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Abstract. This paper concerns the study of a class of nonconvex programming problems with data uncer-
tainty in both the objective and constraints. We first introduce two new constraint qualifications in terms
of the tangential subdifferential of the involved functions. Under the new constraint qualifications, we
provide some necessary and sufficient conditions for KKT-type local optimality conditions to hold. Sim-
ilarly, local saddle point theorems and local total Lagrange dualities for robust nonconvex programming
problems are also given.
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1. INTRODUCTION

The classic convex programming problem with infinite inequality constraints has received
much attention and many important results, for example, Farkas lemma, strong duality and
total duality, optimality condition, stability and robustness analysis, have been established in
the last decades; see, e.g., [1, 2, 3,4,5,6,7, 8,9, 10, 11] and the references therein. Especially,
as a strengthened condition of the Lagrange multiplier, the KKT-type optimality conditions,
and saddle point theorems play important roles in mathematical programming and have been
extensively studied by many authors; see, e.g., [3, 4, 9, 10] and the references therein.

As mentioned in [12], the study of mathematical programming problems that are affected by
data uncertainty is becoming increasingly important in optimization due to the reality of uncer-
tainty in many real-world optimization problems and the importance of identifying and locating
solutions that are immunized against data uncertainty. Thus, mathematical programming prob-
lems under uncertainty received much attention; see, e.g., [13, 14, 15, 16, 17, 18, 19, 20, 21]
and the references therein. In particular, many authors considered the convex programming
problems with data uncertainty in the objective function and/or the constraint functions. By
using the properties of epigraphs and subdifferentials of the involved functions, they introduced
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some constraint qualifications. Under these constraint qualifications, they provided some nec-
essary and sufficient conditions for duality results, optimality conditions, and so on to hold, for
example, Lagrange duality in [12, 13, 14, 16], characterizations of the solution set in [15, 18],
approximate optimality conditions in [22, 23], and saddle point theorems in [19].

Observe that most results in the literature mentioned above were done under the assumption
that the involved functions are convex. However, in practical problems, many problems usually
involve nonconvex functions. Recently, a lot of attention has been focused on tangent convex
programming problems that the objective function and/or the constraint functions are tangent
convex. The tangent convex optimization problem has been studied extensively in the literature
and a series of meaningful results were obtained, for example, optimality conditions in [24, 25,
26, 27, 28, 29, 30], and characterizations of the solution set in [31, 32, 33]. Especially, in [29],
the authors studied a class of semi-infinite programming problems where the objective function
and constraint functions, which were assumed to be perturbed by data uncertainty, are tangent
convex, and they gave some necessary conditions for KKT-type optimality conditions to hold
by using tangential subdifferentials.

Inspired by the works mentioned above, we continue to study the tangent convex program-
ming problem introduced in [29] but in real locally convex Hausdorff topological vector spaces.
By using the tangential subdifferential of the involved functions, we introduce some new con-
straint qualifications. Under those constraint qualifications, some characterizations for the local
optimal solution, the saddle point theorem, and the total Lagrangian duality about this tangent
convex programming problem under data uncertainty are given. Moreover, applications to ro-
bust conic programming are also given. We not only extend and improve some recent known
results in [29] but also provide new results as detailed in Section 5.

This paper is organized as follows. The next section contains some necessary notations and
preliminary results. In Section 3, some new constraint qualifications are provided and several
relationships among them are given. Under those constraint qualifications, some optimality
conditions (of KKT-type) for the tangent convex programming problem are established. In
Section 4, characterizations for the saddle point theorems and the total Lagrangian dualities are
provided. Applications to the robust conic programming problem under data uncertainty are
given in the last section, Section 5.

2. NOTATIONS AND PRELIMINARY RESULTS

Let X be a real locally convex Hausdorff topological vector space, and let X* denote the
dual space of X endowed with the weak™-topology w*(X*,X). By (x*,x), we denote the value
of the functional x* € X* at x € X; i.e., (x*,x) = x*(x). We endow X* x R with the product
topology of w*(X*,X) and the usual Euclidean topology. Let K be a nonempty subset of X.
The positive dual cone K®, the indicator function dk, and the support function ox of K are
defined respectively by

K9 :={x*eX": (x*,x) >0 foreach x€K},

0, xeKk,
O (x) := { +oo,  otherwise,

and

ok (x") :=sup(x*,x) foreach x"e€X".
xek
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Let x € X. We use ||x|| to denote the norm of x and B(x, €) to denote the neighborhood of x with
radius € > 0, that is,

B(x,e):={yeX:|lx—yl <e}.
Let T be an arbitrary index set. We use R(T) to denote the space of real tuples A := (A;);cr with
only finite many A, # 0 and let ]Rng) denote the nonnegative cone of R, that is,

R = (A =A)er eRD: 2, >0 €T}

Let f:X — R:=RU {4} be a proper function and define the effective domain of f by
domf :={x € X : f(x) < +oo} and the subdifferential of f at x € domf by

df(x):={x" X" f(x)+(x",y—x) < f(y) foreachye X}. (2.1)
Furthermore, the normal cone Nk (x) of a convex set K C X at the point x € K is defined by
Nk (x) :=d0k(x) ={x" € X" : (x",y—x) <Oforeachy € K}.

Let x,d € X. The directional derivative (or Dini derivative) of f at X in direction d is defined

by
Ve gi S (X 0d) — f(X)
f(xd) = 191?(‘)1 0 .

We say that f is directionally differentiable at X if its directional derivative exists in all directions
d; and f : X — R is tangentially convex at X if, for every d € X, f'(X;d) exists, is finite and the
function f’(x;d) is a convex function of d. Note that f/(x;d) is positively homogeneous. If f
is tangentially convex at X, then f’(X;-) is sublinear. The tangential subdifferential of f at X is
defined by

T fF) = {x" eX*: f(x;d) > (x*,d) forall dcX}.
It follows that 97 f(%) # 0 and f/(x; ) is the support function of @7 £ (%), that is,
f/(x;d) = max (£,d) foreach de€X.
§ed’ f(x)
If f is a convex function which has an open domain and X € domf, then f is tangentially convex
at X and 97 f(¥) = df(x). If f is Gateaux differentiable at X € domf, then f is tangentially
convex at X and 97 f(x) = {Vf(x)}.

Lemma 2.1. [26] Let f,g be two functions from X to R. If f and g are tangentially convex at
common point x € domf Ndomg, then

T (f+g)(x) =0T f(x)+ 9" g(x).
3. NEW CONSTRAINT QUALIFICATIONS AND LOCAL OPTIMATION CONDITIONS

From now on, let X,Z and Z be real locally convex Hausdorff topological vector spaces,
C C X be a nonempty convex set, and 7" be a nonempty infinite index set. Assume that f is a
function from X x Z to R := RU {40} and g; is a function from X x Z to R for each ¢ € T. We
consider the following nonconvex optimization problem under uncertainty:

inf { £(x, u)}

s.t. g (x,v) <01 €T,
xeC,

(UP)
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where uncertain parameters u and v;, ¢ € T, belong to the corresponding convex and compact
setsU CZandV, C Z,t € T, respectively. To address (UP), it typically involves the association
with the min-max type robust (worst-case) counterpart:

inf {maxf(x, u)}
uclU
s.t. gi(x,v) <O Vv €Vt €T,
xeC,

(RP)

where one considers the worst case of the uncertain objective w.r.t. the uncertainty set U, and
the uncertain constraints are enforced for every possible value of the parameters within the
uncertainty set V;.

To study the necessary and sufficient conditions for optimality conditions and saddle point
theorems of the problem (RP), we consider the problem (RP) with linear perturbations:

inf { max f (x,1) - (p,x)}

s.t. g (x,v) <O, Vv, €Vt €T,
xecC.

(RP),

In this paper, unless explicity stated otherwise, we always assume that f(-,u) and g;(-,v;),t € T,
are tangentially convex at each x € X. Denote the feasible set of (RP), by

A:={xeC:g(xv) <0,V eV,teT}.
For a given x € A, we define the index set of all active constraints at x by
T(x):={reT:g(xv)=0NeV}
and the set of active constraint multipliers at x by
A ={A eRT): 4g(x,v) =00, €V, t €T}

Definition 3.1. Let p € X*. It is said that x € A is a local optimal solution of (RP), if there
exists € > 0 such that

max f(x,u) — (p,x) < max f(y,u) — (p,y) foreach yecB(x,e)NA.
ucl uclU

Proposition 3.1. Let p € X* and x € intA. Then x is a local optimal solution of (RP), if and
only if p € 07 (max f(-,u) + 64) (x).
uc

Proof. Let x be a local optimal solution (RP),. Then, by definition, there exists € > 0 such that
B(x,e) C A and

max f(x,u) — (p,x) < max f(z,u) — (p,z) foreach zé&B(x,¢€). (3.1)
ucl uelU

LetyeX and 0 < 0 < m Then x+ 6(y — x) € B(x,€) C A. Thus, Sa(x+0(y—x)) =
04(x) = 0. Hence, by (3.1),
max f (x + 6y —x),u) + 8 (x + 8 (y —x)) —max f(x,u) — 64 (x)

lim
610 0

that is, p € (9T(ma5<f(-,u) +04) (x).
ue

Z <p7y_x>7 (32)
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Conversely, Suppose that p € BT(ma[}( f(-,u)+ 84)(x). Then (3.2) holds for each y € X. Let
ue
y € X be such that ||y —x|| = 1. Then, by (3.2), there exists &, > 0 such that, for each 6, € (0, ¢,),
max f(x+ 6,(y —x),u) + 84 (x+ 6,(y —x)) —max f(x,u) — 64 (x)
uel uel
6y

> (p,y—x).

Let € := mi|n {&/}. By the above inequality, for each 6 € (0, ¢),

lx=yll=
max f(x+6(y —x),u) + 8 (x+ 8 (y —x)) —max f(x,u) — 4 (x) = (p, 6y —x)).
u u
Thus, for each 6 € (0,€) and z = x+ 0(y —x), we see that z € B(x, €) and

max f(z,) + 84 (z) — max f(x,u) > (p,2—x).

uclU

This implies that x is a local optimal solution of (RP),. The proof is complete. 0

LetxcA,v=)ier €V = Viand U(x) :={u €U : f(x,u) = maécf(x,u)}. For sim-
teT uc
plicity, we denote

U d"rCw@+ U Y A0 e v)(x) +Ne(x)

uel (x) AeA(x),veVIET
and
Qs (x) := U 9T<f(-,u)+2%gz(-,vz)+6c) (x).
(A uv)EA(x) XU (x)xV teT

Then, the following inclusions hold.
Proposition 3.2. Let x € intA. Then
Qi (x) € Q(x) C 9" (max f(-,u) + 84) (x).

ucl

Proof. Let p € Q1 (x). Then there exists (A,u%,v) € A(x) x U(x) x V such that

i
pedl f(-,u) +Z 07 g1 (-, 9) (x) + Ne(x),
eT

which implies that there exist & € o7 f(-,u)(x) and B, € 9T g,(-,v;)(x),t € T such that p — a —

Y A B € Nc(x). Thus, by the definitions of tangential subdifferential and normal cone, we
t€T
have that, for each y € C,

f(x+9<y_x)aﬁ) _f(xvﬁ)

. S B -
lim 5 > (o, y —x), (3.3)
. gt(x+ e(y_x)7‘_)t) _gt(xvvt)
> - .
191?(} 0 = <Bt7y X>,l € T7 (3 4)
and
(p—o— 2 Itﬁta)’—x> <0. (3.5)

teT
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Note that x € intA. It follows that there exists € > 0 such that B(x,e) C A. Let y € C and
0<6< m Then x+ 0(y —x) € B(x,€) CA. Thus, oc(x+0(y—x)) =4(x+0(y—x)) =
04 (x) = 0¢(x) = 0. Hence, it follows by (3.3)-(3.5) that

(f(Cm) +t)€ZT71gz(-,Vz) +8c)(x+0(y—x)) = (f(-,1) - IEZTIrgr(-iz) +dc) (x)

1913)1 5 (3.6)
> (p,y—x),
which implies that
p €T (f(m)+ Y Augi (-, 7) + ) (x), (3.7)

teT
and hence, p € Q,(x). Therefore, Q(x) C Qp(x).
Below we verify that Q,(x) C 8T(ma5( f(-,u)+64)(x). To do this, let p € Q,(x). Then there
uc

exists (A,7,7) € RSLT) x U x V such that

A:gi(x,v;) =0 foreach reT, (3.8)
fx,u) = rgleagf(x, u) (3.9)

and (3.7) hold. Note that x € intA. It follows that there exists € > 0 such that B(x,e) C A. Let
yeXand 0 <6 < £ Then, x+ 0(y —x) € B(x,€) C A and (3.6) holds by (3.7). Thus,

[x—yll

Oc(x+60(y—x)) =8 (x+0(y—x)) = 6a(x) = Oc(x) = 0. Hence,
max f(x+ 6y —x),u) + 8 (x + 6 (y —x)) —max f(x,u) — 6a(x)

Him 6
f(x+9(y—x),ﬁ) + X I,g,(X—i—@(y—x)n_/z) _f(xaﬁ) - X Itgt()@ﬂ)
>lim ter reT
T 640 0]
Z(p,y—X>,

where the first inequality holds by (3.8), (3.9), and A,g; (x+ 6(y —x),¥;) < 0 for each r € T and
the last inequality holds by (3.6). Thus, by definition, we see that p € 8T(maL)[< F(u)+64)(x)
ue

and hence Q;(x) C 8T(mal3< f(-,u) + 84)(x). The proof is complete. O
ue
To establish optimality conditions and saddle point theorems for robust programming prob-

lem (RP), we introduce the following robust type constraint qualifications with tangential sub-
differential:

(RTCQ) 9" (max f(-,u) + &) (x) = Q1 (x). (3.10)
(WRTCQ) aT(I;lea&( FCou) +84)(x) = Qa(x). (3.11)

Remark 3.1. Let x € intA. Then by Proposition 3.2, we see that (3.10) and (3.11) can be
equivalently replaced by
07 (max £ () + ) (x) € 1 (x),
u
and
AT (max f(-,u) + 8) (x) C Qa(x).

uclU
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In addition, we also see that the following implication holds:

the condition (RTCQ) = the condition (WRTCQ).

Below we give some local optimality conditions for robust programming problem (RP),, in
terms of the condition (RTCQ).

Theorem 3.1. Let X € intA. Then the following statements are equivalent.

(1) The condition (RTCQ) holds at X. _

(ii) For each p € X*, X is a local optimal solution of (RP) , if and only if there exists (A,u,V) €
RS_T) x U x 'V such that

J2AS 8Tf(7ﬁ)()_c) + ZzlaTgt(al_}l>(x) +NC()_C)7

teT
Aigi(%,7;) =0 foreach teT (3.12)
and
f(x,u) = magf(f, u). (3.13)
uc

Proof. By Proposition 3.1, (ii) is equivalent to
pE 8T(r151€a&(f(-,u) +064)(X) = peQ(x) foreach peX™,
which is equivalent to (i). The proof is complete. U
If p =0, then we obtain by Theorem 3.1 the following corollary straightforwardly.

Corollary 3.1. Let x € intA. Suppose that the condition (RTCQ) holds at x. If X is a local

optimal solution of (RP), then there exists (A1) € RSLT) x U XV such that (3.12)-(3.13) hold
and

0€ 9" f(w)(®) + ) A" & (-, %1)(%) + Ne(). (3.14)

teT

Remark 3.2. In the case when X :=R", Z:=R", Z:=RY%, f:R"xU - R, g :R"xV —
R,t € T are proper functions. Assuming that f is continuous on R” x U, f(x,-) is concave
on U, and the mapping x — f’(-,u)(x;d) is upper semicontinuous on R”, the authors in [29]
obtained a similar result via the following condition

Na(x) C U <Zl,8Tg,(-,v,)(x)) + Ne(x). (3.15)

AEA(x),veV MET
Note that, in this case, by [29, Proposition 3.1],
T (max f(-,u)(x) = |J " f(,u)(x).
uclU
uel(x)

Let x € intA. Then, by Lemma 2.1,
8T(m€al§f(-,u) +684)(x) = 3T (max f(-,u)) (x) + Na(x),

uclU

which together with (3.15) and Remark 3.1 implies that the condition (RT'CQ) holds at x. There-
fore, Theorem 3.1 extends and improves the corresponding one in [29, Theorem 3.1].
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4. LocAL SADDLE POINT THEOREMS

Let p € X*. Define the Lagrange function L, on C X Rf) x U xV by
Lp(x,l,u,v) = f(x7u) + Z )ngt(X,V[) - <p7x>

teT
for each (x,A,u,v) € C X RSLT) xU V.
Consider the problem (RP),, and its Lagrange dual problem
(RD), sup iIelng (x,A,u,v).
Auv)eRT xuxv™

For simplicity, we denote Ly by L, that is,

L(x,Au,v):= f(x,u)+ Z?qg;(x,vt) foreach (x,A,u,v) € Cfo) xUxV
teT

and denote problem (RD) by (RD), that is,
(RD) sup inf L(x,A,u,v).

eC
(Aup)eRT xuxv™

As usual, we use the notations v((RP),) and v((RD) ) for the optimal values of problems (RP),
and (RD),, respectively. Then, the following inequality holds:

v((RD),) <v((RP),) foreach peX",

that is, the stable weak duality holds between (RP) and (RD).
Let p € X*. It is said that (¥,A,%,7) € C x ]RSFT) x U x V is alocal saddle point of L, if there
exists € > 0 such that, for each (x,A,u,v) € (B(x,€)NC) x RSFT) xU XV,

Ly(®A,u,v) < L,(%4,%,7) < L,(x,A,@,7).

Theorem 4.1. Let X € intA. Then the following statements are equivalent.

(1) The condition (WRTCQ) holds at x. _

(ii) For each p € X*, if X is a local optimal solution of (RP),, then there exists (A,u,v) €
]Rf) x U x V such that (x,A,7,7V) is a local saddle point of L,

(iii) For each p € X*, if X is a local optimal solution of (RP), then there exists B(X,€) C A
such that

mySE0—(pR) = _inf (maS (e~ (po0)
= max inf L,(x,A,u,v).

(A up)eRT) xu x v ¥EB(X:€)

Proof. (i)=>(ii) Suppose that (i) holds. Let p € X* and let X be a local optimal solution of (RP),,.
Then, by Proposion 3.1, we see p € 8T(mal}< f(-,u) 4+ 64)(X). Hence, it follows from condition
uec

WRTCQ) that there exists (1,7,7) € R x U x V such that (3.12)(3.13) hold and
+
ped(fCm)+ Y Aigi(- %)+ 80)(%), (4.1)

teT



LOCAL OPTIMALITY CONDITIONS AND LOCAL SADDLE POINT THEOREMS 73

which implies that, for each y € X,

(f('vﬁ) + X Itgt(',vt) +5C)(x+ G(y—)_c)) - (f(;ﬁ) - X Itgt('avt) + 6C)(3_C)
teT teT (4.2)

;
810 )

> (p,y—7%).
Let y € X be such that ||y —X| = 1. Then, by (4.2), there exists & > 0 such that, for each
0, € (0,¢,),

(fCGu)+ X Itgt('a‘_’t) +6c)(X+ 6y(y—x)) — (f(-,u) — X Itgt('avt) +6¢)(X)

teT teT
6y
> (p,y—3%).
Let e := | m}Hn 1{8y}. From the inequality above, for each 6 € (0, €), one obtains that
y—x[=

(fCa)+ Y g 9) + 8c)(x+0(y—%)) — (f(- 1) — Y. Aigi (W) + 8¢) (%)
teT teT

Z <p,9(y—)_6)>.

Thus, for each 6 € (0,€) and x =X+ 0(y —X), we see that x € B(X, €) and
f(x7ﬁ) + Zzlgl()@vl) + 6C(x) - <p7x> = f()_C,ﬁ) + szgf(xavf) - <p,)_C>-

teT teT

This implies that
L,(x,A,%,%) > L,(%,4,%,%) foreach xcB(%,e)NC. (4.3)
Below we show that
Ly(%2,@,7) > Ly(%,A,u,v) foreach (A,u,v)eR) xUxV. (4.4)
To do this, we find, for each (A,u,v) € Rf) x U x V, that
FED+ Y Jigi(®) = (px) = maxf(%u)—(p,%)

teT
> ma(}(f(x,u) + Z gt (X, vi) — (p,X)
ue teT
> f()_c,u) + Z )L'tgt()_cavt) - <p7x>a
teT

where the first equality holds by (3.12)-(3.13) and the first inequality holds by A,g; (X, v;) < 0 for
eacht € T. Thus, (4.4) holds. This together with (4.3) implies that ()_C,I,ﬁ, v) is a local saddle
point of L.

(ii)=-(i) Suppose that (ii) holds. Let p € o7 (max,cy f(-,u) + 84)(X). Then, by Proposition
3.1, ¥ is a local optimal solution of (RP),. It follows from (ii) that there exists (1,%,¥) €
Rf) x U x V such that ()_C,I,E,V) is a local saddle point of L,. This implies that there exists
B(x,€) such that (4.3) and (4.4) hold. Hence, by (4.3), we get that for each x € B(x,&)NC,

flxu)+ Z Aigi(x, ) — f(x,0) — Z A:8:(X, %) > (p,x —X). (4.5)

teT tcT
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Note that X € intA. It follows that there exists € > 0 such that B(x,€1) CA. Let € = min{e, & }.
Then B(x,€) C B(x,e)NC. Let ye X and let 0 < 6 < HX 57 Then, X+ 0(y—x) € B(x,€).
Thus, 8¢(X+ 0(y —X)) = 8¢(X) = 0. This together with (4.5) implies that (4.2) holds, so does
(4.1). Therefore, to show (i), we only need to show that (3.12) and (3.13) hold. To do this, by

(4.4), we see that, for each (A,u,v) € RSLT) xU XV,

FEu)+ Y Jg(®v) — (p.%) < FER) + Y Augi(%,7) — (p.%). (4.6)
teT teT
Take u =and A = A € ]Rf) , v = v; € V; such that i,,gt()_c,@) =0 for each t € T. Then
Y A:g(x,v) > 0. Note that X € intA. It follows that A,g,(X,v;) <0 for each s € T. Thus, (3.12)
teT

holds. Next, we take A = e Rf), v; = v; € V; such that zg, (x,v;) =0 for each t € T. Then
f(x,u) < f(x,u) for each u € U, which implies that (3.13) holds.

(ii)=-(iii) Suppose that (ii) holds. Let p € X*, and let X be a local optimal solution of (RP),.
Then there exists B(X, €;) C A such that

meaé(f(x u)—(p,x) < mealjcf(x, u)—(p,x) foreach xeB(x,¢). 4.7)

By (ii), we have that there exists & > 0 such that

flxu)+ Zzzgz(xﬂ_’z) —{(p,x) > f(¥,u) + Z Itgt(fa‘_’t) —(p,X) (4.8)

teT teT

holds for each x € B(x, &) C C and (4.6) holds for each (A,u,v) € RSLT) x U x V. Hence, by
using the same process in (ii)=>(i), we see that (3.12) and (3.13) hold. This together with (4.8)
implies that

f(xvﬁ) + thgt(xu‘_}t) - <p7 > > maxf(x I/t) <p7x> foreach xe B(f, 82)' (49)

teT uet

Let € := min{g;, & }. It follows by (4.9) and (4.7) that

inf L,(x,A,%,7%) > inf L,(x,A,%,7)

xeB(x.e) xeB(x.&)
> max f(x,u) — (p,x)
= xeér(ljfel){gleagf(x u) = (p,x)}
= xeggﬁ){gleagf(x ,u) = (p,x)}.

Thus,

B B T ) 2 (a0 = 5
Next, we show that
max inf L,(x,A,u,v) < inf {maxf(x,u)—(p,x)}. (4.10)

(Au V)ER&)XUvaEIB%(x €) x€B(x,e) uclU
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To do this, note that, for each (x,A,u,v) € B(x,€) x RSLT) xU XV,
maxf(x, u) - <pax> > f(X, u) - (p,X>
uclU
> f(xau) + Z ;Lfgl(xavf> - <p7x>'

teT
This implies that (4.10) holds. Therefore, (iii) is valid.
(iii)=-(ii) Suppose that (iii) holds. Let X be a local optimal solution of (RP),. Then there
exist £ > 0 and (4,%,V) € ]RSFT) x U x V such that B(x,€) C A and
xe]%%Ig’g)Lp(x,I,ﬁ,V) = max f(%,u) - (p.%). (4.11)
Thus,
fED+Y Aigi(x,v) > max f(®u),

teT
which together with I,g, (x,v;) <0 foreacht € T yields that (3.12) and (3.13) hold. Moreover,
we note that, for each (x,4,u,v) € B(x, &) x RSFT) xU XV,

FOm)+ Y Aige(e ) —(p,x) = max f(x,u)—(p.x)

el uclU
= f()_C,ﬁ)+ZI;g;()_C,Vt)—<p,)_C>
teT
Z f()_c,u)+Zﬁ¢g;()_c,vt)—<p,)_c>,
teT

where the first inequality holds by (4.11) and the first equality is true due to (3.12) ind (3.13),
and the last inequality holds by A;g;(x,v;) < 0 for each 7 € T. This implies that (x,A,u,V) is a
local saddle point of L,. The proof is complete. 0

The following example supplies a simple case where Corollary 3.1 and Theorem 4.1 are
applicable.

Example4.1. LetX =Z=Z:=R,C:=[-1,1],U :=[0,1],and V; := [1,1 +¢],t € T := [0,1].
Consider the functions
—x? —2x —u?, if x <0,

flxu) ::{ 2, ifx >0

and
o —vx? —1, if x <0,
81 (%) = v%x—l, if x >0,

where u € U and v; € V;, t € T. Clearly, A = [—1,1], X = 0 is a local optimal solution of (RP).
By simple calculations, A(x) = {0},

£/ ) () = (max () + 84) () =

ucl

—2d, ifd <0,
0, ifd >0,

and
_ 0, ifd <0,
g ={ ¥, aso

Vt



76 L. H, D. FANG, E. KOBIS

Then,
37 f(u)(®) = 9 (max (-, ) + 84)(3) = [~2,0)
and
T gi(-,v)(x) = [O, 5} foreach re€T.
t
Note that

Ne@®= | Y A () ={0}.
AEAF)veVIET
It follows that condition (RTCQ) is satisfied at X. Then, by Corollary 3.1, there exists (4,%,7) €
R'") » U x V such that (3.12)- (3.14) hold. In fact, let 7 = A = 0. It is easy to see that f(F, ) =
mal}(f(x,u), A:gi(X,v;) =0forall v €V and
ue

0€d’ f(-m)(x) + Z 29" g (- %) (%) + Ne ().

teT

Thus, Corollary 3.1 is applicable. Below we illustrate that Theorem 4.1 holds. To do this, we
see that

U (st Lhaon) + &) ) = 2.0
(A ) EAR) XU (R)xV teT
It follow that the condition (WRTCQ) is satisfied at X. Note that
x> =2 -+ ¥ A(—vx*—1), ifx<0,
— teT
Lxduv)=q 22+ ¥ A(Lx—1), if x> 0.
teT

Let € = 2, #=0,A=0, and v € V. Then, for each (x,A,u,v) € B(x,€) x Rg) xU XV,

X, €
L@ A uv) = —u>+ Y —A <0, L(x,A,%,7) =0, and L(x,A,%,7v) > 0. This implies that
teT

(x,A,7,7) is a local saddle point of L. Furthermore,

= (%) =t s )= )

= inf L,(x,A,@7)=0.
xeB(xe) | (,4,%,7)

Thus, Theorem 4.1 is applicable.

5. APPLICATIONS TO ROBUST CONIC PROGRAMMING

Throughout this section, let X, Y, Z, and Z be real locally convex Hausdorff topological vector
spaces. For each p € X*, we consider the following uncertain conic programming problem:

(uep), inf {f(x,u) — <p,x>}
s.t. x € C,g(x,v) € =S8,

where f is a function from X x Z to R, g is a function from X x Z to Y, C C X is a nonempty
convex set, § C Y is a nonempty closed convex cone, u and v are uncertain parameters belong
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to the corresponding convex and compact sets U C Z and V C Z, respectively. As usual, we
consider the minmax type robust (worst-case) problem:

uclU
s.t. g(x,v) € =S, Wv eV,
xeC,

inf {maxf(x,u) —(p,x)
(RCP),

where the uncertain objective and constraint are enforced for every possible value of the param-
eters within the corresponding uncertainty sets U and V. In this section, we always assume that
f(-,u) and g(-,v) are tangentially convex at each x € X.

For each A € S©, we define

oo, otherwise.

(Ae)(x) = { (A,8), if x & domg,

It is easy to see that, foreachx € Candv €V, g(x,v) € —Sif and only if (Ag)(x,v) < 0 for each
A € §%. Moreover, problem (UCP),, can be reformulated as an example of (UP)), by setting

T=S5% g,=(Ag) foreach A€cT=S5".
As before, we use A to denote the solution set:
A={xeC:g(x,v) e -SWeV}={xeC:(Lg)(x,v) <0, WweV,1 € S7}.

The corresponding Lagrangian function L, and the dual problem (RCD), can be expressed
respectively as

Ly(x,A,u,v) = f(x,u) + (28)(x,v) — (p,x) foreach (x,A,u,v)€CxS¥xUxV

and

RCD max inf L,(x,A,u,v).
(RCD), (A, u,v)ESE XU xV x€C o )

Generalizing the corresponding notions in Section 3 to suit the conic programming, we in-
troduce the following constraint qualifications.

(C-RTCQ) 9" (max f(-,u) + 84) (x)
= U drwm+ U 9T (Ae)( @) +Nelx),
uel(x) AeA(x),veV
(C-WRTCQ) o7 (max f(-,u) + &) (x)

= U I (f(yu) + (Ag)(-,v) +8c) (x),

(u,Av)eU (x)xA(x)xV
where x € A, A(x) := {1 € P : (Ag)(x,v) =0,Vv € V}, and
Ux):={ueU: f(xu)= mEal}(f(x,u)}.

Thus, by Theorems 3.1 and 4.1, we have the following theorems straightforwardly.
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Theorem S5.1. Let X € intA. Then the following statements are equivalent.

(1) The condition (C-RTCQ) holds at x.

(i) For each p € X*, X is a local optimal solution of (RCP), if and only if there exists
(A,1,7) € S® x U x V such that Ag(%,7) =0, f(X,7) = I;leagf(f, u) and

ped' f(-u)x)+9" (Ag)(-,v)(x) +Ne(%).

Theorem 5.2. Let X € intA. Then the following statements are equivalent.

(1) The condition (C-WRTCQ) holds at x.

(ii) For each p € X*, if X is a local optimal solution of (RCP),, then there exists (A,,7) €
S® x U x V such that (%,A,%,V) is a local saddle point of L.

(iii) For each p € X*, if X is a local optimal solution of (RCP), then there exists B(x,€) C A
such that

max f(T,u) — (p,.¥) = inf {maxf(x7u)—<p,x>}

ucl xeB(x,e) | uelU

= max inf L(x,A,u,v).
(A,u,v)ESE XU xV x€B(,€)

Acknowledgments

This research work was supported in part by the National Natural Science Foundation of China
(grants 12261037 and 11861033), the Natural Science Foundation of Hunan Province of China
(grant 2024JJ7396) and the Scientific Research Fund of Hunan Provincial Education Depart-
ment of China (grant 21C0369).

REFERENCES

[1] D.H. Fang, C. Li, K.F. Ng, Constraint qualifications for extended Farkas’s Lemmas and Lagrangian dualities
in convex infinite programming, SIAM J. Optim. 20 (2009), 1311-1332.
[2] T.V. Su, C.V. Tiep, Optimality conditions for nonconvex mathematical programming problems using weak
subdifferentials and augmented normal cones, Appl. Set-Valued Anal. Optim. 6 (2024), 245-260.
[3] D.H. Fang, C. Li, K.F. Ng, Constraint qualifications for optimality conditions and total Lagrange dualities in
convex infinite programming, Nonlinear Anal. 73 (2010), 1143-1159.
[4] C.Li, K.F. Ng, TK. Pong, Constraint qualifications for convex inequality systems with applications in con-
strained optimization, SIAM J. Optim. 19 (2008), 163-187.
[5] V.Jeyakumar, N. Dinh, G.M. Lee, New sequential Lagrange multiplier conditions Characterizing Optimality
without constraint qualification for convex programs, SIAM J. Optim. 14 (2003), 534-547.
[6] V. Jeyakumar, Constraint qualifications characterizing Lagrangian duality in convex optimization, J. Optim.
Theory Appl. 136 (2008), 31-41.
[7] V. Jeyakumar, G.Y. Li, Stable zero duality gaps in convex programming: Complete dual characterizations
with applications to semidefinite programs, J. Math. Anal. Appl. 360 (2009), 156-167.
[8] V.Jeyakumar, Asymptotic dual conditions characterizing optimality for infinite convex programs, J. Optim.
Theory Appl. 93 (1997), 153-165.
[9] V.Jeyakumar, G.M. Lee, N. Dinh, New sequential Lagrange multiplier conditions characterizing optimality
without constraint qualification for convex programs, SIAM J. Optim. 14 (2003), 534-547.
[10] V.Jeyakumar, G.M. Lee, N. Dinh, Lagrange multiplier conditions characterizing the optimal solution sets of
cone-constrained convex programs, J. Optim. Theory. Appl. 123 (2004), 83-103.
[11] R.I. Bot, Conjugate Duality in Convex Optimization, Springer, Berlin, 2010.
[12] V. Jeyakumar, G.Y. Li, Strong duality in robust convex programming: complete characterizations, SIAM J.
Optim. 20 (2010), 3384-3407.



LOCAL OPTIMALITY CONDITIONS AND LOCAL SADDLE POINT THEOREMS 79

[13] R.I Bot, V. Jeyakumar, G.Y. Li, Robust duality in parametric convex optimization, Set-Valued Var. Anal. 21
(2013), 177-189.

[14] D. H. Fang, C. Li, J.C. Yao, Stable Lagrange dualities for robust conical programming, J. Nonlinear Convex
Anal. 16 (2015), 2141-2158.

[15] V. Jeyakumar, G.M. Lee, G. Li, Characterizing robust solution sets of convex programs under data uncer-
tainty, J. Optim. Theory Appl. 164 (2015), 407-435.

[16] G.Y. Li, V. Jeyakumar, G.M. Lee, Robust conjugate duality for convex optimization under uncertainty with
application to data classification, Nonlinear Anal. 74 (2011), 2327-2341.

[17] V.Jeyakumar, G.Y. Li, J.H. Wang, Some robust convex programs without a duality gap, J. convex Anal. 20
(2013), 377-394.

[18] X.K. Sun, Z.Y. Peng, X.L.. Guo, Some characterizations of robust optimal solutions for uncertain convex
optimization problems, Optim. Lett. 10 (2016), 1463-1478.

[19] X.K. Sun, K.L. Teo, J. Zeng, X.L. Guo, On approximate solutions and saddle point theorems for robust
convex optimization, Optim. Lett. 14 (2020), 1711-1730.

[20] G.R. Piao, Z. Hong, K.D. Bae, D.S. Kim, A characterization of the e-normal set and its application in robust
convex optimization problems, J. Nonlinear Var. Anal. 7 (2023), 897-907.

[21] M.H. Kim, Duality theorem and vector saddle point theorem for robust multiobjective optimization problems,
Commun. Korean Math. Soc. 28 (2013), 597-602.

[22] J.H. Lee, G.M. Lee, On g-solutions for convex optimization problems with uncertainty data, Positivity 16
(2012), 509-526.

[23] J.H. Lee, L. Jiao, On quasi &-solution for robust convex optimization problems, Optim. Lett. 11 (2017),
1609-1622.

[24] C. Lemaréchal, An introduction to the theory of nonsmooth optimization, Optim. 17 (1986), 827-858.

[25] B.N. Pshenichnyi, Necessary Conditions for an Extremum, Marcel Dekker Inc. New York, 1971.

[26] J.E. Martinez-Legaz, Optimality conditions for pseudoconvex minimization over convex sets defined by tan-
gentially convex constraints, Optim. Lett. 9 (2015), 1017-1023.

[27] F. Mashkoorzadeh, N. Movahedian, S. Nobakhtian, Optimality conditions for nonconvex constrained opti-
mization problems, Numer. Funct. Anal. Opt. 40 (2019), 1918-1938.

[28] F. Mashkoorzadeh, N. Movahedian, S. Nobakhtian, Robustness in nonsmooth nonconvex optimization prob-
lems, Positivity 25 (2021), 701-729.

[29] J.Liu, X.J. Long, X.K. Sun, Characterizing robust optimal solution sets for nonconvex uncertain semi-infinite
programming problems involving tangential subdifferentials, J. Global Optim. 87 (2023), 481-501.

[30] J. Liu, X.J. Long, N.J. Huang, Approximate optimality conditions and mixed type duality for semi-infinite
multiobjective programming problems involving tangential subdifferentials, J. Ind. Manga. Optim. 19 (2023),
6500-6519.

[31] M. Beni-Asad, H. Mohebi, Characterizations of the solution set for tangentially convex optimization prob-
lems, Optim. Lett. 17 (2023), 1027-1048.

[32] N. Sisarat, R. Wangkeeree, Characterizing the solution set of convex optimization problems without convexity
of constraints, Optim Lett. 14 (2020), 1127-1144.

[33] X.J.Long, J. Liu, N.J. Huang, Characterizing the solution set for nonconvex semi-infinite programs involving
tangential subdifferentials, Numer. Funct. Anal. Optim. 42 (2021), 279-297.



	1. Introduction
	2. Notations and Preliminary Results
	3. New Constraint Qualifications and Local Optimation Conditions
	4. Local Saddle Point Theorems
	5. Applications to Robust Conic Programming
	References

