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Abstract. This paper presents a piecewise convexification method with a box classification strategy to
approximate the entire globally optimal solution set of non-convex optimization problems with box con-
straints. First, the box classification strategy is proposed based on the convexity of the objective function
on the sub-boxes, which helps to reduce the number of box divisions and improve the computational
efficiency. At the same time, we construct the piecewise convexification problem of the original non-
convex optimization problem by applying the ¢¢-based Branch-and-Bound (¢BB) method, and we define
the (approximate) solution set of the piecewise convexification problem based on the result of classifying
the sub-boxes. Then, it is deduced that the globally optimal solution set can be approximated by the (ap-
proximate) solution set of the piecewise convexification problem. Finally, a piecewise convexification
algorithm is proposed that includes a new subset selection technique for division and two new termina-
tion tests. The results of our experiments demonstrate the effectiveness and general superiority of our
approach over the competition.

Keywords. a-based Branch-and-Bound; Global optimization; Non-convex programming; Optimal so-
lution set; Piecewise convexification.

1. INTRODUCTION

Non-convex optimization problems arise frequently in machine learning, such as the image
recovery problem [1, 2] and the robust support vector regression problem [3, 4]. Meanwhile, one
is generally only interested in globally (approximate) optimal solutions in applications, so how
to effectively solve non-convex optimization problems has received much attention. Up to now,
most global approximation algorithms have been developed such as convex relaxation-based
method; see [5, 6, 7, 8, 9, 10, 11]. In particular, the ® BB method, which is one of the global
optimization methods and is based on the idea of the convex relaxation, plays a substantial role
in the design of efficient and computationally tractable numerical algorithms for non-convex
optimization problems; see, e.g., [12, 13, 14, 15]. It is worth remarking that these algorithms
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generally aim at finding a single globally optimal solution, but most application problems may
exist with many or even an infinite number of globally optimal solutions; see, e.g., [16, 17]. To
the best of our knowledge, research on global algorithms to determine the set of globally optimal
solutions is not abundant. In [18], Eichfelder et al. generalized the classical @ BB method to
find the globally optimal solution set with predefined quality for a non-convex optimization
problem. However, as they pointed out, some additional variables and the additional while loop
were required.

Motivated by [18], we develop a piecewise convexification method with a box classifica-
tion strategy to approximate the entire globally optimal solution set of non-convex optimization
problems. In order to reduce the number of box divisions and improve the computational ef-
ficiency, we first classify the sub-boxes by the convexity of the objective function on them
and further partition only on some sub-boxes in the subsequent division. The aBB method
is applied to some sub-boxes to construct a piecewise convexification problem of the original
non-convex optimization problem. Then, we construct the (approximate) solution sets of the
piecewise convexification problem using the results of the box classification, and we show that
these constructed sets approximate the globally optimal solution set with a predefined quality.
Finally, a new piecewise convexification algorithm is proposed that includes a new sub-box
selection rule for partitioning and two new termination rules. Furthermore, several instances
verify that these rules are conducive to improving the effectiveness of the algorithm.

This paper is organized as follows. Section 2 summarizes some basic definitions of the op-
timization problem. It also introduces the «BB method and the box division. In Section 3,
incorporating the BB method and the box division criterion, we first propose a piecewise con-
vexification method for the non-convex optimization problem, and then analyze the solution set
of this piecewise convexification optimization problem. More importantly, some relationships
between the (approximate) optimal solution set of the convexification problem and the original
optimization problem are also stated in detail. A new algorithm that generates the subset of
approximate global solutions is presented in Section 4. Finally, some numerical experiments
are reported and discussed in Section 5, the last section.

2. PRELIMINARIES

Let I denote the set of all real nonempty closed boxes and [ denote the set of all n-dimensional

n
boxes. For a given box X € I, we set X = [a,b] := [][a;,bi|, where a = (ay,--- ,a,) and

1=
b= (b1, - ,by). Thus, x € X denotes x; € [a;,b;] for eachi € {1,--- ,n}.
In this paper, we consider the following non-convex optimization problem (NCOP):

(NCOP) min f (),

where X = [a,b] is a box and f : R" — R is a non-convex twice continuously differentiable
function. We start with an overview of the (approximate) optimal solution of (NCOP).

Definition 2.1. ([18]) Let X C R” be a nonempty set, x € X, and f : X — R.

(a) If f(x) < f(y) for any y € X, then X is an optimal solution to f w.r.t. X. Therefore, the
optimal solution set is denoted by X,,, := {x € X : f(x) < f(y), Vy € X}.

(b) For any given € > 0, if f(x) < f(y) + € for any y € X, then X is a e-minimal point of f
w.rt. X, and X5, :={x € X : f(x) < f(y) +¢&,Vy € X} is the €-optimal solution set.
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Before proceeding, we briefly describe the a BB method and the box division, as they play
an important role in the devise of the piecewise convexification method.

2.1. The BB method. The BB method is a global optimization method that constructs a
convex relaxation estimator of a non-convex objective function f w.r.t. X; see, e.g., [18, 19, 20,
21]. More precisely, let f : X — R be a real-valued twice continuously differentiable function
and X be a box, i.e., X = [a,b] € I". A convex lower relaxation function F : X — R of f by
the idea of the BB method was defined in [20] as follows:

n

F¢(x) = f(x)+ Z a;i(a; —x;)(bi — x;),

i=1

where parameter o := (0, ,0,) guarantees the convexity of F;* on X.

There are several methods for estimating the value of «; see, e.g., [20, 22, 23]. In this article,
we directly adopt the following method from [20] to roughly compute the value of ¢; for each
i€{l,---,n}, as defined by

o= maX{O,—% (mszf( )i Z(X,l,d))} 2.1)

xeX

where d := b —a € R", Hessian matrix V2 f(x) = <V2f(x),~j), and

Y (X,i,d): Zmax{

i#]

Y

min V2 £ (x);;

xeX

d;
} 0 (2.2)

v2 .
max V=£(x);;

A lower bound of the minimum eigenvalue of V2 f(x) w.r.t. X was given in [20], i.e.,

Ax zmln(mszf( )ii Z(X,i,e)),

i xeX

where e = (1,---,1) € R". Obviously, if the lower bound

Ax :=min (mszf( )ii Z(X,z,e)) >0, (2.3)

i xeX

then f is obviously convex on X, not vice versa. It is clear that 7LX2 < 7LX1 with X; C X5.
Moreover, in [22], the maximum separation distance between f and F)?‘ over X is

- (bi—ai?
D(X) = max||f(x) = FE (]| = Y as (25 ), @4

i=1

which shows that D(X) is determined by the interval [a,b] and c.

2.2. The box division. As shown in equation (2.4), a smaller box helps to generate a tighter
underestimation of the original function. Thus, we divide the whole box into some sub-boxes
to well approximate the original function.

Let u" be the Lebesgue measure on R”. If the box set Y' := {Yl,Yz7 ‘e ,YMf} satisfies

M,
X= Y% and p"(Y* nNY’)=0Vk,j, € {1,--- M},
ktzl
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n
then Y is a subdivision of X. The sub-box Y* abbreviates as Y% = [a*,b*] = [] [af’,bf’]. It is

i=1
worth noting that the subdivision Y’ +1of X w.rtt+ 1 is based on Y7, i.e., selecting one or more
sub-boxes from Y’ to divide. In the following, we introduce the box division way; see [18].

The division way: For a given box Y% = [d* b%] € Y, the branching index | is defined by

I:=min{j € {l,---,n}:j€ argmax (b];’ —al;-’)},
je{l,"-,l’l}

and then Y* splits into two subsets Y*'' and Y**? based on direction | by

n kl kt n kl kf
a'+b a'+b
ykel .= I I [af’,bf’] X a?’,—l L1 and Yk? .= | | [af’,b?] X u,bf’ :
i=1,i#l 2 i=1,i#l 2

Clearly, YX = Ykl yyk2 and Y*! yk2 ¢ Y+, For simplicity, we define the splitting
operator Sp(Y*) := {Y*:! y*:2} and the length of the subdivision Y’ of X by

T(Y')|:= max }{nakf—bkfu%}: max {Z(bf’—a%z}.

k{1, .My kee{l, .M} | /(25

Remark 2.1. Let x* € X,,,. For any given subdivision Y’ of X, there exists Y k € Y such that
x* € Y% and x* is an optimal solution to f w.r.t. Y%,

3. PIECEWISE CONVEXIFICATION METHOD FOR (NCOP)

In this section, we first introduce the piecewise convexification problem for the non-convex
optimization problem (PC-NCOP). The solution sets of the piecewise convexification optimiza-
tion problem are constructed and discussed in detail. Finally, we analyze some relationships
between the solution sets of the piecewise convexification optimization problem and the (ap-
proximate) globally optimal solution set of the original non-convex optimization problem.

3.1. Piecewise convexification problem. In order to approximate the globally optimal solu-
tion set of a non-convex optimization problem, we use the box division technique to divide X
into several sub-boxes and use the BB method to relax this problem on each sub-box of X
instead of on X itself. Thus it is referred to as the piecewise convexification method. In the
following, we discuss this method in detail.

Let Y/ :={Y! Y?,... , Y™ be a subdivision of X. Then we consider the same convex relax-
ation subproblem on Y% = [a% bk] € Y' as [20], i.e.,

n

min F& (x) = f(0) + Y o (@ — x) (b — ), 3.1)
xeYyn i=1
where o = (af’, ok If iyk, > 0 estimated by (2.3), then Ocl.k’ = 0. Otherwise, Ocik’ 1s

computed by (2.1) for any i € {1,---,n}. Similarly, Ay, > 0 implies that Fk‘:‘k’ is a convex lower

bound estimation function of f(x) on Y% and Fk‘j‘k’ (x) = f(x) for any x € Y*.
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Let XC’,‘;, and XC]f},’S denote the optimal solution set and the &-solution set of (3.1), respectively,

Xk = {xe YR F¥ (x) < F¥ (y) forany y € YV},
Xc]f}a’s ={xerh: ka‘kt (x) < ka‘kt (y)+ € for any y € Y}, (3.2)

where € > (0. Obviously, XCIZ, and Xf};g are not empty sets.

) k. .
As mentioned above, for any k, € {1,--- ,M;} and Y ki eyt Fk‘:‘ " is a convex relaxation sub-

problem of (NCOP) w.r.t. Y¥. Then, we use all convex sub-problems to constitute the piecewise
convexification optimization problem of (NCOP) with respect to X.

3.2. The solution set of the piecewise convexification problem. In this subsection, we con-
struct the solution set of the piecewise convexification problem w.r.t. X for the subdivision Y’.
The construction of this solution set is crucial because it relates to the approximation of the
globally optimal solution set and directly affects the performance of the algorithm.

Let M; be the index set of all sub-boxes of the subdivision Y’ and X = Uy, <y, Yk . As we all
know, if f is convex on a current box, then it is also convex on any subset of that box. Thus,
in this paper, we will check whether f is already convex on the current box before dividing it.
Obviously, we can first define two auxiliary indicator sets to classify those sub-sets based on
the convexity of f on its corresponding box, i.e,

M (1) := {kt eEM;: 7~Lyk, > O} and M, (1) := {kt eEM;: Zykt < 0},

where Ay, is defined by (2.3). Clearly, M; = M;(t) UMa(t) and f is convex on the subset Y%

for any k, € M, (t). However, for any k; € M,(¢) one cannot claim that f must be non-convex
on Y% because we only obtain ;lyk, < 0 and not lﬁ; < 0. That is, the convexity of f on Y* is
uncertain for any k; € M;(t). Thus, we need to be more concerned about the indices in M,(r)
rather than in M, (¢) for any 7. Then a box division criterion is proposed.

Box division criterion: No division is applied to the box if f is convex on it, and the box on
which f is non-convex is selected for subdivision.

Some notations that help us to clearly define the solution set of the piecewise convexification

problem, corresponding to the above index sets, are presented.

Xacp(t) = U Xé‘;,anan[f,C(t) = U XC’,‘I’77 (3.3)
keeM, (t) keM;(t)

where Xffé, is an optimal solution set of the convex relaxation optimization problem (3.1).
Finally, using these auxiliary sets above, we in this paper, directly define the set of the piece-
wise convexification problem X, (¢) of the following form

Xap(t) = {x € XSUC(t) 1 £(x) < £(y) forany y € xg;,UUC(z)} (3.4)
where XSV (1) == XE, (1) UXUE(1).

Remark 3.1. When f is convex on X, it is easy to check that Xap(t) = X,p for any ¢, i.e., this
definition can be reduced to the classical way of defining a solution set. This shows that this
definition of solution set of the piecewise convexification optimization problem is reasonable.
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In what follows, we analyze the solution set X, (¢ 4+ 1) we defined from the perspective of
the division process, which helps us to better understand the advantages of this definition. As
mentioned above, no subdivision is applied to this box on which f is convex, that is, from the
subdivision Y’ to Y/*!, we only divide the boxes whose indicators belong to M;(t), instead
of dividing all the boxes corresponding to M;. Then, this division process yields to two new
auxiliary index sets based on M>(¢), as defined by

M= {jz : Ay > 0 where Y/ € Sp(Y*) and k; € MZ(I)} ’ G-

MTUC = {jt : Ayir < 0 where Y’ € Sp(Y*) and k, € Mz(f)} ) (3.6)

which indicate that we classify the new sub-boxes, that is, we put the index of the new box that

makes f convex in M, 1€ otherwise, put it in M, e, Obviously, these definitions imply that
Mi(t+1) =M ) UM and My (1 4+ 1) = M Y€ (3.7)
The union of solution sets around (3.5) and (3.6) are similarly represented by
XpoCee+1):= | XbandX)0UC(i+1):= | XP.
keeM 1€ kem THUC

Combining this with (3.7), one can conduct that
C _ yvC newC ucC _ vyvnewUC
Xop(t+1) =X, () UXG," (£t + 1) and X, (£ 4+ 1) = X"~ (¢, + 1),
Therefore, X,, (¢ + 1) can be equivalently expressed in the following form:
Xap(t+1) :={x € Xyp(t,6+1) : f(x) < f(y) forany y € Xop(r,0+1)},

where X, (1,14 1) := X5, (1) UXJC (1,0 + 1) UXIVC (11 4-1).
This equivalent form demonstrates the rationality and advantage of this way of defining
Xap(t+1). These are summarized in the following remark.

Remark 3.2. (i) There is a significant relationship between X, ,(¢) and X, (¢ + 1) since X, ( +
1) uses the information X(S, (t) from the subdivision Y’. In fact, the subdivision Y'*! is always
based on the result of the subdivision Y, and it follows that this relation is reasonable.

(i) From the subdivision Y’ to Y'*!, we do not consider the boxes that make f convex in
the subdivision Y’. Moreover, we use Xacl,7 (t) directly from the result of the subdivision ¢ to
construct X,,(t + 1), instead of solving these sub-problems repeatedly. These techniques can
reduce the number of sub-problems to solve in the piecewise convexification method.

Next, we discuss the relationship between X, (¢) and X,, when f has the piecewise convex
property on X, i.e., f is non-convex on X and f is convex on each sub-box of X for some
subdivision Y0,

Theorem 3.1. If there exists a subdivision Y of X such that M(ty) = 0, then X,, = Xap(to).
Proof. Obviously, Ms(ty) = 0 implies that X/ (10) = 0, M;, = M (to), and
Xap(to) = {x € X5, (t0) : f(x) < f(y) forany y € X5, (t0)}- (3.8)

Since Y is a subdivision of X, then X = [y ¢ My, Y* . In what follows, we prove that X,, p(to) =
Xop, that is, X,p C Xap(to) and Xgp(10) C Xop. If Xop € Xap(t0), then there exists x € X, such
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that X ¢ X,,,(f9). Based on the definition of X,,(f), shown in (3.8), it is easy to verify that
x ¢ X,p. Therefore, we conduct that X,,, C X, ().

Next, we assume that X,,(f0) € X,p, i.e., there exists X € X,,(f9) with X ¢ X,,. Thus, one
can find y € X satisfying f(9) < f(%). Since Y is a subdivision, then let y € Y/%, where

k .~ ~ k
ki, € My, = M;(tp). Due to Xa;? = (), there must exist z such that 7 € Xag). It follows that

f(@) < f(9), which yields f(z) < f(x) withz € XatO cx& »(to). This seems to contradict the fact
that X € X, (f0). Thus X (19) C Xop.
Obviously, from the above analysis, one can conclude that X, (f9) = Xo. O

This theorem demonstrates that the proposed piecewise convexification method can explore
all globally optimal solutions of the non-convex problem with the piecewise convex properties.

3.3. Approximate the globally optimal solution set. In this subsection, we show that X, ()

is a lower bound set of Xogp, and a new approximate solution set of the piecewise convexification

optimization problem is presented to obtain the upper bound set of X(‘fp.

Theorem 3.2. For any € > 0, there exist t € N and the subdivision Y' of X such that

Xap(1) € Xop,

d_pk\2
where the subdivision Y' satisfies max Z Ock (%) <e

Proof. From the Lemma 5 in [18], there exists the subdivision Y’ such that |T(Y’)| — 0 as
t — 0. Since «; is a finite value for any i, then there exist 7y and a subdivision Y’ such that

n k, bo
o' t—) <e. 3.9
Yo () 39)

Next, we just need to prove that X,,(f0) € X5,. Suppose that X,,(to) € X, that is, there
exists X € X,p(to) such that X ¢ X7, ObViously, xe XanUN C(t) and then one can find y € X
satisfying

fO)+e < f(x). (3.10)
Let jz\belong to the sub-box Y*o of X, i.e., 3 € Y*0 € Y where k;, € M (to) UM>(to).

Ifye Xa C Y%, then, according to (3. 10) and Xato < Xap CUNC (1), it contradicts X € X, (fo)-
Thus y € Y*o \Xap . Then, there exists 7 € Xa satisfying F oo (z) < F o0 (), where k;, € M.
Note that M, := M, (to) UM;(tp). Obviously, if k, € M, (to), ie., f is convex on Yo, then
f(@) < f()and f(z) < f(7)+€& < f(X) from (3.10). This is contrary to X € Xap(fo) by Z € XC]Z? C
X< (to) However, if k,, € M5 (ty), then y ¢ Xj}, implies that there exists 7 € Xf}? C X5C(t9) such
thatF“ (7)< e IO( y). On account of (3.10), one can obtain F“ °(2) < (%) —&, that is,

Sk, k k

F@)+ ), 0 (0 ~2) (b ~ %) < f(7) -

S . SN ~ . . ~ ~ k
which implies that f(Z) < f(x) by (3.9). This contradicts X € X4, (1) by Z € Xap C X (10).
Consequently, we infer that y ¢ Y% \XZ:;?
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In summary, the above analysis violates the assumption y € Y k . Therefore, this theorem has
now been proven. U

The above theorems demonstrate that the solution set of the piecewise convexification op-

timization problem is a lower bound set of Xfp. To construct the upper bound set of X(‘fp, the

approximate solution set of the piecewise convexification optimization problem is introduced
as

X2, (1) == {x e XS VCE() : f(x) < f(y)+eforany y € XanUUC’S(t)} :

where nge is defined by (3.2), XE,UUC’g (1) = XaC,;S (1) UXZ,C’E(t), and

XGE() = ) XbE XUCE) = | Xk

keeM(t) keeM;(t)
In what follows, we prove that a new set X7, (¢) is an upper bound set of X7 ,.
Theorem 3.3. For any € > 0, there exist t € N and the subdivision Y' of X such that
Xop € Xap(0),

. : 1 b —ght\2
where the subdivision Y' satisfies max Y, Ocl-k’< : 2“’ ) <g,
k€M (1) i=1

Proof. Similarly, there exist 7y and a subdivision Y’ of X such that (3.9) holds. It remains to
show that X5, C X2 (o). Assume that X5, & X7, (to) for some fo. Then one can find X € X;, and
A

Now, we can distinguish two cases for X ¢ X7,(t9) from the definition of X (to), and the

first of which is x € Xacpwc’s(to). It implies that there exists y € XCS,UUC’E(tO) C X satisfying

f(9)+¢& < f(x). This contradicts the fact that X € X5, that is, the first case is not true.
The second case is X ¢ XaCI,UUC78(tO). For this subdivision Y’, without loss of generality, let

A~ k )

X € Y% for some ky, € My, = M (to) UMa (o). If ky, € My (to), then X9 e Xacp’e(to). Moreover,

~ .. ~ ki€ L~ . ki |~ kig
x¢ XanUUC’S (fo) indicates that X ¢ X, . Then, there exists y € Y0 with F ") +e< B ).
0 0

Obviously, Fk‘"kto (x) = f(x) for any x € Y*o as k,, € M, (t). Then it conducts that
fo

fG)+e=F" () +e < A" (®) = f(3),
which contradicts ¥ € X5,. This yields to k, ¢ M, (to), that is, k, € Ma(fp). This indicates
that Xf;”zg C th,c’s(to) and X ¢ XZQQG by x ¢ XCSDUUC’S (to). Thus there exists y € Y% such
that ka;k’o (5)+2€ < ka;"’o (%), which implies from (3.9) that f(5) + € < f(%). This contradicts
X € X, which means that k;, € M>(t9) is also false. Thus, the second case would not hold.
Consequently, the above assumption is not true, that is, X, C X7, (#o) holds. O

Remark 3.3. Combining Theorems 3.2 and 3.3, the lower and upper bound sets of the set
Xup(t) are obtained by constructing solution sets of the piecewise convexification optimization
problem when the subdivision, that is,

Xap(t) C X5, € X5, (1), V€ >0,
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. . n ke _pki\ 2 .
where the subdivision Y’ satisfies max( : a{‘f <a’ 5 ) < €. However, Eichfelder, Gerlach,
k€M (1) i=1

and Sumi only obtained a lower bound set of X,,(¢) in [18].

4. A PIECEWISE CONVEXIFICATION ALGORITHM

In this section, the piecewise convexification algorithm for the non-convex optimization prob-
lem is devised. Furthermore, the theoretical property of this algorithm is obtained. It is neces-
sary to introduce some notations in Table 1 that are used in the algorithm.

TABLE 1. Notations in algorithm

Abbreviation Denotation

X The sub-box of X o

ﬁA The function values of F¢' on X

XX The optimal solution set of F)?a on X

Velob The smallest objective function value found for all current sub-boxes
w(X,a) The modified width of X and w(X, @) := i a (‘71';5")2

1}? A lower bound of Ay, ()? ) computed by (127.3)

Next, we present the piecewise convexification algorithm with a new box selection rule, a box
discard and two new termination strategies, which is used to obtain a subset of the approximate
globally optimal solution set, as shown in Algorithm 1.

Remark 4.1. The algorithm is explained in more detail below.

(1) It terminates after a finite number of iterations because there exists the subdivision Y’

of X suchthat max w(X,a) <e.
(X% f,a)elyc
(2) At the end of the algorithm, the union of sub-boxes U X is constructed a sub-
(X X,1,0)eM,

division of X, where M| = M U Lyc.

(3) The same box discarding technique in [18], i.e., [L > vgjop, is applied in our algorithm.
Thus, it also holds that X NX,, = 0.

(4) Noticeable point is that there is only one termination condition in [18], i.e., L = 0.
However, our algorithm contains two termination conditions, that is,

 max  w(X,&) <é&orLyc=0.

(X.x01,a)€Lyc
Clearly, if Lyc =0, then  max w()? ,a) = 0, and not vice versa, i.e., Lyc # 0

(Xv-fvi"h&)ELUC
may be hold when ~ max  w(X,@) < €. The following numerical experiments, in
(X, %,1,0)eLyc
Section 5, will show that, for some complex problems, these two termination condi-
tions are more conducive to speeding up the algorithm than having only one termination
condition in [18].
(5) Another noticeable point is that, in Algorithm 1, we set a new selection rule of sub-box

for the division, that is, the box with the maximum modified width in Ly is selected to
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Algorithm 1 The Piecewise Convexification Algorithm for (NCOP) (PCA-aBB).

Require: X° = [a,b] €1, f € C}*(R",R),& > 0;
Ensure: Xa";W;
1: Compute an o of f on X° according to (2.1)-(2.2);

2: Set X* ::X(), -x* = aziha u* = _009 a* = a07 xact ::-X*9 Vglab = Vact = +°°9
Lyc:={(X*,x*,u*,a*)}, M\c =Mp =0 and k := 0.
3: while Lyc #0and  max w(X,Q)>edo

(X X H0,0)eLyc
4. ki=k+1.
5. Define (X*,x*, u*, a*) at the first element of Lyc with  max  w(X, &).
(X &1,&)eLyc

6:  Delete (X*,x*, u*, a*) from Lyc.

7:  forall X € Sp(X*) do

8 Compute 1)? by (2.3) and @ by (2.1), respectively.

9 Compute X € argmin Fg (x). Let & = min Fg‘ ().

R xeX

10: if [ < v, then
11: if 1o > 0 then
12: Add (X,%,]I,Q) as the last element to Mc and add X to in,.
13: else ~ ~
14: Add (X,X, 11, @) as the last element to Lyc and add X to Xg;.
15: end if
16: if f(X) < vy then
17: Set Xacr = X, Vaer = [ (Xact ) Vglob = min{Vacer, Vgion }
18: Delete (X,x, 1, 0) € Lyc with it > v from Ly, and
19: add (X,x,u, o) € Lyc with L > vgj0p to Mp.
20: end if
21: else R
22: Add (X,x, 1, 0) as the last element to Mp.
23: end if
24:  end for

25: end while
26: M:=U{X: (X,x,u,a) e Lyc}UMc.

27: XV = {XEAU X;Ag,: fx)<f(),vye U Xfi,}

XeM XeM

divide into two sub-boxes as shown in line 5. This selection approach is different from
the one proposed in [18].

(6) More importantly, Algorithm 1 requires only one while loop and no additional param-
eters, in contrast to the modified BB method [18] with two while loops and some
additional parameters. parameters.

The following theorem shows the theoretical result of this algorithm.

Theorem 4.1. Ar the end of Algorithm 1, the set X;;"" output of Algorithm 1 is constructed a
subset of the approximate global optimal solution set X(fp.
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Proof. The proof process is similar to Theorem 3.2 and is omitted here. U

5. NUMERICAL EXPERIMENTS

In this section, we show the results of computational experiments, focusing on the compar-
isons between PCA—aBB, i.e., Algorithm 1, and M-ocBB(the mod aloc i BB, [18]). All com-
putations were performed on a computer with Iter(R)Core(TM)i5- 8250U CPU and 8 Gbytes
RAM. The code for two algorithms was written in Python 3.

As stated in [18], the authors used INTLAB ToolBox to automatically compute the elements
V2£(X);;. However, due to the software copyright, we cannot directly use INTLAB ToolBox,

so we solve the optimization problem min V2 f ()? )ij» to estimate Otik’ on each sub-box, and we
xeX
rewrite the code of the modified BB method in [18], without INTLAB.

For the sake of brevity, we list in Table 2 some of the notations used to record the nu-
merical results. Note that if flag = 1, then this algorithm satisfies Lyc = 0. Otherwise,

TABLE 2. Notations in numerical experiments

Abbreviation Denotation

iter Number of iterations required

t Required CPU time in seconds

Ne Number of e-optimal solutions of the algorithm, let £ = 1073
flag The algorithm termination condition indicator, flag =1 or 0

- The algorithm does not record a certain value

~ max  w(X,a&) < & when flag = 0. The flag is introduced to mark the termination con-
(X x,u,a)eLyc
dition of the algorithm and to illustrate the validity of two termination conditions in Algorithm
1. In addition, we replace fi < vgyp inline 11 by fi < vgjop + 107 for all instances.
First, we demonstrate the performance of two approaches on eight test instances listed in
Table 3, which includes the objective functions f, the feasible sets X°, the number of globally

optimal solutions |argmin f(x)|, and the globally optimal values mm f(x). Most of the test

instances in Table 3 hav}é multiple optimal solutions and all examples are two-dimensional.

Numerical results of these two algorithms are presented in Table 4. It is easy to see that for
all the test examples, the iter and ¢ values of PCA-aBB are significantly smaller than those
of M-aBB"". As for the |Ng| values, there is only a slight difference for Branin, i.e., two
algorithms can find only two globally optimal solutions, not three. These results demonstrate
that PCA-aBB can find almost all optimal solutions of the original non-convex problem and
performs better than M—OzBB[lg]. In addition, for Branin, Himmelblau and Shubert the termi-
nation condition of PCA-aBB is the same, thatis, ~ max w()? , 56) < €. The termination

(X xm,0)ELyc
condition of PCA-aBB for other remaining instances is Lyc = 0.

The partitioning results of X are clearly shown in Fig.1, where the first and third columns
show the results obtained by PCA-aBB, while the second and fourth columns show the results
of M-aBB'". The red star indicates the e-optimal solutions. Obviously, Fig.1 indicates that
the way of selecting the boxes to divide can effectively reduce the number of iterations. In fact,
M-aBB"" has numerous subdivisions of the box near the optimal solution, while our algorithm
has only a few subdivisions. The partial graph intuitively reflects this claim, see Fig.2.
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TABLE 3. Test instances with finite number of optimal solutions

f:R? = R with f(x) X |argmin f(x)| min f(x)
xeXx xeX
Rastrigin'"' 20+ x2 +x3 — 10(cos(27x; ) + cos(27x2)) -2 , 312 1 0
\=5.12)°\5.12
1241 2 1.4y,2 21,2 [(—19 L9 ~
6-Hump (4 —2.107 + 3x7)x7 +x1x2 — (4 — 4x3) x5 1)U 2 ~ —1.031629
Branin™" St 4+ 3k —6)2 +10(1 - ¢ o [(3),(10 3 ~0.397886
ranin (X2 = g3x7 + 3x1 —6)° + 10(1 — g ) cos(x1) + o) \is ~0.
Himmelblau"" (3 +x;—11)2 + (x; + 23 —7)? <:2) , (2)} 4 0
Rastrigin mod”" 20 +x2 +x3 + 10(cos(27x; ) + cos(27x2)) (:Z E) , (g 3)} 4 ~ 0.497430
1241 S . 5, . . [/—10 10
Shubert Y [icos((i4 1)x; +1)] ¥ [jeos((j+ 1)xz+ )] 10) o 18 ~ —186.730909
i=1 j=1 L\~
124] 1/.:6 . 6 [/0 1
Deb 1 —5(sin®(57x1) +sin®(57x2)) o)\ 25 -1
. 124] 1 . [/0.25 10 _
Vincent 5 (sin(101n(x;)) 4 sin(101n(x2))) _<0.25> , <10 36 1

TABLE 4. Numerical results for test instances in Table 3.

Problem PCA-0BB M-aBB!8!
iter t Ne  flag iter t Ne flag

Rastrigin 104 1.045 1 1 551 30.959 1 1
6-Hump 47 0.402 2 1 49 0.418 1 1
Branin 52 0.576 2 0 67 0.726 2 1
Himmelblau 43 0.558 4 0 382 4.345 4 1
Rastrigin mod 571 6.734 4 1 859 11.046 4 1
Shubert 3091 56073 18 O 5056 136.460 18 1
Deb 1 391 5.390 25 1 863 17.009 25 1
Vincent 1169  10.820 36 1 11705 166.680 36 1

In what follows, we consider four numerical tests with an infinite number of globally optimal
solutions listed in [18], as defined by Table 5. Furthermore, the numerical results of the instance
tests in Table 5 are shown in Table 6. The iter and t values of PCA-aBB are significantly better
than those of M—OCBB[IS]. Except for Test03, the number of solutions of PCA-aBB is also higher
than that of M—aBB“gl. In addition, for PCA-oaBB the termination condition

Cmax  w(X,d)<e
(X xu,a)eLyc
is satisfied for these test problems as flag = 0. In other words, this termination condition is
meaningful in PCA-aBB and could be helpful to reduce the number of iterations. Moreover, the
results of the interval partiting and solutions in set X" for PCA-aBB are shown in Fig.3. This
figure shows that the distribution of these optimal solutions obtained from the PCA-aBB can be
used to describe the distribution of the optimal solutions of the original problem. Meanwhile,
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TABLE 5. Test instances with an infinite number of optimal solutions
f:RZ2>R X argmin f(x)
xeX
23 2 (=5 5\ X1\ |« 3
Gy (O] {5
1 2 [(—5 5\] X1 1 x|
Test02 y(xi(1—x)+n(l-x) |(Z2).(2 D) elsshGm = -
- 2/5 [ 0 4 T X1 5
Test03  sin“(gx; +x2—3) , ‘le +x=3+a,a€{0,+xn} yNX
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(a) Rastrigin mod (PCA-oBB) (b) Rastrigin mod (M-BB)

025 0.50 075 0.25 0.50 0.75
X1 X1

(c) Deb 1 (PCA-oBB) (d) Deb 1(M-aBB)
FIGURE 2. Subdivisions on sub-box for PCA-aBB (Algorithm 1)

TABLE 6. Numerical results for test instance in Table 5.

[18]

Problems PCA-oBB M-aBB

iter t Ne  flag iter t Ne flag
Test01 559 6.717 592 0 1355 18.4102 588 1
Test02 672 6.891 649 0 1156 17.511 433 1
Test03 1189  11.511 1237 0 3019 52.353 1336 1
Test04 2343  31.722 3226 O 4863 121.239 2123 1

Fig. 4 shows the partition of two algorithms on the sub-box. Obviously, compared to PCA-
BB, M-oBB"" has many redundant partitions close to the effective solution. Note that M-
oBB"" obtained numerous locally optimal solutions for Test04, see Fig.4 (h).

Finally, in order to verify the efficiency of the proposed algorithm for the high-dimensional
instances, Table 7 shows a high-dimensional test problem, which is selected from [18].

Table 8 shows the results of applying the PCA-aBB and M-oBB'" to TestDim,. From
Table 8, the experimental results demonstrate that both the proposed algorithm and M-oBB""
lead to the same values of Ne. However, compared with PCA-aBB, M-oBB"" requires more
iter value and ¢ value, and the advantage of PCA-aBB is more prominent as the dimension
increases. For these high-dimensional problems, flag = 0 indicates that the stopping condition
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TABLE 7. Test instances with high dimensional

f:RI =R X argmin f(x)
xeX
_1 1
. g d 2 4 4 d 11y ;
TestDim; (d€N) Y (cos(27x;)) T N T {XGR x,'e{—z,z},ze{l,---,d}}
i=1

FN.
FN.

_ max w()? ,0) < ¢ is satisfied and Lyc # 0 holds. These help to reduce the number of
(X.X1,a)€Lyc
iterations and the CPU time.

TABLE 8. Numerical results for test instance in Table 7.

TestDim, PCA-aBB | M-aBB"
iter t Ne  flag iter t Ne flag

d=2 11 0.061 2 0 51 0.416 2 1
d=3 47 0.491 4 0 255 4.502 4 1
d=4 175 2915 16 0 655 12.994 16 1
d=5 607 17.107 32 0 2076 84.313 32 1
d=6 2047 78.059 64 0 17919 267.484 64 1
d=1 6783 420.671 128 0 28353 1223.365 128 1
d=38 22272 1103478 256 0 89871 5391.845 256 1
d=9 72704  4940.783 512 0 282072  32916.650 512 1

From the above numerical experiments, for these instances with infinite number of optimal

solutions or with high dimension, the termination condition _ max w()? , &) < € is easier
(X xU,a)eLyc

to satisfy than Lyc = 0. This means that two termination conditions in the proposed algorithm

can be used to reduce the number of iterations of the algorithm, thereby improving the efficiency

of the algorithm. At the same time, this box classification strategy is beneficial to reduce the

number of box divisions.

6. CONCLUSIONS

A piecewise convexification method based on the BB method with box classification strat-
egy was studied for non-convex single-objective optimization problems. The box classification
strategy was proposed according to the convexity of the objective function on the sub-boxes
when dividing the boxes, which helps to reduce the number of box divisions and improve the
computational efficiency. We applied the BB method to construct the piecewise convexifica-
tion problem, and used the solution set of the piecewise convexification problem to approximate
the globally optimal solution set from two different directions, which is obviously different
from [18]. Furthermore, based on the theoretical results, a piecewise convexification algorithm
with two termination conditions was proposed, and numerical experiments demonstated that
this algorithm can obtain a large number of globally optimal solutions more faster than another
algorithm in [18].
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