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Abstract. The paper is devoted to investigating a new class of mixed variational-hemivariational in-
equalities (MVHVI) with history-dependent operators and time-dependent constraint sets. By employing
a solvability result for static mixed variational-hemivariaitional inequalities in literature and a fixed-point
theorem for history-dependent operators, we prove an existence result for solutions to the MVHVI based
on which a convergence result of solutions to the MVHVI is established by considering its perturbation.
Moreover, we apply the obtained abstract results to a quasistatic nonsmooth frictional contact problem
with long memory, where the existence and convergence of weak solutions to the contact problem are
derived.
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1. INTRODUCTION

Mixed (hemi-)variational inequalities, which are characterized by a new variable (Lagrange
multiplier) compared with (hemi-)variational inequalities, have received massive attention in
recent years due to their wide applications in nonlinear boundary value problems with or without
unilateral constraints, contact mechanical problems as well as engineering problems. Therefore,
a large number of research results including solvability, stability analysis, and applications for
mixed (hemi-)variational inequalities have been obtained with the help of tools in nonlinear
analysis, nonsmooth analysis, and convex analysis etc; see, e.g., [1, 2, 3,4, 5, 6, 7, 8] and the
references therein.

Among most studies on mixed (hemi-)variational inequalities in literature, time-dependent
or evolutionary problems with mixed variational inequalities are significant research issues due
to their important applications in dynamic contact mechanical problems and engineering prob-
lems. Representative results on solvability and applications were obtained in [9, 10, 11] for
mixed time-dependent variational inequality problems, in [12, 13, 14, 15] for mixed historical
variational inequality problems, and in [16] for mixed evolutionary variational inequalities.

Compared with the abundant research results for mixed (static or time-dependent) variational
inequalities and mixed static variational-hemivariational inequalities (see, e.g., [17, 18, 19, 20,
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21]), there are few studies in literature on mixed time-dependent or evolutionary variational-
hemivariational inequalities. At the same time, most of the studies on mixed (hemi-)variational
inequalities concern the constant constraint set or the whole space, which makes it convenient
for us to use different test functions. While the constraint set of the considered mixed (hemi-
)variational inequality varies with parameters (state variable or time variable), it is difficult for
us to see the solvability and sensitivity analysis results by using the traditional ways since the
test functions used may not belong to the varying constraint set. Because of the difficulty, up to
our knowledge, a few researches tried to study some mixed (hemi-)variational inequalities with
nonconstant constraint set and their applications in contact mechanics. For example, in 2013,
Matei in [22] studied the existence of solutions for a class of static mixed variational problems
with solution-dependent constraint set of Lagrange multiplier by using a fixed-point theorem.
Furthermore, in [16], Matei employed the saddle point theorem and a fixed-point theorem to
study the solvability of an evolutionary mixed variational problem where the constraint set
depends on a given element. Both of the results obtained in the above-mentioned references
were applied into a contact mechanic problem, respectively.

Let X,Y, and Z be real reflexive Banach spaces with dual spaces X*,Y*, and Z*, where
the norm in E and the duality bracket for the pair (E,E*) are denoted by || - ||z and (-,-)g*xE
with E being X,Y, and Z. Motivated and inspired by the results mentioned above, we study
the following mixed variational-hemivariational inequality (MVHVI) with history-dependent
operator and time-dependent constraint set:

Problem 1.1. Given f € C(I;X*) and g € C(I;X), find (u,A) € C(I;X) x B(I,Y) such that, for
allt €1, (u(t),A(t)) € X x A(g(t)) and

(Au(t),v —u(t))xxx +b(v—u(t),A () + (Su(t),v — u(t))xxx
+ 7% (yu(t);yv —yu(t)) > (f(t),v —u(t))xxx forall veX, (1.1)
b(u(t),u—A(t)) <0 forall neA(gt)). (1.2)

where I represents an interval [0,T] with 0 < T < oo, A: X — X* is an operator, A : X — 2¥ is
a multivalued mapping, 8 : C(I;X) — C(I;X*) is a history-dependent operator, j°(yu(t);yv —
yu(t)) represents the generalized directional derivative of the locally Lipschitz function j : Z —
R with y: X — Z being a linear compact operator, b : X XY — R is a bilinear function, and
C(I;X),B(I1,Y) denote the space of continuous functions and the set of bounded functions on I.

The aims of this paper are threefold. First, we study the existence of solutions for MVHVI
by employing a solvability result in literature for static mixed variational-hemivariational in-
equalities and a fixed-point theorem. Second, by considering the perturbation of MVHVI, we
investigate the convergence behavior of its solutions. Under appropriate hypotheses, it is proved
that the solution sequence of the perturbed problem converges point-wisely to the solution of
the original MVHVI. Finally, we employ the obtained abstract results to study a quasistatic
nonsmooth frictional contact problem with long memory.

The rest of this paper is structured as follows. In Section 2, we provide some notation and
necessary preliminary results which are useful in the sequel. The main existence result of solu-
tions to MVHVI is obtained in Section 3. In Section 4, we devote to proving the convergence
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behavior of solutions to MVHVI by introducing its perturbation. Finally, in Section 5, we in-
troduce a mathematical model for a quasistatic nonsmooth frictional contact problem with long
memory and establish the existence and convergence of its weak solutions.

2. PRELIMINARIES

In this section, we review some notation and preliminaries, give assumptions for our MVHVI,
and present an important solvability result for static mixed variational-hemivariational inequali-
ties, which are used in the sequel. Throughout this paper, unless stated otherwise, X, Y, Z are real
reflexive Banach spaces with dual spaces X*,Y*, Z*, respectively. As usual, we assume that the
weak and strong convergence in different spaces are denoted by ” and 7 — 7, respectively.

We first review some definitions and preliminary results in nonlinear analysis and nonsmooth
analysis.

2

Definition 2.1. [23] A single-valued operator A : X — X* is said to be
(a) strongly monotone if there exists M > 0 such that

(Au—Av,u —V)xexx > Mp|lu—v||3 forall u,veX;

(b) bounded if A maps bounded sets of X into bounded sets of X*;

(¢) hemicontinuous if, for all u,v,w € X, the functional t — (A(u+1tv),w)x+x is continuous
on [0,1];

(d) pseudomonotone if it is bounded and u, — u in X with limsup,,_,..(Aun, 1, — ) x+xx <0
implies

<Au,u—v>x*xx§lirrl>inf(Aun,un—v>X*xx forall veX.
n—roo

Definition 2.2. [23] Assume that X is a normed space. A function j: X — R is said to be locally
Lipschitz continuous at u € X if there exist a neighborhood U of « and a constant k = k(U) > 0
such that

lj(w)—j(v)| <k|w—v||x forall wyveU.

The generalized (Clarke) directional derivative of j at the point # € X in the direction v € X is
defined by

: ) i
J°(u;v) = limsup jlwtAv) ](W).
w—u,A L0 A
The subdifferential (the generalized gradient) in the sense of Clarke of j at u is a subset of the
dual space X* given by

dj(u) ={& € X™*|j°(u;v) > (§,v)x+xx,Vv € X}.

Proposition 2.1. [23] Assume that X is a normed space and j : X — R is a locally Lipschitz
continuous function. Then

(@) The function X > v — j°(u;v) is positively homogeneous and subadditive, i.e., j°(u;Av) =
Ajo(uyv) forall A > 0,v € X, and j°(u;vy +v2) < j°(u;vy) + j°(usv2) for all vi, vy € X;

(D) For everyv € X, j°(u;v) = max{(&,v)x+xx,VE € dj(u)};

(¢) The function X x X > (u,v) — j°(u;v) is upper semicontinuous, i.e., for all u,v € X,
{un},{vn} C X such that u, — u and v, — v in X, limsup j°(up;vy) < j°(u;v).
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Definition 2.3. [24] Given a normed space Y and a sequence {K,} of nonempty sets in ¥, we

say that K, converges to a nonempty set K C Y in the Mosco sense, donated by K, LYe , if the
following two conditions hold:

(a) for each x € K, there exists a sequence {x,} C Y with x,, € K,, such that x, — xinY;

(b) for any sequence {x,} C Y withx, € K, andx, = xinY,x € K.

Definition 2.4. [25] Let X,Y be normed spaces. An operator 8 : C(I;X) — C(I;Y) is a history-
dependent operator if, for any compact set J C I, there exists L; > 0 such that

t
|Suy () — Sua(t)||y SLJ/ |uy(s) —ua(s)||xds forall wuj,up € C(I;X),t€J,
0

where I is bounded or unbounded interval.

Remark 2.1. [25] Let X,Y vw normed spaces. An operator 8 : C([0,T];X) — C([0,T];Y) is
called a history-dependent operator if and only if there exists L > 0 such that
t

|Suy (1) — Sua(1)||y SL/ ||lu1(s) —ua(s)||xds forall wuy,up € C([0,T];X),r€0,T].
0

Theorem 2.1. [25] Let X be a Banach space, and let S : C([0,T];X) — C([0,T];X) be a history-
dependent operator. Then the operator S has a unique fixed-point.

We now present some hypotheses on the data for Problem 1.1.
Hy: The operator A : X — X™ is such that
(i) A is hemicontinuous;
(i1) A is strongly monotone with constant My > 0;
(iii) A is bounded.
Hp: b: X XY — R is a bilinear form and
(1) there exists Mj, > 0 such that |b(u,v)| < Mp||ul/x]||v|y;

(i1) (inf-sup condition) there exists & > 0 such that inf ey sup yex b(vp) > .
[[vIlx[lelly
u#0y v#0x

H;: The function j : Z — R is such that
(i) j is locally Lipschitz continuous;
(i1) there exists m; > 0 such that, for all u;,u; € Z,

Jo(ursun —uy) + J° (s uy — wa) < mjllug —ua|%;
(iii) there exist o;; > 0 and B; > 0 such that, forall u € Z, ||dj(u)||z+ < ot; + Bj||ul|z.

Hy: A X — 2Y satisfies the following conditions:
(i) A has nonempty closed, convex values and Oy € A(v) for all v € X;

(ii) A is Mosco continuous, i.e., for every {v,} C X with v, — v in X, we have A (v,) M A (v).
Hg: 8§ : C(I;X) — C(I;X™) is a history-dependent operator with constant L > 0.

Hy: v:X — Z is a linear compact operator, ||| represents the norm of the operator ¥ in the
space L(X,Z).

Hy: f € C(LXY).

5

L My > mil v



A CLASS OF MIXED VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 313

We end this section by introducing the following static mixed variational-hemivariational
inequality problem and presenting a solvability theorem for it, which is crucial for the study of
solvability for Problem 1.1.

Problem 2.1. Given f € X* and a nonempty subset K C Y, find u € X and A € K such that

(Au,v — ) xxx +b(v—u,A) + j°(yus; yv — yu) > (f,v —u)x:xx forall veEX,
b(u,u—A) <0 forall uek.
Theorem 2.2. Let K C Y be a nonempty, closed, and convex subset with Oy € K. Let Hy, H),,H},

and Hy,Hy hold. Then Problem 2.1 has at least one solution pair (u,A). Moreover, the first
component of the solution, u, is unique.

Proof. Theorem 2.2 is a direct consequence of [1, Theorem 15] since it is easy to verify that all
the hypotheses of [1, Theorem 15] hold under the assumptions of Theorem 2.2. U

3. A SOLVABILITY RESULT

We devote this section to the existence for Problem 1.1 by employing Theorem 2.1 and The-
orem 2.2. To this end, we first introduce an auxiliary problem as follows, which is formulated
as a mixed time-dependent variational-hemivariational inequality problem.

Problem 3.1. Givenw € C(I;X), f € C(I;X*) and g € C(I;X), find (u,,,Ay) € C(I;X) x B(L;Y)
such that, for all t € I, (u,,(t),A,(t)) € X x A(g(t)) and

(At (1), v — (1)) x* xx +b(v— (1), A (2)) + (SW(2),v — uy (1)) x* xx
+ 7% (Y (2); v — Y (2)) > (f(£),v —uy(t))x*xx  forall veX, (3.1)
by (1), 0 —A(1)) <O forall ue Ag(t)). (3.2)

With the help of Theorem 2.2, we can obtain for Problem 3.1 the following theorem which
reveals the existence of its solution pair (u,A) in C(1;X) x B(I;Y) and the uniqueness of u, i.e.,
the first component of solution pair.

Theorem 3.1. Let Hy,Hy,Hj,Hy,Hp ,Hy,Hs, Hy hold. Then Problem 3.1 has at least one solu-
tion pair (uy,Ay) € C(I;X) x B(I,Y), which is unique for its first component u,, in C(I;X).

Proof. Letting f = f — 8w, which belongs to C(I;X*), we see that (3.1) can be reformulated
equivalently as

<Auw(t),v—uw(t))x*xx+b(v—uW£t),7LW(t))
+7° (Y (1), yv — Y (2)) > (f(t),v —u(t))xxx forall veX. (3.3)

Obviously, for any ¢ € I, we can deduce from Theorem 2.2 that Problem 3.1 has a solution pair
in X x Y, which allows us to define a function pair (u,,, A,,) : I — X x Y such that (u,,(¢), A,,(¢))
is a solution pair to the system of (3.1) and (3.2) for all # € . Therefore, it is sufficient to obtain
the solvability of Problem 3.1 by demonstrating that u,, is continuous and A,, is bounded on /.
We divide the detailed proof into the following two steps.

Step 1. (uy, (1), A(t)) is bounded on 1.
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From the definition, (u,,(¢), A, (¢)) is a solution pair to the system of (3.3) and (3.2) for all
t €1. Setting v =0y in (3.3) and u = Oy in (3.2) and adding the obtained inequalities yield that
Malu(ON% < (A (1) — AOx 1 (1)) x xx
< () () + 77 (o (£); =y (£)) + [|AO | [y (1) 1x
where the hypothesis of strong monotonicity for the operator A is used. Moreover, it is obvious

to see from the definition of f that || f()||x+ < £ lerxs) + 18wll¢(z.x+) for all # € I. Therefore,
it follows from the hypotheses Hy, H;(ii)(iii) that, for all # € I,

() < 140x [[x= + il 71| + Il llcxs) + 18wl e

which indicates that u,,(¢) is bounded on /.
Next, we turn to the boundedness of A,,(¢) on I. For any z € X, we substitute u,,(t) — =

lzllx
(z # 0x) for vin (3 3) to get that

(Auy (1), —

b

Ly > (), -

X*xX
lx Telle /X

o e (o A(0) 7 (i (0:

which together with hypotheses Hy(ii), H,(ii) yields that

ol (0)ly < [1f i) + 1m0 llx- + 171+ Bl s () -

Therefore, by applying the boundedness of u,,(¢) obtained previously and hypothesis Hy (iii),
we can easily obtain that A4,,(¢) is bounded on 1.
Step 2. (uy,Ay) € C(I,X) x B(L,Y).

From Step 1, A,, € B(I;Y). Thus it suffices to show that u,, € C(I;X). To this end, for each
point 7 € I and any sequence {#,} satisfying 7, — ¢, we show that u,(f,) — u,,(t) in X. On
the one hand, since (u,,(t,),Aw(t,)) is the solution to system (3.2)-(3.3) corresponding to f,, it
follows that

(At (tn), v = (1)) x5 x +b(v =ty (1), A (1))
+ 7% (Y (1) 7y — Yt (1)) = (F(tn),v — (1)) xx  forall veX, (3.4)
b(uw<tn)au_M(tn)) <0 forall u EA(g(tn))a (3.5)
and {u,(t,)} and {A,,(,)} are bounded on 7 by Step 1. This indicates by the reflexivity of
spaces X and Y that there exist a subsequence, still denoted by (u,(t,),Aw(#,)), and a pair
(%,Tw) € X x Y such that (u,, (1), A (t,)) — (ﬁ;,fw) inX xY asn—oo. Since g € C(I;X), we
know that g(1,) — () in X, which together with the fact that A,,(t,) € A(g(ta)), Aw(tn) — Dow
and the assumption Hy (i) implies that Ay € A(g(t)). Moreover, using the assumption Hy (if)
again, we can find a sequence {l } in Y such that I € A(g(ty)) and A — Ay. Forall v € X,
we can obtain by letting tt = l in (3.5) that

0 > bty (tn), An — Ao (1)) = b1ty (1) = v, An) — B (1t (n) = v, Ay (1)) + B0, A — Aoy (1)),
which implies that, for all v € X,

bV — tty(1n)s Mas(tn)) < DO — 1ty (1), A) + (v, Do (1) — An)

— ~ — ~

=b(v—uy(ty), Ay) +b(v =y (tn), An — Aw) + b(v, Ay (tn) — An)-
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By taking the upper limit on both sides of above inequality, we can obtain that
Hmsupb(v — tuy(t), A (1)) < b(v—ti, Ay)  forall ve X, (3.6)
n—yoo

which indicates that
limsup b(u,, — tyy (tn), A (12)) < O. 3.7

n—»oo
Moreover, setting v = u,, in (3.4), we have

<AMW(tn)7 Uy (tn) - ﬁ\v;>X* x X

< (S (tn) st () — o) xesex + J° (Yt (1) Vit — Vit (1)) + bty — thy (), A (1) ),

which together with (3.7) yields limsup,,_...(Au,,(ty), ty(tn) — tyw)x*xx < 0, where we use the
assumptions Hy, Hy, and Proposition 2.1(c). This permits us to use the pseudomonotonicity of
A, which can be obtained by the assumption Hy to find

(Altyy, Uy, — V) x5 X §linlinf(AuW(t,,),uW(tn)—v>x*xx forall veX, (3.8)
n—oo

and
(Auy (1), U (tn) — ) x*xx — 0, Auy(t,) — Au,, as  n— +oo. (3.9
Therefore, it follows from (3.4), (3.6), and (3.8) that

(A, Uty — V) xoxx < li’gigfmuw(tn),uw(tn) —V)xrxx < limsup(Auy,(t,), Uy (tn) — V) x*xx

n—oo
<limsupb(v — uy(t,), Aw(ty)) +1im sup(f(tn), Uy (ty) —V)x*xx
n—oo n—roo
—|—lim_>supj°(}/uw(t,,); Yy — yuw(tn))
<Dy =i, hog) + (F(0), e = V) + 17 (Vi YV — Vi) (3.10)

On the other hand, for any u € A(g(t)), the assumption Hy (if) and the fact g(¢,) — g(¢) ensure
that there exists a sequence u, € A(g(t,)) such that @, — p, which together with (3.5) implies
that b(u,,(t,), Ay (1) — ) > 0. Moreover, by choosing v = u,, in (3.4), we see that

(At (1)t — (1) )xxx + 77 (Yt (n); Vit — Yo (t0)) — (f (n), thw — s (1)) x* x X
2 b(u(tn) = s Ay (tn)) = D(uw (1), Ay (1) — ) + b1t (), ) — b1ty Ao (1))

> b (tn); n — 1) + by (), 1) — bty Aoy (1)) (3.1D)
Now, by taking upper limit at the both sides of (3.11), it follows from (3.9) that
(i, 1t —Ayy) <O forall ue A(g(t)). (3.12)

In conclusion, we can assert from inequalities (3.10) and (3.12) that (i, A,,) solves system
(3.1)-(3.2) corresponding to ¢ € I, which together with the uniqueness of u,,(z) to system (3.1)-
(3.2) entails that u,, = u,, (1), i.e., u,(t,) — u,,(t). Then, we further show that u,,(t,) — u,,(7) in
X. We test (3.10) by u,,(t,) and test (3.4) by u,,(¢) and add the resulting inequalities to find

(At (1) — Atty (), ty (1) — 11 ()05 + 01t (1) = (1), Aoy — A (1)
+ 7 (Vi (2); Yt (1) — Vit (2)) 4 j° (Yua(tn); Yoty (£) — Vit (t) )

> (f(£) = fltn), ttw(tn) — 10 (£)) 0 X
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which together with the hypotheses Hy (ii) and H;(ii) implies that
(M = | Y1)l (1) = 10 ()1 < Bt (1) =ty (1), Ao () = Do) €L f () = F(0) [+ (3.13)

Since A (g(tn)) XA (g(t)) by Hy (ii), it follows from Ay € A (g(1)) that there exists a sequence
{A(t,)} in Y such that A(t,) € A(g(t,)) and A(t,) — A,,, which allows us to take yu = A(#,)

in (3.5) to see that b(u,(t,), A(ty) — Aw(ty)) < 0. Therefore, combing the hypothesis Hj, (i), we
deduce that

T Sup b (it (1) — o (1) Ao (1) — 2op)

= imsup b(ty (1), Aw — A (tn)) -+ imsupb (it (1), A (tn) — A (t))
Flimsup (it (1), Ay (1) — Aw) < O. (3.14)

n—sco

By taking upper limit at the both sides of (3.13) and using Hy , we see from (3.14) that
limsup ||u,, (1) — u (1) || 3+ <0,

which implies that u,,(t,,) — u,,(¢) as n — co. It is obvious that the above argument shows that
every subsequence of the sequence {u,,(#,)} contains a subsequence converging to the unique
uy,(t), which implies that the whole sequence u,,(t,) — u,,(t) by [23, Proposition 1.14].
Finally, for the uniqueness of u,, in C(I;X) with (u,,, 4,,) being the solution pair to Problem
3.1, it is a direct consequence of the uniqueness of u,, () in X with (u,,(¢),A,(z)) being the
solution pair of (3.1)-(3.2) for all ¢t € I. O

By virtue of Theorem 3.1, we can define a mapping K : C(I;X) — C(I;X) by
Kw=u, forall weC(X), (3.15)

where u,, is the unique first component of solution pair to Problem 3.1 corresponding to w. We
now prove that K has a unique fixed point to see the following solvability result for Problem
1.1.

Theorem 3.2. Let Hy,Hy,H;j,Hy,Hs,Hx,Hy,Hy hold. Then Problem 1.1 has at least one solu-
tion pair (u,A) € C(I,X) x B(I;Y) which is unique for its first component u in C(I;X).

Proof. As stated before, it is sufficient to prove that the mapping K defined by (3.15) has a
unique fixed point to obtain the existence of solution pair to Problem 1.1 and the uniqueness of
its first component. In fact, for any w; € C(I;X) with i = 1,2, let (u,,,, A,y,) be the solution pair of
Problem 3.1 corresponding to w;, respectively. To simplify the writing, for i = 1,2, (uy,,Ay,) is
denoted by (u;, A;) in the following. For i # j = 1,2, we test with functions () and A;(¢) in two
inequalities of Problem 3.1 corresponding to w; respectively and add the resulting inequalities
to find, for allr € I,

(A () = Aup (1), ur (1) — w2 (1)) xxx < b(ur (1) —ua(t), A2(2) — A1 (1))
+ 7 (Yur (£); yuo (1) — yur (1)) + J° (Yuo (1) yur (1) — Yuo(t))

+ (Swy(t) — Swa(t),ux(t) — ui(t))x*xx,

b(uy(t) —uy(t), A2(t) — A1 (z)) <0.
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Now, from the hypotheses Hy (i), H;(ii),Hs, H, it follows from (3.15) that
P
r<—
Ma —mjlly|?
which indicates that K is a history-dependent operator. Thus K has a unique fixed point by
Theorem 2.1. 0J

t
1Kw (1) — Kwa (1) / Iwi(s) —wa(s)|xds forall 7el,
0

4. A CONVERGENCE RESULT

In this section, based on the solvability result obtained in Section 3, we prove a convergence
result which reveals the continuous dependence in the sense of point by point of u, i.e., the
first component of the solution pair to Problem 1.1, on the data §, f and g in Problem 1.1. We
denote by 8, f, and g, the perturbation of data S, f and g in Problem 1.1, which corresponds
the following perturbation of Problem 1.1, i.e., a perturbed mixed variational-hemivariational
inequality with history-dependent operator and time-dependent constraint set.

Problem 4.1. Find u, € C(I;X) and A, € B(I;Y) such that, for all t € I, (un(t),Ay(t)) € X X
A(gn(t)) and

(A (1), v —un (1)) x+xx + (v —un (1), An(1)) + (Spttn (1), v — un (1)) x+ xx
+ J(yun () v — Yun(t)) > (fu(t),v —un(t))x+xx forall veX, 4.1)
b(un(t), 1t — An(t)) <0 forall p e A(ga(t)). 4.2)

Before we present the convergence result of this section, we first present some additional
hypotheses on the relationship between the original data and the perturbed data in Problems 1.1
and 4.1

H; : ForallneN, 8, :C(I;X) — C(I;X*) is a history-dependent operator with a positive
bounded constant Cs, and 8,w — Sw in C(I;X*) for all w € C(I;X).

H, : f, € C(I;X*) is such that f, — fin C(I;X*) and g, € C(I;X) is such that g, (1) — g(1)
in X forallz €I

The main results in this section are summarized in the following theorem where the solvabil-
ity of Problem 4.1 and a convergence result are presented.

Theorem 4.1. Let Hy,H)y,H;,Hy,Hs,Hp ,Hy,Hy, Hy, and H» hold. Then

(i) for each n € N, Problem 4.1 has a solution pair (u,,A,) € C(I;X) x B(I,Y) which is unique
and bounded for its first component in C(I;X);

(ii) for all t € I, uy(t) — u(t) in X as n — oo, where u € C(I;X) is the first component of the
solution pair to Problem 1.1.

Proof. (1) Under the hypotheses in Theorem 4.1, the existence of solution pairs to Problems
1.1 and 4.1 are guaranteed by Theorem 3.2 and we assume that (#,A) and (u,, A,) are solution
pairs to Problems 1.1 and 4.1, respectively. We now prove the boundedness of {u,} in C(I;X).
Similar to the techniques used in the proof of Theorem 3.1, we choose two special test functions,
v=0x in (4.1) and u = Oy in (4.2), and add the obtained inequalities to derive that

{Aun (2), un (1)) x5x < (Snten(£), —un(8) ) x5 + J° (Yt () =Yt () + (i (8) 1 (£)) -
Moreover, by taking advantage of the hypotheses Hy (ii), H;(ii) we can further deduce that
(Ma = m {1Vt (1) 1x < 1|8t () = + | fll ey + etil171] + 4O Lx- (4.3)
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By virtue of the assumption Hj, there exists a constant M > 0 such that Cs, < M. Thus we can
infer that

t t
I8t 1) - < Cs, [ ()l + 18,0y <M [ fl(s) s+ 18,0l
which together with (4.3) and H, implies that
t
(s =m0 0) <M [ () s+ 18,0 ey + e + 171+ 140

This allows us to use Gronwall inequality and the assumption Hy to see that

en()[x < 18:0llcqrx) + [ fullcqrxey + o171 + [|AO] x= 2
n

eMa—mjln* (4.4)
Ma —mjlly|?
By hypotheses H; and H,, {$,0} and { f,,} are bounded. Thus there exists a constant ¢ > 0 such
that [|8,,0(|c(zx+) + [l full crx+) < c. Therefore, it follows from (4.4) that

¢+ oy|[vll + [|A0]lx- 5=, nynz
T Ma—mylly|?

) = t
) = max (1)

i.e., {u,} is bounded in C(I;X).
(i1) In order to prove the convergence result, we introduce the following auxiliary problem
with the first component u of solution pair to Problem 1.1.

Problem 4.2. Find ii € C(I;X) and A € B(I;Y) such that, for allt € I, (ii(t),A(t)) € X x A(g(t))
and

(Adi(t), v — (1)) x-xx +b(v—ii(t), A (t)) + (Su(t),v — in(t)) x> xx
+ 7% (vi(e);yv—vyia(e)) > (f(¢),v—i(t))xxx forall veX, 4.5)
b(ii(t),u —A(t)) <0 forall peA(g)). (4.6)

This yields the following perturbed problem as follows:

Problem 4.3. Find ii, € C(I:X) and A, € B(I;Y) such that, for all t € I, (it,(t),A(1)) € X x
A(gn(r)) and

(Aity (1), = it (1)) x5 + bV = i1y (1), An(t)) + (Suts(1), v — (1)) xx
+ 2 (Yan(t);yv — Yian(t)) > (fu(t),v—iin(t))x*xx forall veX, 4.7)
b(iin(t), 0 — An(1)) <O forall 1€ A(ga(t)). (4.8)

It is obvious that, under the assumptions of Theorem 4.1, Problem 4.2 and Problem 4.3 admit
by Theorem 3.1 a solution pair in C(I;X) x B(I;Y), respectively. We denote by (i, 1), and
(i, 1,1) the solution pairs to Problem 4.2 and Problem 4.3. Moreover, similar to the Step 1 of
the proof for Theorem 3.1, we can find a positive constant C, which is independent of  and ¢
such that ||, (¢)||x + || A (?) ||y <C.

We claim that i, () — ii(z) in X for all 7 € I. First, for all # € I, because of the boundedness of
the sequence { (i, (t), A, (¢ 1))} and the reflexivity of spaces X and Y, there exist a subsequences,
still denotes by { (i, (),A,(t))}, and (i;,A;) € X x Y such that (i@, (), 2,(t)) — (i@, A). By
hypothesis H,, we see that g,(r) — g(t) in X for all 7 € I. It follows from the fact 4,(t)) €
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A(gn(t)) and the assumption Hy (ii) that A € A(g(r)). Furthermore we can find a sequence
{2y} C Y with A, € A(g,(r)) such that A, — A,. This allows us to set gt = A, in (4.8) to see that

0> b(iin(t), An — dn(t)) = b(iin(t) — v, M) — bl — v, Au (1)) + b (v, Ay — Au (1)),
which implies that
by — v, A (1)) < BO =0 (t), An) + BV, A () — M)
< bV —iin(t), ) +b(v —iy(1), A — A) + B(v, Ay (t) — Ay, for all v € V.
Passing upper limit on both sides of above inequality yields that

limsupb(v — ity (1), An(t)) < b(v— i, A;) forall veXx, (4.9)

n—soo
which indicates that .
limsup b (i, — iy (1), An(1)) < 0. (4.10)

n—oo
Next, by setting v = ii; in (4.7) we can obtain that

(At (), 8 () — 1) x> xx < (fu(t) = Spua(t) 8 (1) — die) o x + J° (Vitn(t); Yite — (1))
+b(it; — i (t), A1),

which yields by passing the upper limit that limsup,, (A, (), i, (t) — i) x*xx < 0, where we
use the assumptions Hy, H,, Proposition 2.1(c), and (4.10). This allows to use the pseudomono-
tonicity of A to deduce that

<Ab~tt,1/~lt — V)x*xx < 1iminf<Aﬂn(t),ﬂn(t) _V>X*><X forall veX (411)
n—oo
or equivalently
<Aﬂn(t)aﬁn(t) - ﬁt>X*><X — 0 and Aﬁn(t) —Afl; as n— oo

Therefore, by virtue of the assumptions Hy, H,, and Proposition 2.1(c), it follows from (4.7),
(4.9), and (4.11) that, for all v € X,

(Al il — V) x*xx < ligi;lf(Aﬁn(t),ﬁn(t) —V)xsxx < limsup(Ad,(t),id,(t) — v)x xx

n—oo

< hmsupb(v_ﬁn(t) )L ( ))+llmsup<fn( ) nu(t)7’/~‘n(t) _V>X*><X

n—oo n—oo

+ limsup j° (i, (2); yv — Yiin(t))

<b(v—dis, Ar) + (F(£) = Sult), iy — v)xowx + (Vi yv — yiiy).  (4.12)

Furthermore, for any u € A(g(z)), with similar argument as before, hypotheses H (i) and H,
permit us to find a sequence U, € A(gx(t)) such that u, — p1, which together with (4.8) implies
that b(ii, (t), wy — An(t)) < 0. By choosing v = i, in (4.7), we can find that

(Adin (t), iy — i () )xex + J° (Vi ()3 Vite — Vit (t)) = (fu(t) = Sn(t), s — () x> xx
> bian (1) — i, An(8)) = bt (8), (1) — ) D ({00 (1), tn) = b (@i, A (1))
> b(itn (1), tn — 1) + (i (1), 1) = b(iir, An(1))- (4.13)
Taking upper limit at the both sides of (4.13) yields that
b(d,u—2A) <0 forall ueA(gt)), (4.14)



320 C. WANG, Y.B. XIAO, D.L. CAI

which together with (4.12) implies that (ﬁt,i,) is a solution pair of (4.5) and (4.6). By the
uniqueness of i of solution pair to Problem 4.2, it is obvious that ii(¢) = i; for all t € I, i.e.,
iin(t) — @(t) in X. Then, we further prove that i, (t) — #(¢) in X for allr € I. For all t € I, we
take v = ii,(¢) in (4.12), v =ii(¢) in (4.7) and add the resulting inequalities to see that

(Adi(r) = Adin (t), 1 (1) — (1)) + b (8) = (t), A = An(1))
+ 7 (Yia(e)s it (1) = via(0)) + j° (yia(2); yil(r) — yita(t))
> (f (1) = Su(t) = (falt) = 8pu(t)), @ (t) — a(2)) xxx

which together with the hypotheses Hy (i) and H;(ii) implies that
i

(M —mjl|71*) (1) = (1) %+
< b(a(t) = (1), dn(t) = ) + || (1) = Su(e) = (fult) = Sau(t))l|x-- (4.15)

Due to the hypothesis Hy(i), it follows that
limsupb(ii(1) — iin(t), A (1) — ) = limsup b (i, (¢), A — Ay) + limsup b (i, (¢), Ay — An(1))
n—soo n—yoo n—soo
+limsupb(i(t), dn(t) — A;) <O, (4.16)

n—oo

where {Zn} is a sequence we find before such that A, — ;. Therefore, by taking upper limit on
the both sides of (4.15), we obtan from Hj, Ha, and (4.16) that limsup,,_.., ||#,(t) —ii(¢)||% <0,
which implies that, for allz € I, i1, (t) — ii(t) as n — c. Obviously, the above argument indicates
that, for all € I, every subsequence of the sequence {ii,(f)} contains a subsequence converging
to the unique #(¢), which implies that, for all ¢ € I, the whole sequence i, (1) — #(t) by [23,
Proposition 1.14].

Finally, we end the proof of this theorem by showing that u,(t) — i(z) and i(z) = u(z) to
obtain that u,(t) — u(r) for all r € I. By letting v = (¢ in (1.1), g = A, in (1.2), v = u(z) in
(4.12), u = A(¢) in (4.14), respectively, we can deduce from the obtained inequalities that

(Au(t) = Ad(t),u(t) —a(t))x-xx < j°(yu(t); yi(e) = yu(e)) + j° (va(e); yu(r) — yi(r)),

which indicates by the hypotheses Hy (i) and H;(ii) that

(M —mj|[Y]1*)llu(r) — a(r) [ < 0.
This together with the assumption Hy implies that @(¢) = u(t) for all t € I. Moreover, by similar
technique, we let v =i, (7) in (4.1), u = A,,(¢) in (4.2), v =u,(t) in (4.7) and u = A,,(¢) in (4.8)
to get from the obtained inequalities that
(A (1) — Adty (t),un (t) — i (2) ) x* X
< O (yun(t); Vitn(t ) YVitn (1)) + 77 (Vitn(1); Yun(t) — Yitn(t))
+ (Suttn (1) — Spu(t), @n(t) — un(2)) xxx -

for all r € I. The assumptions Hy (ii),H(ii), H; indicate that, for all # € I,

(M = m ||V (1) = un (1) | x < (| Spian (1) — Spa(t) |- SM/Ot [[un(s) — u(s) || xds,
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which together with the smallness condition Hy implies that, forall 7 € I,
o) ) M ! (

where we use the result ii(7) = u(t) obtained before. Now, by the Gronwall inequality, we can
get that, for all € 1,

1) 0) e < ) = 0+ 37— [ () (9

which implies by the Lebesgue dominated convergence theorem that, for all 7 € I, u,(t) — #(t)
asn — oo, 0J

5. APPLICATIONS

In this section, we apply the abstract results obtained in Sections 3 and 4 to a quasistatic
viscoelastic contact model with long memory, which involves a multivalued version of the nor-
mal damped response contact condition and a classic version of Coulomb’s friction law. Before
presenting its mathematical model, we recall in the following some notation used in the contact
mechanics.

We suppose that a viscoelastic body with long memory in its reference configuration occupies
a bounded domain in R? with d = 2,3. The boundary I" := dQ is assumed to be Lipschitz
continuous and partitioned into three mutually non-overlapping measurable parts I' = I'p U
Ty UTc with meas(T'p) > 0. Let I = [0,T] be a time interval with 7 > 0. Here and below,
we use boldface letters for vectors and tensors. The outward unit normal on I' is denoted by
v and the normal and tangential components of a vector # on I" are given by uy = u -V and
ur; = u—uyV. Also the normal and tangential components of a tensor ¢ on I" are given by
oy =0V-V and 6; = 6V —o,V. The indices i, j run between 1 and d and a index that
follows a comma indicates a partial derivative with respect to the corresponding component
of the spatial variable x. Throughout this section, we adopt the summation convention over a
repeated index and we skip, for simplicity, the dependence of variable x sometimes.

We denote by S? the space of second order symmetric tensors on R¢. The inner product and
norm on R? and S¢ are defined by

w-v=uv, |v|=@-v)?  Vu=(w),v=(v)ecR?
and
1
c:t=0,1, |t|=(t:7) Vo=(0j),T=(tn;)cs%.

The deformation operator € and divergence operators Div are defined by

E(u) = (&;(u),  &ju)= %(ui,j +uji),  Dive = (0yj )

The mathematical model of the contact problem we consider in this section is as follows.
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Problem 5.1. Find a displacement field u: Q x I — R? and a stress field 6: Q x I — S? such
that, for all t € I,

o(t) = /e (1)) + Be(ut)) + /Otcf(t—s)e(u'(s))ds in O, 5.1
Dive(r)+ fo(r) =0  in Q, (5.2)
u(i)=0 on Tp, (5.3)
o(1)v=fy(1t) on Iy, (5.4)
—oy(t) € djv(uy(t))  on I, (5.5)
lo<(2)[| < Fp(]lg@)]]),
o) =R i w20 on Te. (5.6

[z (1)
u(0) = uy in Q. (5.7)

In this model, equation (5.1) represents the viscoelastic constitutive law in which o7, %, and
% represent the viscosity operator, the elasticity operator, and the relaxation tensor, respectively.
Equation (5.2) represents the equilibrium equation in which f, denotes the density of body
forces. Conditions (5.3) and (5.4) are displacement and traction boundary conditions which
mean that the body is fixed on I'p and the surface tractions f act on I'y. Conditions (5.5) and
(5.6) are contact conditions. Equation (5.5) represents a multivalued extension of the normal
damped response condition, where d j, is the generalized subdifferential of locally Lipschitz
functional j. The normal damped response condition describes the contact between the body
and the foundation covered with a thin lubricant layer, such as oil. Equation (5.6) represents
a frictional condition describing the classic version of Coulomb’s law, where Fj, is the friction
bound which depends on a given function g.

In order to present the variational formulation of Problem 5.1, we introduce some spaces
that we will use and impose some hypotheses on its data. Let H' (Q;R?), L?(Q;S?) be Soblev
spaces and we define

X={veH' (QRY)|v=0 ae onTp}, #=L*Q;S9). (5.8)

The space X is a Hilbert space with the canonical inner product
(u,v)x = /Qs(u) 1e(v)dx Yu,veX,
and the associated norm || - ||x. The space /¢ is a Hilbert space equipped with the inner product
(0,T) = /Qo :Tdx Vo,T€ X,

and the associated norm || - || ;. Moreover, since meas(I'p > 0), it is known, by the Korn
inequality, that the norm || - [|x is equivalent to the usual norm || - [| ;1 (q.ga)-
The space of fourth order symmetric tensor field is defined by

Quw ={E = (&jju1) | Eijii = Ejir = brij € L™(R),1 < i, j,k, 1 < d}
which is a real Banach space with the norm ||E|g.. = ¥ < j x1<all6ijuill1=(q) forall E € Q.
Let Z = L>(T';R?). The trace operator y: H'(Q;R?) — Z = L*(T';R?) is linear continuous
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and compact while the trace operator y: H!(Q;R?) — H %(F; R9) is a linear continuous and
surjective operator. It follows from the converse theorem (see, e.g., [26, Theorem 5.7]) that there
exists a linear and continuous operator / such that [ : H 2 (T;RY) — HY(Q;RY), y(1(€)) = & for
all & € H2(T;RY). The operator [ is called the right inverse of the operator y: H!(Q;R?) —
H? (T; R?). Note that y(I(yw)) = yw for all w € X, which indicates /(yw) has the same trace
as w. Therefore, for each w € X, I[(yw) € X. Also recall that y(X) is a closed subspace of
y(H'(Q;R?)), and thus it is a Hilbert space. We denote by Y the dual space of y(X) and
(-,-)ythe duality pairing between Y and y(X).

H(<7): The operator o7 : Q x S? — S satisfies

(a) o7 (-,€) is measurable on Q for all £ € S%;

(b) there exists L, > 0 such that ||</(x,€)) — &/ (x,€)| < L.| & — €] for all €;,&, €
Sd, ae.xcQ;

(c) there exists m,, > 0 such that (<7 (x,€1) — o/ (x,€5)) : (€1 — &) > m,, ||€1 — €]|? for all
€,6c8% ae. xecQ;

(d) <7 (x,0) =0 for a.e. x € Q.

H(%): The operator : Q x S? — S? satisfies

(a) %(-, €) is measurable on Q for all € € S¢;

(b) there exists Ly > 0 such that | 2 (x,€1) — %B(x,€>)|| < Ly||€1 — €| foralle,, €, €S?, ae. x €
Q;

(c) #(x,0) =0 forae. x € Q.

H(€): € € C(1;0.)

H(Fp):The function Fj,: I'c Xx Ry — Ry (R4 = [0, +<0)) satisfies

(a) Fp(-,r) is measurable on I'¢c for all r € R;

(b) there exists Lg, > 0 such that |Fj(x,r1) — Fp(x,r2)| < Lg,|ri —r2| forall rj,rn € R, ae.xe
I'c;

(©) Fy(+,0) € L*(Tc).

H(jy): The function jy: I'c x R — R is such that

(@) jy(-,r) is measurable on I'¢ for all € R and there exists & € L?>(I'¢) such that j,(-,é(-)) €
L1 (Fc);

(b) jy(x,-) is locally Lipschitz on R for a.e. x € I'¢;

(c) there exists m;, > 0 such that e, riry —r) + (x5 — 1) < mj, |r — | for ae.
xelg,alr,rneR,

(d) there exist ¢¢j, > 0 and f8;, > 0 such that |djy(x,r)| < oj, + Bj, |r| fora.e. x e'¢c, all r € R;
(e) either jy(x,-) or —jy(x,-) is regular for a.e. x € I'c.

Hi:ug € X, fo e WHA(LHY(QRY)), fy e WHH(LH (T, RY)), g € C(I;X).

We now introduce the following operators. We can use H3 and Riesz’s representation theorem
to define f € C(I;X™) by (f(2),v)x = (Fo(1), V) 2(quray + (Fn (1), V) 21, mey forall v € X, ace.
t € I. And we define operators A : X — X*, b: X xY — R, S: C(I;X) — C(I;X*), functional
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j:Z — R, set-valued mapping A : X — 2Y, as follows.

(Au,v>X:/QM£(u)~£(v)dx, Vu,veX, (5.9)

(Su(1)v)x = (Ze(Ru() + [ 60— s)e(w(s))ds. e0))r

Vi€ [0,T],veX,uecC(;X), (5.10)

i) = [ gvlydr. wez. (5.11)
C

b(V,ﬂ) = <”’7W>Y7 Vv e X, 1S Y, (5.12)

NG ={meY : (i < [ BUEDIvdr Yvex) vEeX,  G.13)
C
where R : C(I;X) — C(I;X) is defined by
t
t):u0+/w(s)ds, forallwe C(I;X), t € I.
0

Now, by exploiting a standard process, we can derive the following variational formulation
of Problem 5.1 with the help of Green formula.

Problem 5.2. Findw € C(I,X) and A € B(I,Y) with (w(t),A(t)) € X x A(g(t)) such that

(Aw(t),v —w(1)) +b(v —w(t),A(1)) + j° (yw(2); yv — yw(r) )+
< w(t),v—w(t)) > (f(t),v—w(t)) foral veXiel,
b(w(t),u—A(t)) <0 forall ueA( (1))t el

It should be noted that (Rw, 1) is called a weak solution to Problem 5.1 if (w, 1) is a solution
to Problem 5.2.
Then, we are in a position to apply the abstract results obtained in Sections 3 and 4 to get the

following results on the existence, regularity, and convergence of weak solutions to Problem
5.1.

Theorem 5.1. Let H(<7 ), H(A), H(€), H(jv), H(Fp,), H3, and Hy hold. Then Problem 5.1 has
a weak solution (u,A) € C'(I;X) x B(I;Y), which is unique for its first component. Further,
if (un,An) is the weak solution to Problem 5.1 with the perturbed data (fy, fy, 8, ug) of the
original data (f, fn, 8, U0), then u,(t) — u(t) inX for all t € I under the following assumptions

(v cwhA (L HY(QRY), fi—f, in WY(LHY(QRY)); (5.14)
{fiy cWLH (T RY),  fy = fy in WHALH (TvRY); (5.15)
{g,} CC(;X), g,(t)—g(t) in X foral t€l, (5.16)
{ugy CV, usg—uy in V. (5.17)

Proof. We apply Theorem 3.2 and Theorem 4.1 to prove Theorem 5.1.
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First, we focus on the application of Theorem 3.2 by verifying its hypotheses. For the opera-
tor A defined by (5.9) and the functional j defined by (5.11), we can deduce from the assump-
tions H (%) and H (jy) that the hypotheses Hy, H; in Theorem 3.2 are satisfied with coefficients
My =mgy,mj=m;j,,aj=+/2meas(I'c)a;,,B; = \/Qﬁjv. The details can be found in, for ex-
ample, [25, 27, 28, 29, 30]. Meanwhile, taking into account the definition (5.12) of b(-,-), the
properties of trace operator 7, and its right inverse /, we can refer to [21, Theorem 14] to see that
H), holds. Moreover, it is obvious that the trace operator y: H'(Q;RY) — L*(I';RY) is linear
continuous and compact, i.e., Hy holds, and Hy, H are direct consequences of H3, Hy, respec-
tively. It remains for us to prove the hypotheses Hg for operator S and H, for the set-valued
mapping A.

Lett €1, uy, up € C(I;X) and v € X. By using definition (5.10), assumptions H(%), and
H (%), we see that

(Suy (1) = Suz(2), v)x < (|| B(t,€(R(u1(1)))) — B(t,€(R(u2(1)))) ||
+||/O Gt —s)(ui(s) —ua(s))ds|)|[vx

t
< (Lz+ ||‘5Hca;gm>)/0 w1 (s) — ua(s) || ds]|vlx,

which implies Hg holds with L = Ly + [|€||¢(1.¢..)- From (5.13), itis clear that A has nonempty
closed and convex values and 0 € A(g(¢)) for all + € I. We further confirm that Hx (i) holds,
i.e, A is Mosco continuous. On the one hand, let z, — zin X and p € A(v).We define u, € Y
by i, = o, i, where

Jre Fo(% [|zal))[[Wae || dT

o, = .
" e Fe(x 2zl welldr

For any w € V, we have

(B W) = a1, 7w) < [ Fy(x, Jza ) wic
C

which indicates that g, € A(z,). We infer that o, — 1. In fact, it follows from the hypothesis
H (F}) and Holder inequality that

[ Folelzal)Iwacldr = | Fy(x, 2] fwe lar
I'e I'c

< M||wpe —wellyx) +Lr, |zn — zllx[|Wellyx)
which indicates that [r. Fp(x,[|za||)[Wa[|dT — Jr. Fs(x, |2])[we(|dT in R since z, — z in

X and wy; — we in ¥(X). Thus @, — 1 which implies that g, — p. On the other hand, let
{m,} € A(z,) such that g, — g in Y. Thus,

W) < [ Byl ) e T
C

By passing to the upper limit on both sides of above formulation and applying Fatou Lemma,
we are able to derive that, for all v € X,(1,v) < [r. Fy(x, [|z]])[|v¢[|dT’, which indicates that
U e Az).

Now, we are in a position to use Theorem 3.2 to see the existence of solution pair (w,A) €
C(I;X) x B(I;Y) of Problem 5.2 with w being unique, which indicates that (¥ = Rw,1) €
CH(I;X) x B(I,Y) is a weak solution to Problem 5.1 and u is unique.



326 C. WANG, Y.B. XIAO, D.L. CAI

Then, let us turn to the application of Theorem 4.1 for the convergence result of Problem 5.1.
Let (u,,4,) be the weak solution to Problem 5.1 with the perturbed data ( fg, fiv,&,,ug), which
is guaranteed by Theorem 4.1(i). It follows that (u,,A,) solves the following inequalities with
the perturbed data:

(Aw, (1), v —w, (1)) +b(v —u, (1), An(1)) + j° (vt (1); Y9 — yuy, () +
(Spu,(1),v—u (1)) > (f,(t),v—u,(t)) forall veX,rel, (5.18)
b(u,(t),p — Ay (2)) <0 forall peA(g,)),tel,

where f, is defined by

(Fu0),v)x = (£o(0): V) 12i@mey + (FN (1), V) 120y e (5.19)

forveV,t €1, and S, is similarly defined by (5.10) with R" rather than R. Here R" : C(I; X ) —
C(I;X) is defined by R"w(t) = u}} + Jsw(s)ds for w € C(I;X), t € I. By the regularity and
convergence hypotheses (5.14) and (5.15), we use the compactness theorem of the Aubin-Simon
type [31, Throrem 2.4.1] to deduce that f, € C(I;X*) and f,, — f in C(I;X*), which together
with hypothesis (5.16) implies the hypothesis H, holds. Moreover, by similar argument for the
history-dependent operator S, we can prove that S, is also a history-dependent operator, and the
definitions of S and S, further infer that ||S,w — SW||¢(.x+) < Le||ug —uo||x for allw € C(I;X),
which together with (5.17) yields that H; holds. Therefore, invoking Theorem 4.1(ii), we can
deduce that

u,(t)—>u'(t) in X forall tel. (5.20)

Therefore,

T
e (£) — u(t)|1x = |R"' (1) — Rud'||x- < ||'48—uo||x+/O ey (s) —w'(s)[[xds. (5.21)

By applying Lebesgue dominated convergence theorem, it follows from the hypothesis (5.17),
(5.20) and (5.21) that u,(r) — u(z) in X for all t € . O
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