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Abstract. We consider and characterize closed convex subsets of the Euclidean space which are simul-
taneously Motzkin decomposable and generalized Minkowski or, shortly, MdgM sets. We also prove
the existence of suitably defined fixed points for, possibly multivalued, functions defined on MdgM sets
along with the existence of classical fixed points for some single valued self functions of MdgM sets.
The first mentioned type of existence results are based on Kakutani fixed point theorem, and the second
type are based both on the Brouwer fixed point theorem and the Banach contraction principle.
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1. INTRODUCTION

We prove some fixed point theorems of Brouwer and Kakutani flavor for functions defined
on some closed convex, possibly unbounded, sets. The suitable closed convex subsets of the
Euclidean space, in this respect, are those that are simultaneously Motzkin decomposable and
generalized Minkowski (MdgM sets shortly). These sets are proved to be Minkowski sums of
compact convex sets and subspaces. We also provide suitable concepts of fixed and strongly-
fixed points for functions defined on such sets along with existence results of such strongly-fixed
and fixed points as well. The existence of classical fixed point results proved here is based on
the Banach contraction principle for the subspace component.

The paper is divided into three sections. Section 2 is devoted to the characterizations of
MdgM sets, it starts however with a characterization of Motzkin decomposable sets. In Section
3, the last section, we consider lin-fixed points for, possibly multivalued, functions defined
on MdgM sets and strongly lin-fixed points for single valued self functions of MdgM sets.
We prove, based on the Kakutani fixed point theorem, existence results of lin-fixed points for,
possibly multi-valued, functions defined on MdgM sets. Existence results of classical fixed
points are also proved for single-valued self functions of MdgM sets, via the Banach contraction
principle applied to strongly lin-fixed points sequences.
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We use standard notions and notations in convex analysis. In particular, the recession cone
and the linearity space of a nonempty closed convex set C C R" are denoted by

07 (C):={deR":d+CCC}

and

linC:=0"(C)n(-0%(C)),
respectively; we refer to the classical book [10] for these and other notions from convex anal-
ysis. Throughout this paper, given a supplementary subspace U C R" to lin C (i.e., a linear
subspace such that U ¢ lin C = R"), we denote by py : R” — U and pjinc : R" — lin C the
projections defined by x = py (x) + piin ¢ (%) -

2. MdgM SETS AND THEIR CHARACTERIZATIONS

In this section, we characterize the MdgM sets in various ways. These characterizations
involve the total normal, the barrier and the recession cones. We start however with a charac-
terization of the Motzkin decomposable sets, which is used afterwards. The faces of an MdgM
set are shown to be MdgM, too. The class of MdgM sets is shown to be closed with respect to
Minkowski sums and Cartesian products, although the classes of Motzkin decomposable sets
and of generalized Minkowski sets are not.

Definition 2.1. [1] A set C C R” is said to be Motzkin decomposable if there exist a compact
convex set K and a closed convex cone D such that C = K+ D.

Clearly, every Motzkin decomposable set is convex and closed. The term “Motzkin decom-
posable” is motivated by the fact that Motzkin [9] proved that the solution sets of finite sets of
linear inequalities, that is, convex polyhedra, can be decomposed as sums of a convex polytope
and a polyhedral convex cone.

The concept of Motzkin decomposability has been extended in several ways. For exampl,
Tusem and Todorov [5] introduced the class of OM-decomposable sets, that is, the sets that
can be decomposed as the sum of an open bounded convex set and a closed convex cone. It
turns out that a set is OM-decomposable if and only if it is convex and open and its closure is
Motzkin decomposable. Soltan [11] considered the class of M-polyhedral sets, which are the
Minkowski sums of a compact convex set and a polyhedral cone or, in other words, the Motzkin
decomposable sets that have a polyhedral recession cone. The stability properties of Motzkin
decompositions was studied in [3].

The following result generalizes the first part of [2, Theorem 6], but the proof that we give
here is of a different nature.

Theorem 2.1. Let C C R" be a nonempty, closed, and convex set, and let U C R" be a supple-
mentary subspace to lin C. Then C is Motzkin decomposable if and only if CNU is Motzkin
decomposable. In such a case, every compact component of C N\U is a compact component of
C, too.

Proof. If CNU is Motzkin decomposable, then CNU = K + 0" (CNU) for some compact set
K C R". Hence,

C=CNU+1linC=K+0"(CNU)+1inC, 2.1)
which shows that C is Motzkin predecomposable, which, by [4, Corollary 9], means that C is
actually Motzkin decomposable. In fact, using the closedness of C, we can easily derive from
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(2.1) that C = K+ ¢l (0T (CNU) +1in C), which shows that K is a compact component of C.
Thus this proves the last part of the statement.

Assume now that C is Motzkin decomposable, that is, C = K + 07 (C) for a compact set K C
R"™. We prove that CNU is Motzkin decomposable with compact component (K +1lin C) N U.
To see that the latter set is bounded, let k € K and / € lin C be such that k+ [ € U. From the
equality k = k+ 1 — I, we obtain that pj, ¢ (k) = —I. Hence,

2l < [kl =+ 12[F = NIkl + | prin ¢ GOl < (K[| [ Pain [ [1K]F = (1 [ pin c[[) ] -

Since K is bounded, we have that (K +1lin C) N U is bounded, too. Thus, to finish the proof,
it only remains to observe that CNU = (K +1in C)NU + 07 (C) NU. The inclusion 2 in this
equality is immediate, since K +1in C+ 0" (C) = K+ 0" (C) = C. To prove the opposite inclu-
sion, let c € CNU, and take k € K and d € 0" (C) such that ¢ = k+ d. We then have

k — piin c (k) € K+1in C, k— piin ¢ (k) = py (k) €U

and
Pinc(k)+d € linC+0"(C)=0"(C),
Pinc(k)+d = pinc(k)+c—k=c—py(k)eU,
so that ¢ =k — piin ¢ (k) + piin ¢ (k) +d € (K+1in C)NU +07 (C)NU. O

We also need the following result from [2, Theorem 6], and the proof that we give here is
completely different and may have an interest in itself.

Theorem 2.2. Let C CR” be a nonempty, closed, and convex set. If 07 (C) is a linear subspace,
then C is Motzkin decomposable.

Proof. Since 07 (C) = lin C, we have C = CN (0" (C))" + 0% (C). Therefore, to prove that C

is Motzkin decomposable, it suffices to see that CN (0" (C))L is compact, but this follows from
the fact that its recession cone reduces to {0} :

0t (Cm (0" (C))L> —0t(C)not ((0+ (C))L> =0*(C)n (0" (C))" ={0}.
0

To define the notion of MdgM set, we use the concept of generalized Minskowski set. We
first recall the notion of Minkowski set.

Definition 2.2. [6] A nonempty, closed, and convex set C C R” is said to be a Minkowski set
if it is the convex hull of its extreme points.

The term ”Minkowski set” is due to the fact that it was Minkowski who proved [8] that every
compact convex set is the convex hull of its extreme points.

Definition 2.3. [7] A nonempty, closed, and convex set C C R”" is said to be a generalized
Minkowski set if it is the convex hull of its minimal faces.

Clearly, a Minkowski set is generalized Minkowski, since the minimal faces of a nonempty,
closed, and convex set that has extreme points are precisely such extreme points.

Definition 2.4. We say that a nonempty, closed, and convex set C C R" is a MdgM set if it is
both Motzkin decomposable and a generalized Minkowski set.
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The next theorem gives several characterizations of MdgM sets, two of them in terms of total
normal cones and barrier cones. We recall that the total normal cone of a closed convex set C is

Ne(R") == J Ne(x),

xeR”

with N¢ (x) denoting the normal cone to C at x, defined by

¥ eR": {c—x,x*) <0, VceC} ifxeC,
Ne(x) = { 0 ifx ¢ C,

and the barrier cone to C is

bar (C) := {x* € R" : sup (x,x") < +°<>}.
xeC

Theorem 2.3. Let C C R" be a nonempty, closed, and convex set, and let U C R" be a supple-
mentary subspace to lin C. Then the following statements are equivalent:

a) C is MdgM;

b) CNU is compact;

c) there exist a compact (convex) set K C R" and a linear subspace L C R" such that C =
K+L;

d) the total normal cone N¢ (R") is a linear subspace;

e) the barrier cone bar (C) is a linear subspace;

f) the recession cone 07 (C) is a linear subspace.

Proof. a) = b). By Theorem 2.1, set CNU is Motzkin decomposable. Hence, by [2, Theorem
11], the set of its extreme points is bounded. It follows from [7, Theorem 17] that CNU is
Minkowski and CNU is compact.

b) = ¢) This is an immediate consequence of the Motzkin decomposition C = CNU +lin C.

¢) = d) By [7, Proposition 13], we have N¢ (R") = (07" (C))O =10=L"

d) = e) Since ri(bar (C)) C N¢ (R") C bar (C) and aff (ri(bar(C))) =aff (bar(C)), we
have N¢ (R") C bar (C) Caff (bar(C))=aff (ri(bar(C))) Caff (Nc(R")) = Nc (R"). Thus
bar (C) = N¢ (R").

e) = ) We have 0 (C) = (bar (C))° = (bar (C))™* .

f) = a) By Theorem 2.2, we have that C is Motzkin decomposable. Moreover, since compact
convex sets are Minkowski, we have that C is generalized Minkwoski. O

Remark 2.1. From the equivalence a) < f) in Theorem 2.3, it follows that a nonempty, closed,
and convex set C C R" is MdgM if and only if 07 (C) = lin C.

Corollary 2.1. Let C CR" be a nonempty, closed, and convex set. Then the following statements
are equivalent:

a) C is MdgM;

b) N¢ (R") = (lin C)*;

¢) Ne (R") = (07 (C))

d) bar (C) = (07 (C))™*;

e) bar (C) = (lin C)*;
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Proof. a) = b). Since C is Motzkin decomposable, we have C = K + 07 (C) for some compact
set K C R". By Theorem 2.3, implication a) = f), the recession cone 0" (C) is a linear subspace.
Hence, by the proof of Theorem 2.3, implication ¢) = d), we obtain b).

b) = ¢) and d) = €). By Theorem 2.3, implication d) = f), the recession cone 0" (C) is a
linear subspace. Hence lin C =0" (C)N(—0" (C)) =07 (C)N0™ (C) =0" (C), which, together
with b) (with d), yields c (e)).

¢) = d). By the proof of Theorem 2.3, implication d) = e), we have bar (C) = N¢ (R"),
which, together with c), yields d).

e) = a). It is an immediate consequence of Theorem 2.3, implication e) = a). [

Corollary 2.2. Every face of a MdgM set is a MdgM set, too.

Proof. Let F be a face of C. Using Theorem 2.3, equivalence (a) < (f), and [7, Proposition 2.6],
we obtain 0 (F) C0* (C) =linC=1lin F C 0" (F). Hence, 0" (F) = lin F. Therefore, using
again Theorem 2.3, equivalence (a) < (f), we conclude that F' is a MdgM set. O

Since the sum of closed convex cones is not necessarily closed, the class of Motzkin decom-
posable sets is not closed under addition if the dimension of the space is at least 2. On the other
hand, the class of generalized Minkowski sets is not closed under addition either. Indeed, the
sum of the Minkowski sets {(x,y) €R*:x>0, y> 11 and {(x,y) eR?:x<0,y>—1} is
the upper halfplane {(x, y)ER?:x < 0} , which is not even closed. This example also shows
that the closure of the sum of two Minkowski sets need not be Minkowski either. However, the
class of MdgM sets is closed under addition, as the following easy proposition states.

Proposition 2.1. If the sets C; CR" (i = 1,...,m) are MdgM, then their sum Y ;" | C; is MdgM,
too.

Proof. By Theorem 2.3, implication a) = c), for every i = 1,...,m, there exists a compact
(convex) set K; C R” and a linear subspace L; C R” such that C; = K; + L;. We then have

G =YY" cKi+ Y L. Hence, using Theorem 2.3, implication c) = a), we deduce that
Y, Ciis MdgM. 0

Proposition 2.2. Let C; C R" (i = 1,...,m) be nonempty, closed, and convex sets. Then the
Cartesian product [/, C; is a MdgM set if and only if C; is a MdgM set for every i=1,...,m.

Proof. This is an immediate consequence of the obvious equality

m m
" (HC"> ~f1o" (.
i=1 i=1
taking into account Theorem 2.3, equivalence (a) < (f). O

3. FIXED POINT TYPE THEOREMS ON MdgM SETS

In this section, we start by introducing a suitable concept of so-called lin-fixed point for,
possibly multivalued, functions defined on a MdgM set. Sufficient conditions on such functions
are provided in order to obtain existence results of lin-fixed points. We also introduce the notion
of strongly lin-fixed point for single valued self functions of MdgM sets
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Definition 3.1. Let C C R" be a nonempty, closed, and convex set and S C C. We say that
x € Sis alin-fixed pointof F: S =2C (of f: S — C)ifxe F(x)+1inC (ifx € f(x)+1inC,
respectively).

Note that x € S is a lin-fixed point of F : S = C (of f: S — C) if and only if [x] € [F (x)]
(if and only if [x] = [f (x)], respectively), with [z] standing for the equivalence class z+lin C of
z€Cin C/lin C and [F (x)] := {[y] : y € F (x)} . However, this is not equivalent to saying that
[x] is a fixed point for a certain self map on the quotient space R"/lin C, since, in general, F (f,
respectively) does not induce any such map.

We recall that the graph of a set-valued mapping F : X =2 Y is the set

graph F .= {(x,y) e X xY :y € F(x)}.

Theorem 3.1. Let C C R" be a MdgM set and U C R" be a supplementary subspace to lin C. If
F :CNU = C has a closed graph and F (x) is nonempty, compact, and convex for all x € CNU,
then it has a lin-fixed point.

Proof. For x € CNU, we define (pyoF) (x) :={pu (y):y € F(x)}. For every y € C, we have
y—pu (¥) = piin ¢ (y) €1lin C. Hence py (y) € (y —lin C)NU C CNU. Therefore, (py o F) (x) C
CNU and pyoF :CNU = CNU is well defined. Using that F has compact images and a closed
graph and py is continuous, one can easily prove that py o F has a closed graph, too. On the
other hand, observe that the values that F' takes are nonempty and convex, so are the values that
pu o F takes. Hence, as CNU is compact (by Theorem 2.3, implication a) = b)) and convex, by
Kakutani fixed point theorem, there exists a point xo € CNU such that xo € (py o F) (xp), that
is, xo = pu (y) for some y € F (xq) . Therefore, xo = py (y) =y — piinc (y) € F (xo) +1linC. O

Corollary 3.1. Let C C R" be a MdgM set and U C R" be a supplementary subspace to lin C.
If f:CNU — C is continuous, then it has a lin-fixed point.

The classical Kakutani and Brouwer fixed point theorems correspond to the particular cases
of Theorem 3.1 and Corollary 3.1, respectively, when C is compact, since then C is a MdgM set
and, as lin C = {0}, one necessarily has U = R" so that the concepts of lin-fixed point reduce
to that of fixed point for a self map.

Corollary 3.2. Let C C R" be a non compact MdgM set. If F : CNU = C has a closed graph
and F (x) is nonempty, compact, and convex for all x € CNU, then it has infinitely many lin-fixed
points.

Proof. If C = R", then every point in R" is obviously a lin-fixed point of F, so we assume
that C # R” and, towards a contradiction, that the set ® C C of lin-fixed points of F has finite
cardinality p, say ® = {xl, ...,xp}. Applying a translation if necessary, we can assume that
0 ¢ C. Pick a supplementary subspace U to lin C. We claim that U can be chosen so as to be
disjoint from ®. Suppose it is not. Then, without loss of generality, we can write U NP =
{x1,...,xx } with k < p. Let d := dimlin C. Since C is not compact, we have d > 1, and there are
d linearly independent vectors ajy,...,ay such that U = {x € R" : (a;,x) =0 (i=1,...,d)}. For
€>0,define Ug ={x € R": (a; + €xx,x) =0 (i=1,...,d) } . It is easy to see that, for sufficientlt
small €, the subspace U is still a supplementary subspace to lin C, and we are going to prove
that we can choose it so as to have U NP C U N ®. Indeed, since x; # 0 (because x; € P
and 0 ¢ C D ®), we clearly have x; ¢ Ue. Moreover, in case that k < p, for j =k+1,...,p,
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there exists ij € {1,...,d} such that (a;;,x;) # 0 (since x; ¢ U), so that, choosing & in such a
way that € }<xk,xj>’ < }a,-j,xj’ (je{k+1,...,p}), we clearly have <aij +8xk,xj> # 0, which
shows that x; ¢ Ug (j =k+1,...,p), and hence U NP C {x1,...,x,_1 } . By repeating this type
of construction, after at most p — k steps we end up with a supplementary subspace U’ to lin C
disjoint with ®. Then, by Theorem 3.1 applied to the restriction of F to CNU’, we obtain a
lin-fixed point of F belonging to U’, but this contradicts the fact that U’ is disjoint from &. This
proves that @ cannot be finite. U

Corollary 3.3. Let C C R" be a non compact MdgM set. If f : C — C is continuous, then it
has infinitely many lin-fixed points.

Our next proposition is useful to define the notion of strongly lin-fixed point.

Proposition 3.1. Let C C R" be a closed convex set and f : C — C. For x € C, the following
statements are equivalent:

a) f* (x) € x+1in C for every k > 0 (with the convention that fO is the identity);

b) f* (x) is a lin-fixed point of f for every k > 0.

Proof. a) = b). We have f (f*(x)) = f**!1(x) €x+1lin C = f*(x) +1in C.

b) = a) We proceed by induction. Statement a) for k = O is trivially satisfied. Let k > 0.
Then, by b) and the induction hypothesis, we have f*(x) = f (f* ! (x)) € f&! (x) +1lin C =
x+linC. O]

Unlike in the case of classical fixed points, in the case of lin-fixed points the image of one
such point need not be a lin-fixed point. We next introduce the class of lin-fixed points whose
images are lin-fixed points, too.

Definition 3.2. Let C C R” be a nonempty closed convex set. We say that x € C is a strongly
lin-fixed point of f: C — C if it satisfies the equivalent conditions a) and b) of Proposition 3.1.

The following proposition gives a simple sufficient condition for every lin-fixed point of f to
be a strongly lin-fixed point

Proposition 3.2. Let C C R" be a nonempty, closed, and convex set, and let f : C — C be such
that

f(x+1inC) C f(x)+1inC, Vx € C. (3.1)
Then every lin-fixed point of f is a strongly lin-fixed point of f.

Proof. Let x be a lin-fixed point of f. To prove by induction that it satisfies property b) of
Proposition 3.1, it suffices to show that f (x) is a lin-fixed point of f, but this immediately
follows from the relations f (f (x)) € f(x+1inC) C f(x)+1lin C. O

Remark 3.1. The assumption (3.1) in Proposition 3.2 is not too strong. In fact, there is an easy
way to generate a particular class of functions satisfying it: take any supplementary subspace
U tolin C, arbitrary g : CNU — C,7:C—Rand h: lin C — lin C, and define f = gopy +7-
(ho pin ¢) - It is easy to see that f satisfies (3.1). Obviously, if we take g, T and & continuous,
then f is also continuous.

Proposition 3.3. Let C C R" be a nonempty closed convex set, f : C — C, and U C R" be a
supplementary subspace to lin C. Then (3.1) holds if and only if

puofopu=puof. (3.2)
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Proof. If (3.1) holds, then, for every x € C, we have

(puofopu)x) = pu(f(pu(x)))=pu(f(x—pinc))
€ pu(f(x+1inC)) C py (f (x)+1in C)
= {pu(f(x)}-
Thus (pu o o pu)(¥) = pu (/(3)) = (puo f) ().
Conversely, if (3.2) holds, then, for every x € C and [ € lin C, we have
Fx+1) =pu(fx+1)+pinc (f (x+1)) (3.3)
On the other hand, we have
pu(f(x+1)) = (puof)(x+1)=(puofopu)(x+I)
= pu(f(pu(x+1))) = pu (f(pu (x))
= (pvofopy)(x)=(puof)(x)=p
= f(x)=pinc(f(x)).
On combining this chain of equalities with(3.3), we obtain
fx+1) = f(x) = pin c (f (%)) + piin c (f (x+1)) € f(x) +1in C,
which proves (3.1). ]

)
v (f(x)

Remark 3.2. One can easily observe that Proposition 3.3 remains true if one replaces lin C with
an arbitrary linear subspace both in its statement and in condition (3.1).

Theorem 3.2. Let C C R" be a nonempty closed convex set, and let f : C — C be such that
Piin c © f is a contraction. Then, for every strongly lin-fixed point x of f, the sequence ( £~ (x)) k
converges to a fixed point of f.

Proof. Forevery k > 1, since f* (x) satisfies the property b) of Proposition 3.1, we have f**!(x) €
f¥(x) +lin C. Hence,

A= 0) = pime (£ - W)
= PlinC (ka(x)) — Plin C (fk(x))
= (Pincof) (fk(x)> —(Pincof) (fk_l(x)) :

Therefore, if pji, ¢ o f is a contraction with constant @ € (0, 1), then
|70 = )| < e o - r

from which we can easily deduce that || f*!(x) — f*(x)|| < a*||f (x) — x|. Thus a standard
argument shows that sequence (f*(x)); is fundamental and therefore convergent. Its limit is,
clearly, a fixed point of f. U

Y

The classical Banach contraction principle, in the case of a function defined on the whole
of R", is an immediate consequence of Theorem 3.2. Indeed, since lin R” = R", the mapping
P1in Re 18 the identity, and hence pjij, g © f = f; on the other hand, it is clear that every point
in R” is a strongly lin-fixed point of every function. Similarly, one can easily derive Banach
principle from the following corollary, from which Brouwer fixed point theorem also follows in
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a straightforward way; one simply has to observe that (3.1) obviously holds for any function f
both when C is compact and when C = R".

Corollary 3.4. Let C C R" be a MdgM set, and let f : C — C be a continuous mapping
satisfying (3.1) and such that pi, c o f is a contraction. Then f has a fixed point.

Proof. By Theorem 3.1, f has a lin-fixed point x. By Proposition 3.2, such a fixed point x is an
strongly fixed point of f. Finally, by Theorem 3.2, the sequence ( fr (x)) , converges to a fixed
point of f, and the statement follows via Theorem 3.1. 0]

Acknowledgments

Part of this work was elaborated during a visit the first author made to the Babes-Bolyai Univer-
sity, to which he is grateful for the financial support received. The first author also acknowledges
the financial support by Grant PID2022-136399NB-C22 from MICINN, Spain, and by ERDF,
”A way to make Europe”, European Union. The second author acknowledges the support of the
institutional project AGC31332/23.03.2022.

REFERENCES

[1] M. A. Goberna, E. Gonzdlez, J. E. Martinez-Legaz, M. 1. Todorov, Motzkin decomposition of closed convex
sets, J. Math. Anal. Appl. 364 (2010), 209-221.
[2] M. A. Goberna, J. E. Martinez-Legaz, M. I Todorov, On Motzkin decomposable sets and functions, J. Math.
Anal. Appl. 372 (2010), 525-537.
[3] M. A. Goberna, M. 1. Todorov, On the stability of the Motzkin representation of closed convex sets, Set-
Valued Var. Anal. 21 (2013), 635-647.
[4] A.N.Iusem, J. E. Martinez-Legaz, M. 1. Todorov, Motzkin predecomposable sets, J. Glob. Optim. 60 (2014),
635-647.
[5] A.N. Iusem, M. I. Todorov, On OM-decomposable sets, Comput. Appl. Math. 37 (2018), 2837-2844.
[6] J. E. Martinez-Legaz, C. Pintea, Closed convex sets of Minkowski type, J. Math. Anal. Appl. 444 (2016),
1195-1202.
[7] J. E. Martinez-Legaz, C. Pintea, Closed convex sets of Motzkin, generalized Minkowski, and Pareto bordered
types, Commun. Optim. Theory 2024 (2024), 2.
[8] H. Minkowski, Theorie der konvexen Korper, insbesondere Begrundung ihres Oberflachenbegriffs Gesam-
melte Ahhandlun-gen, vol. II, pp.131-229, Teubner, Leipzig, 1911.
[9] T. Motzkin, Beitridge zur Theorie der linearen Ungleichungen. Inaugural dissertation 73 S., Basel, 1936.
[10] R. T. Rockafellar, Convex Analysis, Princeton Math. Ser., vol.28, Princeton University Press, Princeton,
1970.
[11] V. Soltan, On M-decomposable sets, J. Math. Anal. Appl. 485 (2020), 123816.



	1. Introduction
	2. MdgM Sets and Their Characterizations
	3. Fixed Point Type Theorems on MdgM Sets
	References

