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Abstract. In this paper, we study the following fractional Schrodinger-Poisson system

(=AY u+V@u+tu= (Iu*F () f(u)+|u*2u,  inR,
(—A)'¢ =i, in R3,

where 0 <s,t <1, 2(s+1) >3, € (s+1,3), s € [3,1), and 2; = 3% is the fractional critical Sobolev

exponent. By using a monotonicity argument and the global compactness lemma, we obtain the existence
of a ground state solution for this system.

Keywords. Critical growth; Choquard equation; Fractional Schrodinger-Poisson system; Ground state
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1. INTRODUCTION

In this paper, we study the following fractional Schrodinger-Poisson system

(=8 u+V (Ku+ gu= (o F) f0) + ¥ 2, in R, W

(—A)'9 =u?, in R, '
where 0 < s,t <1, 2(s+1) >3, u € (s+1,3), s€ [3,1), F(t) = [y f(r)dt, 2; = 355 is the
fractional critical Sobolev exponent, and (—A)* is the fractional Laplacian operator defined as

u(x) —u(y)

3
o ey dy, xeR’,

(—A)’u(x) = C;PV.

-1
where Cy = < g3 E‘%—Offs‘d 4 ) is a suitable normalization constant (see [1]), P.V. is a commonly

used abbreviation for the principal value sense, and 1, : R3\ {0} — R is the Riesz potential
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defined by

r(*3*)

, x€R\{0},
T(4)m2 2K |x[3-K

Iu(x) =

where I is the Gamma function, and V and f satisfy the following assumptions:

(V1) V € €' (R*)NL>(R?) and 25V (x) 4+ (VV(x),x) > 0 for any x € R3;

(V2) V(x) <liminfjy_, 0 V(y) = Veo € R forall x € R3 and the inequality is strict in a subset
of positive Lebesgue measure;

(V3) there exits a constant o > 0 such that

B e (1(=8)3uP 4+ V (x) ) dx

> 0;
ueHs(R3)\ {0} Jg3 |ul>dx

(f1) f € C(R,R), f(t) =0forall T (—o0,0), and there exits Co > 0 and 1+ 5 < g <2}
such that, for every r € R,

F(0)] < Colle] 5 + [0,

where 2;7 = éi—zi is the critical exponent in the sense of Hardy-Littlewood-Sobolev inequality;

flor) _ 0;

(f2) limg_,p+ % =lim; o il
(f3) [2(s+1) f(7)T— (3+p)F(7)]/7(0+#)/2(+1) js non-decreasing on (0, +oo), where F(1) =
Jo f(u)du;

(f1) there exist v > 0 and p € (2,2;, ;) such that f(7) > vtP~! for any 7 > 0.

Remark 1.1. An exemple of V satisfying (V) and (V») can be found in [2, Remark 1.3].

When s =t = 1, the Schrodinger-Poisson type problem

{—Au+V(x)u—|—¢M: (Iu*f(u»F(u)’ in R3’ (1.2)

—AQ = u?, in R3,

has been widely studied in recent years, where V € ¢(R3, [0, +o)) and f € € (R,R); see [3, 4,
5] and the references therein.
When ¢ (x) = 0, system (1.2) reduces to the Choquard equation

—Au+V(x)u= Iy * f(u)F(u), ucH'(R?). (1.3)

For the case that u =2, p=2, V(x) =1, and f(u) = u, (1.3) is known as the Choquard-Pekar
equation or the stationary Hartree equation, which was first introduced by Pekar [6] to describe
the quantum mechanics of static polarons. Later, Choquard rediscovered it as an approximation
of Hartree-Fock’s theory of single-component plasma [7] on the modeling of an electron trapped
in its own hole. For more details and applications, one refers to [8, 9, 10, 11, 12, 13, 14]. For the
case that V = 1 and f(u) = |u|P~%u, Moroz and Van Schaftingen[9] obtained a solution to (1.3)
when 1 + % < p <3+ u, where 1+ % and 3 4 u are the lower and upper critical exponents.
Afterwards, these results were extended to the case of general functions F, almost optimal in
the sense of Berestyski-Lions or the more general potential V; see [15, 16, 17, 18]
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When V =1, Xie, Chen, and Wu [19] studied the following Schrédinger-Poisson system with
Hartree-type nonlinearity

—Au+u+Adu= (I, * |ulP)|ulP~u, in R3,
—Ap =12, in R3,

where A >0, 0 < u < 3, I, is the Riesz potential, and HT“ < p < 3+ u. Using the Pohozaev
type identity and the filtration of Nehari manifold, they obtained the existence of positive ground
state solutions.

In recent years, researchers paid much more attention to the existence of positive solutions,
ground state solutions, multiple solutions, nodal solutions, and semi-classical states of fractional
Schrodinger-Poisson systems such as

(=AY u+V(x)u+K(x)P|ul92u = (I, * |[ul?)|u|P~2u, in R, (1.4)
(—A)'¢ = K(x)|ul?, in R?, '

where HT“ <p< ;’fgs, 1 < g < p. For instance, Teng and Agarwal [20] established the ex-

istence of non-negative ground state solution and also discussed the nonexistence of ground
states to (1.4) with subcritical Choquard nonlinearity. Che, Su, and Chen [21] obtained the ex-
istence of ground state solutions for fractional Choquard equations with competing potentials.
The authors in [22, 23] recently studied quasilinear versions of the Choquard equation with the
p-Laplace operator, and obtained the existence and nonexistence of positive solutions for the
quasilinear elliptic inequalities and systems with nonlocal terms.

Inspired by the results above, when K(x) = 1 and ¢ = 2, we study the general convolution
term to (1.4). To the best of our knowledge, there is no result for the existence of non nega-
tive least energy solutions for the fractional Choquard-Schrodinger-Poisson systems (1.1) with
critical growth. Next, we list our main result.

Theorem 1.1. Assume that (Vi) — (V3) and (f1) — (fa) hold and 2(s+1) > 3, p € (s+1,3),
and s € [3,1).

(i) If p € (2,2} — 1], then there exists vi > 0 such that, for v > vy, system (1.1) has a non-
negative ground state solution.

(i) If p € (2} — 1,2Z7s), then, for any v > 0, system (1.1) has a nonnegative ground state
solution.

Since f does not satisfy the Ambrosetti-Rabinowitz condition and V (x) is not a constant, it is
difficult to obtain the boundedness of (PS) sequences. In order to overcome this difficulty, we
use a subtle approach developed by Jeanjean [24].

Lemma 1.1. Let X be a Banach space and A C RT an interval. Consider a family of €
functional @, on X with the form @) (u) = A(u) — AB(u) for all A € A, where B(u) > 0 for all
u € X, such that either A(u) — +o0 or B(u) — oo as ||u||x — +oo. If there exists vi, vy € X
such that

¢ = inf max @, (y(z)) > max{@a(v1), @2(v2)}, VA EA
rel'te0,1]

where I’ = {y € €(]0,1],X) : y(0) = v, y(1) = v}, then, for almost every A € A, there exists
a sequence {v,} C X such that
(i) {vy} is bounded;
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(ii) @3 (vn) = a5
(iii) @3 (vn) — O in the dual X' of X.
Moreover, A — c), is left continuous.

We point out that, for applying Lemma 1.1 to system (1.1), the corresponding limit problem
plays an important role. Therefore, we consider the limit problem

{(—A)Su—f—Vmu—}—q)u = (L% F(u)) f(u) + |u[>2u,  inR3

(=AY ¢ = u?, in R3. (1.5)

We obtain the following result.

Theorem 1.2. Assume that (Vi) — (V3) and (f1) — (f4) hold and 2(s+1t) >3, u € (s+1,3),
ands € [3,1).

(i) If p € (2,2% — 1], then there exists vi > 0 such that for v > vy, system (1.5) has a nonneg-
ative ground state solution.

(i) If p € (2} — 1,2’& s), then, for any v > 0, system (1.5) has a nonnegative ground state
solution.

In this paper, we use the following notations:
o [P (]R3),1 < p < +o ,denotes a Lebesgue space, and the norm in L? (]R3) is denoted by

-l 2r (m3)-

e Forany x € R®and R > 0, Br(x) := {y € R?: [y —x| < R};

e C and C; denote (possible different) any positive constant.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries
results. In Section 3, we investigate the limit problem. Section 4 is devoted to the existence of
ground state solutions to system (1.1).

2. PRELIMINARIES

First, we introduce some notations and some necessary properties of the local term ¢u for
studying Eq. (1.1). Define the homogeneous fractional Sobolev space 2°?(R?) as

3425

o=y
which is the completion of €;°(R?) with the norm

1
]| s2(m3) := (/ |(— 2u|2dx>

The fractional Sobolev space H*(R?) is defined by

PHRY) = {MGLZ &) ML) o (R3><]R3)}

342s

x—y[ 2

HS(R3) := {ueLz(R3) Ju(x) — u(y)] u(y>|eL2(R3><R3)}

endowed with the norm
1

[uell s w3y = (/R3 (!(—A)%u|2+u2> dx) ;
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It follows from [25, Proposition 3.4, Proposition3.6] that

s ’M
/R3 (—A)2u /Rg/RS — y|3+25 d dy.

It is well known that the embedding .@S’Z(R3) < L% (R3) is continuous and the best constant
S can be defined as

502
d
s,= it JelE4ufdx @.1)
P PENOT (fos u) P ) 5
From (V3) — (V3), we consider the work space H*(R?) with the norm

]| = (/w |(—A)5u|2dx+/RSV(x)u2dx)é,

which is equivalent to [| - || s g3)-
For u € H*(R?), define the linear function as follows .%,(v) in 2?(R3) by

Zu(v) = /3u2vdx.
R

From Hélder’s inequality, Sobolev embedding theorem, and (2.1), we obtain
3+2t

qu(\/)‘ﬁ(/RS]u 3+2,) (/| |2*)*

3+2[

<57 ([ W0P™ ) gy < €54l el e
It follows from the Lax-Milgram theorem that there exists a unique ¢! € 2"?(IR?) such that

/ (—A) 29! (—A)2vdx = / WPvdx, Vve 7VR?), (2.3)
R3 R3

(2.2)

which implies that ¢/ is a weak solution to (—A)'¢ = u?, x € R3, and the representation formula
holds

2
¢ (x) = c; /R Ly)_dy, (2.4)

3=y
which is called 7-Riesz potential, Here, ¢; > 0 is a constant. It is easy to see that ¢,ﬁ >0 for all
xeR3. Combining (2.3) and (2.2), we obtain

1041 as) = | Sl < €S 02z 23
which implies that ||y || gr2r3) < CS; 2 ||u||?>. This together with (2.5) obtains

| ot <€, ullg4) grageo) < Clul

Substituting ¢/, into the first equation of (1.1), we obtain the next fractional Schrodinger equa-
tion
(=AY u+V(x)u+ ¢lu= (Iy*F(u)f(u)+ ul>2u, xeR>. (2.6)
In order to investigate the non-local term [p3 (I, * F(u))F (u)dx, we recall the following
Hardy-Littlewood-Sobolev inequality [26].
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Lemma 2.1. Let u € (0,3), p, g > 1 and 1 <r < o < o0 be such that
I 1 u I 1 u
(i) For any f € LP(R?) and g € L4(R3), one has
f(x)g(y)
/R3 /]R3 mdﬁy < C( )Nl r syl gl agma)-
(ii) For any f € L"(R?) one has
1
[piaa

Remark 2.1. From (f;), Lemma 2.1, Sobolev embedding theorem, and (2.4), we can conclude
that

C(u, )1 f 1] 2 (ry-

L(R3)

E®)

- (Iy * F (u))F (u)dx

<CIFW) 4

3+u

SC{/(M = +|u|‘1)ﬂ 3 @.7)

(3+
< C el 2 s +HuH :
L+”(]R3)

<o ([ rwrta) ([ ) 29

3+
u + [lu||? u V2 0ay 4 [[u]| 47 V|| s
(H ||L2 g3y [l ﬂ(R%)) (H ||L2 w3y V23 + | ||L36+qu(R3)” ||L3+ql~‘(IR3)>,

an
12 | v(y) 4 12 g
dx—c/ / dxd <Cjv , veLxa(R7). 2.9
/¢ twwhﬁy <Ol ®). @9
Hence, the energy functional ® : H*(R?) — R associated with (2.6)
1 .
) =3 [ 1A P+t [ glar—3 [ (oF)F ()dx—;/ % dx
R

is well defined on H*(R?) and ® € €' (H*(R?),R). Moreover, for any v € H*(R?),
(@' (u),v) = /3 [(—A)%u(—A)%v-I-V(x)uv—i-(pftuv— Iy *F(u))f(u)v— |u|2:_]uv] dx.
R

It is clear that the critical points of ® are the solutions to problem (2.6). Obviously, (u, ¢}) is a
solution to system (1.1) if u is a solution to problem (2.6).
Define the Nehari-PohoZaev manifold (see [5]) by

M= {u e H (R>\ {0} : G(u) = 0},
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where

4s 42t 1 ds+2t—3
G(u) = H—HuHﬁz R?) —/ [(2s+2t—3)V(x)—(VV(x),x)]uzdx—l—L/ O uPdx
2 Jrs R3

27 -3 *
5 s F )G+ )P = @5 20l - CEIEZ2 [ i

Combining [2, Lemma 2.6], [15, Lemma 5.1], [16, Lemma 2.2], and [24], we can obtain the
next Brezis-Lieb type lemma.

Lemma 2.2. Assume that 2s+2t > 3. If u, — u in H*(R®) and u, — u a.e. in R3, then
D(uy) = P(u) +P(up—u)+o(1), Gup) =G(u)+G(un —u) +0,(1), (2.10)

@' (u,) = ' (u) + D (uy, — 1) +0n(1), (2.11)
and
(D (), uy) = (D (), u) + (D (uy, — 1), 1, — 1) + 0,(1).
Now, we recall a fractional version of Lions vanishing Lemma [18].

Lemma 2.3. Assume that {u,} is bounded in H*(R?) and

lim sup |up|>dx = 0,
n—roo yeR3 Bg(y)

for some R > 0. Then u, — 0 in L' (R?) for all r € (2,2%).

The following general mini-max principle [27, proposition 2.8] is crucial in proving the ex-
istence of nontrivial solutions, which is a powerful variant of [28, Theorem 2.8].

Lemma 2.4. Let X be a Banach space. Let Dy be a closed subspace of the metric space D, and
let Ty C € (Do,X). Define U :={ye €(D,X) : ¥|p, € To}. If € €1(X,R) verifies

b:= sup sup @(y(u)) < c:= infsup @(y(u)) <o,
YeloueDy vel'ueD
then, for every & € (0,(c —b)/2), 8 >0 and y € T satisfying supp @ 0y < ¢ + G, there exists
u € X such that
(a)c—20 < @(u) <c+20;
(b) dist(u,y(D)) < 28;
(c)[|¢'(u)lx < 8c/8.

3. THE LIMIT PROBLEM

At the beginning of this section, we establish some key inequalities.

Lemma 3.1. Assume that (f1) and (f3) hold. Then, for all @ > 0 and T € R,

2(0,7) = G%F(emfc) +(1-03) s +)f(2)2— 3+ w)F(1)] - 3F (1) > 0,
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Proof. Clearly, g(6,0) > 0 for 6 > 0. From (f3), for T # 0, we obtain that

d
Eg(eaf>
6+
39%|’C|2(3'7ff) 2(s+1)f (05T 1)05 Tt — B+ u)F(05T'T)  2(s+1)f(7)T— 3+ U)F(7)
‘ QS‘HT‘ 2(s+1) |T| 2(s+1)

>0, 6>1,
<0, 0<O<«l,

which implies that g(6,7) > g(1,7) =0 for all 8 € (0,+e) and T € (—o0,0) U (0, +o0). O
Lemma 3.2. Assume that (f1) — (f3) hold. Then

F(0)
O (8s+4t+u—6)/2(s+t)

is nondecreasing on (0, +oo).

Proof. On account of (f>), Lemma 3.1, and 2(s +¢) > 3, we obtain that

gin})g(eﬁ) =2(s+1)f(t)t—(6+u)F(t) >0. (3.1)
_>
Note that

d F(0)

dO \ Bs+ar+u—6)/2(s+1)

1

= 25 1 1) 8O Gr A6 /2(57) 2(s+1)f(0)0 — (8s+4t+u—06)F(6)] > 0.

This completest the proof. 0J

Lemma 3.3. Assume that (f1) — (f3) hold. Then

h(0,u)

4s+2t—3
R3 g3+u

(Iy = F(6°"u))F(6°u)

+ (1= %23 (1« F(u))[(25 +20) f(w)u — (3+ p)F ()] — (4s+2t — 3) (I, *F(u))F(u)}dx
>0, V0>0,ucHR.

Proof. Tt follows from (f]) and Lemma 3.2 that

F(O5+ >0, 0>1,
1”*< ( ”))/2)—IM*F(u){_ (3.2)

|| (Bs-+aru—6 <0, 0<0<1.



GROUND STATE SOLUTIONS FOR FRACTIONAL CHOQUARD-SCHRODINGER-POISSON SYSTEM
From (f1), (f3), and (3.2), we obtain that

75
d
2(4s+2t—3)(s+t s s P
— R3{ ( 93+u)( )(Iu*F(G Hu))f(@ +tu)9 +t ll,t
4s+2—3)(3+ ; .
! 9#+‘)1( H) (Iu*F(8° u))F (0 u)
(4s+2t —3)08 T2 (1, x F(u))[(25 +2t) f()u— (3+ W)F }dx
45424 (64+1)/2(s+1) F(6""u)
— (45421 —3)0 ¢49W| {(gpk<w’&+m+u6/2)
2(s+1) f(0°Tu)05 M u— (34 w)F (05 u) L+ Fu ))(2s+2t)f(u)u (34+uU)F(u) 4
|6s+tu|(6+/.1)/2(s+l) K |u|(6+u (s+t) X
>0, 6>1,
<0, 0<6<1,

which yields 4(8,u) > h(1,u) = 0 for all & > 0 and u € H*(R?).

([l
Noting that lim|y ..V (x) = Ve, we consider the limit problem

{(_A)SHV“”‘PL?” = (o P () () + uf% 2

in R, (3.3)
uecH (R, u>0, in R3, '
whose energy functional is defined by

D, (u)

1 52 2 1 2

=3 R3(|( A)2ul?* + Voou?) dx+4 o, u dx—i 3(IN*F( dx—— ]u| sdx.

(3.4)
Set ug = 0**"u(6x). By direct calculation, we deduce that
Y(0) = Peo(ug)
64s+2t 3 5 254213 5 @4s+21-3 5
t
_ [ 1= V”“+___T/V”“+___T/¢ X s
1

H—t S _
_ s+t s+t o 2%
T /RS(IH*F(O u))F(0° " u)dx —2* / |u|™sdx

which implies that ®..(ug) — —oo as @ — +oo. We obtain the following lemma

Lemma 3.4. &, is not bounded from below.
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Define .#.. = {u € H*(R?)\{0} : Goo(u) = 0}, where

Goo(u)
4s+2t -3 s 0 2s—|—2t—3/ ) 4s+2t—3/ /2
= —A)2u|"dx+ ——— | Vou"dx+ —— d
> R3|( )2ul“dx+ 5 - u“dx+ 1 R3¢uu X
3+u 4s+2t -3 .
+ B [ s F@)Fds—(s+0) [ (s F) s =25 [ jufa
. dCDoo(ug)|
~ 4o 7h
(3.6)
Set
5(9) o 1_625+2t—3 (2S—|—2t—3)(1 _ 94s+21—3)
o 2 2(4s+21 —3)
and
1— 94s+2t—3 1— G(S—H‘)Z;‘—f)
= — Vo > 0.
£(0):=—— 7 Vo>
It is easy to check that
E(0)>0, £(6)>0, 6¢c(0,1)U(1,+co). (3.7)

Lemma 3.5. For any u € H*(R?) and 6 > 0, the following inequality holds

1_94s+2t—3 5 o
—————Gw oo 0 sdx.
g o)+ EO) [ Verldx+ () [ [

Proof. From (3.4)-(3.7) and Lemma 3.3, we obtain that

Do (1) > Poo(utg) +

1_64s+2t—3
Do (1) — Do ———— G
(1) = Peolutg) = 5= =5 G=(1)
1 4s+2t—3
= 2 S+t S+t
_g(e)/R3un dx+2(4s+2t_3) /RS{ T Iy xF (0" "u))F (0" "u)

+ (1= %23 (1« F (u)) [2(s +1) f()u— (34 w)F (u)] — (4s +2¢ — 3) (I *F(u))F(u)}dx

-l-C(G)/ |u| > dx

R3

>0,

which yields the conclusion. 0J

Lemma 3.6. Assume that 2s+2t > 3. For any u € H*(R*)\{0}, there exists a unique 6y > 0
such that ug, € M. Moreover, ®os(utg,) = maxg>oPe(Ug).

Proof. Letting u € H*(R3)\{0} be fixed, we observe that
Y(0)=0 < 0Y(0)=0 < ug € M, for6>0.

By (V2),(f2), @7),and ¢ > 145 > 1+ ﬁ we obtain limg_,o+ ¥(0) =0, 7(6) > 0 for

0 > 0 small and y(6) < O for 6 large. Hence, maxg~( ¥(0) is achieved at 8 = 6yp(u) > 0 such
that ¥ (6p) = 0 and ug, € M.
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Next, we prove that 6 is unique for any u € H*(R3)\{0}. Suppose on the contrary that there
exist 1,60, > 0 such that ¥(68;) = ¥(6,) = 0. It follows from Ge(ug,) = Ge(ug,) = 0 and
Lemma 3.5 that

Do, (6] u(6)x))
4s+2t—3 4s+2t—3
91s+ 1 . 923+ t

451203
(4s+2 —3)0)+2

(45421-3)3 ;
+§(92/91)012”2’3/RSVoou2dx—i—C(92/91)91 = /R3|uyzxdx

> o (05 u(62x)) + Goo(0; " u(6;x))

(3.8)

(45+21-3)3 i
> @..(05u(62x)) + E(6,/6,)02 23 /R Veildxt-(6,/60)6, 7 /R ¥ d

and

Do (05 u(62x))
94s+21—3 - efls+21—3

(4s+2t —3)@;5 T3

(4s+2t—3)3
1 E(6,/6,)62 2 3/ VeilPdx+(61/6,)6, 5> / % dx

> @.(6}u(61)) + Go(65 " u(61))

(3.9)

4€+2t 3
Do (031 1(B1x)) + E (8, /6,) 02 3/ Veildx+£(61/62)6, * 7 / % dx.

Therefore, from (3.8) and (3.9), we obtain 8; = 6. That s, 6 is unique for any u € H*(R?). O

Lemma 3.7. The manifold .#. satisfies the following properties:
(1) there exists p > 0 such that ||u|| > p, Yu € Mo,
(2) me = infc_y, Poo(u) > 0.

Proof. (1) From (2.7)-(2.8) and the Sobolev embedding theorem, we obtain that

2s—|—2t ” “2

4s+ 2t 2s 42t 4s+ 2t
SHT/;’(_ A)2u|?dx L/Vuzdx L/ O uldx
R;

_ %/M(Iu*F(u))[Z(s—i—t)f(u)u—(3+M)F<M)]dx+%/ﬂga|u|2jdx
< C(llulF 4+ 1l + |l ),
which implies
lul| > p,  Vu € M. (3.10)

(2) Let {u, } C .. be such that P (u,) — me. There exist two possible scenarios:
(i) infuen [|un | 2(r3) > 0; or
(ii) infren [|nl| 2(r3) = O.
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Case (i) inf,cpy ||un||L2(R3) = p; > 0. It follows from (3.4), (3.6), and (3.1) that

1
Moo = Pos(tn) = Pexltn) = 3253

32t
/Vudx

Goo(uty)

T 4s+2—3
+ m/ (T * F (un) ) [2(s + 1) f (tn)un — (4 +2t + W)F (un)ldx  (3.11)
(5 5t f b
4s+2t -3
Case (ii) infyen [|un | 2(r3) = 0. According to (3.10), passing to a sub-sequence, we obtain
P
||MHHL2(]R3) — 0, ||un||@s,2(R3) > 5 (3.12)
It follows from (f;) — (f>) that, for any € > 0, there exists C¢ > 0 such that
IF(T)| < Celt|' 5 +e|ths, VTeR. (3.13)

From (2.1), (2.7), and (3.13), we deduce that

2 2F 28 (3+u)
[ PP () < CCelll )+ CeS 7 (314

Let

1
325 3 _ 451213
6, = |:(2;k) 2 SS2¥|’”"H_@%2(R3)‘| .

Then, due to (3.12), {6, } is bounded. Applying Lemma 3.5, (3.5), (3.12), and (3.14), we deduce
that

Moo + 05 (1) = Poo(uy) > Poo((utn)s,)

94s+2t 3 s 923+2173 94s+2173
—— |( )2un|2dx+"T/ Vmu%dx—i—"—/ d),inu%dx
3(4v+2t
1 +t s+t o 27
_ZGTM/RS(IPL*F(BS ) )F (831 )dx / g% dx
n
6,3 2 254203, |12 Tﬂ
> D ) — CCe (67 \|un|yL2(R3))

2
3tu S_T

2 3
—% [ pds+21-3 2 3-2s 4s+21—3 2 -2
—CeSs <0ns+ t ||Mn||@s.2(R3)> - —sz* <9n5+ t ||un||9S,2(R3)>

N
2k
05 a2y [ 5% .

_ " 7 _ > <9:11s+21—3||un||29s,2(R3)> 3=2s +0n(1)
s

1
4(2*) =3 st""on(l)

It follows from Case (i) and Case (ii) that me, = inf,c_y_ Poo(u) > 0. O
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By Lemmas 3.6 and 3.7, we easily derive the following results.
Lemma 3.8. The following equality holds me = Co := inf, .o max g~ Peo(utg).
Lemma 3.9. Every critical point of ®w| 4. is a critical point of Pw.
Proof. The proof is similar to that of [2, Lemma 3.2]. Thus the proof is omitted here. 0

Inspired by Jeanjean [24], we use Lemma 2.4 to obtain a Cerami sequence for the functional
P, with Geo(u,) — 0, where Poo, Goo(uy,) are given in (3.4) and (3.6), respectively.

Lemma 3.10. There exists a sequence {u,} C H*(R?) such that
Do (tty) = oo >0, || DL (14 ||un||) — 0 and Goo(uy) — 0, (3.15)
where

;Ielgtgl[g?ﬁq’ =(1(1)), T:={re?([0,1],H°(R): 7(0) = 0,®u((1)) < 0}.

Proof. For u € H(R*)\{0}, By (f2), one has ®..(tu) — —o as T — o. By the standard
arguments, one sees that I' # () and c¢., < co. Furthermore, it is easy to check that there exit
Po, 0 > 0 such that ®..(u) > 0 for all u with ||u|| < pp and P (1) > o for all u with ||u|| =
Together with the definition of I", we obtain ||y(1)|| > po. From the continuity of y(¢7) and the
intermediate value theorem, there exists 7y, € (0, 1) such that ||y(7y)|| = po. Hence, we obtain

sup Poo(7(7)) > Peo(¥(Ty)) > 09 > 0,
7€[0,1]

which implies

00 > oo = inf sup P (Y(7)) > a9 > 0.
Y€l ze(o,1]

Define the continuous map
n:RxH(R?) = H (R, n(t,v)(x) =+ %(e®x), forteR, ve H(R?) and x € R?,

where R x H*(R3) is the Banach space with the product norm ||(,v)|| := (|z|> + ||v]|*)2. We
define the following auxiliary functional:

Poo(T,7) = Peo (1 (7, 7))
2/ AN (T,0) ]2+ V| (17,1)]? dx+4/ (]) (tv) ]1‘[(1‘ v)[2dx

-5 s PP dr— 5 [ e

e(4s+21—3)r ) e(25+21=3)T 5 plds+21=3)T .
= e Mgy + Vel + /¢ dx
—(3+u)t ol (s+t)
e (s+1)7 (S+)T) g —
5 s P = N .

Moreover, by direct calculations, we obtain ®.. € ¢! (R x H*(R?),R), and
0:Pea(T,V) = Gu(N(7,7)),  Pun(T,v)w = DL (1 (7, v))1 (7, W)
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for all T € R and v,w € H*(R3). We define the mini-max value & for @ by

¢ = inf max &Doo(?(f)),
yel' 7€[0,1]

where I' = {7 %€([0,1],R x H*(R3)) : 7(0) = (0,0),Pw(§(1)) < 0}. Since ' = {noy:yeT},
we deduce that c.c = €. By the definition of c., there exists J;,, € I' such that, for any n € N,

~ 1
P, Oa n — O n S o T -
max, (0,%(1)) max (%(1)) < ot —

Applying Lemma 2.4 to ®.., and setting D = [0,1], Do = {0,1}, B=Rx H*(R%), 6 = niz, 0=
Land 7,(t) = (0,7()), we conclude that there exist (T,,v,) € R x H*(R?) such that

&Dm(rn,vn) — Coo,

1L (T, vi) | (141 (2, va) ) = O, (3.16)
dist((7,,vn),{0} X %([0,1])) — O, (3.17)

as n — oo. Thus, (3.17) implies 7, — 0. It is easy to see that, for all (7,w) € R x H*(R?),
(DL (T, V) (1,w)) = (P (1 (T va)), 1 (T W) + Geol(0 (T, Vi) ). (3.18)

Set u, = n(t,,v,). If we take 1t = 1 and w = 0 in (3.18), we obtain G (u,) — 0 as n — oo. For
each v € H*(R?), let 1 = 0 and w,, = e~ ) Ty(e~%x) in (3.18). We deduce from (3.16)-(3.17)
that

(@2 (), v} | (1 ) = (L (11T, vi)) 11 (T wi)) | (14 [Juanl]) = o(1) [

as n — oo, Therefore, (3.15) holds. O

3
Lemma 3.11. c.. < 355, where S is given in (2.1).

Proof. Let x(x) € €5 (R?) be a cut-off function such that 0 < y(x) < 1in R3, y = 1 in B (0),
and y = 0in R?\ By(0). It is known that S; is achieved by

forany k € R, 0 >0, and xg € R3. Then, taking xo = 0, we define
ug(x) = x(x)Ue(x), x€ R3,

- a5

14l 2 g

where

As in [29, 30], we obtain that
s 3
Ay = /3 [(—A)2ue|?dx < ST +0(e37) (3.19)
R

and
* 3
By = / uePidx =S¥ +0(). (3.20)
R
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By a simple calculation, we observe

0(8 E ), r>ﬁ,
P ::/R3|u€|rdx: o™ logel),  r=13, (3.21)
o(e" 7", r< 2.

Since sup ;> Peo(Te) = Poo(Tette) > 0o > 0, we see that there exists 77 > 0 such that 7z > T7.
Moreover, we infer from ®.(Tug) — —oco as T — oo that there exists 7> > 0 such that 7 < T5.
Then T7 < 7 < T>. Note that

2 4
T, s T
Do (Teue) < —8/ (\(—A)2u£|2+Voo\ug|2)dx+—8/ O |ug|*dx
2 JR3 4 Jp3 e

2p. 2 25
Te V T, 0
=B [ luel?) o [l

2p
34 (3.22)

_ 8% TgV/ |u£|2dx—f— (/ ’u£|3+2tdx)

i () [P e ()P w
// dxdy — — Pe.
R3JR3  |x—y[3H 2%

Define
2 2%
T T
Jg(f) = ?e% — 2—?%&-
According to (3.19)-(3.20), it is easy to verify that
f % 3-2s
supJe(7) < =S&F +0(e7 7). (3.23)
>0 3

By (3.22), (3.23), (3.24), and (3.25), we discuss two different situations.
Case 1. s > 3, which yields 725 > 2.

342t

3 ue (x)|P |ue(y)|P
d.(1, <S%0325 C/ T2 d c\///‘e dxdy.
(8”8)—3 + +( e[ dx wlp oy

Case 2. s = %, which yields ﬁ =2.

3421
s By e ()7t ()]
< = 2s 2s € e
Pos(Tete) < 35T +0(e7|loge|) +C (/&3 |u6\3+2,dx) _Cv /R3 /M Rt dxdy.
Case 1. s > %. Furthermore, (2.9) and (3.21) yield
342t . 0 82t+4s73) .
(fR3 ’Mg‘%dx> ’ limeg 0+ e 037+21 3101~ 30y
i Y O(e2+4-3|100e| 3 1 3
Sll}l’(l)l_'_ e3-2s llmgﬁ(ﬁ_ ( 83‘—2038 | ) — 0, 72, = 735, (324)
82(3—2s))

llm£_>0+ T = 07 342t < 3-2s"
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By virtue of (2.7) and (3.21), for any p € (2,2}), we obtain

// g (x) [P |ue (v )|pdxdy
R3 JR3 |x y’?’ H

2C [y fy ) Ve Py
l

2
3 G2 [T/ r? 3.25
= C E 2 / Ss Gavp dr ( )
0(867(372s)p)7 P> ﬁ)
= 0(e5 B 2r|logel?),  p= 3y,
O(e3-297), pe i

If 2;173 >p>2%—1,then 0 < 6—(3—2s)p < 3—2s, which implies that, for any fixed vi>0,
';

3 3
Coo < 585* for € > 0 small. If 2 < p <28 -1 and v2 > e(3-P)B-29) we also obtain c.. < 355°.
Case 2. 5= 3. According to 75 +2t >2 =325 2 and 2¢ +2s > 3, we obtain that

342t

12 3
<fR3 |ug|3+2 dx) O(e2+4-3)
lim < lim ———= =0.
e—0* e>|loge| e—0+ €%|loge]

Since p > 2 = ﬁ, arguing as Case 1, we also obtain if ZTM > p > 2% — 1, then, for any fixed
V2> 0, co < %Ss% for € >0 small. If 2 < p <2;—1 and v > 8(3_23)1’_6, we also obtain

< %Sﬁ% . O
Lemma 3.12. The following equality holds

inf sup P = Coo = Coo — INf max ®.,
inf sup -(4(5) inf max . (ug).

Proof. From Lemma 3.4, we can see that ®..(ug) < 0 for u € R x H*(R?)\ {0} and 6 large
enough. This implies e < Co. Then, we Show oo > Coo. We claim that, for any y € I, y([0, 1] N
M) # 0. Indeed, from (3.11), we obtain that, for any y € T,

Goo(Y(1)) < (45421 — 3) Do (y(1)) — (3 —2)Vaop? < 0.

For any u € H*(R3)\ {0}, from (3.6), (2.7) -(2.8), and the Sobolev embedding theorem, we
deduce that

4ds+2t—3 25+ 2t 4s + 2t
Gm(u):”T/RSy(— ViulPdx+ ”—/ Viuldx + L/ 0! 1dx

1 ds + 2t X
3 [ G FG)Rs ) a3+ ) F = 22 [ ufian
2 JR3 2 R3
2s+2t—3 2u X
2——5— [ul|> = Cllul >3 = Cllul[*? = Cllu|>,

which yields that there exists p, € (0,]|y(1)]|) and 6, > 0 such that Gu(u) > 0, for ||ul| =
This implies that there exists Ty € (0, 1) such that G (¥(7y)) > 0. Therefore, the curve y € T’
must cross .#., which indicates c. > me. Together with Lemma 3.8, we obtain ¢ > Ce. [
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Proof of Theorem 1.2. By Lemma 3.10, there exists a sequence {u, } C H*(R?) satisfying (3.15).
It follows from (3.11) and (3.1) that

1 32 , 11 -
o = Bun(ity) = P (1) — ————— G (tt) >~ [ VerlPdx+ (= — = ‘.
¢ (tn) = Peclitn) = 3o =3 Gorlitn) 2 3253 /Rs Xt (2 2*) /Rs | dx

N

Combining with the Holder inequality, we deduce that {u, } is bounded in L"(R?) for r € [2,2}].
Then, by Geo(u,) — 0, (2.7), and (2.8), we can see that

4s+2t—3
2

< 2 [ G Pl 20s-+0) i — (3 )P+ 25272 [

(=8)2uydx

2+%n 2
< C(llunll 2 R’a P+ ol

L3+E (R3)

P ) S C.

This implies that {u,} is bounded in H*(R?). Now, we claim that

lim sup || >dx > 0.
n%0 e R3 /B (y)

If it does not occur, then it follows from Lemma 2.3 that u,, — 0 in L’ (R?) for r € (2,2}). Hence,
we obtain that

0n(1) = (@ (1), ) = 0] B g + Vil 122 ) — a2 ) 00 (1)

12 (R3)

as n — oo, Since {u,} is bounded in H*(R3) and c.. > 0, we may assume that up to a sub-
sequence, as n — oo, for some [ > 0,

2*
letall 252 g3y + Veollttall 2y = 1 el sy = & (3.26)

In view of (3.26) and (2.1), we obtain that
2
1= 1im ([ ) + Vel 2 gs) ) 2 oz gy 2 Sellon35 gy = Sl
which implies
3
> S¥. (3.27)

Combining the fact

1 1 2% S
Coo+0n(1) = Poo () = ) <||”n||2@&2(R3) +V°°||”n||i2(R3)> - ;HL‘HHI};(M) +on(l) = §l+0n<1)
N

and (3.27), we observe that c. > %Ss%, which contradicts Lemma 3.11. Hence, there exists
& > 0 and a sequence {y,} C R? such that JBi0m) |un|>dx > 8. Let v, (x) = u,(x+yy,). Then, as
n— oo,

Do (V) = Cooy, PL(vy) =0, Goo(vy) =0

and [p () |vu|2dx > §. Hence, passing to a sub-sequence, there exists v € H*(R?) such that
Vp — v in H5(R?),
Vg =V in L) (R3) for r € [1,2}),

Vy —V a.e. in R3.
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By using standard arguments, we obtain that @/ (v) = 0 and ®w(v) > éw. Therefore, v is a
nontrivial solution to (3.3). In view of Lemma 3.12, (3.1), and Fatou’s Lemma, we obtain that

_ . ) 1
oo = = fim () = i [ @00) g3 G
.| B=2t)Velvall 23
= lim
n—yeo 4s+2t—3

+m/ Ly * F (va)) 2(5 ) f (V) vn — (4 + 2t + W) F (vy)]dx
2.

+ gz >/ Ivnlz*dX}

n*

—G > Coo
Gsar—30==¢
which implies that @..(v) = Ceo = Mo by recalling Lemma 3.8. O

4. EXISTENCE OF GROUND STATE SOLUTIONS TO (1.1)

In this section, our aim is to find ground state solution to (1.1), whose potential is not a
constant. In order to use Jeanjean’s monotonicity argument, i.e. Lemma 1.1, for A € A = [%, 1],
we introduce a family of functionals @, : H*(R?) — R defined by

D, (u)

_1! (\(—A)iu\2+V(x)u2)dx+1/ ofuldx— / ( *F(u>)F(u)dx+3/ uf dx
2 Jr3 4 Jrzs ™ 2 | Jr H 2% JRr3 )

Set

Gl(w:w/ |(—A) 2 |2d ﬂ/ ¢t wldx

5/ (25 +2t —3)V(x) — (VV (x),x)|u’dx
%{ (L * F (u (3+u)F(u)—2(s+t)f(u)u]dx—(4s+2z—3)/R3\u|27v‘dx}

4.1)
Let us set @y (u) = A(u) — AB(u), where

Alu) ==

s 1
(](—A)2u12+V(x)u2)dx—i——/ Ol uPdx — oo,
2 JRr3 4 Jr3
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as ||u|| — +o0 and

1 1 x
B(u) =75 | UnF(u ))F(u)dx+2—z/R3|u|2sdx20.
We can easily verify all the conditions of Lemma 1.1.

Lemma 4.1. The functional ®,, satisfies the following properties:
(i) there exists e > 0 such that @) (e) < 0 for all A € A.
(ii) ¢y = infyermax;c(o, ;) Py (¥(t)) > max{P,(0), Dy (e)} for all A € A, where

I={ye¢(0,1,H(R)): 7(0) = 0,(1) = e}.
Proof. (i) For u € H*(R3)\{0} fixed and A € A, we define
2/ A2 ul? + Ve )dx + ~ / O uPdx
—2 [E/H@(IM>|<F(u))F(u)dx—i—2—?/R3 ’u‘Zidx] :

Thus, from (V5), we obtain @ (1) < ®5(u). Set ug = 8+ u(0x) for all 6 > 0. It follows
from Lemma 3.4 that &3 (ug) — —o0 as 6 — +oo. Take e = ug for 6 large enough, (i) follows
immediately.

(i1) From (2.7) and the Sobolev embedding theorem, we obtain that

4.2)

() > 5l CCall>* ¥ e+ ),
which implies that there exist & > 0 and p > 0 such that
P, (u)>o>0, Vlul|=p, forany A €A.
Thus, for any A € A, there exists 7y € (0, 1) such that ||y(7o)|| = p and

max D, (¥(1)) > Pa(¥(t0)) > a > max{P; (0),P; (e)},

which yields ¢; > 0. 0J
Combining Lemma 1.1 and Lemma 4.1, for almost all A € A, there exists a bounded sequence
{u,} C H*(R?) such that
D) (un) = ¢5, D (un) — 0.

To prove that the above sequence {u, } satisfies the (PS) condition, we consider the following
limit problem

(—A)Su+Vmu—|—¢b’,u:l(lu*F(u))f(u)+).\u|2?_2u, in R3, 43)
ucH (R, u>0, in R3. .

By Theorem 1.2, system (4.3) admits a ground state solution u’y € H*(R?), i.e. forany A € A,
there exists uy € .4} such that

(®7)'(u7) =0,  @F(uy) =my = inf &7 (u),

ueeMy
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where @7 (u) defined in (4.2), ///f’ ={ue HS(R3) \ {0} : G3(u) =0}, and

+72L (I“*F( )3+ ) F (w)dx — 2(s+1) £ (u)uldx — 4s+2t / ul dx.

Lemma 4.2. For any A € A fixed, c) < m3.

Proof. Let u be the minimizer of m. From Lemma 3.8, Lemma 4.1, and (V2), choosing 6
large enough, we conclude that for any h eA,

<max®; (0°7u3 (0x)) < max®5 (0 uT (0x)) = D5 (uy) = m5.
€2 = Tax 2 (677 u7 (6x)) gax 7 (677 uy (6x)) 7 (uy) = mj
This completes the proof. U

Lemma 4.3. Let {u,} be a bounded (PS)., sequence for the functional ®;. Then there exist
sub-sequence of {u,}, still denoted {u,} and integer k € NU{0}, sequence {y}} C R, wi €
H*(R?) for 1 < j < k such that

(i) tn — uy, with @, (uy) = 0;

(ii)yn—>+ooand|yn yn|—>+00f0rl7é],
(iii) w' %Oand(cbw)( N=0for1<i<k

(iv) ||t — g, = X5 w (- =y3) || = 0;
(v) @ (un) — Dy (up) + X5 @5 (W), .
In addition, we agree that in the case k = 0 the above hold without w/ and v},
Proof. Since {u,} C H*(R?) is a bounded sequence satisfying
D) (un) = ¢y, >0, D) (uy) — 0,

one sees that there exists u; € H*(R?)\ {0} satisfying

Up — Uy, in H5(R?),
(R3) for r € [1,2}),
Uy, —> Uy, a.e.in R>.

Uy —> Uy, inL]

loc

Moreover, using standard arguments, one can prove that CIJZl (uy) =0, so Gy (uy) =0. One
deduces from (4.1), (V7), and (3.1) that

D) (up)
1
=P, (up) - m@l(ux)

_ m /]R 25V (@) + (VY (x). 0 d

st oo P2l 0~ s+ 2w F)ldes 5 [l P
> 0.
4.4)
Setting v! = u, — uy, we have v! — 0. We next show that one of the following conclusions of
v} is true:
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Case 1: v} — 0in H*(R?), or
Case 2: there exists Ry > 0,8 > 0 and a sequence {y!} € R? such that

liminf vi2dx > 6 > 0. (4.5)

n—eo BRO (y}!l)

Indeed, assume that Case 2 does not occur. Therefore, for any R > 0, we obtain that

lim sup v |?dx = 0.
n_woyE]R3 BR(yn)

Thus, Lemma 2.3 implies that v} — 0in L"(R?), r € (2,2%). It follows from (2.7) and (2.9) that

. 1 1 _
ngrfm - (IyxF(vy))F(v,)dx=0 (4.6)
and
. 1\2
nLlTw - %(vn) dx=0 4.7)
Moreover, we infer from (2.10), (2.11), and (4.4) that
lim (131( ) = lim ‘DA (un) — (D;L (M;L) S (&) (48)
n—yoo n—oo
and
lim (®,)"(v,,) = Tim (@7 (i) — (2’ (u3) = 0. (4.9)

n—oo

It follows from (4.6), (4.7), and (4.9) that

0= Tim ((&;)'(v)),v]y = lim( |(—A)5v}l|2dx+/ V(x)(v,ll)zdx—l/ |v,§|22~‘dx).
R3 R3 R3

n—soo n—soo

Since {v.} is bounded in H*(R?), then we may suppose that up to a sub-sequence, as n — o,
(- 2vn|2dx+/ v2dx 5 1, A/ W2 dx s 1 (4.10)
for some [ > 0. If [ > 0, in view of (2.1), we obtain that

[ miiPct [ VEWhde= [ (=)= S0 g

EI
This together with (4.10) gives that [ > SEA= forall A € A.
On the other hand, (4.8) implies that

cy, >r}glgo¢l( —nl1_r>r°1° {— (/ |(— 2v,1l]2dx+/RSV( 2dx) / v} \2*dx]

3 _
> %S? AT
(4.11)
By using similar argument as in Lemma 3.11, Lemma 3.8, and Lemma 3.12, we show that
3— 2?
< S 5 AT

Combining with (4.11) and Lemma 4.2, we obtain

s 3 3-2s s 3 3-2s
gsszf)rT <cp<my< 553%*7, for all A € A.
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which is a contradiction. Thus, I = 0. It follows from (4.10) that ||v,|| — O, that is, u, — u in
H*(R?) and Lemma 4.3 holds with k = 0 if Case 2 does not occur.

In the following, we assume that Case 2 is true, that is, (4.5) holds. Then, up to a sub-
sequence, we obtain

Il oo, Ayl w0, (@)W 0.
Indeed, let us consider v1 =v)(-+y}). Note that {v]} is bounded. Then together with (4.5), we

deduce that v,ll — w! £ 0. Therefore, it follows from v} — 0 in H*(R?) that {y!} is unbounded,
up to a sub-sequence, |y;| — +eo. Now we prove (®5)'(w') = 0. It suffices to prove that

(((IDT)/(\;{), @) — 0 for any @ € €5°(R?). According to (4.9), we obtain

(D) (1), @) — (@) (1), @) — (@5 (v)), )| < 0a(1)| 0],

which implies |[(®; (v}), )| = 0,(1)| ¢]|. Note that

(@) (1), qo( yn>>
x—yl)— —yl
- [ ) %@(ﬂ%yﬁ) PO=3 )ty + [ Vb0t
+ [ 0l uhx)ot—yidx
-1 <Iu*F(v,b)f(v,i)«p(x—y;)dx—x L A2 pr— yh)d @12)
=/ /R OO =O0) duay+ [ Vit b

+ [ 05vo@ds =4 [ (1ax PO e0dr=2 [ P2l 0p(x)dx
=on(1)]]|

Since [y}| — oo and @ € €5°(R?), we have

/R3 V(x+y)) = Vvl (x)@(x)dx — 0. 4.13)

Combining (4.12) and (4.13), we deduce that for any ¢ € €5°(R?), ((CID‘I)’(\;E), ¢) — 0. By (V2)

and u, — uy in LIZOC(R3), we can see

/ (V(x)— Vo) (v))2dx — 0. (4.14)
R
It follows immediately from (4.8) and (4.14) that

Dy (v) = cn — @y (up), Py (un) — Py () — @5 (vy) = 0. (4.15)
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Set v2(-) :=v}(-) —w! (- —y)), then v2 — 0 in H*(R?). Noting that 1211 — w! £ 0, we obtain that
/R3 V(o2 2dx = /RS V)V 2+ /R3 V(b w! (1) Pdx

—2/R3V(x+y,1,)v,ll(x+y,ll)w1(x)dx (4.16)

:/ V(x)|un|2dx—/ V(x)|u;t|2dx—/ Vio|w! P+ on(1).
R3 R3 R3

From the Brezis-Lieb Lemma, [2, Lemma 2.6] and [17, Lemma 2.9], we conclude that

2 2
V215 gy = ltn = =" =30 | G gy = Nt = 2 sy = W' - = 38 | g + 0n(1)
= Hun||9s,2(]R3 H”?LH@M R3) —Iw'(- —yn)“_@sz R3)+0n(1)
4.17)
19205 oy = lm = 2 =1 C =38 173 gy = otn = 0 5 gy = 9 C =305 ) (1)
L% (R3 n/ 112 (R3) L% (R3) N2 (R3)
HunHLz* (R3) |‘ulHLS2§(R3) - leHLz* (R3) +0n(1)7
(4.18)
(1)52 (v?) 2a’x:/ g{)‘fl (v 2a’x—/ ol x—yl (wl(x—y))2dx+0,(1)
4.19)
_/ 0! (un)?dlx — / 0L (u)2dx— / o (w)2dx + 0,(1),
/¢vzvn(pdx—/ ¢v1vn(pdx /¢w1xy L=y odx+o0,(1)
(4.20)

:/3¢un”n¢dx_/R3 %AW‘Pd’C_/W q)wlw @dx+o,(1), VYee (HS(R3))/,
(IH*F( V2))F(v3)dx

(IN*F DYax — / (Iyx F(w' (x —y))F(w! (x — y1))dx + 0,(1)

canlonll

\

u [J Y, 3 u

R3

and
s FO2)S07) g
- R3(1u*F(Vi))f(Vi)<de— [ FO0t =310 (=3 g+ 04(1)

(1 P () () = [ (1 F () f () pdx = [ (< F(w')) S Yo +-0,(1).
(4.22)

R3
By (4.16)-(4.22), we see that

Py, (v) = P (un) — P2 (1) — PF(W') +0u(1),
D7 (v;) = P2 (vy) — P (w') +0u(1)
(@) (), @) = (@) (1tn), @) — () (2), ) — {(PF) (W'), @) +0(1) = 0u(1).
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Therefore, together with (4.15), we obtain

D) (1) = Dy (1) + D5 (vy) +0u(1) = Py (1) + D5 (W') + D5 (v7) + 0a(1).
It follows from (4.4) and Lemma 4.2 that DT (v2) = c) — Py (up) — P (w') < 3. Note that
one of Case 1 and Case 2 is true for v2. If Case 1 holds, then Lemma 4.3 holds with k = 1. If
Case 2 occurs, we repeat the above arguments. By iterating this process we have sequences of
{y4} C R3 such that |y}| — +oo, |y} —yi| = +oeofori # jand v}, = v} ' —wi~ (- =y, 1) with
J > 2 satisfying

vi—0in H'(R?), (®%)(w/)=0

and

oo oo (4.23)

CI%(un)—CPx(u;L) Zk 1 PF (W) = DT (V) = 0a(1).
In view of {u,} is bounded in H*(IR?), (4.23) yields that the iteration stops at some k. That is,
v’,‘lle — 0 in H* (R3). From (4.23), it is easy to check that (iv) and (v) are true. The proof is
complete. U

{Ilunll2 — |2 = Xy 11w (- = yI2 =l =z = Xy wi (- = )|+ 0a(1),

Lemma 4.4. For almost every A € A, let {u,} be a bounded (PS)., sequence of ®,. Then up
to a sub-sequence, {u,} converges to a nontrivial u; € H*(R>)\ {0} such that

() =cp, (@) (up) =0.
Proof. From Lemma 4.3, up to a sub-sequence, there exist u; € H* (R3), nontrivial critical
points w/, j=1,...,k of ®F, k € NU{0} and {y}} C R? with [y;| — +eo, 1 < j < k such that

k
D, (up) =0, up—up, Pp(un) = Pp(up)+ Y OT(w)
j=1
Together with (4.4), we infer that, if k £ 0,

cl:r}ggo¢l(un) D, (uy, +ZCI))L ) >my,

j=1
which contradicts Lemma 4.2. Therefore, this lemma follows. O

Proof of Theorem 1.1. Taking a sequence {A,} C A satisfying A, — 1, one sees from Lemma
4.1 that there exists a sequence of nontrivial critical points u; (which we denote it in the fol-
lowing by {u,}) for ®, and ®, (u,) = c;, . Now, we prove that {u,} is bounded. It follows
from (3.1) and p > s+ ¢ that for every 7 € R,

6+u

f(D)T=2F(1) > f(1)T— 2 +1)

Combining (P, (un),un) = 0 and 3 < 4s we infer that

1
cs =, =Py, (4n) — Z<CDI)L,, (t4n), tn)

1 1 *
=l + %/Rz(zﬂ i F (1)) ()1t — 2F (1) + (g - Z) T /W a2 dx

F(7) >0.

1
> 2l
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which implies that {u, } is bounded in H*(R?). Therefore by Lemma 1.1, we obtain that

Ap—1 2 )
lim () = lim {(I);Ln(un) - UR} (I * F (1)) F (1) dx + z_;/Rs 10 dx] }
- ’}g‘l‘}ocl - Cl?
and
. /
,1152,@ (), @)
— tim { (@4, 0).0) + (o= 1) | [ s FCun s+ [ oo |}
n—oo n R3 R3
= ()7

which implies that {u, } is a bounded (PS)., sequence for ®. Therefore, by Lemma 4.4, there
exists a nontrivial critical point ug € for ® with ®(up) = cy.
At last, we prove the existence of a ground state solution to Eq. (1.1). Set

=inf{®(u) : u # 0, ®'(u) = 0}.

It is easy to see that 0 < m < ®(ug) = ¢; < +o0. For any u satisfying ®'(u) = 0, by standard
arguments, we see that ||u|| > p for some p > 0. While, it follows from (V;), G(u) = 0 and
(3.1) that
1
SG(w)

DP(u) =P(u) — 4123

_ m /R 25V (@) + (VY (2).0)uldx

1 S 2%
TS /R3 (I F () 205 +0)f ) — (45 + 20+ ) F ()} + 5 /RS | dx
which yields m > 0. If m = 0, then there exists a critical point sequence {u, } of ® with ®(u,) —
0, which implies
lim [[u,||%. . =0. (4.24)
n—oo S

Similar as (3.14), we infer that

[ G Pl Gy < el + Clinl 2
which implies that
nlgrolo - (I * F (up) f (up)up =0,
as € — 0. Combining with (4.24) and (®'(u,),u,) = 0, we obtain lim, e ||u,|| = 0, which
contradicts ||up|| > p. Therefore, 0 < m < +oo. Then let {u, } be a sequence satisfying @’ (u,) =
0,9(u,) — m. Applying the same argument as above, we can obtain that {u,} is bounded.

Similar to the proof of Lemma 4.4, we have that there exists u € H*(R?) such that ®'(u) =
0, ®(u) =m. O
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