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Abstract. In the theory of Banach spaces, the normalized duality mapping assumes a pivotal role.
The analytic depiction of this mapping holds paramount significance in the associated analysis. Given
that Bochner spaces serve as foundational underpinnings in stochastic variational analysis and stochas-
tic optimizations, delving into the analytic representations of the normalized duality mapping becomes
imperative, especially in uniformly convex and uniformly smooth Bochner spaces. The study of the
analytic representations of normalized duality mapping contributes to our understanding of various geo-
metric properties inherent in Bochner spaces. Leveraging the analytic representation of the normalized
duality mapping, we establish and substantiate certain non-convex properties linked to this mapping in
uniformly convex and uniformly smooth Bochner spaces.

Keywords. Analytic representation; Bochner space; Normalized duality mapping; Uniformly convex;
Uniformly smooth.

1. INTRODUCTION

Let X be a real Banach space with X* as its topological dual. We denote the norm in X
by || - ||x and the norm in X* by || - ||x+. The duality pairing between X and X* is denoted by
(-,-). We denote the origin in X by 6Oy, often dropping the subscript for simplicity. The concept
of the duality pairing in a Banach space in geometric form was introduced by Beurling and
Livingston [3] in 1962, marking a pioneering contribution to the field. On the other hand, by
the Hahn-Banach theorem, there exists at least one ¢ € X* such that (¢@,x) = ||@||x+||x||x. The
nomalized duality mapping, which, in general, is a set-valued map Jy : X — 2% \ {0}, is defined
by

Jxx={oeX*: (¢,x)=|x||} =|l¢||%} foreveryxecX. (1.1)
The normalized duality map boasts numerous advantageous properties (see, e.g., [3, 12-14, 16,
17,21, 24]) several of which we compile for convenient reference in the subsequent section.
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There is an intimate connection between the geometric attributes of a Banach space X and the
analytic characteristics of its associated normalized duality mapping Jx. This mapping holds
substantial importance in both projection theory and approximation theory in Banach spaces.

For example, in [1, 2], the authors utilized the normalized duality mapping Jx to formulate
generalized projections and generalized metric projections in uniformly convex and uniformly
smooth Banach spaces. In [16], Li employed the normalized duality mapping Jx to extend
these concepts from uniformly convex and uniformly smooth Banach spaces to reflexive Ba-
nach spaces. Furthermore, Khan, Li, and Reich [14] extended these projection techniques to
general Banach spaces by leveraging the normalized duality mapping. The normalized duality
mapping has served as a primary tool in various studies, as evidenced in [1, 2,5, 11, 20, 21],
where it was employed to investigate fixed-point approximation problems and assess the con-
tinuity of metric and generalized metric projections within uniformly convex and uniformly
smooth Banach spaces. In Hilbert spaces, the metric projection operator adheres to the basic
variational principle, which can be considered as the fundamental theorem of projection theory
in Hilbert spaces; see [7, Chapter 3]. To extend such a crucial principle to projections in Banach
spaces, the normalized duality mapping Jy assumes a pivotal role in establishing basic varia-
tional principles for both projection and generalized projections in Banach spaces, as detailed
in[1,2,6,10,14,16].

This research focuses on Bochner spaces which are commonly regarded as specialized Ba-
nach spaces, and their definitions and basic properties can be found in [9, 19,23]. Numerous
authors explored the geometric characteristics of Bochner spaces (see, e.g., [4,5, 15]), as well
as the interconnections between the geometric properties of Bochner spaces and the underly-
ing Banach spaces defining them (see, e.g., [8, 15, 18,22]). Conversely, Banach spaces can be
viewed as specific instances of Bochner spaces concerning certain measure spaces.

Given the pivotal role of the normalized duality mapping in Banach space, particularly its util-
ity in projection theory, approximation theory, and variational inequalities in Bochner spaces,
this paper seeks to investigate the properties of the normalized duality mapping in uniformly
convex and uniformly smooth Bochner spaces.

The contents of this paper are organized as follows: In Section 2, we provide a review of
the properties of the normalized duality mapping in uniformly convex and uniformly smooth
Bochner spaces alongside some non-convex properties established in [13]. Additionally, we re-
visit the definitions and fundamental properties of Bochner spaces, encompassing simple func-
tions in Bochner spaces. Section 3 delves into the analytical representations of the normalized
duality mapping in uniformly convex and uniformly smooth Bochner spaces. Section 4 ex-
plores various properties and analytical representations of the normalized duality mapping in
multiple Bochner spaces. In Section 5, we leverage the normalized duality mapping to examine
the geometric properties of both Bochner spaces and multiple Bochner spaces. We employ the
representations of the normalized duality mapping in uniformly convex and uniformly smooth
Bochner spaces to establish some non-convex properties related to the normalized duality map-

ping.

2. PRELIMINARIES

2.1. The normalized duality map and Projections in Banach spaces. We begin with recall-
ing that, in a uniformly convex and uniformly smooth Banach space X, the normalized duality
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mapping Jy : X — X* is single-valued, one-to-one and onto, homogeneous, continuous and
uniformly continuous on bounded sets; see [7].

Let X be a uniformly convex and uniformly smooth Banach space, and let C # 0 be a closed,
and convex subset of X. The metric projection Pc : X — C is a single-valued map given by

|x— Pex||x < ||lx—z|]|x forallzeC.

It is known that P : X — C is a continuous map that enjoys the following variational character-
ization:
u="FP((x) < (Jx(x—u),u—z)>0 forallzeC. (2.1)

The generalized projection 7 : X* — C is a single-valued map that satisfies V(y, mcy) =
infyccV(y,y) for any y € X*, where V : X* x X — R is a Lyapunov function by the following
formula:

V(y.x) = [ Wl —2(w.x) + x|} forany y € X", x€X.

The generalized projection 7 : X* — C enjoys the following variational characterization: For
any y € X*andy € C,

y=nc(y) < (y—Jxy,y—z)>0 forallzeC. (2.2)
The generalized metric projection Ilc : X — C is defined by
ex = me(Jxx) foranyx € X,
mc(@) ;= (Jx+¢p) forany ¢ € X™.

The generalized metric projection Il¢ : X — C satisfies the following variational characteriza-
tion: Forany x € X and y € C,

y=I¢c(x) <= {Uxx—Jxy,y—z)>0 forallzeC. (2.3)

In general I # Pc. However, the notions (2.1), (2.2), and (2.3) coincide in a Hilbert space.
By the variational characterizations given above, the problems involved with Pc, 7¢, and Il¢
can be converted to variational inequalities, which are easier to solve, in many cases.

We recall that concepts of the generalized projection and the generalized metric projection
were introduced by Alber [1] on uniformly convex and uniformly smooth Banach spaces, which
have been extended to general Banach spaces; see [14, 17] and the references therein.

2.2. Bochner spaces. In this subsection, we recall the definitions and basic properties of Bochner
spaces; see, e.g., [4,5,7,9, 10, 18-24] for more details.

Let (S,.7, 1) be a measure space, which, without any loss generality, is assumed to be posi-
tive and complete. Let X be a real uniformly convex and uniformly smooth Banach space with
X* as its topological dual. For any A € <7, and for any x € X, 14 ® x denotes the X-valued
simple function on § with values in X defined, for any s € S, by

x ifs€A,

(la@x)(s) = 1als) ®x = {9 ifs¢A.

where 14 denotes the charateristic function of A on X.
For a given integer n, let {A},A»,...,A,} be a finite collection of mutually disjoint sets in
o/ with 0 < (A;) <ooforall i =1,2,...,n. Let {x1,x2,...,x,} C X, and let {ay,as,...,a,}
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be real numbers. Then, }" | a;(14, ®x;) is called a u—simple function from S to X; see [19,
Definition 1.1.13].

Remark 2.1. Since the coefficients {aj,as,...,a,} can be included in the points {x},x2,...,X,},
it follows that a p-simple function can have the form Y7, (14, ® x;).

For any positive number p with 1 < p <o, let L,(S;X) be the Lebesgue-Bochner function
space, called the Bochner space, which is the Banach space of p-equivalent classes of strongly
measurable functions f : S — X with norm (f takes values in Banach space X as the limit of
integrals of simple functions):

P
o= ( [I56) )" <o for1 < p <o
Il s7= e suplL £ < =

In particular, for X = R, L,(S;R) is denoted by L, (S). Next, we list some properties of Bochner
integrals and Bochner spaces

B1) [s(af +bg)du=a [gfdu+b [ggdu forevery f,g € L,(S,X) and a,b € R;
Bo) |[[sfdully < Jsllfllxdu for every f,g € L,(S,X);
(B3) for p,q € (1,%0) with p~! +¢7 1 =1, (L,(S;X))* = Ly(S; X*).

The investigation of geometric properties of Bochner spaces has been a subject of exami-
nation by various researchers, encompassing aspects such as convexity and smoothness; see,
e.g.,[5,7,9,16,18,22]. Here, we give a compilation of related properties below.

Theorem 2.1. [17] Let (S, <7, ) be a measure space, and let X be a Banach space. For any p
with 1 < p < oo, we have
L,(S;X) is uniformly convex <= X is uniformly convex,
L,(S;X) is uniformly smooth <= X is uniformly smooth,
Ly(S;X) is a Hilbert space <= X is a Hilbert space.
We next recall an embedding map of X into L,(S;X), studied in [17], which is used shortly.

For any A, B € .o/ with 0 < u(A), u(B) < oo, for any p,q with 1 < p,g <eoand p~ 1 +471 =1,
the function 14 ® x holds the following properties:

(@) {lu@x: Ac o withO < u(A) <ecandx € X} C L,(S5:X);
(b) {l1p®e: Be Bwith0 < u(A) <eccand ¢ € X*} C (L,(S;X))* = Ly(S; X*).

Proposition 2.1. [17] Let (S, 7, 1) be a measure space, and let X be a Banach space. For any
arbitrary A € 7 with 0 < L(A) < oo, for any x,y € X and for any 1 < p < oo, we have

-1
@ BA) F(153) € L(55X);
OF MORIOTD! BN R
1
© |[a) P Eu@) P (aey)|, =ty
ll’(lA ®x) (isometric) embeds X into L,(S;X).

'E\'—‘

X5

(d) the mapping x — u(A)



NORMALIZED DUALITY MAPPINGS AND PROJECTIONS 645

3. ANALYTIC REPRESENTATIONS OF NORMALIZED DUALITY MAP IN BOCHNER SPACES

Let (S,47, ) be a measure space, and let X be a uniformly convex and uniformly smooth
Banach space. For national simplicity, we denote the normalized duality mapping in X, X*,
L,(S;X), and L,(S;X*) by Jx, Jx+, Jp, and J;, respectively. We note that these are all single-
valued, one-to-one and onto, and continuous maps.

We recall the following forms of the normalized duality map in two specific cases:

(a) Let X = /¢, with 1 < p <oo. Forany x = (t1,12,...) € £, withx # 0, we have

[P~ " sign () _ |l

(JxX)n =

2 17
(b) Let X = L,(S) with 1 < p <oo. Forany f € L,(S) with f # 6, we have
£ ()" sign(f(s)) _ Lf(9)[P2f(s)
e ol

The subsequent proposition establishes the relationships between Jx and J,, offering an ana-
lytical representation for J, in the process.

forall s € S.

(Uxf)(s) =

Proposition 3.1. Ler (S, 97, 1) be a measure space, let X be a uniformly convex and uniformly
smooth Banach space, and let A € <f . Then, for any x € X, with x # 0, we have

Jx(1a®@x)(s)) = (14 @Jxx)(s) foreverys € S.
Proof. For any s € S, we have

Jxx forall s €A,
Jx(1a®x)(s)) = { GX forall s ¢ A,

= (IA ®Jxx)(s),
which completes the proof. 0J
By the arguments used in the proof above, we can also establish the following result.

Proposition 3.2. Let (S,47, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let {A1,A,...,A,} be an arbitrary finite collection of mutually
disjoint subsets in <7, and let {x1,x2,...,x,} C X. Then,

JX<(ZH:1A ®x,) ):i (14, @Jxxi)(s) foreveryseS.

Proposition 3.3. Let (S, 47, L) be a measure space and let X be a uniformly convex and uni-
formly smooth Banach space. Let p,q € (0,) with 1 —|— = 1. Then, for any f € L,(S;X), with

f#0,
(@) Jpf € Ly(S;X);
®) (Jpf)(s) = M foralls€S.

A7 Ze
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Proof. Part (a) is evident as J,,f € (L,(S;X))* = Ly(S;X*). To prove part (b), we calculate

g .
dp (s))
.
Hf()Hx Y

=\ | = Wx(fF()l%- duls)
S ||f||Lp(S;X)

£ )% Ix (£(s))
1117 Sy

pfllL,sx) = /S

Q=

1

. ﬂf&l@i———nf<>u du(ﬂ)

HfﬂLpSX

— / Hf HX ‘u(s)
LA

Ly(

= (I71e:2) ‘?(/nf 2 ) — 11l 520

Once again, we have

p-2;
@wa:4<”“)” <(>Xﬂ@>dmw

HfHLpSX

OIS
-, Hfﬂ” He)

_ WO uxd s
-, HfH H0)

= ||f||%,,(s;x)-

Thus (J,f, f)p = Hf”%p(S'X) = ”pr”%q(s-xy which proves the desired claim. O
Proposition 3.4. Let (S,97, ) be a measure space, and let X be a uniformly convex and uni-

formly smooth Banach space. Let p,q € (0,0) with %4—%1 =1, andlet A € o withO < u(A) <
oo, Then, for any x € X with x # 0,

J(1a@x)(s) = (A)P (14 @ Jxx)(s) foralls € S.

Proof. We begin by calculating

1
a5 = ( 104800 duts ) — (/i aus ) = lxn(a)?.
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Using part (b) of Proposition 3.3, we have

(14 @ x)(s >H§‘21x<<1A®x><s>>
|1A ®x’|p (8;X)

p—2
>l JXX,,,Z forall s € A,
= HXHXM
foralls ¢ A,
= u(A

Tp(la®@x)(s) =

— = forall s € A,

forall s ¢ A,

1_
p

1(1,@Jx)(s) forallses,

and the proof is complete.

The above result can be extended to all u-simple functions.

647

Proposition 3.5. Let (S,47, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let p,q € (0,00) with % + cl] = 1. Then, J, maps every [-simple
function in L,(S;X) to a w—simple function in Ly(S;X*) with respect to the same partition in

S. Moreover, for any given [1-simple function ¥, (14, @ x;) in L,(S;X), we have

n n . p—2
(% 1no) = IERIAEDOI
= (T Iyl a))”

Proof. For a given p-simple function Y7 | (14, ®x;) in L,(S;X), we calculate

n
Z(IA; ®Jxx;)(s) foralls€eS.
i=1

S

™=

(1a; ®xi)(s)

- ([1E0nes@igaut ))p

i=1

Lpy(8:X)

= (L [t @)@l auts >>

1

=(x/ \|xi|r§du<s>>

1
n P
= Z il e (A )

Even though Jy is not a linear operator, by the definition of -simple functions, since {A},As, ...
is a finite collection of mutually disjoint subsets in .« with 0 < u(A;) < eoforalli=1,2,...,n,

JAn}
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by part (b) of Proposition 3.3, for all s € S, by Proposition 3.4, we have
-2
| 12 (1, @) ()52 ( T (1, 2.20)(5))
P\ . - p—2
i (11 (14, @3l 5 )
(L 22) ()15 2 9 (14,020 (5))
p—2
(1Zs (14, @2, 520))
-2
_EL (@) () [y "X (1, ® Jxxi) ()

n 4 1\P~2
(£, Il ca)? )
which completes the proof. 0

(14,02 ) (5

n

1

Y

As mentioned in Section 2, in general, a y-simple function can be written in the form
Y7 ai(1a,®x;) with real coefficients aj,az, . . ., a,. Otherwise, the real coefficients ay, az, ..., an
can be considered included in x1,x3,...,x,. Therefore, as a consequence of the above result, we
obtain the following result.

Proposition 3.6. Let (S,.7, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let 1 < {p,q} < oo with %—i—é =1. Forany f € L,(S;X), let {f,}
be a sequence of u-simple functions in L,(S;X) satisfying f, — f in L,(S;X) as n — oo. Then,
{Jpfn} is a sequence of u-simple functions in Ly(S;X*) such that J,f, — J,f in Ly(S;X*), as
n — oo,

Proof. By Proposition 3.5, we see that {J, f, } is a sequence of p-simple functions in L, (S;X*).
The claim then follows from the continuity of J,.

4. THE NORMALIZED DUALITY MAPPINGS IN MULTIPLE BOCHNER SPACES

In this section, we investigate the characteristics of the normalized duality mapping in spe-
cific instances of Bochner spaces denoted as L,(S;X), where the Banach space X itself is a
Bochner space. The examination of these particular Bochner spaces holds significant relevance,
especially in the context of stochastic variational inequalities and stochastic optimization theory.

Let (S,7,u) and (T,%,A) be measure spaces, and let Y be a uniformly convex and uni-
formly smooth Banach space. Let p,q, B, & be positive numbers which are greater than 1 and
satisfy 117 + é =1and % + % = 1. The Bochner space Lg(T';Y) is a uniformly convex and uni-
formly smooth Banach space, and therefore the Bochner space L,(S;Lg(7;Y)) is also a uni-
formly convex and uniformly smooth space. In the following, the normalized duality maps on
Lg(T;Y)and L,(S;Lg(T;Y)) are denoted by Jg and J,, respectively.

We note that, for any f € L,(S;Lg(T;Y)),

1 2 1
P lepiszgtrann = ([ IFGIE,rndn)” = ([ (17600 1Far0)" du)"
The following results give an analytic representation of J, on L, (S;Lg(T;Y)).

Proposition 4.1. Let (S,o/, 1) and (T,%,A) be measure spaces, and let Y be a uniformly
convex and uniformly smooth Banach space. For any f € Ly(S,Lg(T;Y)) with f # 6, we have
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(@) Jpf € Ly(S;Le(T3Y7));
(b) foreveryse S,

LG o 1D @I

A1 &y

(Ipf)(s)(t) =

Jy(f(s)(t)) forallt€T;

(c) in particular, if B = p, then, for every s € S,

p—2
e < IO

||f||L (S.Lg(T:Y))

Jy(f(s)(z)) forallteT.

Proof. Part (a) is obvious. We proceed to prove (b). Using Proposition 3.3 repeatedly, we obtain

e >||Lﬁ "

”f”L (S,Lg(T:Y))

(pf)(s) (1) =

f($)()

I£(s >HLﬁ ) LA Dlly

Jr(f(s)(1))

Hpr SLﬁ (T:Y)) Hf”L SLB(TY))
A )||Lﬁ rnll(f FEOIF2

A1 1oy

Jy(f(s)(r)) forallzeT.

O

We have the following analogous result.

Proposition 4.2. Let (S,o/, 1) and (T,%,A) be measure spaces, and let Y be a uniformly
convex and uniformly smooth Banach space. Let A € </ with 0 < W(A) < oo. For any ¢ €
Lg(T:Y) with ¢ # 0, 14 ® @ is a p-simple function in L,(S;Lg(T;Y)). Then, for any s € S and
teT,

Up (14 9)())(1) = RA)FF(1a(s) @ 50) (1) = p(ays—5 12Oy~ )” 19O (5 o 1500
ol 2
Proof. By Propositions 3.3 and 3.4, we have

(142 9)()(1) = p(A) 7 1(1a(s) ©Jpg)(r) forall 1 €T,

_ ,u(A)%_%(Jﬁ(p)(t) forall s € A,
0 fors ¢ A,

[.L(A)%féw forall s € A,
lo HLB”
0 fors ¢ A,
L ewlf 2y
w(A)r q—y(lA(s)@)Jy((p(t))) foralls€ A,
- H(p”Lﬁ(TY)
0

fors ¢ A,
and the proof concludes. U
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In view of Propositions 3.4 and 4.2, we have the following.

Proposition 4.3. Ler (S,o/, 1) and (T, 2B, A) be measure spaces, and let Y be a uniformly con-
vex and uniformly smooth Banach space. Then, J, maps every p-simple function in L, (S iLg (T;Y))
to p-simple function in Ly(S sLg (T;Y*)) with respect to the same partition in S. Moreover, for
an arbitrarily given p-simple function Y (14, ® @;) in Ly(S;Lg(T;Y)), for every s € S, and
foreveryt € T, we have

IZ (O, @ )OI ) 2 (i) 62

T(Y. (14, 90)) () (1) = 1 (14,(5) @ (91(1)).
P (Tt 1017 o (AP qzzwr«pzuLﬁ” e
Proof. By Proposition 3.5, we have
n ”Z?:l(lA,-@q)l)( )HLﬁ T:Y) n
Tp(Y (14, @ 9:))(s)(¢) = p (Y (1a,(s) © 9))(t)
= T D L =

” Z?:l(lA,- & q)l)( )HLﬁ TyY)

- o
(T 19117y (47
”Z?zl(lz‘\i@(pl)( )HL (T:Y) ; p-2

- . = ,,,Z ooy (1a;(s) @ Jy (¢i(1))),
( j=1 H(PiHLﬁ(T;Y).u(A]))P 4 i= l”(pluLﬁTY

and the proof is complete. UJ

Z ) @¢:))(t)

In the above result, if every ¢; is a A-simple functional in Lg(7';Y ), then the following result
is immediate.

Proposition 4.4. Let (S,o/, 1) and (T, %,A) be measure spaces, and let Y be a uniformly con-
vex and uniformly smooth Banach space. Let {A},A,,...,A,} be an arbitrary finite collection
of mutually disjoint subsets in </ with 0 < U(A;) <oo, for i=1,2,...,n. Let {B1,By,...,By,}
be an arbitrary collection of subsets in % (not necessarily disjoint) with 0 < A(B;) < oo, for
i=1,2,...,nand let {y1,y2,...,yn} CY. Foreverys € Sandt € T, we have

Tp(2 (1a; @ (15, ©1))) (s)(7)

n 1B 22 11B—2
( i=1 |[|3yl||yﬂ«<§) ﬁ — Z HlBi(t) ®yl|| — (1A1<S)®((IB,(I)®JY)71)))
(X0 yilly (A (Bi)B (A e 51 (|lyil|PA(By)) P

=

1

~

5. SOME GEOMETRIC PROPERTIES OF BOCHNER AND MULTIPLE BOCHNER SPACES

5.1. Convexity of Bochner and multiple Bochner spaces. Let X be a uniformly convex and
uniformly smooth Banach space. Let 8y be the modulus of convexity of X given by

. 1
Ox (&) :1nf{1—§||x+y||xz x,y € Sx, [|x—y| 28}, € €(0,2],

where Sx is the unit ball in X.
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Let (S, 27, 1t) be a measure space and, for 1 < p < oo, let L,(S;X) be the uniformly convex and
uniformly smooth Banach space. For notational simplicity, we denote the modulus of convexity
61, (s:x) of Lp(S : X) by 6p. Let S, be the unit ball of Ly (S;X). Then,

i 1
op(€) = 1nf{1 - §||f+g||Lp(S;X) : [,8€Sp, If —8llL,5x) = 8}7 € €(0,2].
It was recently demonstrated in [17] that
0p(€) < Ox(g) forevery € € (0,2]. (5.1)

Let (S,o/,u) and (T, %, 1) be measure spaces, and let Y be a uniformly convex and uni-
formly smooth Banach space. Let p,q, B,& be positive numbers, which are greater than 1 and
satisfy ll)—i- é =1 and %—i—% = 1. The modulus of convexity of ¥, Lg(T;Y) and L, (S;Lg(T;Y))
are denote by dy, 55, and 0, respectively. By applying (5.1) repeatedly, we have

Oy(€) < 9g(e) < dy(e) forevery € € (0,2]. (5.2)

Let I'y denote the Figiel’s constant of Y which satisfies 1 < I'y < 1.7. For any R > 0, and for
any x,y € Y, if ||x||ly <R and [|y||y <R, with the aid of (5.2), we have

R [lx—ylly R [lx—lly R [lx—ylly
Jyx—Jy,x—y) > > 1) > 5) . (5.3
Uy =y x y>—2rY5Y< 2R )=y P\ 2R ) oy P\ 2R >-3)

Let I'g and I';, denote the Figiel’s constants of Lg(7;Y) and L,(S;Lg(T;Y)), respectively. Let
R > 0. Forany f,g € Lg(T;Y) with ||f||Lﬁ(T;Y) <R and ||8HLB(T;Y) <R, we have

R? 1S = &llLg i) R? 1S = &llLg i)
_ RSN > .
Upf=Jpsf—8) = 2Ty % ( 2R = 2Ty % 2R

Forany @,y € L,(S;Lg(T:Y)) with |@]|,(s;1,(7;v)) < Rand |Wl[,(s:15(ry)) < R, we have

R? lo— vl (S:Lg(T3Y))
> p\O-Lp\L )
<‘]Y(p JYII/7(p I//> - zrp 517 ( 2R

5.2. Smoothness of Bochner and multiple Bochner spaces. Let (S,.27, 1), X, and L,(S;X)
be as in the previous section with 1 < p < . For a > 0, let p, and p, be the modules of
smoothness of the Banach space X and L, (S;X), given by

X+y|x +{|x—ylx
pe(a) i=sup{ P e =1, Iyl = o}
and
1f+8&llz,sx)+1f —8&llL,sx)
pp(a) :=sup{ s =1 x,y € Lp($:X), x|, s0) =1, VIl (s:x) = &}

Recently, it was shown in [17] that, for each & > 0, p,(&) > px (). Now let (T,%,1)
and Y be as in the previous section. Denoting the modules of smoothness of ¥, Lg(7;Y) and
Ly(S;Lg(T;Y)) by py, pg, and p,, we can show that, for every a >0, p, () > pg(a) > py ().
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Since all the involved spaces are uniformly convex and uniformly smooth Banach spaces, we
have the following relationship:

o o
m POy PO Po(@) (54)
aiO o al0 o al0
Furthermore, for any R > 0, we have (see [1])
(a) for any x,y € Y, if ||x||y <R and ||y|ly <R, then
R? 16Fy||x |y
Jyx—Jyy|x= < <
I T oy
R? 16Iy||x—y|ly
. o H H
2w llx—ylly
R? 16T
< p( Y||x Y||Y) (5.5)
2% [lx—ylly
(b) forany f,g € Lg(T:Y), with || f]|1;(7,y) < R and Hg”Lﬁ riv) < R, we have

178 = I8l (5(r:v))

R? 160 f = &llLg (i)
< Pp ;
281l — gllzg(ryy) R

(c) forany @,y € L,(S;Lg(T:Y)), with H(PHLP(S;Lﬁ(T;Y)) <Rand || V/HLP(S;LI;(T;Y)) <R, we
have

R? 16D, — Wl (s:25(7:v))
@ = TpWllw,(s:25(T:7))) ( = ‘

< Pp

20plle — Wiz, (si25(ry)) R
5.3. Connections between convexity and smoothness of Bochner spaces. In this subsection,
we explore the interplay between the convexity and smoothness properties of uniformly con-

vex and uniformly smooth Banach spaces, as well as their counterparts in Bochner spaces and
multiple Bochner spaces.

Proposition 5.1. Let (S, 1) and (T,%,A) be measure spaces, and let Y be a uniformly
convex and uniformly smooth Banach space Y. Let p, 3 € (1,00) be given. Then:

(a) for any x,y € Y with ||x||y and ||y||ly <R, the following inequality holds:

16Iy [|x —y|| [x=lly Y .
Py (T) > Oy (T) ; (5.6)

(b) forany f,g € Lg(T;Y) with ”fHL[;(T;Y) and Hg||LB(T;Y) <R, we have

160 f = &llg (i) 1S = 8llLg(riv)
> - o .
Pp ( R = % 2R ’

(c) for any @,y € L,(S;Lg(T;Y)) with H(DHLP(S;L,;(T;Y)) and HWHL,,(S;Ll;(T;Y)) < R, the fol-
lowing inequality holds:

16| f — 8ll1, (s:05(:7)) x =Yz, (s:L5(r:7))
p ( R e 2 5pr(S§LB(T§Y)) ;R ’ .
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Proof. Under the given conditions, by (5.3) and (5.5), we have

R2 16ry X—Y|Y
p ( lx =y

e e Y IS P ey

R? X —
LAY
2Iy 2R

which proves (5.6). Other inequalities follow by similar arguments. 0J

Proposition 5.2. Let (S,.o/,u) and (T,%A,A) be measure spaces, and let Y be a uniformly
convex and uniform;y smooth Banach space Y. Let p, € (1,%0) be given. Then

os(€ )
im ) _ i ) 8(E)
el0 & el0 € el0 &
Proof. The proof follows from (5.4) and Proposition 5.1. O

5.4. The basic variational characterizations of the projections in Bochner spaces. Utiliz-
ing the fundamental variational characterizations outlined in Section 2 for metric and general-
ized metric projection operators within uniformly convex and uniformly smooth Banach spaces,
we derive the corresponding fundamental variational characterizations for these operators in
uniformly convex and uniformly smooth Bochner spaces, as well as multiple Bochner spaces.

Theorem 5.1. Let (S, o7, 1) and (T, B, L) be measure spaces, and let Y be a uniformly convex
and uniformly smooth Banach space. Let p,q,,& be positive numbers which are greater than
1 and satisfy %—i— é =1 and % + % = 1. Let C, D, and E be nonempty, closed, and convex sets

inY, Lg(T;Y), and Ly(S;Lg(T;Y)), Then,
(@) foranyxeY,x* €Y andy € C,
y=FP(x) <= (Jy(x—y),y—2)>0 forallzeC,

y=nc(x") <= &' —Jyyy—2)>0 forallz€C,
y=I¢(x) <= Uxx—Jyy,y—2)>0 forallzeC,

(b) forany f € Lg(T:Y), f* € Le(T;Y*) and g € D,

g=Pp(f) < (Js(f—g),g—h)>0 forallheD,
g=np(f*) <= (f"—Jpg,g—h) >0 forallheD,
g=Tp(f) <= (Jpf—Jpg.g—h)>0 forallhe D;

(c) forany @ € Ly(S;Lg(T;Y)), ¢* € Ly(S; Lyi(T;Y™)) and ¢ € E,

¢=Pe(@) = (p(0—9),0—y)>0 forallyckE,
¢ =mp(@") <= (9" —Jp0,0—y)>0 forally€E,
¢ =Tg(p) <= {p@—Jpd,¢—y)=0 forallyekE.
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5.5. Some non-convex properties related to the normalized duality mapping in uniformly
convex and uniformly smooth Bochner spaces. In [13], the authors established certain non-
convex properties associated with the normalized duality mapping and projections P, 7, and
IT in uniformly convex and uniformly smooth Banach spaces. In this section, we extend these
results to uniformly convex and uniformly smooth Bochner space L,(S;X). Specifically, we
demonstrate that the normalized duality mapping J, maintains these non-convex properties in
such spaces. Throughout the proofs of the lemmas and propositions in this section, the analytic
representations of J, explored in Sections 3 and 4 play pivotal roles.
We have the following result in this direction.

Proposition 5.3. Let (S,47, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let 0 # h be an arbitrary point in L,,(S;X). Then the set

{weL,(8:X): (Jywh)>0} (5.7)
is a closed cone in L,(S;X) with vertex at 6.

We construct an example to show that the set define in (5.7) is not convex in general.

Example 5.1. We take a measure space (S,.o/, ) with u(S) > 3 and take a uniformly con-
vex and uniformly smooth Banach space X with dimension greater than 1. We consider the
uniformly convex and uniformly smooth Bochner space L3(S;X). Let Aj,A,, and Az be three
arbitrarily chosen mutually disjoint elements in .7 with ©(A;) = 1, and let x1,x;, and x3 be three
linearly independent points in X with ||x;||;, for i = 1,2,3. We take three u-simple functional
f,gand hin L3(S;X) such that, for all s € S,

f(s) = (1a, @ (Bx1))(s) + (14, @ (=2x2))(s) + (1a; @ (=23)) (s),
8(s) = (1a, @ (x1))(s) + (1a, ® (=3x2))(s) + (1a; © (2x3))(s),
h(s) = 25(14, ® (3x1))(s) +37(1a, ® (x2))(s) +77(1a; @ (x3))(5)-

By Proposition 3.5, with p =3 and g = %, we have

1

V27 +8+1

= = (300, (W x0))) + 2Ly © (=2 (2) + (11 & (—Jx (1)) (9
= 7= (14, @) =41, Jx(52) = (1, @5 (1) ().

(3f)(s) = (3(14, ®@Jx(3x1)) +2(1a, @Jx (—=2x2)) + (14, @ Ix (—x3))) (s)

Analogously, we have

1
/36

(J38)(s) = ((la, @Jx (x1)) = 9(1a, ® Jx (x2))4(1a; @ Jx (x3))) (5)-
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Notice that (Jxx;,x;) = 1 for i = 1,2,3. We further compute
S = = [ (910, @ ((50)).25(1a, 9:0))5) o)
= [ (04, (1)) 3714, 9:0)) 0) o)

\3/%//11«_1)(“1 © (Jx (1)), 77(1a, ®x1)) (5) dia(s)
1
V36 Ja,

+ 5 [ (9O Uxlaa)))2) (5) o)

(9)(25)((14, @ Ux (x1))),x1)(s) dii(s)

+ \3/% N ((=77)(1a; © Ux (x3))), x3) () dpa(s) = 0.

Analogously, we can similarly calculate (J3g,h) = 0. Hence both f and g are in the set. We take
a convex combination as follows u(s) = 3 f(s) + 3g(s) for all s € S. Then,

u(s) = (1A1 ® (;x1)> (s) + (1A2 ® (—g)q)) (s) foralls€s.

By the analogous calculation as above, we have

(sa0ts) = TV (1, @ cw0) + (14, @ () o)

Similarly, we have

7\6/1(25//“ (Ixxr,x1)(s)dp(s) —37 /A2 (Ixx2,x2)(s)dpi(s)) = _7\3/2t <0

which shows that the convex combination u of f and g is not in set defined in (5.7).

(J3u,h) =

Proposition 5.4. Let (S, <7, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let 0 # h be an arbitrary point in L,(S;X). Then {w € L,(S;X):
(Jpw,h) <0} is a closed cone in L,(S;X) with vertex at 6. However, in general it is not convex.

Proposition 5.5. Let (S,47, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let K be a closed cone in L,(S;X) with vertex at 6. Then, J,K is
a closed cone in X* with vertex at J,0 = 0x+.

Proof. The proof follows from the fact J), is continuous and positively homogeneous. UJ

We construct an example to demonstrate that the convexity of K does not necessarily imply
that J,K is convex.

Example 5.2. We take a measure space (S,.27, i) with u(S) > 3 and take a uniformly convex
and uniformly smooth Banach space X with dimension greater than 1. We consider the uni-
formly convex and uniformly smooth Bochner space L3(S;X). Let Aj,A,, and A3z be three arbi-
trarily chosen mutually disjoint elements in <7 with (A;) = 1, and let x1,x, and x3 be three lin-
early independent points in X with ||x;||;, fori=1,2,3. Let x; = Jx(x;) with ||x}||x+ = ||xi||x = 1,
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fori=1,2,3. Take ¢ € (L3(S;X))* as follows
O(s) = (14, @x7)(s) + (14, ®x5)(5) + (14, ®x3)(s) forallse S

and define K := {w € L3(S;X) : (¢,w) =0}. Then, K is a closed and convex cone in L3(S;X).
We will show that J3(K) is not a convex cone in (L3(S;X))* = L3 /»(S; X ). We take two pt—simple
functional u,v € L3(S : X) as follows:

u(a) = (1la, ® (—x1))(s) + (la, ®x2)(s) foralls €S,
v(a) = (14, ® (—x2))(s) + (14, ®x3)(s) forall s €.

By performing calculations similar to Example 5.1, it can be shown that (¢, u) =0 and (@,v) =
0. Therefore, u,v € K. As before, we compute

(J3u)(s) = \%((ul & (=) + (Lay ® (5)))(s),
(U3v)(s) = %«IAZ @ (—x3) + (14, ® () s).

We take a convex combination Y of J3u and J3v as follows

3 1 1 . . N
Y= ZJ3M+ ZJ3V = m((lm ® (—3)61)) + (1,42 &® (2)62)) + (1A3 ®X3)).
Note that J5 y € L3(S;X). Moreover, J5J3f = f for every f € L3(S;X). Using Proposition 3.5,
3 b
and the fact that i (A;) = [|x]||x= = ||xi|| = 1, for i = 1,2,3, we have
* 1 * * *
Ty = mJ%((lAl ® (=3x7)) + (14, ® (2x3)) + (14, ®x3))
3
33/24023/2 11 . . §
= VAl £ (3) VAL 9 () + (1, 95). (58)

It can be shown that (@, J5y) > 0, which ensures that J5 ¢ K. Moreover, y = J3J5y ¢ J3(K),
3 3 3

which proves that J3K is not convex.
Finally, we give another related result.

Proposition 5.6. Let (S,47, L) be a measure space, and let X be a uniformly convex and uni-
formly smooth Banach space. Let K be a closed subset in L,(S;X). Then the fact that K is a
cone with vertex at the origin does not imply that J,K is a cone.

Proof. We construct a counter example to verify the claim. We adopt the setting of the previous
example, and define K:={(1 —¢)v+1tu € L3(S;X) : 0 <t < oo}. Thus K is a ray with end
points at v # 0 and direction u — v, which is closed and convex cone with vertex at v = 6 in
L3(S;X). We show that J3K is not a cone in L3(S;X)*. Since J3u and J3v are points in J3K, we
consider the convex combination Y = %J3u + %J3v. Observe that Jg € L3(S;X) and it satisfies

(5.8). Moreover, as in the previous example, we can see that J *%ly ¢ K, which implies that
v =J(J;) ¢ JK. This proves that JK cannot be a ray (cone) in (L3(S;X))*. O
2
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