(pif \‘;

]u\vdx—/ o pf
/RN Ui Bz (x) Z s i=1

k 3
= dl ’ai(pif‘z
<; ’ (3.3)

k
=di (ZA?1||O€i<Pf||2>
i=1

_(N—2—2Nyv
= dyt VR Ju)”,

AT =

k

<

k

foreveryu= Y o;¢", o € R, where dp =d,|¢|y||@||~". By (fi) and (f2), there exist d3,ds >0
i=1

such that F(s) > dz|s|” —d4, s € R. On account of (3.3) and (K, ), we have

soat) < PO o3 [

< max{m(0),m
2

( )} HMHZ — ld2d3a0T*(N*2*7)% HMHV +7Ld4ka()’L'NCON,
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where oy is the volume of the unitary ball in RY. Setting y:=N+v — ]%, ds = apdrds,de =

aodskwy, one has

max{m(0),m(9)
2

Since v < 2%, we have that 0 < ¥ < N. Then we can choose ¥ € (y,N) and set A = 7%, We

consider the function

0 0
hf(l‘) — maX{m(z),m( )}t2 _dST—Yo—H/tV +d6T—’)/0+N, t>0.

J57;L(u) < }||u||2—ld517||u||v+7td6‘CN, MGVkﬂ-. (3.4)

It obtains its maximum at
t = [max{m(0),m(8)}(dsv) 't ~7]v2.

This fact and ¥ € (y,N) imply that z; — 0, T — 0". Then h;(t;) — 0, T — 0T Thus, for any
M > 0, there exists T = 7" (k,v,N,0,M) > 0 such that

M

he(ty) = he(t) < —, 7€ (0,7"]. 3.5

olfr) =maxhe(t) < = 7€ (0,7] (3.5)

By choosing Ay = (%)%, we set V,fL =V " for every A > Ay It is a subspace of
kA~ T0

D'2(RY) and its dimension is k. Since A > Ak p implies that T < 7%, it follows from (3.4) and
(3.5) that
M
Js. (1) < m>a(§(hf(t) < 5 < M, foru e Vkl.
1>

O

Proof of Theorem 1.1 It follows from Proposition 3.1 that the (J;) and (J;) in Lemma 2.2 hold.
Condition (J3) follows from Proposition 2.2 with

525 vm(0)—2m(5)

Mo — min{C*, vm(O)z_vzm(S) %7 vm(O)z_vzm(S) (”ég(ojzlig )ZTL ’ v 5}7 m1is increasing;
N L
min{c*, vm(5)2;2m(0) %’ vm(5)2;2m(0) (mé(b‘]\)]:?ui )2;‘1 —2’ Vm(5)2;2m(0) 5}’ m is decreasing.

Since (fo) and (f) imply that J5 4 (0) = 0 and J; j is even, Lemma 2.2 implies that the truncated
problem (1.4) with A > A" := A4 u, enjoys at least k pairs of nontrivial solutions for every k € N.
Let u € D'2(RY) be one of these solutions. Since J ; (1) < M, we find from (f,) that

vm(0) ~2m(8) ¢\ Tsa) % PO vm(0) — 2m(8)

Vv

\|u||?, if m is increasing;

2v 2v
vm(6) —2m(0 1 vm(0) —2m(0
m(9) — 2m( )5>M0>J5 2 () — =Js 5 (w)u > m(9) — 2m( >||u||2, if m is decreasing.
2v ’ v & 2v
Hence, ||u||> < & and it follows from the definition of mg that mg(||u||?) = m(||u||?), that is, u
is also a weak solution to problem 1.1. The proof is completed. U
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