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Abstract. The level-set subdifferential error bound (LSEB) is weaker than the Kurdyka-L.ojasiewicz
(KL) property and can replace it to establish linear convergence for various first-order algorithms. In this
paper, we mainly study the behaviour of the level-set subdifferential error bound via Moreau envelopes
under suitable assumptions. We provide an example that the Moreau envelope does not have the KL
property but has the LSEB when the original function does not satisfy the KL property but only the
LSEB.
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1. INTRODUCTION

The theory of error bounds has long been known to be important in variational analysis and
optimization theory [1, 2], and is central to subdifferential calculus, exact penalty functions,
stability and sensitivity analysis, optimality conditions, and convergence analysis and conver-
gence rate analysis of various iterative methods [3—12] and the references therein. There are
many types of error bounds that have been widely studied in recent years, such as the Kurdyka-
Lojasiewicz (KL) property (see [6,9, 12—15]), the level-set subdifferential error bound (LSEB)
(see [8,14,16]), and the local Holder error bound (LHEB) (see [8, 14,17-20]). Under the proper
and lower semicontinuous function assumption, the LSEB is weaker than the KL property and
stronger than the LHEB, which can be found in [8, 13, 17,21, 22] and the references therein.
Under the convexity assumption, the authors in [13] obtained the equivalence between the KL
property and the LHEB, and the authors in [8] showed the equivalence between the LSEB with
exponent 1 and the LHEB with exponent 2. Kruger et al. [17] proved that the existence of the KL
property implies the existence of the LSEB and the existence of the LSEB implies the existence
of the LHEB in Asplund spaces or the function is convex. Recently, under a weak convexity
assumption, Zhu et al. established the equivalence of the KL property and the LSEB in [16].
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Bai et al. established the equivalence among the KL property, the LSEB, and the LHEB for
weakly convex functions with exponent & € [0, 1] and approximately convex functions in [14].

The KL property has been used by many researchers to analyze the local convergence rate of
various first-order methods for a wide variety of problems; see [4,9, 12,23-26]. And the KL
exponent is closely related to the convergence rate. Recently, by developing several important
calculus rules for the KL exponent, Li and Pong [9] estimated the KL exponents for the func-
tions appearing in structured optimization problems. This research line was further explored by
Yu et al. [12]. They proved that the KL exponent can be preserved under the inf-projection op-
eration, which is a significant generalization of the operation of taking the minimum of finitely
many functions. Additionally, they demonstrated that the KL exponent can be preserved under
the Bregman envelope, which is a generalised form of the Moreau envelope. Moreau envelope,
which was first mentioned in [27], plays an important role in the structure of the algorithm.
Since then, it has been widely studied by many scholars; see, e.g. [8,9,12,28-32] and the refer-
ences therein. However, there is no investigation on whether the LSEB and the LHEB properties
of the original function are maintained via the Moreau envelope.

In this paper, motivated by [9, 12, 14, 16], we first establish the equivalence among the KL.
property, the LSEB, and the LHEB for a prox-regular function, which is a generalisation of
the corresponding conclusion in [14]. Then we show that the LSEB (u-LSEB) and the LHEB
(u-HEB) exponents and constants are expressed via the Moreau envelopes of a function, which
is restrained by that of the function itself. It differs from the corresponding result in [12]. We
also give some examples to illustrate our results.

The rest of this paper is structured as follows. Section 2 provides notations and preliminaries,
and gives some results on the uniform error bounds. Section 3, which is also the last section,
presents the different behavior under the Moreau envelopes of a proper and closed function.
Two examples are also presented in this section to illustrate our main results.

2. PRELIMINARIES

Throughout this paper, we use R” to denote the n-dimensional Euclidean space with scalar
product (-,-) and corresponding norm || - ||. Let B(c,r) denote the open ball with centered at ¢
and radius r. For an nonempty set A C R”, we denote the distance from a point x € R” to A by

d(x,A) = inf [lx—y].
yEA

The set of points in A that achieve this infimum is called the projection of x onto A and denoted
by Proj, (x). For an empty set A, we define d(x,A) = +-oo.

An extended real valued function f : R" — R := (—oo, ] is called proper if its domain is
nonempty, dom f := {x: f(x) < oo} # 0. The function f is called closed if the inequality
liminf,_,5 f(x) > f(¥) holds for any point x € R". The level set of f

levegf:={xeR": f(x) < a}

is closed for a closed function f and & € R. A proper and closed function f : R” — R is said to
satisfy a Lipschitz condition of rank K on a given set S provided that f is finite on S and satisfies

|f(x) = f()| < K|jx—y| Vx,y €S.
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The regular subdifferential and limiting subdifferential of f at X € dom f are defined in [2,
Definition 8.3], respectively, by

If(F) = {v eR": liminf LX) =SB = e o 0}

XX XAT ||x — x|

and
If (%) = {v e R": I, D %,v — v with v € I f(xy) for each k},

where x; 7, % means both x; — % and f(x;) — f(X). By the definitions of subdifferentials,
the inclusion relationship o f (x) C df(x) always holds. By convention, we set df(x) = 0 for
x ¢ dom f, and write domdf := {x € R" : df(x) # 0}.

A proper and closed function f : R” — R is said to be prox-regular at  for ¥ with a constant
p if X € dom f with v € d f(%), and there exist € > 0 and p > 0 such that

FO) 2 £06)+ (my =) = Sy =22 vy € B(z )
when v € d f(x) NB(v,¢€) and x € B(x, €) with f(x) < f(X) + €.
For simplicity, for any X € dom f and v,n > 0,
[f(X)<f<f(@)+Vv]:= {xe R": f(X) < f(x) < f()f)—k\/}
and
B(x,n,v):=B(E&nN)N[f(X) < f<f(X)+V].
Recall that a proper and closed function f : R" — R satisfies the Kurdyka-t.ojasiewicz (KL)

property or Lojasiewicz inequality at ¥ € domd f with an exponent y € [0,1) and a constant
1 > 0 1f there exist 7 > 0 and v > 0 such that

(f(x) = £(®)" < pud(0,0f(x)) Vx € B(x,1,V).

The function f satisfies the level-set subdifferential error bound (LSEB) at X € domd f with an
exponent ¥ > 0 and a constant ¢ > 0 if there exist 1 > 0 and v > 0 such that

d"(x,lev pz)f) < ud(0,0f(x)) Vx € B(x,n,v).

And the function f satisfies the local Holder error bound (LHEB) at X € dom f with an exponent
Y > 0 and a constant u > 0 if there exists 11 > 0 such that

d"(x,lev<pe f) < u(f(x) — (%))

for any x € B(x,n) with f(%) < f(x).
Now, we give the following definition of the uniform Kurdyka-t.ojasiewicz property, which
is inspired by [12, Lemma 2.2 ].

Definition 2.1. Let Q C domd f be a nonempty set. A proper and closed function f : R” — R
satisfies the uniform Kurdyka-t.ojasiewicz (u-KL) property on Q with an exponent 0 <y < 1
and a constant p > 0 if there exist € > 0 and v > 0 such that

(f(®) = ()" < 1d(0,9f(x))
for any ¥ € Q and any x with d(x,Q) < € and f (%) < f(x) < f(X)+ V.

Motivated by Definition 2.1, we introduce the following definitions.
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Definition 2.2. Let Q C domd f be a nonempty set. The proper and closed function f satisfies
the uniform level-set subdifferential error bound (u-LSEB) on € with an exponent ¥ > 0 and a
constant u > 0 if there exist € > 0 and v > 0 such that

d"(x,lev< gz f) < ud(0,9f(x))
for any x € Q and any x with d(x,Q) < € and f(X) < f(x) < f(X) + V.

Definition 2.3. Let Q C dom f be a nonempty set. The proper and closed function f satisfies
the uniform Holder error bound (u-HEB) on Q with an exponent y > 0 and a constant y > 0 if
there exists € > 0 such that

d¥(x,levepo f) < 1 (f(x) — f(5))
for any X € Q and any x with d(x,Q) < € and f(x) < f(x).

Remark 2.1. Note that f satisfying the uniform error bounds (u-KL property, u-LSEB, and
u-HEB) on Q is stronger than f satisfying the error bounds (KL property, LSEB, and LHEB)
at each point in €, since the uniform error bounds require that the error bounds exponents and
constants are the same at each point in €, but the latter does not. If Q is a compact set and f
takes a constant value on €2, they are equivalent. See the conclusions below.

Lemma 2.1. Let f : R" — R be a proper and closed function and Q C domd f be a nonempty
and compact set. If f takes a constant value on Q and satisfies the LSEB at each point of Q.
Then f satisfies the u-LSEB on Q with an exponent 'y > 0 and a constant L > 0.

Proof. For any ¥ € Q. Since f takes a constant value on Q and satisfies the LSEB at each point
of Q, then, for any z € Q, there exist 7, > 0 and u,, &, v, > 0 such that

" (xalevgf(f)f> < ,uzd((),af(x)) Vx € B(z,€,Vz).

Hence, {B(z;, %) : z; € Q} is an open cover of Q. It follows from the compactness of Q that
there exist z; € Q, i =1,..., p such that

Bz, 21, 2.1)

QC
- 2

C~

l

1
Setv:=min{v,:i=1,..,p},e:=min{e; :i=1,...,p} and Ug := {x e R" : d(x,Q) < 5 }. For

any x € U, it follows from (2.1) that there exists an index j € {1,...p} such that x; € B(z;, 87’)
where x; is one of the projection of x onto Q. Then we have

8 SZJ
e =2l < =il + =25l < 5+ < e

which means that Ug C Y, B(zi, ;) and
p

Uen17(8) < £ < £0)+v] € U {Blane) N0 <1 < 0 2]} = U Blaneas v

i=1
Then, for any x € U N [f(X) < f < f(X) + v], one has
dy(xv leng(x)f) < lid(()a&f(x)),
where y:=max{y, :i=1,...,p} and u := max{u, : i =1,..., p}. The proof is completed. [
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The following proof is similar to the previous lemma, so we omit it here.

Lemma 2.2. Let f : R" — R be a proper and closed function, and let Q C dom f be a nonempty
and compact set. If f takes a constant value on  and satisfies the LHEB at each point of €,
then f satisfies the u-HEB on  with an exponent 'y > 0 and a constant u > 0.

Next, we recall the following lemma which follows from the Theorem 2.1 in [14].

Lemma 2.3. Let f be a proper and closed function and ¥ € R". Assume that f satisfies the KL
property at X with an exponent y; € [0,1) and a constant [y > 0. Then, f satisfies LSEB at X

1
with an exponent y» = ]L and a constant [y = (1 — )" wy "n. Furthermore, f satisfies

—h 1

- . y2+

LHEB at x with an exponent 3 = ¥ + 1 and a constant [13 = (YZerl’%
2

Motivated by [14, Theorem 2.1], we give the following result.

Proposition 2.1. Let f : R" — R be a proper and closed function and % € (9 f)~1(0). Assume
that f is prox-regular at X for v = 0 with a constant p > 0. Consider the following conditions:

(i) f satisfies the KL property at X with an exponent 1 > 1 > 0 and a constant 11 > 0;
(ii) f satisfies the LSEB at X with an exponent Y, > 0 and a constant [y > 0;
(iii) f satisfies the LHEB at X with an exponent 3 > 0 and a constant Uz > 0.

Then, we have the following results:
(a) If 1 <3 <2, then (iii) = (ii) with the exponent y» = 3 — 1 and the constant Uy > U3;
If 3 =2and uz < % then (iii) = (ii) with the exponent Y, = 1 and the constant [y =

2us
2—pus’
(b) (ii) = (i) with the exponent y;, = max{%, %} and the constant

2
Oyt )
Proof. (a) The proof is similar to the Theorem 2.1 in [14] and we omit it.

(b) Assume that f does not have the KL property at X with the exponent y; = max{%n, )

1
= (uy” +

B p. o max{ 2 B}
and the constant u; = (u,” +5u,”) 2’2

and f(x;) | f(¥) such that

(f(xx) = fE) > md (0,0 f(x)) Vk € N. (2.2)

Since d f(xy) is closed, we can choose that v € 9 f(x¢) with d(0,0 f(xx)) = |[ve|| = 0. In view
of (2.2), one has

. Then there exist a sequence {x; } with x; —

— max{ 2~ %}’1

max L2 -l ) _
I e L ) 2.3)

Since f is prox-regular at x for v = 0 with a constant p > 0, one sees that there exists € > 0 such
that

FO) 2 £00)+ (ry =) = Sy =22 vy € Bz.¢)

when v € df(x) NB(0,€) and x € B(%,¢) with f(x) < f(¥)+ €. Let y; € Projlevq(i)f(xk). Then
i — X and ||y —xi|| = 0 as k — oo due to |lyx — X[| < ||y — x| 4 [|xx — X[ < 2{[x, — x[| and
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x; — X. Then there exists k large enough such that x;, yx € B(%, €), f(xx) < f(%)+ €, v € 9 f(xx)
with d(0,0f(x)) = |[v|| < €, and

FOR) 2 F00) + i — 5) = Bl =l

It follows that

a(0.07(s)) = TEVZTO) By, )
M) -1® _p
> D =2l 5 vk =2l

Since f satisfies the LSEB at x with an exponent » > 0 and a constant t; > 0, we can choose
a suitable neighborhood of x such that

d% (g, lev< pe) f) = vk — el < wad (0,0 f (i) = paa vl
1

1
which means that vk — x|l < 1,2 |[vi]| . Combining (2.3), (2.4), 1 = max{lﬂ, , 2}, and
1

= (1" + %u{z ety

n
}, one has

2
Pl = £8) < i Il + 2 ol
2

L 2 inf 0 2
swf+3’%wmmﬂh%
WP BBl
~ i 2 g e )

(uz pu i mexlry }_l(f(xk)—f(f))
=f(xk)—f( v,

which is a contradiction. The proof is completed. 0

Remark 2.2. Since the weakly convex functions are prox-regular functions, Proposition 2.1
generalizes the Theorem 2.1 in [14]. And we improve the proof of Theorem 2.1 (e) and (f)
in [14] so that the LSEB exponent is not bounded by the weakly convex exponent.

Now we consider the equivalence among the u-KL property, the u-LSEB and the u-HEB.

Proposition 2.2. Let f : R" — R be a proper and closed function, and let Q C domd f be a
nonempty and compact set. Suppose that f takes a constant value on Q. Consider the following
conditions:

(i) f satisfies the u-KL property on Q with an exponent 0 < y; < 1 and a constant [y > 0;
(ii) f satisfies the u-LSEB on Q with an exponent » > 0 and a constant [l > 0;
(iii) f satisfies the u-HEB on Q with an exponent 3 > 0 and a constant Uz > 0.

Then, we have the following results:

-
(a) (i) = (ii) with the exponent Y, = IZ‘% and the constant [y = (1 —y)"™n ,ull n

(b) (ii) = (iii) with the exponent 3 = y» + 1 and the constant [z = mt}#
2
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Moreover, if f is prox-regular at every point of Q with a constant p > 0, then we have the
following results:

(c) If 1 <y3 <2, then (iii) = (ii) with the exponent y» = 3 — 1 and the constant Ly > U3;
If 3 =2and uz < %, then (iii) = (ii) with the exponent y» = 1 and the constant Uy =

2u3
2—pu3’
(d) (ii) = (i) with the exponent y; = max{ 2 iy 2\ and the constant

P

max{1+},27 ) }

= (u22+ u )

Proof. By Lemmas 2.1 and 2.3, (a) is established immediately. (b) holds by the Lemmas 2.2
and 2.3. (c) follows from Lemma 2.1 and Proposition 2.1 (a). (d) holds by Lemma 2.2 and
Proposition 2.1 (b). U

3. BEHAVIOR OF ERROR BOUNDS VIA MOREAU ENVELOPES

In this section, we consider the Moreau envelopes and proximal mappings which were de-
fined in [2, Definition 1.22]. For a proper and closed function f : R” — R and parameter A > 0,
the Moreau envelope ¢, f and proximal mapping P, f(x) are defined, respectively, by

. 1
enf(x) 1=y161gn {f) 51 ly—x|*}
and
1
-&f@%zagﬁﬁﬁf00+§IHy—xw}'

A function f: R” — R is prox-bounded if there exists A > 0 such that e, f(x) > —oo for some
x € R". The supremum of the set of all such A is the threshold A, of prox-boundedness for f;
see [2, Definition 1.23].

It immediately follows from [9, Lemma 2.1] and Lemma 2.3 that e, f satisfies the KL prop-
erty with an exponent 0, the LSEB with an exponent 0, and the LHEB with an exponent 1 at x
with O ¢ de; f(x). So we only consider the point X with 0 € de, f(X) in what follows.

A local minimum occurs at ¥ € dom f if f(x) > f(%) for all x € V, where V is a neighborhood
of x. At first, we consider the behavior of the LSEB via Moreau envelopes.

Theorem 3.1. Let f : R" — R be a proper and closed function and prox-bounded with threshold
Ar. Assume that the following conditions hold:

(i) Forany A € (0,5), X € dom f with 0 € de; f(X);

(ii) f satisfies the LSEB at X with an exponent y > 0 and a constant 1 > 0.
Then e, f satisfies the LSEB at X with an exponent max{1, y} and a constant A.(1+ (%) )max{l’y}.
Proof. For any % € dom f with 0 € de, f(¥), we have 0 € A~ (x— P, f(x)) by condition (i)
and [2, Example 10.32]. Then ¥ € Py f(X) and f(X) = e, f(X).

Next, since f satisfies the LSEB at X with an exponent ¥ > 0 and a constant u > 0, we find

that there exist 7 > 0 and v > 0 such that

d%mwg®ﬁguaqwu»w6%@mm) 3.1
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For any x € B(x, ) with ey f(X) < e, f(x) < e, f(¥)+ ¥, where f] € (0,7) and ¥ € (0, V). Then,
there exists a point y € Py f(x) such that d (x, Py f(x)) =|| x—y ||. Obviously, one has

fO) <enflx) <epf(®)+v < f(x)+v
and %(x—y) € df(y). If f(y) < f(X), it means that y € lev ¢z f and
d(x,leve s f) <[ x—yll. (3.2)
If f(X) < f(y) < f(X)+ v, we have

1 2 _ 1 — 2
fO)+ oy =x P fE) + 5 7= x I,

due to y € Py f(x). It follows from f(¥) < f(y) and A > 0 that we have || y —x ||<|| x —x [|< 7.
Hence || y—x ||<||y—x | + || x — % ||[< n, which means that y € B(x,n,Vv) and (3.1) holds.
Then, for any such x, we have

dxleve i f) < [x—y | +d(vleve i f)
< [ x—y |l +(ud(0,95()))"

<=yl +(5 ey 1) (33)

The last inequality holds with %(x —y) € df(y). Combining (3.2) and (3.3), for any x € B(x,7})
with e f(¥) < e; f(x) < e f(X)+V and y € Projp, ¢(y(x), one has

d(x,leve s f) <[ x—y] +(— lx—yl)"
Shrink 7 if necessary so that | x—y [|[<n < 1. If 0 <y < 1, then
[T
d(x,leve e f) < (1+(I)Y Jllx=yl.

Setting fi := A (1+(7)" ) Then for any x € B(x,7) with e, f(X) < ey f(x) < ey f(X) + V, one
has

.u'd(ovaelf(x)) Z‘ad(o,lil(X—Pxf(X))) = % H X=Yy H
>d(x 16V<f(—)f)

>d(x lev<e“f e;Lf) (3.4)

The first inequality follows from dej f(x ( ) see [2, Example 10.32]; the last

inequality holds with the fact e; f(z) < ( ) f(x ) 2 f (%) for any z € levc f(5) f and then
levyi f Cleve,, rryers-

If y> 1, one has d”(x,lev< (5 f <(1 (% )y||x—y||foranyxeB()E,ﬁ)withe,lf()E)<

e) f(x) < e, f(X)+ V. Taking ft —7L(1 (D)7 1)y, then for every such x, one has

1 (0,0¢1,f()) ZRd (0.2 (x = P f(x)) = 5 [ 5=y |
>d’(x, leng(x)f)
zdy(x, 1€V§elf(j)elf). (3.5)

Combining (3.4) and (3.5), we have the desired conclusion immediately. ]
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Remark 3.1. If the condition (i1) in Theorem 3.1 is replaced as follows: f satisfies the LSEB
at X with an exponent ¥ = 0 and a constant y > 0. It is easy to see that e, f satisfies the LSEB
at X with the exponent 1 and the constant  + A.

Under suitable assumptions, we now consider the behaviour of the LHEB via Moreau en-
velopes.

Theorem 3.2. Let f : R" — R be a proper and closed function and prox-bounded with threshold
Ar. Assume that the following conditions hold:
(i) forany A € (0,A¢), X € dom f with 0 € de) f(X);
(ii) f satisfies the LHEB at X with an exponent ¥ > 0 and a constant L > 2A;
(iii) for € > 0 and any x € B(%,&) with f(x) > f(X), there exists a point y € Py f(x) such that
f) = f(x).

Then e, f satisfies the LHEB at X with an exponent max{2,y} and a constant 2™>{Ly=1}y.
Proof. By the condition (i) and the Example 10.32 in [2], for any X € dom f with O € de, f(X),

we have X € Py f(¥) and f(X) = e f(X). Since f satisfies the LHEB at X with an exponent ¥ > 0
and a constant it > 21, we sees that there exists 0 < 11 < 1 such that

d¥(x,lev o) f) < 1 (f(x) — f(%)) (3.6)

for any x € B(x,n) with f(¥) < f(x). Take & := min{Z},&}. For any x € B(x, &) with ¢, (%) <
e, f(x), by ey f(x) < f(x) and condition (iii), we have that there exists a point y € P, f(x) such
that f(y) > f(%) and

o IP< D+ I x—x |2
1)+ 57 ly=x P £ + 57 | 5—x]2

which means that || y—x [|<||x—x[|< 7. Then || y—x [|<|| y—x || + || x— % || < 1. Hence (3.6)
holds with y. Then, for any x € B(X, €) with ¢ f (%) < e; f(x) and ¥ > 2, we have

d¥(x,leve,, rmyenf) <d'(xleve o f) < (d(yleve s f) + Iy —x]))”
<27 (d" (v leve o ) + ly —xI7)
<2 N u(fly) - f )+ lly— XIIY)

=2""u(f(y)+ —||y x|[" = (%))

<2 u(f(y)+ ﬁlly—x\l2 —f(®))
=27 (es f(x) —er f(%)), (3.7)

where the first inequality holds with the fact lev ) f C lev<, ¢z ey f, which follows from
ey f(x) < f(x) and ey f(¥) = f(%); the third inequality holds with the fact (a+b)* < 2%~ 1(a%+
b*) while a,b > 0 and o > 1, since g : x — x% is a convex function on [0,00) with & > 1; the
fourth inequality holds with (3.6); and the last inequality holds with the condition u > 24,
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ly—x|| <land y>2.If0 < y <2, for any x € B(%,€) with ¢, f(X) < e, f(x), one has
d*(x, leve,, rweaf) <d?*(x, leve ) f) < (d(ylevepe f)+lly— xH)
<2(d*(vleve @ f) + Iy — /)
<2(d"(vlevese.f) + Iy — /)
<2(u(fO) =) + [y —xII)

<2u(enf(x) = e f(%)), (3.8)
where the fourth inequality holds with ¥ < 2. Combining (3.7) and (3.8), we obtain the desired
conclusion immediately. 0

The following proposition gives sufficient conditions of (iii) in Theorem 3.2.

Proposition 3.1. Let f : R" — R be a proper and closed function and ¥ € dom f with 0 € d f ().
Assume that f is prox-bounded with threshold Ay and A € (0,Ay). Suppose that either

(i) X is a global optimal point; or

(ii) X is a local optimal point and f is prox-regular at X for v = 0.
Then, the condition (iii) in Theorem 3.2 holds.

Proof. (1) holds naturally and we only consider (ii). By [2, Proposition 13.37] we known that
P, f is satisfied a Lipschitz condition of rank K on R” and P, f(x) = %. Then, for € > 0 and any

x € B(x,€) with f(x) > f(%),
1S (x) = P f (D) = [ly —xl| < K[}x— %] < K,

where y = P; f(x). Since * is a local optimal point, one has that f(y) > f(x). The proof is
completed. U

Consider the u-LSEB and the u-HEB, we have the following results.

Corollary 3.1. Let f : R" — R be a proper and closed function and prox-bounded with threshold
Ar. Assume that the following conditions hold:

(i) forany A € (0,A¢), X € dom f with 0 € de) f(X);

(ii) f satisfies the u-LSEB on Py, f(X) with an exponent ¥ > 0 and a constant L > 0.

Then e, f satisfies the u-LSEB on Py f(X) with an exponent max{1,y} and a constant A (1 +
Gpr .

Proof. For any x' € Py f(%), f satisfies the LSEB at x’ with an exponent y and a constant by
condition (ii) and Definition 2.1. Then, by condition (i) and the Theorem 3.1, e f satisfies the

LSEB at x’ with an exponent max{1, y} and a constant A (1 + (%)7’_1 )max{l’y}. Since Py f (%) is
a compact set and f takes a constant value f(X) on P, f(X), we have that e, f satisfies the u-

LSEB on P, f(x) with an exponent max{1, ¥} and a constant A (1 + (%)7’71 )max{l’y} by Lemma
2.1. 0

We omit the proof of Corollary 3.2 since the proof is similar to Corollary 3.1.

Corollary 3.2. Let f : R" — R be a proper and closed function and prox-bounded with threshold
Ar. Assume that the following conditions hold:
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(i) for any A € (0,Ar), X € dom f with 0 € de; f(X);
(ii) f satisfies the u-HEB on P f (X) with an exponent v > 0 and a constant |1 > 2A;
(iii) for € > 0 and any x € {y : d(y,P, f(X)) < &€} with f(x) > f(X), there exists a point
¥ € Pyf(x) such that £(3) > ().

Then e, f satisfies the u-HEB on Py f(X) with an exponent max{2, v} and a constant 2™{1.7-1}
From Remark 5.1 (i) in [12], if f is a KL function with exponent o € (%, 1] and inf f > —oo,
then e; f is a KL function with exponent . However, the following example shows that e, f

does not necessarily have the KL property but has the LSEB when f does not satisfy the KL
property but only the LSEB.

Example 3.1. Let f : R — R be given by

0 ifx <0,
flx) = xz—i—%—n—lz if%<x§ﬁ,n:3,4,...,
xz%—}1 ifx>%.

It follows from the Example 3.19 in [17] that f is proper and closed function, and from Example
2.2 in [14] that f satisfies the LSEB at X = 0 with the exponent 1 and the constant % However,
f does not have the KL property at 0 with any exponent ¢ € [0, 1), since, for x, = n%l with n
sufficiently large, one has

(F3n) — F(0)“a(0.1(6) < (1) 2 = 22 0asn oo
~—'n n—1 n-1
Now, we consider the following function:
0 ifx <0,
) 12,1 1 ¢l 1 _
E%f(X) = X +’_l—n_2 lf% <x< m,l’l—3,4,...,
%xz—hl—l if x > %

It is easy to see that e 1 f 1s a proper and closed function and f satisfies the conditions (i) and (i)
in Theorem 3.1, which means that e 1 f satisfies the LSEB at X = 0 with the exponent 1 and the
constant 1. However, e 1 f does not have KL property at 0 with any exponent ¢ € [0, 1), since,

for x,, = ﬁ with n sufficiently large, one has

1 1 1 1

(e4(xn) =€) 1(0)) d(0.9e, ) = (57— T —32) " 7
SR UNE U
T v |
5.4 1 (L.2n)% -
g(a) 1= — 0asn — oo.

The following example shows that e, f does not necessarily have the LSEB but has the LHEB
when f does not satisfy the LSEB but only the LHEB.

Example 3.2. Let f: R — R be given by
{ x*(24cosi) ifx#0,

X

F=9 ifx=0.
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It easy to see that closed function f satisfies the LHEB at X = O with the exponent 2 and the
constant 1. But f does not satisfy the LSEB at 0 with any exponent y € [0, +o0), since, for any
x sufficiently near 0 with x # 0, we have

1 1
V£x) :4x+2xcos—+sin—.

Picking x; = ﬁ and x7 = 2kn+—15n’ for sufficiently large k, one has Vf(x}) = k > 0 and
Vf (xk) 2k71:4+571 1 < 0, which means that there is a sequence {x;} converging to 0 with

Vf(xx) = 0 for all k € N. Now, we consider the following function:

[ infyern {y*(2+cos ! 5) = x||?} ifx#£0,
ey f(x) '_{ 0 if x = 0.

Take into account that O is a global optimal point and 4 = 24 = 1. From Proposition 3.1 and
Theorem 3.2, we have that e 1 f satisfies the LHEB at 0 with the exponent 2 and the constant 2.

Noting that, for any x near 0 with x # 0, P%f(x) C [%,5]. So we can assume that ax € Py f( )

with a € [%, %] For any x sufficiently near 0, if x # 0, we have

1 1
Ve, f(x) = (6a* —4a+2)x +2a*xcos — +asin —.
2 ax ax
Picking x} = 5 alkﬂ and x7 = m, for sufficiently large k, one has V f(x;) = % >0
and Vf(x?) = % —a < 0, which means that there is a sequence {x;} converging to 0

with Vf(x;) = 0 for all kK € N. Hence e 1 f does not satisfy the LSEB at 0 with any exponent
Y € [0,+00).
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