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Abstract. In this paper, we introduce a multi-step inertial asynchronous sequential (MIAS) algorithm
for common fixed point problems of nonexpansive operators and establish the weak convergence of the
proposed algorithm. The unconditional convergence of a one-step inertial algorithm is also obtained.
The application to linear systems is presented by combining Kaczmarz method. Finally, a numerical
example for CT problems illustrates the efficiency of our algorithm.
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1. INTRODUCTION

Chazan and Miranker [1] first introduced the asynchronous relaxations method for the solu-
tions of linear systems where each processing node performs its computations independently.
The asynchronous methods avoid the drawbacks of the synchronous methods, and their speed
is limited by the slowest node. They are robust to fail transmissions through a network and may
simplify the software code to implement such algorithms. Since its inception, the asynchronous
algorithm has received much attention due to its advantage in the computation. Especially, in
the recent years, there are growing interests in studying asynchronous algorithms [2, 3, 4, 5, 6]
since its extensive application in the deep learning and signal processing. The asynchronous
algorithms for the general fixed point problems were investigated due to the relation of the fixed
point problems and optimization problems [7]. Baudet [8] early applied the totally asyncparallel
algorithm for a fixed point of P-contraction operators. Peng et al. [9] proposed an asynchronous
algorithmic framework to find a fixed point of a nonexpansive operator where the updates are
generated on random blocks of coordinates by using potentially out-of-date information. Re-
cently, Stathopoulos and Jones [10] proposed an inertial asynchronous and parallel fixed-point
iteration where several new versions of existing convex optimization algorithms were intro-
duced.
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Now we focus on the common fixed points problem. Let .7# be a Hilbert space. Recall that
an operator T : .7 — ¢ is called nonexpansive if ||Tx —Ty|| < ||x —y|| for all x,y € .7. From
now on, Fix(T) := {x € 2 : Tx = x} is borrowed to denote the set of fixed points of 7.

We give the definition of the common fixed points problem as following.

Problem 1.1. Suppose that {T;}!" | : 7€ — € are nonexpansive operators with (iL, Fix(T;) #
0. Find x* € 5 such that x* € (., Fix(T;).

There are numerous numerical methods to find a common fixed points problem of a finite
family of nonexpansive operators; see, e.g., [11, 12, 13, 14, 15]. Recently, by using the asyn-
chronous idea, Heaton and Censor [16] proposed an asynchronous sequential inertial iterations
(ASI) for Problem 1.1.

Suppose that there is a collection of w processing nodes. For each iteration index k, let
dy € 7%y give the delay information for each of the nodes. This means that if the last output
from the i-th node N; was computed by using the iterate x*~/, then the i-th component of d@*
gives this delay amount, i.e., (d¥); = j. Let {i} }xen be an index sequence identifying the index
of the operator whose output is used to compute x**!, where i, € {1,2,...,m} for all k € N.
Then £* is the last iterate sent to the i;-th node, and we write

= xki(dk)"k, for all k € N.
Let [m] :={1,2,...,m} and define
S;:=1d—T;, foralli€ [m], (1.1)

where Id is the identity operator.
The algorithm of Heaton and Censor [16] is as follows.

Algorithm 1 (Asynchronous Sequential Inertial (ASI) Algorithm)

Let x! € 2% be arbitrary, {4 }ren be such that A4 € (0, 1) for all k € N, and {iy } ey be an almost
cyclic control on [m]!. For each k € N, set

et _ ] if & < supep [[d*e-, 12
Xk — 2:S;, (#5),  otherwise.
By using (1.1), for k > sup;cy ||d¥||«, the expression of x**! in (1.2) can be rewritten as
follows:
K= (1= )+ L (FF = 25+ 4T (£9)
A . .
=(1-X) (xk + 7 —klk (¥ —xk)> + T3 (£9).
Since

(dk)l'kil

Kk Z (xk—j_xk—j—l)’

j=0
Algorithm 1 is a special case of the multi-step inertial Krasnosel’skii-Mann iterations [17].

ISee Definition 2.3
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2. PRELIMINARIES

We use the following notations:
e — for the weak convergence and — for the strong convergence;
e 0, (x*) = {x:3x — x} denotes the weak w-limit set of {x*};en.

Definition 2.1. Let K C 7 be nonempty. An operator T : K — ¢ is said to be o-inverse
strongly monotone if there exists a constant & > 0 such that (T'(x) — T(y),x —y) > a||T(x) —
T(y)|]? for all x,y € K.

Definition 2.2. Let T : .7 — ¢ be an operator and a € [0, 1]. The operator Ty, : H —
defined by Ty, := (1 — a)Id + aT is called an a-relaxation of the operator 7.

It is easy to verify that 7y, is nonexpansive when 7' is nonexpansive.

Definition 2.3 ([16]). A sequence {i }cn is called an almost cyclic control on [m] :={1,2,....m}
if iy € [m] for all k € N and there exists an integer M > m (called the almost cyclicality constant)
such that, for each k € N, [m] C {ix11, ik 12, ki }-

Lemma 2.1 ([16]). Let {T;}"" | be a finite family of nonexpansive operators with a common
fixed point, and let y € H be a weak cluster point of a sequence {x*}ren. If ||Tix* — x*|| — 0
foralli€ [m], theny € N, Fix(T;).

Lemma 2.2 ([16]). Let {T;}!", be a family of nonexpansive operators on & with a common
fixed point, and let {x*}icn be a sequence in J. If, for every z € (I, Fix(T;), the sequence
{|lx* — z|| }xer converges and || Tixk — x*|| — 0 for all i € [m), then {x*}1eny converges weakly to
some point in (i~ Fix(T;).

Using the Cauchy-Schwarz and the mean value inequalities, it is easy to verify the following
lemma.

Lemma 2.3. For any a,b € S, the following holds: ||a —b||*> < (1+ ||b]|)||a||* + ||b|| + |||

Lemma 2.4 ( [18]). Let {ay}ken and {@y }ren be nonnegative sequences, and let Y;7 | @y <
too, Y77 1 B < 4o, and agy < (14 @) ay + Pr, then limy_, o, ay, exists.

3. THE MULTI-STEP INERTIAL ASYNCHRONOUS SEQUENTIAL (MIAS) ALGORITHM

To solve Problem 1.1, we propose a multi-step inertial asynchronous sequential (MIAS) al-
gorithm as follows:

Algorithm 2 (Multi-step Inertial Asynchronous Sequential (MIAS) Algorithm)

Step 1 Let x~', x € Z be arbitrary, and let {4 }sen be such that A, € (0,1) for all k € N. Let
{ix }xen be an almost cyclic control on [m].
Step 2 For each k € N, let I(k) € {0,1,2,--- ,k— 1} and J(k) C {k—1,...,k— T}, where

7T 1s a finite maximal delay. Calculate
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fyk:xk_ Z OCdJ((xd_xd-H),
del(k)
=+ ) (=X, (3.1)
deJ(k)
| = S, 2

Now we provide some explanations for the MIAS algorithm. From (1.1) and (3.1), it follows
= = (& =T, (£9)
= (1= 2y + ATy () + 4 0% = 2)
= Zk_'_lk(yk _'x’\k)7
where z¥ = (1 — 4)y* + 4 T;, (#). It is obvious that the computation of x**! can be expressed
in two parts. The first part is convex combination of y* and T;, (£%) to form the point zX. The
second part is an inertial term, given yk and £*, that estimates the direction of the solution.
To illustrate the MIAS algorithm graphically, let C; and C; be two closed and convex sets
with nonempty intersection, and let 77 and 7, be relaxations of the projections P, and Fc, onto

sets C1 and C,, respectively. In this case, Figure 1 was modified based on the one from [16]
which shows how x**! is generated from y* and £~.

fk

T;, (£%)

e, ()

k

FIGURE 1. Illustration of a full iteration of the MIAS algorithm with two convex sets
and the 7;’s as relaxed projections onto the sets.

Remark 3.1. We review the relations between the MIAS algorithm and other methods.
(i) Let I(k) = {k— 1} and oy 4 := 0%, Vk € N. The MIAS algorithm reduces to the one-step
inertial asynchronous sequential (OIAS) iteration:

yk:xk_|_0C ( k k71>
d+1
f=d ) (x (3.2)
delJ (k)
K=y —kkSikx.
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(ii) Let I(k) = 0 for all k € N. The OIAS algorithm (3.2) reduces to Algorithm 1. Further, let
J(k) = 0 for all k € N. Then, we obtain the following sequential iteration: x**! = x¥ — 4,.S ,-kxk,
which is the classical Krasnosel’skii-Mann iteration.

(ii1) The OIAS algorithm (3.2) is a special case of the multi-step Krasnosel’skii-Mann (MiKM)
iteration in [17]. Indeed, from the definition of yk and £X, we can obtain

K=yt _)vk)?k‘i‘;LkTik(Ak)
= — Z Qe =2 =Nk = A Y (= xT) + AT (£)

del(k deJ(k)
1 A d_ . drl
—(1 —m(xk— (e —xy - T Y () (B)
1= del(k) =2 deg(k)
+7LkTik<)?k)
=(1 — A )w* + 4T, (£5),
where
M d_ dil
w —xk— o (x — Xy - Z (x® — x4,
Ak del(k) = deJ(k)

It is easy to verify that (3.3) is a special case of the MiKM iteration. Therefore the convergence
guarantees of the MiKM iteration cover OIAS provided that the parameters {0y« } ke ge 1(k)
and {4 } ke satisfy some conditions.

4. CONVERGENCE ANALYSIS

To establish the convergence of the MIAS algorithm, we make the following assumption:
ZH Otdkx —xd“)H < . 4.1)
del

Remark 4.1. If the inertial parameter sequence { & x } e aer(x) is chosen in [0, 1], then condi-
tion (4.1) can be simplified to

Z max {(Xd K} Z x? — x| < oo, (4.2)

k=0 dEl(k del(k)

Condition (4.2) can be enforced by a simple online updating rule, such as, for each d € I(k)
and oy € [0, 1], agx = min{oy,cq 1}, where ¢y > 0 and cqx Yger) x4 — x4F1|| < 4-e0. For
instance, one can choose

Jax
KO Y yepp I — x4 1|

Cd k= , fax>c¢>0,6>0.

In practice, most of the time, with the proper choice of each oy, 0 x = min{ oy, c4 x } may never
be triggered.
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Lemma 4.1. Let z € (V" Fix(T;). Let {x*}1cn be any sequence generated by the MIAS algo-
rithm. If the delay vectors are uniformly bounded in the sup norm by some T > 0, then

“xk+1_z|’2§<l+H Z adkx _xd+1 H)ka ZH2+,U Z “x d+lH2

del(k deJ(k)
Ak 2
—|—)uk{u(1+T)+7Lk—l}\|S,kka2 (14 p) H Y o xd“)H 4.3)
del(k)

_|_H Z adk xd—i—l)

del(k

Y

where UL is a positive constant.

k+1

Proof. From the definition of x*™', we have

T = 22 = — 22— 2 (8,8, — 2) + AZ)S 22

. A v . 4.4)
= [V =2l = 220 (8 8y = 8) = 240 (8;, 85, & —2) + A2 183, 8.
By using Lemma 2.3 and the definition of y*, we have
2
ZH2 —Hx — Z OCdk Xd+1)—ZH
del(k
<(1+] 2 2 aal! | Yl =l | T st )] s
del(k)
NI
+H Z(Xdk x*)H.
del(k
Observe that
— 20 (Si, £,y — #)
:27Lk<S,-k)?k, Z ocd7k(xd—xd+1)—|— Z (xd—xd+1)>
del(k) deJ (k)
:21k<5ik)'c\k, Z Otd’k(xd—xd+l)>+27tk Z <S,'k)€k,xd—xd+l>
del(k) deJ(k)
<2 Il Y, a0+ T Is- )
del(k delJ(k) (4.6)
MT )
<h( s+ “H P et oo s
del(k

+_ Z Hx d+1H2>

deJ

2 :
=—’<<1+r>usikxkuz+u<H e B AR,
K 1 dei(k
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Since §;, is %—cocoercive and §;, z = 0, we have
ak(12 ok 2 ok ok
IMﬂ”:ﬂ%x_&M|§MSJ &ﬂx >=2@er—¢

which implies —2A;(S; £, — z) < —A;||S;, £¥(|?, which together with (4.4)-(4.6) yields (4.3).
This completes the proof. l

Lemma 4.2. Let z € (L, Fix(T;). Let {xk}keN be the sequence generated by the MIAS algo-
rithm and

k—1
Go= I =2+ ) canl® =2, (4.7)
d=k—1
where cq . = [d —(k—1)+ 2} W, and W is a positive constant. Assume that the delay vectors
are uniformly bounded in the sup norm by some T > 0 and that (4.1) holds. If {4} ren satisfies

1
0< A< , VkeN, 4.8
S H2v2(ct 1) (48)

then

(i) the sequence {&;}ren is a convergent sequence;

(i) the sequence {||x* — z||}ren converges.

Proof. (1): From (3.1), it follows

2
2 < 22218, A"Hz“H o (! =21 (4.9)
1(k)
From the definition of & and (4.3), we obtain
k
§Ic+1:||xk+1_z||2+ Z Cd,k+1||xd_xd+1||2
d=k+1-1
A
<1+H 2, cule de)”)@k”k{—"(lﬂ)mk—1}||s,~k)ek||2
del(k U
+(1+up) H Ocd,k( X d+1 H +H OCd,k(Xd—de)H
del(k) de] (k)
FY el P Y
d=k+1—71 s
k—1
_H OCdk xd+l)H Z Cd,k"xd_xd+1"2_ d_xd+1H2
de[ d=k—1
Ak
<(| z st Yo A ey
del(k
+(1+p) H dastt N+ | T aaatet -t
dEI (k) del (k)

(T D) 2 T AT,
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Using (4.8) and (4.9), we have

Errt <(1—|—Hd Otd,k(xd—de)H)ﬁk—l— [1+(2’L’+3)/.L]H Z Ocd,k(xd—xdﬂ)
ellk

2
del(k) H

+H Z ot (x xd+1)H_u||xk—r_xk—r+1H2 (4.10)
del(k

7L AT
+ A [ C e = 1+42M(t+ i } X
,u u
In order to see A; [l" 4 At + A =1 +24(t+ 1)u] <0,welet A >0and

A
Ifﬁ+r+u+%r+wuﬂ<l.

Then,
u
0< X< :
S lrrtut2(r+ 1)l @10
Since 1+r+u+‘§(r+l)u2 reaches the maximum T;(H-l) if one takes u = \/TE, sou = @ is an
optimal parameter of (4.11). In this case, (4.11) becomes
1
0< X< .
e 2v2(c+1)
Thus it follows from (4.10) that
(! V2 (e — 1 2
i1 < 1+H Z Oy i (X —x H Sk + 1+—+\/_(T+1 H Z O o (X7 —x )H
del(k del(k)
+H Z o i xd+1)H_§kar_xkr+lH2.
del(k
(4.12)

Using Lemma 2.4, (4.1), and (4.12), we obtain that limy_,.. & exists.
(i1): From (4.12), we have

Pl T TR <8~ B+ Gt )| T aased =)
del(k)

2

Z o i (x xd+1)H .

del(k

+[1+p+2(t+1)u]

Since limy_... & exists, we obtain by using (4.1) that lim;_... ||xk — x**1|| = 0, which together
with (4.7) obtains the existence of limy_,., ||x* — z||. This completes the proof. O

Lemma 4.3. Let {xk tken be a sequence generated by the MIAS algorithm. Assume that (4.1) is
satisfied and A, > €, where € > 0 is a given constant. If the delay vectors are uniformly bounded
in the sup norm by some 7, then ||Tix* — x| — 0, for each i € [m].

Proof. Let i € [m] and let T; 5 be the A-relaxation of 7;. If {f; }sen is an increasing sequence
such that #;, € N for all £ € N, then

1T; 3, () =)l = A 1T () — )| = €| T (") = ).
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Thus we only need to prove ||T;, hoy (x¥) —xk|| — 0 in order to show ||T;(x*) — x¥|| — 0. For each
k € N, let #; be the smallest index greater than or equal to k such that i;, =i. Then

el — Yk — ;L[kSi(xAzk) = ylk — /F\,[k)?tk 4 ;L[le.)efk = Evltk ()efk) + (ylk _)elk)_
It follows that
1 2, 0F) = xFH | = 1T, () = Ty, (%) = O = 29))|

< 1T, (&) = T, () + 11y — 2] (4.13)

Y

<=2 =2 | Y o - )
del(ty)

where the last inequality origins from the nonexpansiveness of 7; hoy Due to the bound on delays

and the almost cyclicity of {it }ren, we know that £ = x/ for some k— 7 < j <t < k+M, where
M is the almost cyclicality constant of {i; }ren. By (4.13) and (3.1), we see that

k k
1T; 4, () — "]
SIIT; () = o =

dEJ(lk) de[(zk)

k+M—1 J gl k+M—1 J gl k+M J gl k+M gl J
< Y 2 Yo Y | L e x|+ L e )
d=k d=k—t I=k—1"" del(l) d=k

Therefore, we obtain from (4.1) that limy_,e, | T 4, (x*) —xk|| = 0. This completes the proof. [
Now we can state and prove the main result of this paper.

Theorem 4.1. Let {x*},cn be a sequence generated by the MIAS algorithm. Assume that (4.1)
is satisfied. If the delay vectors are uniformly bounded in the sup norm by some T > 0 and

1
1+2v2(t+1)

then {x*}1cn converges weakly to a common fixed point of the family {T;}™ ,.

O<£§Ak§

Vk € N,

Proof. Obviously, we see from Lemma 4.2 (ii), Lemma 4.3, and Lemma 2.2 that {xk}keN con-
verges weakly to a common fixed point of the family {7;}" ,. U

From Theorem 4.1, we obtain the convergence of the OIAS algorithm (3.2).

Theorem 4.2 (Conditional Convergence for I(k) = {k — 1}). Let {x*}cn be a sequence gen-
erated by the OIAS algorithm. Assume HZZO:I Otk(xk —xk_l)H < oo. [f the delay vectors are
uniformly bounded in the sup norm by some T > 0 and

1
1+2v2(z+1)

then the sequence {x*}cn converges weakly to a common fixed point of the family {T;}™ .

O<e<s A< Vk € N,
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5. APPLICATION TO LINEAR SYSTEMS AND NUMERICAL EXAMPLES

We consider the linear systems: find x € R" such that Ax = b, where A € RM>*N and b € RM.
Each equation in the system can be associated with a closed and convex subset of RY, namely,
the hyperplane H; = {x € RN | (a’,x) = b;} for all i € [M], where d' is the i-th row of A and b; is
b,'7<a",x>

94X 4 Because
[la'[?

the i-th component of b. The projection P, onto H; is as follows P;(x) = x +

2P, —1d is nonexpansive (see [11]), we set
i
—b;
Si(x) = x— (2P —1d) (x) = 2% i
al

Then, similar to (3.1), we give the MIAS-ART method as follows:

Algorithm 3 (MIAS-ART)

Step 1 Let A € RY>*N and b € RM be given. Let x~ !, x" € RY be arbitrary, {A; }ren be
such that A; € (0,1) for all k € N, and {iy },en be an almost cyclic control on [M].

Step 2 Foreach k € N, let I(k) € {0,1,2,--- ,k— 1} and J(k) C {k—1,...,k— 7}, where
7 is a finite maximal delay. Calculate

(= 2k — Z Ocdk(xd—x‘”l),
del(k)
)?k:xk—f— Z (xd_xd+l),
deJ(k)
i ok
k1l k (@, &%) — by
X =y =20 : k
( [l |2

Next, we provide a preliminariy experiment and compare our Algorithm 3 with Algorithm
3 in [16] (ASI-ART). For Algorithm 3, we only consider one step inertial algorithm (MIAS-
ART 1) and two-step inertial algorithm (MIAS-ART II), that is, I(k) = {k — 1} and I(k) =
{k—1,k—2}. All codes were written in MATLAB R2018a and performed on a notebook with
AMD Ryzen 7 5800H, RAM 16.00 GB.

We solve the X-ray CT problem generated by a MATLAB package AIR Tools II [19]. The
X-rays are parallel and the distance between the first and the last ray is 50. The source-detector
pair is rotated around the object, and measurements are recorded for angles from 0 to 179.
Meanwhile, we reshape the exact solution into a 50 x 50 image. In this case, we get a 3000 X
2500 matrix.

The initial point x =2 = x~!

= x0 = 0. In the numerical experiment, we take

lc — x|

E; = <107

e 12
as the stopping criterion, where x* is the true image vector. All parameters in the algorithm are
selected by manual tuning.

The results are reported in Table 1 and Figure 2. It can be seen from Table 1 that when 7 is 3,
MIAS-ART II is the best in iteration steps and time, and when 7 is 6 and 10, the performance

of MIAS-ART II and MIAS-ART I is better than that of ASI-ART in iteration steps and time.
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TABLE 1. Comparison results of three algorithms under different delays.

T ASI-ART MIAS-ART I MIAS-ART I

3 Iter. 73281376 30457047 27342047
CPU time 5612.0002 2460.8659 2359.1832

6 Iter. 129435557 32809178 32216887
CPU time 9714.1115 2630.3745 2697.1906

10 Iter. 209377964 42422534 41473102
CPU time 15308.2862 3624.2697 3707.3042

(c) CT image reconstructed by the MIAS-ART 1 (d) CT image reconstructed by the MIAS-ART II

FIGURE 2. CT image reconstruction when 7 = 10.
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