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Abstract. In this paper, we state that generalized convexity, invex sets, and the Fréchet differentiability
assumption associated with curvilinear integral type functionals represent some necessary and sufficient
mathematical tools for establishing various connections between the solutions of some robust (weak) vec-
tor commanded variational inequalities and (weak, proper) robust efficient solutions of the corresponding
multi-objective variational control problem. In addition, the physical motivation of the problem under
investigation is formulated in the illustrative application given at the end of this paper.
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1. INTRODUCTION

Over times, in order to investigate the multi-objective (vector) problems in optimization the-
ory, it was needed to introduce the notions of efficient solutions, namely: proper efficient so-
lutions, introduced by Geoffrion [9], improper solutions, studied by Klinger [17], weak mini-
mum, analyzed in some multi-ojective optimization problems with constraints (see Kazmi [15]),
formulating conditions of efficiency for (weakly, properly) approximating efficient points in a
generalized optimization problem (see Ghaznavi-ghosoni and Khorram [10]).

The generalization of convexity was necessary in order to study concrete problems in ap-
plied sciences, or engineering. In this regard, Hanson [12] introduced invexity and, over times,
many other extensions have been formulated (see Ahmad [1], Antczak [2], Arana-Jiménez et
al. [5], and Mishra et al. [22]), namely: univexity, preinvexity, pseudoinvexity, approximate
convexity, quasiinvexity, etc. Moreover, these extended concepts have been considered in the
multi-dimensional optimization problems (Treantd [28—30]).

Since variational inequalities are useful to model and investigate concrete problems in nat-
ural phenomena, mechanics, engineering, physics, Giannessi [11] analyzed vector variational
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inequalities. Also, since scalar and vector-type variational inequalities can offer the existence of
solutions in scalar and multi-objective optimization problems, a lot of papers investigated these
connections (see [3,4,6,13,18,20,25]). Kim [16] established some results on multi-objective
continuous-time variational program and vector variational inequality. Obviously, (robust) op-
timal control problems can be seen as continuous-time variational problems. In this direction,
Treantd [26,27] and Jha et al. [14] have studied efficiency conditions, well-posedness results,
saddle-point criterion, and modified objective function technique in commanded variational
problems with special objective functionals. Very recently, Zeng et al. [31] investigated exis-
tence, convergence and optimal control associated with a class of double phase mixed boundary
value problems. For more details concerning multivalued boundary problems and distributed
optimal control problems, the reader is welcome to consult Liu et al. [19], Migoérski et al. [21],
Papageorgiou et al. [23,24], Colombo and Mingione [7], Farkas and Winkert [8] and the refer-
ences therein.

In the present paper, we introduce a class of robust (weak) vector variational control inequali-
ties and formulate the corresponding multi-objective variational control problem given by curvi-
linear integral type functionals. Under generalized convexity and differentiability hypotheses,
we establish several connections between the two multi-dimensional commanded variational
problems. Compared with the above-mentioned papers in the literature, the main novelty el-
ement in our mathematical framework is the presence of uncertain parameters in the vector
variational control inequalities under study. The extended concept of invex set represents an-
other important element in proving the main results. Also, the curvilinear integral functionals
(mechanical work) are new ingredients in such a mathematical context. Moreover, an illustra-
tive example is presented to justify the outstanding applicability of the paper.

In the following, the paper includes some preliminaries and problem formulation. In Section
3, we state several characterization theorems of the solutions in the robust variational problems
under study. Finally, Section 4 states the conclusions of the current paper.

2. PRELIMINARIES

Let A be a compact set in R?, and A 5 u = (u5 ), & = 1,b, as a multiple variable of evolution.
LetA D C:u=u(g),s € [th,11] be a piece-wise differentiable curve joining the following two
multiple variables of evolution uy = (u},...,ut), up = (u},...,u}) in A. Consider ® is the space
of piece-wise differentiable state functions x : A — R“, and W is the space of control functions
y : A — R (piece-wise continuous functions). Also, we define on ® x W the scalar product

(). () = |

[ [x(u) - () + 30 - v(a0)|

= /C [i{xi(u)iri(u) + ,Zk:1 yj(u)vj(u)] du'
a k

+ e+ [;xi(u)ﬂ:i(u) + Zly](u)vj(bl)} dub, V(XJ’)y (77:7‘}) € b xWV

together with the norm induced by it. Now, let us consider the vector-valued functions ¥z =
(7/5) AXRYXREXW =R, E =1,b, | =1,n, of C'-class, and introduce the vector functional
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(curvilinear integrals)
P:OxV¥xW—R",

P(x,y;® /yé w,x(u), y(u), ®) du®

= ([ A rts.onad. . [ xtsw.onad),

where R" D W =W; x W, x --- x W, are convex compact sets containing the uncertain parame-
ters @ = (ay), | = 1,n. Further, let Dy, p € {1,...,b}, denote the operator associated with the

total derivative, and we assume that the 1-form densities y; = (y% - yé’) AXRIXREXW —
R", & =1,b, satisfy Dp}/é = D¢ }/ll), E.p=1,b, E #p, 1 =1,n. Also, we assume the following
nles: {=ne'=n.{<nel<n {<nel<n’ {<nel<n {#ni=1n
forany { = (¢!,---,¢") andn = (n',---,n") inR".

Next, we introduce the following vector commanded variational problem with partial differ-
ential equation constraints and data uncertainty in the objective (cost) functional

(VP) (min){ X, ;0 / Ye (u,x(u),y(u), ®) dué} subject to (x,y) € Sol,
Xy;0
where

xy’ /’)/5 th )7w)du§:(Pl(x7y;a)l)7"'7Pn(-x7y;a)n))

and Sol = {(x,y) e dx V¥ |x;,(u) = %(u) = H,’) (u,x(u),y(u)), F (u,x(u),y()) <0,x|y=u; u,
= given, @ € W}. In the definition of Sol, we have considered that the C 1_class functions Hy =
(H;)) ‘AXR*xRF 5 R* i=T,a, p =1,b, define the following partial differential equations
of evolution x), () = Hy, (u,x(u),y(u)), i=1,a and p = 1,b and verify the closeness relations
D¢H, :DpHé, p,E=1,b, p#E, i=T1,a. Also, we assume that F = (F") : A x R? x RF —
R?, r = 1,q, are functions of C'-class.

The associated robust counterpart of the multi-dimensional multi-objective optimization prob-
lem (VP) is defined as:

(RVP) mln/maxyé u,x(ut),y(u),w)du® subject to (x,y) € Sol,
c weW

where

/maxyg. w,x (), y(u), ®) du®
C

weW

max }/5 w,x(u),y(u), ) du®, -, [ max Ve (u,x(u), y(u), 0,) du®
(4 )

w eW; C w, W,

= <max Pl (x,y; o), ..., max P"(x,y; (Dn)) :

w W w0, €W,

The set of all feasible solutions Sol in (RVP) is called the robust feasible solution set to
the problem (VP). By the robust solution associated to (V P), we mean a robust feasible point
(solution) that simultaneously minimizes all objective functions P! (x,y; ), I = 1,n. In this
regard, we consider the following types of solutions for the study of (VP).
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Definition 2.1. A point (x°,y%) € Sol is a robust efficient solution in (V P) if there exists no other
(x,y) € Sol such that max P(x,y;®) =< max P(x°,y%; @), or, equivalently, max P'(x,y; ;) —
oW weW w,eW;

mav)‘(/ P! (xo, yO; @) <0, VI = 1,n, with <" for at least one [, where we used the notation
weW;

P(x,y; o) du®.
max P(x, y; @ /(;366%75 u,x(u),y(u), ®)du
Definition 2.2. The pair (x°,y°) € Sol is a proper robust efficient solution of (VP) if (x°,y°) €

Sol is a robust efficient solutlon in (VP) and, for all / = l,n, there exists a positive real number
M satisfying

PL(x° 30 ) — P! ) <M P’ ¥0) Py o
max P (x",y" &) — max P (x,y; @) < M | max P'(x,y: ) — max P,y o) )

for some s € {1,---,n} such that maxgecw, P(x,y; @) > maxgew, P*(x°,y%; @), whenever
(x,y) € Sol and maxq,cw, Pl(x,y; ) < maxg,cw, PL(x° y0 ).

Definition 2.3. A point (x°,y°) € Sol is a weak robust efficient solution in (VP) if there ex-
ists no other (x,y) € Sol satisfying max P(x,y; ®) < max P(x",y; @), or max P'(x,y;ay) —
weWw wew w €W,

max P'(x°y% @) <0, VI=T,n

W,
Next, we define a vector uncertain functional
K:oxVUxW—-R" K(xy,o)= / Ke (u,x(u),xp (1), y(u), @) du®
C
and introduce the concepts of invexity and pseudoinvexity for K.

Definition 2.4. The functional K is invex at (xo,yo) € & x V with respect to ¢ and Y if there
exist

@A xR xR x R x RF — R,

0 = @ (1t,x(), y(), 5 (1),° (1)) = (9 (1 x(u), (u), () x°)), i =T,a,

of C'-class with ¢ (u,xo(u),yo(u),xo(u),yo(u)) =0,Vu€ecA, ¢ly—uu, =0, and

¥ AXRY x RF x R x RF — RF,

2 = 2 (1,600, (1), (), 0 (1)) = (27 (o, x(0), ¥(0) (), (@) ), = ToF,

of CO-class with y (u,xo(u),yo(u),xo(u),yo(u)) =0, Vu €A, X|u=u, u, =0, satisfying

K (x,y;@) - K (x*,)"; o)

Z/ [a;f (” X ( )s xg(u%yo( ), @ >(P+§—Ki (u X ( ), g(”)vyo(u),5> qu)} I
-I-/C {88725 (M x (u),xg(u)ayo(u),6> x} du®,

forany (x,y) € d x V.

Definition 2.5. If we replace > with >, for (x,y) # (xo, yo), we obtain strictly invexity at
(xo,yo) € & x WV with respect to ¢ and y of K.
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Definition 2.6. The functional K is pseudoinvex at (xo,yo) € ® x W with respect to @ and ) if
there exist
@:AXRx R x RY x RF — R,
0 = @ (1t,x(), y(0) 5 (1),3° (1)) = (9 (1 x(u), (u), () x°)), i =T,a,
of C'-class with ¢ (u,xo(u),yo(u),xo(u) yo(u)) =0,Vu€ecA, ¢ly—uu, =0, and
¥ AXRYx RF x R x RF — RF,
1 = 2 (1, x(00) (1), 20 ()50 (0)) = (7 (,x(00), 9(0), 20 () 30())) , j = ToF,
of CO-class with x (u,xo(u),yo(u) O(u) yo(u)) =0, Vu €A, X|u=u, u, =0, satisfying
K(x,y;0)—K (x07y0'5) <0

:>/ [9Kg (u), 2(u),y°( ), ® >(P+3—Ki (u Ou), xg(u),yo(u),E)Dp(p} du’

o B’f (14705300 ) 7 <0,

A
y
X Y

b
)

J [aa'f (00,2500, @) o + g_Ki (1403300, @) Dy |

K.
S 0 0 00\ 7 5 0 0.5
“. [a—y (1.6 (w), 3 (). (), @) %] dui* 2 0= K (x,;0) =K (@) 20,
forany (x,y) € d x V.

The next definition is very important in our investigation. It represents a key element in
proving the main results derived in the current paper.

Definition 2.7. The subset 0 # X x U C ® x V¥ is named invex with respect to ¢ and y if
(%) + 6 (@ (u,x,5,2°,3°) , x (u,x,5,5°,)°)) € Xx U, forall (x,y), (x°,y°) € XxUand 6 €
[0,1].

Now, for obtaining some existence results for problem (V P), we define the following robust

(weak) vector variational control inequalities:
I. For ma‘;(/P(x,y;a)) = P(x,y;®), find (x°,y°) € Sol such that there exists no (x,y) € Sol
we

satisfying
7} d
v ([ la—f(u,x%m,y“() )<p+a—yj(ux<u> y°<u>,wl)x]du¢,---,

/ oy oy

T (@300, @) 90+ 5 (1:x"w) 1 (w) B) x| i) < 0:
I1. For mav)éP(x,y;a)) = P(x,y; ®), find (x°,y°) € Sol such that there exists no (x,y) € Sol
we

satisfying

pa) 1
(WVI) (/C [a—l’f (u,xo(u),yo(u),ﬁl) (p+a— (u,xo(u),yo(u),ﬁl)x] dué,n- ,
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oy IV
| [a—’*‘ (12 ). 0) @) 9+ 5 = (1), y°<u>,an>x] du)) <0.

3. MAIN RESULTS

In the following, we establish some connections between (VP), (VI), and (WVI). In this
regard, we start with the next result.

Theorem 3.1. Consider Sol C ® x W an invex set (related to ¢ and ). Suppose that (x°,y°) €
Sol is a proper robust efficient solution in (VP), and each integral | ’yé (u,x(u),y(u), @;) dus,

I =1,n, is Fréchet differentiable at (x°,y°) € Sol. Then the pair (x°,y°) solves (VI).
Proof. By reductio ad absurdum, we consider that (x°,y°) € Sol is a proper robust efficient

solution to (VP) and it does not satisfy (VI). Then, for all [ = 1,n, there exists (x,y) € Sol
satisfying

d a},l
/ [ (;;l (I/l xo(u)7y0( ) )(P+a—y (u xo(u) yo(u)’ml)x dué <0 (31)
and, for s # [,
J d
/ [ a,};: (’/l _x()(bt) yO( ) ws) §D+a_’}: (Lt )CO(M) yo(u)’as) X] dué < 0. (32)

Since Sol C ® x V is an invex set (by hypothesis), we consider

(Z,W) = ('x()’yo) + 061 (‘P (u7x7y7x07y0) 7% (u7x7y7x07y0)) € SOZ? Va,
for some sequence {6,} of positive real numbers, satisfying 6, — 0 as a — oo. Further, since
each curvilinear integral [ yé (u,x(u),y(u),@;)du®, 1 =1, n, is Fréchet differentiable at (x°,y°) e
Sol, we have
P! (z,w;@y) — P'(x°,y0; @)

d 0
= /C 0. !8—% (u,x° (1), ° (w), wz)<p+a—°é(u X (u),y (umz)x] du® (3.3)

+ 11 60 (¢ (,,7,2°,5°) 1 (1,2, 3,2°,5°) ) || -G (2, w),
where G’ : V(w0 ,,0) = Ris a continuous function defined on V|0 ,0) (a neighborhood of (x¥,y9)),
with limg,_se. Gl (z,w) = 0. Now, by dividing (3.3) with 6, and con51der1ng the limit, it results

1
lim 6_ [Pl(z,w;ﬁl) —Pl(xo,yo;ﬁl)}

a—yoo

8}’1 ayl (3.4)
/[ > (1,20 (1), y° )wz)<p+a—§(ux(u)y(u)@z)x]dué.
By (3.1) and (3.4), we obtain P! (z,w; @;) — P'(x°,y°; @;) < 0, for some a > N (see N as a natu-
ral number). Let (x°,y°) € Sol be a proper robust efficient solution in (VP). Now, we consider
the following nonempty set 2 = {s € {1,---,n} | P°(x,)°;@,) — P*(z,w; ®,) <0, Va > N}.
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For s € %,taking into account the Fréchet differentiability of fcyé (u,x(u), y(ut), @) du® at
(x%,y°) € Sol, we obtain
PS(z,w; @) — P (x°,)%; @)

_ / 0,
C
+ 11 60 (¢ (,2,3,2°5°) 2 (,%,,2°,3°) ) || -G*(z,w),
where G° : V(x07y0) — IR is a continuous function on V(x07y0), with lim,—. G*(z,w) = 0. Also, by
dividing (3.5) with 6,, and computing the limit, we conclude that

%

- (u,xo(u),yo( ), cos) o+ 8_y (u X (u) yo(u),Es) b4 du® (3.5)

1
lim o [P’ (z,w; @) — Ps(xo,yo;ws)}

a—ro

J J
/ [ ’YE yO( ) )‘P‘P—Fa—)f(ux (u) yo(u),ws)x

For a > N, by considering the set %, we obtain

9 P
/ [;: (1,20 (1),y° (1), @) goJra—yyE (u,xo(u),yo(u),ﬁs)x] duf > 0. (3.6)

Further, it follows from (3.2) and (3.6) that

J s
/ [ aff (1,3°(w), (), @) <P+a—j (1,20 (1), () @) x] duf =0

for somea > N,and s # [, s € A.
1[p

Now, for s # [, s € %, we find that -2 [[
%

X0 y ;07) Pl Z,w; 0 . .
( ) — o0 a8 a — oo, which contradicts

5 (z,w; @) —PS (x0,y0 w;)]

the proper efficiency of (x”,y°) in (VP). The proof is now complete. O

From the vector variational commanded inequality (V1), a charaterization result of robust
efficient solutions in (V P) can be formulated below.
Theorem 3.2. Let (x°,)°) € Sol be a solution to (VI), and let each curvilinear integral [ }é (u,x(u),
y(u),wl)dug, 1 =1,n, be Fréchet differentiable and invex at (x°,y°) € Sol with respect to ¢ and
X Then the pair (x°,y°) is a robust efficient solution in (VP).

Proof. By means of contradiction, we consider that (x°,y°) € Sol is a solution to (VI), but it is
not a robust efficient solution in (V P). Thus, for all / = 1, n, there exists (x,y) € Sol satisfying

P (x,y;@;) — P'(x%,y% @) <0, (3.7)
with < for at least one /. Since the curvilinear integrals [ }/é (u,x(u),y(ut), @;) du®, | =T, n, are
Fréchet differentiable and invex at (x°,y°) € Sol with respect to ¢ and ¥, we have

Pl(x,y;01) = P'(x,y%; @)

? J (3.8)
/ [f (2% (), (w), (Dl)fp%-a—i(u (), (), @) x | du,
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for any (x,y) € Sol and [ = 1,n. Combining (3.7) and (3.8), for all [ = 1,n, we find that there
exists (x,y) € Sol satisfying

0 Py,
/[a%< ")y (W), ® )‘P+a—€(”x()y(u),51)x du® <0,

with < for at least one I, which contradicts that (x°,y%) € Sol is solution in (V). O

Further, a sufficient condition for a pair (x,y°) € Sol to be a solution of (WVI) is stated in
the following result.

Theorem 3.3. Consider Sol C ® x V an invex set. Suppose that (x°,y°) € Sol is a weak robust
efficient solution of (VP), and each curvilinear integral | }é (u,x(u), y(u), @) du®, | = T,n, is
Fréchet differentiable at (x°,y°) € Sol. Then (x°,y°) solves (WVI).
Proof. Since (x°,y°) € Sol is a weak robust efficient solution in (V P), it follows that there exists
no other (x,y) € Sol satisfying P(x,y;®) < P(x°,y%; @), or
P'(x,y;@p) — Py @;) <0, Vi=Tn. (3.9)
Further, since (by hypothesis) Sol C ® x V is an invex set, for 6 € [0,1], we obtain (z,w) =
(xo,yo) +6 (q) (u,x,y,xo,yo) X (u,x,y,xo,yo)) € Sol. Thus, by using (3.9), we see that there
exists no other feasible solution (x,y) € Sol such that P(z,w; ®) < P(x°,y°; @;), or, equivalently,
P'z,w;@) — P (:°y0@;) <0, VI=Tn. (3.10)
Also, since the curvilinear integrals [ yé (u,x(u),y(u),®@;)dus, | = 1, n, are Fréchet differen-

tiable at (x,y%) € Sol and, we conclude by (3.10) that there exists no other (x,y) € Sol such
that

d 97\
/[a}f( O(u),y° (u )wz)(P—l-a—é(ux(u)y(u),wl)% du® <0,

forany [ = 1,n. U
Taking into account the weak vector variational commanded inequality (WVI), we see that
the following theorem provides a charaterization of weak robust efficient solutions in (V P).
Theorem 3.4. Consider (x°,y°) € Sol a solution in (WVI), and suppose that each curvilin-
ear integral [c }/é (u,x(u), y(u),El)dug, I = 1,n, is Fréchet differentiable and pseudoinvex at
(x9,y°) € Sol with respect to @ and x. Then (x°,y°) is a weak robust efficient solution in (VP).
Proof. By means of contradiction, we consider that (x°,y") € Sol is a solution of (WV1I) but it

is not a weak robust efficient solution of (VP). In consequence, there exists (x,y) € Sol such
that, for all [ = ﬁ Pl(x,y;®@;) — P'(x°,y°;@;) < 0. By hypothesis, each curvilinear integral

/ yé w,x(),y(u),@;)du®, 1 = 1,n, is Fréchet differentiable and pseudoinvex at (x°,y°) € Sol

with respect to ¢ and . Therefore, we obtain

o, Jy!
/ lﬁyf( "),y (w), w1)¢+a—y€(u O (u),y° (), @) x| du® <0,

for any (x,y) € Sol and [ = 1,n, which contradicts that (x°,y°) € Sol is a solution of (WVI). [
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The next result formulates a sufficient condition for a weak robust efficient solution (x°,y°) €
Sol in (VP) to be a robust efficient solution (x°,y°) € Sol in (VP).
Theorem 3.5. Suppose that (x O,yo) € Sol is a weak robust efficient solution in (VP), and each
curvilinear integral / }/5 u,x(u a),)dué | = 1,n, is Fréchet differentiable and strictly

invex at (x°,y°) € Sol with respect to ¢ and x and Sol is an invex set with respect to @ and .
Then (x°,y%) is robust efficient solution in (VP).

Proof. By contradiction, we assume that (x°,y°) € Sol is a weak robust efficient solution in
(VP), but (x°,y%) € Sol is not a robust efficient solution in (VP). Thus, there exists (x,y) € Sol
with P(x,y; @) < P(x",y%; @), or

P! (x,y@) = P )% @) <0, V1 =Ton, (3.11)
with < for at least one /. Since each curvilinear integral [ yé (u,x(u),y(u),@;)dus, | =T,n,is

Fréchet differentiable and strictly invex at (x°,y°) € Sol with respect to ¢ and y, we obtain

Pl(x,y;al) _Pl( 07)’0'61)
7 o
>/[aj( <u>y<>wz><p+a—§(ux<>y<u>,al>x]du€,

for any (x,y) # (x°,3") € Sol and I = T,n, which together with (3.11) yields that there exists
(x,y) € Sol satisfying

? 9
/ [8% (u,x O(1),y° (), (Dl)(lH—a—yé (u,x O(u),y (”)751))(] du® <0,

for all / = 1,n. Consequently, (x°,y°) € Sol is not a solution in (WVI). In accordance with
Theorem 3.3, it follows that (x°,y") € Sol is not a weak robust efficient solution in (VP). [

In the next example, we formulate a concrete problem that can be solved exclusively by using
the theoretical results derived in this paper.

Example 3.1. Let us extremize the mechanical work accomplished by the variable force
_ 1
7 (wleﬂ") i Wx(»o)

to move the application point along a piecewise differentiable curve C, contained in [0, 1]2 =
[0,1] x [0,1] and linking u; = (0,0) and up = (1,1), with (@, @) € [1,2] x [, 1], such that the
following controlled dynamic system

dx dx

W(u) = WW =y(u),

1 — W+ < 0,
QW _ 4’ < 0,
x|u=u17uz =0
is satisfied with respect to @ = e/ () — (W) vy € [0,1]2\ {uy,up} and @ =0 foru € {uy,u,},
and y = 0"’ — (W) vy €0,1)2 \{ul,uz} and xy =0 foru € {uy,u}.
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In order to solve the above practical problem, we consider b=n=¢qg=2,a=k=1,A =
0,1 =1[0,1] x [0,1], and W = W; x W, = [1,2] x [}, 1]. Also, we assume that x,y : A — R*
are piecewise differentiable functions with %(u) = %(u) =y(u), 1 - ) <, @) —
2+ ) <0, X|y—u;u, =0, and @, x : A x R* — R are given by ¢ = o) () e"z(“), Yu €
A\{uy,up} and ¢ =0foru € {uj,up}, and y = 0V ) () €A\ {uy,ur} and y =0 for
u € {uy,us}. Define the following robust Lagrange type densities ¥z = (}/é , 'yg) AXRIXW —
R?, where £ = 1,2 as below

_ 1
2 (1), y (), 1) = @17 5 (u,x(10), 3 (1), @2) = @z,

Now, we consider the following vector variational control problem with partial differential
equation constraints and uncertain data

(VPI) mm /yg (u,x(u0), y(u), ®) du®,

(xy;0)

with

e 5000, @) i = ([ 3 x| 2 ) 0, 00)

= (P'(x,y;01),P(x,y;:0))

and subject to the above mentioned constraints. The corresponding robust counterpart is given
by

(RVP1) m1n max Ye (u,x(u ),y(u), ®)du®,
C WeW

with
3
/Cg)ngéifg u,x(u),y(u), ®)du

(/C max Yg u,x(u), y(u),a)l)dufi max }/2 (e, x(u), y(u),a)z)dué)

w; W C wZGWZ

= ( max P! X,V 0 ,maxPZX, ;
(wlewl ( Y 1) 0 eEW, ( yab))

and subject to the above constraints. Obviously,

P(x,y;® /)/5 u, x(u ),a))du5

_ (/Cygl (, (), y(10), 001 ) i, /y2 o, x(u )dué)

is Fréchet differentiable at (x",y?)
integral [ }é (u,x (), y(ut), @0y ) du®, 1

X
Further, we can easily see that (x°,y°) = (0,0) is a solution for (V). Indeed, we have

= (0,0). Moreover, it can be verified that each curvilinear
= 1,2, is invex at (x°,y°) = (0,0) with respect to ¢ and

) oyl
(/c [a—};f (u,xo(u)ayo(u)@l)(PﬂLa—?;é(u,xo(u),yo(u)ﬁl)x] dub,
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oy? Y2
S — S —
| [ 5o (000,500, 32) 9+ = (00 (). @) 7 | i)

/26 1) dué, /Cex(”) (1—ex2(”)>dug> % (0,0),

for all piecewise differentiable functions x,y : A — R™. Therefore, by Theorem 3.2, we get that
(xY,y°) is a robust efficient solution of (VP1).
Now, by direct computation, we find

P y:00) =P (% 01) = [ o (ox(w). (), 01) e = [ 9 (1 w).5 (), 1) du

—/ (a)le y(u) >du§ /(a)l—i-l) du®
C 2

for all piecewise differentiable functions y : A — R\ {0} and ; € [1,2].
On the other hand, we have

P2 (x,y; @) — P (x O,yo'wz)
_/}/zux du /y2 u, x° )a)z)dué

_/ W _q du5>o

for all piecewise differentiable functions x : A — R™\ {0} and @, € [}, 1]. Since, for (x?,y°) =
(0,0), there exists M = 1 satisfying

JRACEIOERD) duﬁ—/ygux (), y(1), @) du

<M</y2ux ) du® /yzux ),wz)dui),

we conclude that (x,y°) = (0,0) is a proper robust efficient solution of (VP1).

4. CONCLUSIONS

In this paper, we formulated and proved various connections between the solutions of some
robust (weak) vector commanded variational inequalities and (weak, proper) robust efficient
solutions associated with the corresponding class of multi-objective variational control prob-
lems defined by curvilinear integral type functionals. A very important role in establishing the
principal theoretical results was the notion of invex set with respect to some functions. More-
over, the generalized convexity and Fréchet type differentiability hypotheses of the considered
functionals played a crucial role. Finally, the applicability and effectiveness of the proposed
methods were illustrated by an example from physics.
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